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IPTOINYHOCTD BECKOHEYHBIX CHUCTEM
CTOXACTNYECKUX YPABHEHUN

B. A. Maasunes, B. A. Hopopoasckuii, T.C. Typosa
Paccmotpam crcteMy caydaitnbix senmumm £, 3aHyMepOBaHHBIX TOU-

Kamu pemetku z & ZY, ¢ = R,, yIoBIeTBOPAIOMUX CHCTEME CTOXACTH-
deCKAX ypaBHEHUR I/ITO

dE; = [, (&) + by (Ehp)] dt 4 AW, | (1)

rne D = {ll = Os l2’ « e ey IN} (- Z‘V, §§+D = (giﬁ-ln e v ey E;'HN)’ a
¢yaxomm by: R — R m b;: RY — R ynosieTBopaioT ycaoBmaM:
a) cymecrByor B, > 0, Q > 0 rtaxme, uto

bo (1) > o, ecrn u < —0Q, @
o (u) < —Po, ecam u > Q;

0) pysxnma b, mmeer HenpepLHBHIE OIPOU3BONHKE JI0 TPETHETO LOP M~
Ka BRIIOYATENBHO, H 1A Hekotoporo B, > 0

Lo () I, 157 (@) [<Bo(n=1,2,3), ucR; 3

B) yHKumA b, MMeeT HeNpepPHBHLE YACTHEE IPOU3BOLHKE 0 TPETHE~
TO DOPAAKA BRINYATCALHO, H ,lIJIﬂ nexkoroporo B; > 0

’

_ 17 _ 33y (@
6@ ] |7 01 @) | ta @) |, || < By
A<, j, EN). (4)
IIycts, xpome roro,
E(z) = nz’ V4 E Zvy (1,)

IgIe M, — CayuadiHbHle BEJAMYMHBl TaK®e, YTO MJIA HEKOTOPHX a > 0,
>0

Mexp{a([n,|+ ...

mas scex k= N; z,, .

+ [z, D} < CF
. o & 1V 2; 5 35, L5~ .
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- OcHOBHO# 4epTOoil TOH CHCTEMHI ABIACTCA €€ MHBADHAHTHOCTH OTHO-
CHTENBHO CABHIOB pellleTKH. TeopeMu CymMecTBOBAHESA B eJAHCTBEHHOCTH
AJaA TakEX cActeMm paccMarpusaimch B [1, 2]. Ograko, sprogmanocTs mc-
CJIe[[0BANIACH JMIOG A JHHeHHHX cucteM [3], mis cHcteM co cBoicTRAMHU
MoHOTOHHOCTHA [4] mam mma mogo6HHX CcHCTeM ¢ HHCKDETHHM BpeMe-
mem [5, 6].

3mecs paccMaTpmBaeTcA CJay9all Majoro Boamymenn;{ cacTemMul Ges
B3aMMOJIEHCTBHAMA, T. €. CHCTEMEl IPOI[ECCOB, 3aHYMEPOBAHHHX TOUYKaME
z & Z' W He3aBHCHMEIX JJf Pa3HHX { OpH Jai000f (uKcHpoBaHHOH pea-
mmsanmm 1] = {1,}. Ora cucrema (1) Aomyckaer MOMHEIA KOHTPOJIb: AB-
HH DAR MJA OpeleJbHHX KOHeYHOMEDHBIX pacIpejeieHHH, DKCIOHEH-
OHAIBHAA CXOMMMOCTHh ¥ T. [I.

OcaosHo# peayJeTar HACTOAMEN CTaThbU 3aKJINYAETCH B CIEAYOMER
Teopeme.

TEOPEMA 1. ITyems &, 2= Z¥, t > 0 — npoyecc, 3adannuii cuc-
menmoti (1), (1'), npuvem evinoanenwr ycaoeus (2)—(4). Tozda naiidymcsa
marue g, > 0,0 > 0, £, > 0, umo 0aa awbozo X — roueunozo nodmmo-
acecmea 2V, awbozo €, | & | < gy, awbuzx t > t,, t' > 0, vy = RIXI

|p¥ (¢ + ¢/, vx) — pX (¢, )| < B X -,

20e © (| X |) >0, pX (1, vx) — naomHocmb eepoamHocmu nPoOYecca
(&, z = X). IR

3ameTnMm, uro mepexopuste BeposatHocrd P (§, dE’, t) mua Geckoneu-
HO CHCTEMH ABJISIOTCA CHHTYJAAPHBIMH Mepamu. [lostoMy crampmaptHbie
MeTONbl MOKa3aTeJbCTBA DPTOSHIHOCTH 3]ech HenpuMenumu. Hamwm me-
TORH 00 BeIMHAT MeTON QYHKOHE JIANYHOBA QA Iemeil ¢ HepexoHEIMA
ILIOTHOCTAMH, METOJ KAIUIMHIa, METOJ HapaMeTPHKCA W MeToJ KJacrtep-
HEIX PAa3iaoyKeHHH. -

§ 1. OxcnOHEHIUANLHAA CXOMMOCTH INIOTHOCTH «HEBO3MYI[CHHOTO)
npouecca.

