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1. Introduction

In 1950–1990 there was the great explosion of mathematical activity in equi-
librium statistical physics. Its mathematical success was mainly due to the only
axiom (Gibbs distribution for many particle systems) and quite new and beauti-
ful mathematical problems. But now this activity slows down. It can only mean
that transition to non-equilibrium mathematical statistical physics is necessary.
It seems to be much more difficult – no evident axioms, much less probability
theory. And dynamics in multi-particle systems is more difficult to rigorously
analyze. Its starting period can consist of the following steps:

1. Convergence (as t → ∞) to equilibrium for systems with large but
fixed number N of particles with purely deterministic interaction and minimum
stochasticity in external influence, see [1–6].

2. Convergence (as t → ∞) to stationary flows where N particles move
under deterministic or random external forces, see [7,8].

3. Convergence (as N → ∞) of N particle systems to regular continuum
particle systems and rigorous deduction of Euler equations for these limiting
continuum particle systems, see [9,10].

Here we consider problems 2 and 3 for flows of particles on the circle.

1.1. The Model

Consider the set X∞ = X∞(N.L) of infinite periodic sequences of point
particle coordinates on the real axis R

. . . < x−1 < x0 < x1 < . . . < xN−1 < xN < . . . , (1.1)

where periodic means that xk+N = xk +L for any k, some fixed real L > 0 and
integer N > 0. We assume that locally the dynamics is defined by Newton’s
equations (masses are assumed to be 1 as mass scaling can be absorbed by
scaling of other parameters ω, α, fk)

ẍk = ω2(xk+1 − 2xk + xk−1)− αẋk + fk, (1.2)
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with external (driving) forces fk = fk(t) = fk+N (t), dissipative forces−αẋk, α ≥
0, and formal interaction potential energy

Ua =
ω2

2

∑
(xk+1 − xk − a)2, (1.3)

that formally gives the same equations for any a.
In this paper we consider only the case when for all k

fk(t) = f(t) (1.4)

for some function f(t). Unless otherwise stated, we always assume that f(t) ∈
C2(R).

In periodic case initial conditions (and the dynamics itself) are in fact finite
dimensional - one can assume that at time 0 there are exactly N point particles
0, 1, . . . , N − 1 with velocities v0(0), . . . , vN−1(0) and coordinates inside [0, L):

0 = x0(0) < x1(0) < . . . < xN−1(0) < xN (0) = L (1.5)

To prove existence of periodic solution for all t ∈ [0,∞) is an easy matter, but
very important problem arises:

1) we call the dynamics (solution of equations) regular (without collisions)
if it cannot occur that xk+1(t) = xk(t) for any k and t ≥ 0. Otherwise we call
dynamics irregular. In regular dynamics the order of particles is conserved.
And it is important to know for which parameters and initial conditions the
dynamics is regular. This problem is ignored in most papers (known to us) on
dynamics of linear chains (deterministic or random).

2) Another (piece-wise smooth) dynamics can be defined. Namely, when the
event (called collision) xk(t) = xk+1(t) for some k and t ≥ 0 occurs, we assume
that these particles exchange velocities, and thus the order is conserved. Dy-
namics with collisions is more complicated (than purely linear), but we consider
such dynamics as well. We do not consider multiple (for example, triple) colli-
sions because they could occur only for the set of initial conditions of Lebesgue
measure zero.

It is convenient to take a = L
N in (1.3), because then formally U0 = 0

for xk = kL
N , that does not influence the main equations (1.2). For simpler

presentation it will be convenient to reduce this system to even simpler finite
dimensional. For this we introduce variables qk = xk+1 − xk. Note that for any
integer m we have qk = qk+mN . They satisfy the following N equations

q̈k = ω2(qk+1−2qk+qk−1)−αq̇k+fk+1−fk = ω2(qk+1−2qk+qk−1)−αq̇k, (1.6)

only on variables qk, k = 0, 1, . . . , N−1, as in these equations q−1 = qN−1, qN =
q0.
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Put

Q(t) =

N−1∑
k=0

qk(t),

then
Q(t) = Q(0) = L (1.7)

And we get that Q̇(t) ≡ 0 for all t > 0.
If we could find qk(t), then we can find xk(t) using, for example, the equation

ẍk = ω2(qk(t)− qk−1(t))− αẋk + fk, (1.8)

that is the one-particle equation with external driving force Fk(t) = ω2(qk(t)−
qk−1(t)) + fk.

Then we can identify the circle S = SL of length L with the segment [0, L)
with identified end points, and study the flow of particles along this circle. Then
there will be exactly N particles inside [0, L) at any time t > 0. When qk(t) ≥ 0
for all k and t ? For example, this will be even if we consider dynamics with
collisions. Important special cases, when qk(t) > 0 for all k and t, will be
considered below.