TEOPEMA 2. Iyemo & (2), t = [0, 0co) — odnomepuuiii 00rnopodruiil
MAPKOSCKUL, npoyecc, Oaf KOMOPOLo CYuyecmsyiom NJLOMHOCMU 8epOimHo-

cmeti nepex0d06 Py, 34 6PEMA | U3 MOYKL U 6 MOYEY v, U RYCMb cyuyecmeyiom
maxrue 0 < t; < ty, Q > 0, umo 0aa Hexomopoi HeompuyamesbHOl MO-
nHomouro eozpacmatoweti Ha [0, ) Pynryuu f eunosHens yc/weux

A) cyyecmeyom B, P > 0 makue, umo

Pio < BebGUud-1hy, - pl, < B, u, vE R, 6 <7< b )

B) cyu;ecmeyrom E > 0, € > 0 maxue, umo

MUTEG+D ) —FIEGO D IFUIE@]) =u} < —e, (8)
MTTEG+D D) —F(IE@QDEIFIEGO ) =uw}<E (7

dan amwobuxr u > Q, t <t .
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Toz2da natidymes marxue A >0, § >0, 0 < b B, to > 0, umo
p::'_;/ . pf}w l < Ae-étehf(max{lul, l‘l‘l)), (8)
Slx[>lw|l ' pt | dz < Ae-dterUimax(iul, [oD /(1] 9)

ux

dan acez u, v, weR, ' =0, t > 1.
JlokasaTeabcTBO TeOPeMH 2 ONHEpaeTcs Ha caenypomuai pe-

3yabTaT, ABIAIOMAACA, IO CYIMECTBY, AHATOrOM JeMMbL 1.1 pa6ors 171

mpuBefeM ero 0e3 HOKa3aTeabCTBA.
JEMMA 1. IHjcms 1 (), t = [0, c0) — 0dnopodnwil Maprosckull npo-
yecc Ha npamoli, 045 KOMOPO2O CYWecmsyiom niomHocmu sepoammuocmell

nepexodos .y, u 0aa mexomopuzr 0 <ty < 1y 6WOAHANMLR Yca08uUs:
A) cywecmeyrom B >0, B> 0 maxue, wmo

nt, < Bebu, u, veE R, <<y
B) cywecmeyiom E >0, € > 0 maxue, umo
M{n@E+1—n@In@)=u < —s
M{In@E+n—n@FIn@)=u<E

das wmobuzr ue= R, t; << 1< 1o
Toz0a naiidymes marue A >0, o> 0, 0<h <P, umo

P{n@®)>vin (0 =u}< de e, u,veR, 120

Jl;us MOKA3aTeNBCTBA TEOPeMbI 2 pacemorpmm mponece (& (2), &z (£))
ga R?, t =0, 1,24, . . 3aZaHHBN IJIOTHOCTAMHA BepoATHOCTEH mepe-
XOJIOB 3a BpeMA f, 3 TOUKH (u, U) B Touky (', v'): '
Plhubuw, ecam u =,
Pl D, ecma u=v, (u,v)&(—0: QF,

. B ’ Y 1 £ . g ’
p (i u, v;u', v’y = | x(w, v u',v) + -r;m(ﬂu'u'—x(u’ vy u',u'))
(phy — oy (u, vV, V'), ecam uFEU,

w,v)e{—0, QN

rae
’ ’ . ty £,
% (u, v; u', v') = min {pdw, Pow}
X (u,v) = SR v (u, v; ', u’)du’,
8,, — O-Ppynrnua ma R, ecam opxa u3 mepeMeHHBIX (u, v) PpuxcmposaHa

(8o = 0, ecam u == V).
Ormernv HexoTophie coficra mpomecca (§; (1), E, (D)

1) SR p(ts; u, v W', V') A" = piiur,
t (10)
SR p(ty u, v; u', v')ydu’ = pyv;
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2) ecam (& (2), & (1)) = (u, v) € [—Q; QF, 10
P (E+1t) =8 (C+t) [(&, (1), B2 (1) = (w, V)} =

= SR plt; u, v 0, u)ydu’ =X (u, v)>0; (11)
3) ecam E, (8) = &5 (1), 10 & (¢4 t) = B (2 4 1)

JIEMMA 2. Iycmb A — MOMeHM  NEpP6020 nonadarus npoyecca
(&, (8), &z () Ha mHomecmeéo q = {(u, v) = R%: u = v}. Toeda cyye-
cmeyiom maxue T, y, h > 0, umo

PO 61E ()1 U, & (01> VIE(©0), & (0) =, M)} <
< Tevt ehlf(maxi[ul, lo[)-fmaxiU, V)1, VU, V>0 uve R. (12)

HorxaszaTeabcTso. Ilyerb t = ni;. Tlomosxam

D (85 Uqs Vg3 Uns Unj Ty, o Te)=
SG . .SG . [H;lp (245 Wi-1s Vie1s Uis Ui)] [H;:ll du; dvj], Up = Un}
= 1 n-

01 Up = Ups

rne
G; = R2\_[—0Q, Q1) \ ¢, ecan ity {T1, - .. Txhs
G; =[—0Q, 0P\ ¢, ecna ity & {Ty, - - - Ti};

— n -
D (8 Ugs Vo Uns Un) = 2’1::1 2‘0<T,<...<Tk<tp (t; Uogr Voy Uns Unj

Tl’ .y Tk);
Pt e ves Gy Tyy o - Th) = SG\qp(t; Ugs Voj U U3 Tyy =+ Tky) du dv;
(13)

_ n _ '
p (t; Ugs Vo> G) = Ek=1 2'0<T1<-~-<TkStp (t’ Ugs Vgt G; T17 R Tk)

TToxaeM, 9r0 HOJsA
(1o Vo) E [—0, QrP, O = [—0, Q1% p (¢ uo, Vo; O) < Tevt,
Iy, 1> 0.
Ilpumensa JemMMmy 1, HerpyaHO NOKa3aTh CJefylomee:
P{E (), Ea(NED, T =1y, 2t -+ &
L8, (01> Uy 18 (01> V I(8: (0), & (0) = (&, )} <

< Ae-atehlftmaxijul, lolh)-fmax{U, VHl  (15)

(14)

Vu,veR; U, V>0.
OTKyna, B 9aCTHOCTH, CINENyeT: s HeKOTOPHX A,a>0
Pt g Vos 0, )< Ae s, (uy v 0. (16)
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Nz monosxmrensroit BosspaTtHocTE upomecca (&, (£), &, (2)) m (11)
caenyet

E':zl P (nty; uy, vy; @; nty)) <1 —ey, 7€ €, > 0. ' (17)

W3 (16) u (17) BuTekaer cymecrsoBanme z, > 1, &, > 0 rakmx, urO
S 8B (nty; g, vy @ nty) <A — s, (18)
YuanreBas (13) m mcmoassys (18), mMoHO mOKasaTh, 4TO
D wa b (ks ug, v5; Q) <, (1 — )" <

910 7 JoKasuBaer (14).

Hamree, uz (14), (15) m (16) merpynHo BEIBECTH

SSIxI>U, sy P (6 B0 vo; @ y) dz dy < Temwtemh/max (0 VD (19)
s HeKOTOpsix [y, 9, > 0, (u,, v,) &= @. Orciona m m3 (15) noayvaeMm
omenky (12).

HepeiinteMm k ‘ToKaB3aTeaAbCTBY TEOpeMBH 2, I/IacBonc'rB

mpoitecca (&, (1), &, (2))
S|x|>|w] I pux - pzwx l dz \<\ 2 SS ij(t’ u, v x, y) dr dy <

< 2Te-Vighl/max{lul, [eiH-f(wh],

[x1>0, |y[>]w]

Haxee maa ¢, <7<ty
g oy | Pl — Phe dz =

T

Nt IS peuphedy — S o5y Dl dy| dz <
<\, ply-2evtexp (h [f (max |y}, |v[) — f((w )] dy. (20)
Ucnonnsys ycunosme (5), HETPYAHO BHIBECTH
S ago oy | P — Pl dz < T exp (i [f(max ful, [0 ) — f( w )]} (20)

maa ¢, < v < t, m HexoTopoit T > 0.
Ecmm ' > ty,! THe i, yoosaeTrsopset:t; < I, ([%] -+
2 .

ST

i+t t+kt’ /T
Slac|>|w| | Pis’ — prs| de < S|oc1>1w| Ek—l | Pus

1)“<t2,T =

t+(k-1)t'/T

< Are¥oxp (h[f (max (| u), |o ) —f(|w ]}, Tae A, >>0.

Ananormuso mosyuaem mas ¢, ¢ > i,

S apo o | P — P (2 < Age~ exp (A [ (max (|, |0]) — £ w D,

OTKYJa M BHITEeKAaeT cHpasemamBocTh (9).
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" Vreepsnenne (8) ciexyer m3 orpaHHmYeHHOCTH pm, apa 1 K T Iy
¥ HEPaBeHCTBA

t+t

— pho | < § | P — P | R da.

Teopema morasana.
§ 2. CpoiicTBa NIOTHOCTH TEPeXONHOH BEPOATHOCTH «HEBO3MYIICH-
woro» mpomecca. PaccmMorpuM ypaBHeHme

dE; = by (Ey) dt + dW,, | - (22)

toe ¢pymxmua b, (u), u & R ynosaersopser ycaosuam (2), (3). Uasect-
Ho (cm., Hampumep, [8]), ¥ro mpm yKasaHHWX OTrpaHMIeHHAX Ha by
npomece &; o6iagaerT mepexoxHOi WIOTHOCTRIO Py (4, U, V), t > 0, u, vE
= R, rakoi, ‘ITO cymectByoT (0/0t)py (¢, u, v) (0/0u)p, (t u, v),
(8%/0u?)p, (t, u, v), £>0, u, ve= R, n p, (¢, u, v) orpanmveHa Ha moGom
orpeske [i,, t2], 0 <t <ty << oo,

- JJEMMA 3. Cywecmeyom o,, 6, > 0 makue, umo

pO (t’; u, U) < eo.lt V1‘i— e—(u—v)2/2t~0'g’ (23)
I __(9_ Po (t’ u, v) l < et __1_ e—(u—v)8/2t-0'2 ] » (24)
das ecex t > 0, u, ve R

JIEMMA 4, Cyu;ecmeyrom k>0, 8 63>0, T >0 marue, umo
Pe (¢, u, v) < 0y,

—2— Po (s u, v)l < age-Stehlul

npu t>T, u,vesR.
JIEMMA 5. ITyemov T — eeaununa, onpedesenras aemmot 4. Toeda
cywecmeyom a, h, A > 0 maxue, umo

{20 6, w, ) etldy < et £>0; | (25)
SR| 5 Po(t, u, v)lehll’ldv<A VT ehtul, 0t LT, (26)
g | 5 Po(t: u, v) | ehlvl dv << de-otehldd, t>T. (27)
YR

I[oxasaTenbcTBa 3THX JeMM HOCAT YACTO TeXHWYeCKUH K Xapakrep,
¥ MH HX onchaeM )

§ 3. Cymec'monanne ILIOTHOCTEH uepexommx BepoATHOCTE naA
gt 2= Zv. Myers A — orpammuenHoe momMHOMectBo Zv, D C A.
Paccmorpnm cmctemy :

(B=0, zEA . |
A = (b () + by )t + AW, zeA; (28)
E(z) = Uy




e |u, | < C, ze= A. 9ta cucrema samaer nponecc Ha RIAl, nepexon-
Hasg (QyHKIMA KOTOPOTO MMeeT IJIOTHOCTh pA (¢, u, v), u = (U, 2 E A),
v = (v, 2= A), ynosiersopAmMyl o6paTHOMY ypPaBHEHHIO Koawmo-
roposa (oKa3aTeabcTBO 9T0TO0 axra mpu | A | < oo aHANOIAYHO AOKA-
3aTeNbCTBY B OJHOMepHOM caydae (cM., Hampumep, [8])). Tawkum oGpa-
30M,

2_p (¢, u, v) = (Hy + eHy) p* (&, v), (29)

9 1 o 9
rae Hy = ZzeA bo () G+ 7 Zng P o, = Zng by (z) 7.