Note that equations (1.6) can be considered as Hamiltonian equations (with
total energy H = T + U) plus dissipative forces , where

T =

N−1∑
k=0

q̇2k
2
, (1.9)

U = U0 −
N−1∑
k=0

(fk+1 − fk)qk = U0 =
ω2

2

N−1∑
k=0

(qk+1 − qk)2 (1.10)

2. Results

Remind that further on we assume equal forces on all particles that is fk ≡
f(t).

2.1. Convergence to uniform flow

Here particles may collide and the collisions are elastic. Then

Theorem 1. For any initial conditions (1.1), as t→∞

qk(t) = xk+1(t)− xk(t)→ L

N

for all k. Moreover:
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1) if f(t) ≡ f = const, then

ẋk(t)→ w =
f

α
,

2) if f(t) is periodic with period 2π and convergent Fourier series

f(t) =
∑
m∈Z

ame
imt, (2.1)

then there exists periodic function with period 2π

w(t) =
∑
m∈Z

am
α+ im

eimt

such that for t→∞
ẋk(t)− w(t)→ 0

3) if f(t) is a second-order stationary process (Ef2(s) <∞) with the contin-
uous covariance function, finite mean value f̄ = Ef(s) and orthogonal measure
µ(du), i.e.

f(s) = f̄ +

∫
R

eisuµ(du), (2.2)

then there exists the stationary process

w(t) =
f̄

α
+

∫
R

eitu(α+ iu)−1µ(du)

such that a.s.
ẋk(t)− w(t)→ 0

Proof. Consider equations (1.6) and corresponding kinetic and potential energies
defined by (1.9) and (1.10). In case of equal forces we have U = U0.

Between collisions the dynamics is given by equations (1.2) and (1.6). At
the moment of collision the colliding particles exchange velocities and, hence,
the kinetic energy does not change at any moment of collisions.

For dynamics, defined by equations (1.6), there exists only one fixed point.
It is easily found

∂U0

∂qk
= 0⇐⇒ qk+1 = qk =

L

N
, k = 0, 1, . . . , N − 1,

because
∑
qk ≡ L. Moreover, the only minimum of potential energy is reached

at this point.
It is well-known and easy to check that

dH0

dt
= −α

N−1∑
k=0

q̇2k < 0
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where H0 = T + U0. Indeed, using

q̈k = −∂U0

∂qk
− αq̇k, α > 0,

we get

dH0

dt
=

N−1∑
k=0

q̇kq̈k +

N−1∑
k=0

∂U0

∂qk
q̇k =

N−1∑
k=0

q̇k(q̈k +
∂U0

∂qk
) = −α

N−1∑
k=0

q̇2k

Note also that H0 has the only minimum which is equal to 0 and is reached at
the point q̇k = 0, qk = qk+1 = L

N , k = 0, . . . , N − 1. This gives q̇k(t) → 0 and
T → 0 as t→∞. Then U0(t) should tend to its value at this point, that is to 0.

To get asymptotics of all ẋk(t) for any initial conditions, sum up equations

(1.2). That gives for XN =
∑N−1
k=0 xk, VN = ẊN the equation

ẌN = −αẊN +Nf(t)⇐⇒ V̇N = −αVN +Nf(t)

with the solution

VN (t) = VN (0)e−αt +N

∫ t

0

f(s)e−α(t−s)ds, (2.3)

If f = const then ẊN (t) converges to Nf
α and any ẋk converges to w = f

α .
Let f(t) be periodic. It follows from q̇k(t) → 0 that all ẋk(t) converge to

the same function w(t), for any initial conditions. Then ẊN (t) converges to

N
∫ t
0
f(s)e−α(t−s)ds and any ẋk converges to

∫ t
0
f(s)e−α(t−s)ds. By (2.1) we

have∫ t

0

f(s)e−α(t−s)ds =

∫ t

0

∑
m∈Z

ame
imse−α(t−s)ds =

∑
m∈Z

ame
−αt

∫ t

0

e(im+α)sds =

=
∑
m∈Z

am
α+ im

eimt − e−αt
∑
m∈Z

am
α+ im

So any ẋk converges to

w(t) =
∑
m∈Z

am
α+ im

eimt

Let f(t) be a stationary process. Then substituting (2.2) into (2.3) we find

VN (t) = VN (0)e−αt +N

∫ t

0

e−α(t−s)f̄ds+N

∫ t

0

e−α(t−s)ds

∫
R

eisuµ(du)

where the third term can be rewritten as

N

∫ t

0

e−α(t−s)ds

∫
R

eisuµ(du) = Ne−αt
∫
R

µ(du)

∫ t

0

e(α+iu)sds =
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= N

∫
R

eitu(α+ iu)−1µ(du)−Ne−αt
∫
R

(α+ iu)−1µ(du)

So we have

VN (t) =
Nf̄

α
+N

∫
R

eitu(α+ iu)−1µ(du) +O(e−αt)

and a.s.