II10THOCTD «HEBO3MYIIEHHOTO» IPOLECCa, YAOBJISTBOPAIMYIO ypaBHe-
Huwo (e = 0)

P ‘ ~
WPA (¢ u,v)= H,p (¢, u, v),
o6osmaanM py. ITOCKONBKY BCAKOE pelleHHe ypaBHeHMS
pr = py + e®@p?, , (30

t ,
rue (Opd) (¢, u, v)=S0 SRIAI pf)\ (t — s, u, ut) HypA (s, ut, v) du'ds, asaa-

prca pemenmeM ypasmenmsa (29), To pemenme (30) enmHCTBeHHO (cMm.,
gampamep, [9]). flcuo, 4to B caydae cxopmMmocTH PARA

PN (31)
rne  @°ppr = e, Ofpp = OOk-1p (k =1,2, ...), 5T0 pemeHne
#MeeT BHJ

pA = 2‘;;0 e"(kaf,\.‘

JIEMMA 6. Psd (31) cxodumes abcoaomno dan awbuz &, | A | << oo
u pasrnomepro no u, v < RIM npu ecex t, > 0, t > 1.
Noxasarteasbcrtso. Ilo onpexereruio

8 .
kA oo k-1 p
(Dpo(t,u,v).:Z_ S g Po (sg— s15 u® ut)-
=21y s zk)EAk 0 Yo
Hk by (4. 4) O pb(si — sisp uf, uPl) | dut. .. dutds, (32)
B i—1 1 z,i+D aui Do i i+1y s LI 3
Z.
Lt
e o =t, spsr = 0, u’ = u, ut =y, ds = dis, . .. ds;.

Ws (32) merpymHO OOAYYHTH
| ¥ pg (2, u, v) | <

8 sk—l
1
< S S ( S po(t—sl,uy,uy)-
yEEAk 0 0 Hye‘zh ooy zk) Rk
' P P i N
! {H Byl —1 Po(si — Sisa, Uy, Uy'") }{H Po(Si — Sisns Uys Uy )}
i 2=y 0uy it 2y ’

cdul ... dub)ds.

Orcroqa © U3 (25)—(27) HAXOOUM

! SRl [Al-R2 s 2]
@ po (8, u, )| < AG w1
\p v)l\Z‘EeAk-\o So 178
(uy—vy)!
. H Aey! (H B,AF (s; — s; )A) 2—__‘”_2} ds, (33)
{2y o0 2} it 2;=y 1 i i+l l/t— ’
Tne Al > 09
1y, «<T;
F(T) ={ et T}T;
TO €CTh
tk/2

(34)

| *p2 (2, u, v) | < | A[F e¥res ol =
7]
npu mHexotopoit S = S (t,) >> 0, OTKyAa I BHTEKaeT yTBePKIeHHe JeM=

MuI. JleMMma [oKa3aHAa. ‘
Mycrs pamee X = {z;, ..., Zn)}. Paccmorpmm

A
pA(t, u, v) HZEA\X dv,,

pA, X(t, UA, vx) = SRIAI—m
vy &= R, u,e= R,
JIEMMA 7. Cywecmeyem

lim p* X (¢, ua, vx) = p¥ (¢, u, Vx),

Atz

u=(U,z=2"), |u|<C 2L (35)

NoxasatexbcTBO. B cuay aemms 6

A D \ k_A )
SRIAI—m pA(t, u, v) Hze AN dv, = 21::08 SRw_m D p, (¢, u, V)

o t S _
) HZEA\X dUz = Zkzoek ZEEAkS b Sok I(P(si 27 k1 u, U)'

0
Tl e pgde:] a5, (38)
e :
o, 2k, u,v)=
0 k i 6
= SRIAM: poA (¢ — sy, u, ut) (Hi=1 [bl (uzp4D) ——

out
%

A . .
Do (8i — Si+y> U ui+1]> dut...du.

Onpepneaenne. HKiacmepom moyrocmu k ¢ sepuwunoti X Gypem
HA3HBATH BCAKHUiI BEKTOp Z = (z;, . .., 3) TaKOH, 4UTO Z & ZvE g

1) %k = X7

2) ziE{U;‘;,H.i {Zi +D}} UX (l =1, ..., kE—1).



flcmo, wro cymmmposamme B (36) npomssommTca darTHYecKM JEIIDL
0O TeM Z, KOTOPHIe ABJIAITCA KITaCTePaMH, IHCJIO KOTODHX He IPEBOC-
xomur M*, M — xomcranta, sasmcamas ot m, v, N (cm. [10]).
Taxmm ob6pasom, yumrthiBam (34), moayuaem

V m tk—1/2
ISRIAI—m (I)kpéx (t, u, v) HzeA\x dvz|<_ ]”kS;c% ehCk

% ] ! @37

upu Hekoropoi -§, > 0, 1. e. pan (36) pasHomepro mo | A | > 0 cxo-

murca. Orcioma clieilyeT BO3MOKHOCTb Iepexofia K mpefeay lim mofg
[Al>oo

BHaKOM CyMMH psapa (36); u maaee, m3 Toro, 4rto
K_A
SRIM-m O (1w, ) [Ly oz =
. ok & ' ’
= SRIKI—MCD Po (t, u, v) sz?&\x dv,, (38)

AasA BCeX JocTaTouHO Goapmmx | A |, IKI BHITEKAaeT YTBEDIKICHUE
JIEMMBI. ] :
§ 4. OxenonennuaneEas cxommmocrs PX (t, u, vx) np £ —> oco.
TEOPEMA 3. Cywecmsyiom makue e3> 0, & > 0, umo 0as a0-
6oeo X — moneunozo nodmrowecmea IV u awbozo €, | ¢ | << gy, Hall~
dymes marue t, >0, 0 =0 (| X ) > 0, wmo :
Ip* (¢ + ' u, vx) — p¥ (8, u, vx)| < B,
2de p¥ (t, u, vx) — NIOMHOCMb KOHELHOMEPHO20 pacnpedesenus npoyec-
ca t, ze X, ydosaemeopawwezo cucmeme ypasnenuti (1) ¢ HavasbhML

yeaosusmu & = u,, |u, | <C, z Zv.
AorasarenbctTno. B cuny abcomworHolt cxommmoctr pa-
ma (36) m pasenctsa (38)

|pX (¢ + ¢, u, vx) — pX (8 u, vx) | <
e pote + 2, sy v) =TT 2o (8 sy v+

+ 2:;1 aleR'A"'_m ((kaﬁ" (t+1t,u,v)— q)kp;‘k (2, u, v) HzeAk\X dvz' ,

rme Ay = Uz (Ut {z: + D}}, az — KJacTep MOMHOCTH k£ ¢ Bepuim-

Hoit X. OmeHuM Temeph pasHOCTE

A , A
|§ o @00+ 2 ) — O o) [y | <
RlAkl m k

<Zé—}mac’rep(20-3)k—1 SR ) SR [S: T S:k_1<Hye(z,, e 2 UX "

- <SRk | Pyt + 8" — Sy uy’-ulll) - po (t — 515 Uy, u;) |-

a i i+1 I
.‘{Hi-z—yBll%u_ip"(si—si“’ Uy, Uy )} ~
D2;= : 1,

86

N {Hi: 2=y Po (8: = Sivny uf,,_ u?l)} duzy . - du';) a5 +
%t ' ' 1
+ St o So [HVEAI; SRIAkl—m Polt + 2" — 51, Uy, uy)-
. [Hi: qme B ] .

. {Hi: 2 Po (S; — Sisqr U u;+1)} duj . .. duzl,:! d§] Hye L NX dv,.

1/ i i+l
o Po (S5 — Sivys Uys Uy )
v

C mcooansoBaHmeM OpeabIAymMuX OIEHOK moJy4YaeM

Al , A .
ISR|Akl-m ((kao k (t + t y Uy U) - q)hpo K (t7 u, U)) HZEAk\X dUz <

Sk_1
o

< M¥erCrgl' Sk {S: ce S (HLD F(s; — siﬁ)) ds 4

... S:“ (IL_, 7 (s — sin)) 5}, (39)

-t
t

+§

rae S, > 0 — HexoTOpasg MOCTOAHHAA, ITO B CBOI OYepedh He IPEBOC
XOIUT

m k 1 3/2
M* (exp (hCk}) o1 SE < ot - i—i']-/-t_l—- T"/2> pn k>

n 8,0, 8,50,
MFehCrgy She—0t ypn k< % ,

rae I’ us nemmsl 4.
OTkryna
| pX(t + 1, u, vx) — p¥ (¢, u, vx)| < Amoy e-deC |- o} 4’01,

A, 47,9 >0,

YTO0 W 3aBepmaeT NOKA3aTeJIbCTBO TEOPEMH 3.
JdoxasarteabcTBo Teopems 1. 3amermm, uro

pX (t’ UX) = Mipx (t1 gov UX)'

Hanee, 3 yrBepsiaeHns deMME 1 HaXOMUM, 9TO HOCTOAHHYI /i MOMKHO
BHOpare Tak, 4T066 0 << h << a. Temepp HeTPYAHO HOJYIATH YTBEPHK-
IeHne TeOPeMBl: IJIA BTOTO AOCTATOYHO paccMoTpers cuctemy (1) ¢ mpo-
U3BOJLHHM QUKCHPOBAHHHM HAYaJbHEIM yCIOBHEM 1|’ B 3aTeM HOBTOPHTH
Z0Ka3aTeJdbCTBO TEOPEMH J, MCIOJB3YA BMECTO ONEHOK

Hz=z,. .

hlu,| hCk
vz ® C <e
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B ¢opmyaax (33), (34) u (37) ouenkm
M {H2=2., “eey Zk ehluzl} < M {]‘—I2=2n .

Teopema poxasana.

ealuzl} <%,

. Zk
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ERGODICITY OF INFINITE SYSTEMS OF
STOCHASTIC EQUATIONS

V. A. Malyshev, V. A. Podorol'skii,
and T. S. Turova

We consider the system of random variables ég, indexed by the lattice points z = Zv,
te=R,, satisfying the system of Ito stochastic equations:

dg; = [b (&5) + &b, (§i4.p)] dt + AW, (1)
where D = {l, = 0,4, ..., In} C 2%, E.p = (&, ..., E.y), while the functions 4, R — R and
b R¥ - R satisfy the conditions:

a) there exist B, > 0, Q > O such that

by (u) > By, if u < —0, (2)
by () < —Bo, if  u>Q;

b) the function b, has continuous derivatives up to and including the third order and
for some B, > 0 one has

180 () I, 157 () [ < By (n=1,2,3), ucR; (3)

c) the function b, has continuous partial derivatives up to and inlcuding the third
order and for some B, > 0 one has

|mm”£ﬂmnw7$;hww f%%:<%
A<<i, j, kN (4)
Assume, in addition, that
E=n., &2, (1)

where n, are random variables such that for some a > 0, C > 0 we have
Mexpa(mg|+ ...+ ) < C*
for all k= N;z,...,5, = Z"; 2; %= 25, L 5= .

The fundamental feature of this system is its invariance with respect to the lattice
shifts. Existence and uniqueness theorems for such systems have been considered in {1, 2].
However, ergodicity has been investigated only for linear systems [3], for systems with
monotonicity properties [4], or for similar systems with discrete time [5, 6].

Here we consider the case of a small perturbation of a system without interaction, i.e.
a system of processes, indexed by the points z& Z¥ and independent for various t for any
fixed realization n = {n,}. This system (1) admits complete control: an explicit series
for finite-dimensional limit distributions, exponential convergence, etc.

The fundamental result of this paper consists in the following theorem.

THEOREM 1. Let &,z ZY, t > 0, be the process defined by the system (1), (1') and
assume that the conditions (2)-(4) are satisfied. Then there exist gy >0,9>0, ¢t >0, such
that for any finite subset X of ZV, any e, |[e |< &, any t> Ly, £ >0, vy = RIXI  we have

| DX (4 ¢, vx) — pE (b v) | < O (| X -,
where © (| X |) >0, p* (t, vx) is the probability density of the process (&, 2= X).

M. V. Lomonosov Moscow State University. Translated from Matematicheskie Zametki,
Vol. 45, No. 4, pp. 78-88, April, 1989. Original article submitted December 26, 1988.
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We note that for an infinite system the transition probabilities P(E,déﬂ t) are singu-
lar measures. Therefore, the standard methods for proving ergodicity cannot be applied
here. Our methods combine the methods of Lyapunov functions for chains with transition
densities, coupling methods, the parametric method, and the method of cluster expansions.

1. The Exponential Convergence of the Density of an '"Unperturbed" Process. THEOREM
2. Let E(t), t=10, o) be a one-dimensional homogeneous Markov process, for which there
exist densities p&v of the probabilities of the transition in time t from the point u to
the point v, and assume that there exist 0 < t; < t,, Q > 0 such that for some nonnegative
function f, monotonically increasing on [0, =), the following conditions hold:

A) there exist B, B > 0 such that

Doy < BebBUtiun-tyel i< B u,veR, < vty (5)

B) there exist E > 0, € > 0 such that
MUIEC+D D) —FUIEG D IT(TEW® 1) =1} < —s, (6)
MAFOIEC+D D —FCIE@DETFCIE® ) =u} <E (7)

for any u > Q, L KT L,
Then there exist 4 > 0, 6§ > 0, 0 < h < B, t, > 0 such that

| PUl — phio| < Be-Stehitmaxitul. i, (&)
t+t t = -1
S|x|>|w| | 4 — ple| dz < Ae-Btehtitmaxilul, joln=rcw] (9)

for all u, v, weER, ' >0, t >,

The proof of Theorem 2 is based on the following result which is, basically, an ana-
logue of Lemma 1.1 of [7]; we give it without proof.

LEMMA 1. Let n(t),t= 1[0, x) be a homogeneous Markov process on a line, for which there
exist transition probability densities ngv and such that for some 0 < t,; < t, one has:

A) there exist B > 0, B > 0 such that
< BeBu» u v R, <1< 8

B) there exist E > 0, € > 0 such that
M{n@E+1—a(@)In@)=u<—¢
Mm@+ 7 —n@OF [n() =u}<E

for any ue R, LT L
Then there exist A > 0, « > 0, 0 < h < 8 such that
PIn@>vin(0) =u) < de* v, u,veR, t>0.

For the proof of Theorem 2 we consider the process (£,(t), £,(t)) on R?, t =0, t,,
2t,, ..., defined by the densities of the probabilities of transition in time t, from the
point (u, v) into the point (u', v'):

P:Zu'ﬁu'v', if w=v,
PuwPew, if  uskv, (, V) E—Q QP
’ ’ r L 1 t ., ’
pQpu,vyu’,v) =19 yu,viu, v)+ -i—_—x-w(p{m«—x(u, vyu',u')).

'(ptr‘r' —x(u,v; v, v"), if usz=v,
. v)e[— 0. Q1

where
. 1,
¥ (w, v; ', V') = min {pfiu', Pow}s

X(u,v) = SR ¥ {u, v; u',u') du’,

8yv is the é-function on R if one of the variables (u, v) is fixed (8,y = 0 if u = v).
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We mention scme properties of the process (£,(t), &,(t)):

1) SR plyu,vyu,v)d = pﬁuu SR p(ty; u, vy u', v)ydu’ = p"

T’y

(10)
2) if (5 (8, & (1) = (u, v) = [—Q, QI*, then
PE(E+t) =E0+t)[E @) E0)=(u,v) = SR Pty u, vy u',u)de =X (u,v) >0 (11)
3) if £, () =& () then E, (14 ¢) =& (t+ t).
LEMMA 2.

Let X be the moment when the process (£,(t), £,(t)) hits for the first time
the set ¢ = {(u, v)& R% u = v}. Then there exist I', vy, h > 0 such that

PASHIE O1I> U, 18 (01> VIE(0), & (0) = (u, v)}

< Te-¥t ehlf(maxiful, [e)-fmaxil, V)1,

VU, V>0, u,veR. (12)
Proof. Let t = nt,. We set
D (t; Ugs Vo3 Uns Uy Tyy o 1, Ty)
n n—1
_ SG,' .. SGn_x [Hi=1 P (t3; Ui-1, Vi-1i Uis vi)] [H,~=1 du; dvj] s Up 5= Up;
0, u,=vy
where
G = R\ _[—0Q, 0\ ¢, if it;&E{Ty ... Ti}s
G, =1-0,0P\ ¢, if i, e {Ty ..., Ty}
P (& ug, Vo3 Uny Vn) = 2’:::1 2'0<T,<...<Tks¢ﬁ(t; Ugy Vgr Un» Uns
Tyooos Thhs
Pt;ug Vg G Tqy oo oy Ty) = Sa\qﬁ(t; Ugy Vg3 Uy U Ty, ooy Ty)dudy;
(13)
P (85 usy Vo3 G) = 2;:=1 z'o<'.",<...<T,\.st~5(t’ Uy Vol G Tyeons Ty).
We show that for

(U, Vo) € [—Q, Q1F, § = [—Q, Q1% 5 (8 uq, vo; @) < Tye™,
Ty, v, >0

Applying Lemma 1, it is easy to show that

(14)
P {(§1 (T)’ §z (T)) $ O’ T =1, 2t11 R
[E, (D> U, 1B (0] > V151 (0), & (0) = (, v)} < Aeetehlimaxiiul, PD-ftmaxil, VO, (15)
Yu,veR; U, V>0.
From here, in particular, we obtain: for some A, a > 0 we have
Pt ugy Vg @, ) < A, (g, Vo) E 0. (16)
From the positive recurrence of the process (£,(t), £,(t)) and (11) there follows
E‘:;l B (nty; ug, vy; O nty) <1 — g, whereg; > 0. (17)
From (16) and (17) there follows the existence z, > 1, €, > 0 such that
2:-_-1 zoD (nty; Ug, vo; @5 nt)) <1 — &, (18)
Taking into account (13) and making use of (18) one can show that

2‘n=1 z:)‘l-’- (ntys uge Uy; Q) < E‘:’;l (1— az)k <l e,
which proves (14).
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Now, from (14), (15), and (16) it is easy to derive

8 g o P 6 o Uy 2, ) dz dy o Tyemmtemiomas 0. v1 (19)

for some T, ¥, >0, (uy, vy) = 0. From here and from (15) we obtain the estimate (12).

We proceed to the proof of Theorem 2. From the properties of the process (£,(t), £,(t))
we have

Pix—-Ph|dIS§288 ﬁu:u,v;x,y)dxdyggzrgw@MNmMHMJNHJUMH,

S|:cl>|w| ‘ x>0, Ji>lw]

Then, for ¢, < t< t;, we have

1+1

1o — pheldzr =§ |0 phyphedy —§ Pl pledy |z

x>

<, ply-2Teexp (h[f (max{|y]. [0 = (w ]} dy. (20)

Sli’¢l>|"‘|

Making use of condition (5), it is easy to derive

)

| P — pex| dz < Fe-Yeexp (h [f(max (| u ], [v]) — f(lw ]}

1x|>w]

(21)

for t;, <1< t, and for some T > 0.
If t' > t,, where t, satisfies :t; ¢, ([-—Z—-] + 1>—1<t2,T= [—:-] +1, then
. 2 .
T
Lot t tke’/T t+(k-1)t"/T
Pux — Pex|dz < Slxl>lwl 2k=1 | puz = — Pex [dz

L AjeYexp {h[f (max {Jul, |v]}) —f(|w])]}.where A, > 0.

SIII>|"J| ‘

In a similar manner, for t', t" > t, we obtain

§apo oy | P — P[4z < Ao exp (h [ (max (|u, |0 1) — F(w I},

from where there follows the validity of (9).
Statement (8) follows from the boundedness of Pav for t;, <1<t and from the inequality
| ot — Pl < § | P — Pl plo da.
The theorem is proved.

2. Properties of the Density of the Transition Probability of the "Unperturbed" Process.
We consider the equation

dE; = b, (84) dt + dWy, (22)

where the function b, (u), u & R satisfies the conditions (2), (3). It is known (see, for
example, [8]) that under the indicated restrictions on b, the process £ has transition den-
sity po (¢, u,v), t>0, u,v ER such that there exist (d/dt)p, (t, u, V), (8/8u)p, (t, U, V) (8%/6u?)p, (¢,
u, v), t>0, u,ve= R, and p,(t, u, v) is bounded on any segment {t,, t,], 0 < t; < t, < o,

LEMMA 3. There exist g,, 0, > 0 such that

po (t, u, v) < e% -Vi—t_ e-(u-t)/2t-0; (23)
7 1 “2/9t.
— Py (8, u, v) | < 0 - emuoato: (24)

for all t>0,u,ve R
LEMMA 4. There exist h > 0, §, o4 > 0, T > 0 such that
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pO (t u, U) < 037

l——po(t u. v)| < gue-Stehlul
for t>T, u,veER.

LEMMA 5. Let T be the quantity defined by Lemma 4. Then there exist a, h, A > 0 such
that

S o (8, u, vy ehltlde < dehil, >0 (25)

SR — polt, us v)lehllldL<A —ehlul, 0t T (26)
9 hlvl 4 Ae-ot h|u| t T.

{ | ot u, o) et do < demater, 1> )

The proofs of these lemmas carry a purely technical character and we omit them.

3. Existence of the Densities of the Transition Probabilities for E&.zeZY. Let A
be a bounded subset of Zv, and let D ¢ A. We consider the system

8=0, zZA;
dg: = [By (&) + by ()] dt +dWL,  z = A; (28)
B =uy;

where |u, |<<C,z= A. This system defines a process on RI I, whose transition function has
density pt (tow,v), u = (u,, z&= A), v = (v,, ze= A), satisfying the inverse Kolmogorov equation
(the proof of this fact for |A| < = is similar to the proof in the one-dimensional case (see,
for example, [8]). Thus,

= DA (b u, v) = (Hy + eHy) p* (¢, u, v), (29)

a . 1 1"
where H, 2 b (u2) du - Z e 2 , 1=2 Abl(l,tzi..p)é—u—z. The density of the "unperturbed

process, satisfying the equation (g = 0)
2P (2 u,v) = Hop? (¢, u, ),
will be denoted by pg. Since each solution of the equation

p-‘ = p‘:)\ + S(DpA, (30)

t
where (®@p4) (¢, u, v)=So SRM] P (t —s, u, ul) HypA (s, ul, v) dulds, is a solution of equation (29), it

follows that the solution of (30) is unique (see, for example, [9]). It is clear that in
the case of the convergence of the series

Zw k(DkPo L] (31)

where @%pA = pf, ®*p} = ®O*-1p! (k =1,2, ...), this solution has the form

pr =2 " 0*p7.

LEMMA 6. The series (31) converges absolutely for each e, |A| < « and uniformly with
respect to u, ve R for all ¢, >0, t > ¢,.

Proof. By definition,

@ pd (¢, u, v) = Z_

z—(z,,. o z=Ak
. H’:__l [bl (uz +D) Po (5; — Sisy, ', u"ﬂ)] dut...du* ds, (32)

a8 Sket o 1
S § Po (sq — 895 u® ul)-
0

0

. 1
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where s =t¢, sy =0, W' = u, Ul =, ds = ds, . .. ds,.

From (32) it is easy to obtain

RIS VIR ot | SO W)

=dzenk Yo 0

a3 i i+1
Pt Do (i — Siaq, Uy, Uy
v

}{H Do (i — Sisys Upy uff‘)} ~dul .. dus) ds.
(o zi;éy
From here and from (25)-(27) we find

ot Sp1 [A[=[{21y <e0 2
kA E: 40 :
“Dpo (tvuvv)l< X SO 173

Z=Ak Yo
(uy=vy)*
Rl | H A) e zt"‘“]d_
. — Emmee~— (4 K
. Hye(z,. ) Ae™y ( it 2y BIAF (31 31+1) ]/-t (33)

where A, > O,

NS :
F(x) _—_{ Vo 1T
et 1>T;
therefore,
. k/2
|0 pg (¢, u, v) | < | A[f ereS¥olM 2 (34)
7]
for some S = S(ty) > 0, from where we obtain the assertion of the lemma. The lemma is
proved.
Assume further that X = {x,, ..., Xm} . We consider
A, X — A
p (¢, ur, vx) = SRl Apm P (¢, u, v) HZEA\X dv.,
vy = R uA,EEIﬂAt
LEMMA 7. There exists
lim pA X (t, ua, vx) = pX (t, u, vx),
AtzY
u=(u, L), |u|<C 22" (35)
Proof. By virtue of Lemma 6 we have
A . < " K A .
SRlAl-mp (tv u, U) HzEA\XdUz - 2k=oe Sn]A]-m (D Po (t9 u, U)
© t Sk : _
.HZEA\dez=2k=o EKZEEA,‘SO. . .So (p(S, z, k, u, U) 'I_HZEA\xdvz} dS. (36)
where
¢ k s .
©E, 2k u,v)= S Po (£ — 1, 1, ud) (Hi=1 [b1 (uz,+p) Li - Do (8 — Siaqy U, u'+1]> dut. .. du®.
RIAlk du

%

Definition. By a cluster of power k with vertex X we shall mean any vector z = (z,,
.» 2i) such that z & Z¥* and

1) ZKEXV

2) ae{Upy {u +DRUX (=1, ..., k=1).

Clearly, the summation in (36) is carried out in fact only over those z which are clus-

ters, the number of which does not exceed Mk, M being a constant that depends on m, v, N
(see [10]).
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Thus, taking into account (34), we obtain

§

“mlAl-m

gh-1/2

" pi (¢ w, ) [ (s dv:| < MPSTay encr (37)

- !

2
for some S, > 0, i.e., the series (36) converges uniformly with respect to |A] > 0. From

here there follows the possibility of taking the limit lim under the summation sign of the
|A|—>oo

series (36); further, from the fact that

kA 3
SRlAl-m Qpo (8w, v) HZE-\\X dv. =S (ka[)\ (t u, ) HZET\\X dv:, (38)

R|7\|—17u

for all sufficiently large |A|, |A|, we obtain the assertion of the lemma.

4. The Exponential Convergence of pX(t. u, vy) for t > e,

THEOREM 3. There exist g, > 0, # > 0, such that for any finite subset X of ZV and any
€, |e| < e,, there exist t, >0, 0 =06 (] X |) > 0, such that

[ p¥ (¢ + ¢y u, vx) — p¥ (8 u, vx)| < O,

where pX(t, u, VX) is the density of the finite-dimensional distribution of the process Etz-',
z = X, satisfying the system of equations (1) with initial conditions & =u,, Ju, | < C, z& Zv.

Proof. By virtue of the absolute convergence of the series (36) and the equality (38),
we have

| pX (¢ + ', u, vx) — p¥ (t. u, vx)| <|H,€X Polt + t'y uz, v2) — Hzex Do (t, u-, v:)l

+ 2':=1 ef l SRlAkl-m (d')kp::k ¢+t uv)— q)kp:k @ u, v)) HzeA).-\X dv‘l i

where Ay = J; (Ui, {z: + D}}, while z is a cluster of power k with vertex X. Now we estimate

the difference

d)k Ak ,v [ — ¥ ‘Ak N - ! k-t
’SRIAkI-"!( Po (t+ 1t uv)— D5y " (2, u, V) HzeAk\X dvzl<zi—cluster(2os)k 1 SR- . SR [So- .- So (Hye‘z" e zgUY
(§ 1o+t =1y — o6 =1 )| {1 L
) . -t Sk1
- {Hi: 2=y Po (8: — Si+1 Uy, u;fl)} duy ... d“b) ds + S' s So [HyeAk SRIAkl—m Polt + t' — 5y, Uy, U)-
: [Hi: 2=y Bl ]

i i % 1] 4=
) {Hi: 2=y Po (5§ — Siags Uy, Uy )} duy ... duy:l ds] Hye e dv,.

a

‘ . Bl l— i+l)
it 2=y au;

i
Po (S — Sivqy Uy, Uy

i i+1
Po (8; — Sis1y Uy, Uy

i
auy

With the use of the previous estimates we obtain

Ay ’ N A
‘SRIAkl—nt ((kao e+t u,0)—D Po" (t, u, v)) HzeAk\x dv,

t

< MFencrgy Sh {S: ... S:M (H;o F(s;— siﬂ)) ds + St—Hl ce S:k-l (Hf=1 F(s; — 3i+1)) d§} ' (39)

where S, > 0 is some constant, which, in turn, does not exceed
. m ok k q 312 . t ]
M" (exp {hCk}) oT'S" (e—ﬁ,z + (_:*l'/_t_)_ T”2> for k>— 5,0, 9,>0,

and

' : t
MFercigy' Sge—tt for k<,

where T is defined in Lemma 4.
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From here

[p? (t + 1t u, vx) — pY (Lt u, vy) | < Amoy Tle-dteiC L gy ATe-0't,

A48 >0,

which concludes the proof of Theorem 3.

Proof of Theorem 1. We note that
p‘\. (t. U,\') = M;px (t, §°, Ux).

Further, from the assertion of Lemma 1 we find that the constant h can be selected so that
0 <h < a Now it is easy to obtain the assertion of the theorem: for this it is suffi-

cient to consider the system (1) with an arbitrary fixed initial condition n' and then to

repeat the proof of Theorem 3, making use, instead of the estimates

hlu,l ACk
stzn eery Zk e < €

in the formulas (33), (34), and (37), the estimates

Ml e, ™ <ML, ) <O

The theorem is proved.

10.
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