ẋk(t)− w(t) = ẋk(t)− f̄

α
−
∫
R

eitu(α+ iu)−1µ(du)→ 0.

The theorem is proved.

2.2. Regularity conditions

We would like to get at least sufficient conditions for there were no collisions.
Put

ω = ω0N

and assume that ω0 > 0, α ≥ 0, L > 0 are fixed constants, not depending on N .
All further results will be for sufficiently large N .

Initial conditions We shall say that periodic initial conditions have “almost
smooth profiles” if the following two conditions hold:

1) there exist periodic functions X(x), V (x) ∈ C4(R) with period L, where
X(x) > 0 for any x ∈ R, and∫ L

0

X(u)du = L,

∫ L

0

V (u)du = 0 (2.4)

2) for some constants C1 > 0, C2 > 0

|x(N)
k+1(0)−x(N)

k (0)− L

N
X(

kL

N
)| < C1

N2
, |ẋ(N)

k+1(0)− ẋ(N)
k (0)− L

N
V (

kL

N
)| < C2

N2

(2.5)
uniformly in k.

Define constants

c1 = L

∫ L

0

|d
2X

du2
(u)|du, c2 = L

∫ L

0

|d
2V

du2
(u)|du, (2.6)

In some sense c1, c2 define fluctuations of the “profile”. We will need also the
constant

γ = γ(X,V, α, ω0, C1, C2, c1, c2) = (1 +
α

8ω0
)(2c1 + C1L

−1) +
2c2 + C2L

−1

4ω0
> 0

(2.7)
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Let Ω
(0)
N (δ) ⊂ R2N , 0 < δ < 1, be a set of “almost smooth” initial conditions

x
(N)
k (0), ẋ

(N)
k (0), k = 0, . . . , N − 1, with additional condition that γ(X,V ) < δ.

We shall prove below the following

Lemma 1. For all x ∈ R

X(0)− c1 ≤ X(x) ≤ c1 +X(0) (2.8)

Let ΩN (δ) be the domain of RN = {(x0, . . . , xN−1)}, defined for some 0 <
δ < 1 by the estimates

|xk+1 − xk −
L

N
| < Lδ

N

for all k.

Theorem 2. Let initially the system belong to Ω
(0)
N (δ) for some 0 < δ < 1.

Then it stays in ΩN (δ) for all t ≥ 0, that is

|x(N)
k+1(t)− x(N)

k (t)− L

N
| < Lδ

N

for all k, t.

It follows that particles conserve the initial order at any time t > 0.

2.3. Convergence to regular continuum mechanics

Concerning the term “regular” see [7]. This property was ignored in many
papers on mechanics of continuum media. But of course not in all, see for
example [11–14].

With each point x ∈ R we associate the particle with number k(x,N) such
that

x
(N)
k(x,N)(0) ≤ x < x

(N)
k(x,N)+1(0) (2.9)

Theorem 3. Under conditions of theorem 2 we have
1) For any T > 0 uniformly in t ∈ [0, T ] and in x ∈ R there exists the limit

lim
N→∞

x
(N)
k(x,N)(t) = Y (t, x) ∈ R (2.10)

where function Y (t, x) satisfies the condition Y (t, x+ L) = Y (t, x) + L for any
x ∈ R.

2) Moreover, Y (t, x) : R → R is differentiable in x and t and strictly in-
creasing in x for each fixed t. So it is a diffeomorphism of R for any t .
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The function Y (t, x) ∈ R will be called the trajectory of the continuous
media particle which is initially at point x ∈ R.

Define for x ∈ R
π(x) = x, mod L

So π : R→ S1 = [0, L). One can define the trajectory y(t, x) ∈ S1 of the point
x on the circle by the equation

π(Y (t, x)) = y(t, π(x)), x ∈ R

Also the mapping y(t, s) : S1 → S1 is a diffeomorphism of the circle.
For given N define the distribution function on [0, L)

F (N)(t, y) =
1

N
]{k ∈ {0, 1, . . . , N − 1} : π(x

(N)
k (t)) ≤ y}, y ∈ [0, L)

Let x(t, y) ∈ [0, L) be the map inverse to y(t, x), that is y(t, x(t, y)) = y.
This map exists according to theorem 3. Introduce the function z(x) : R → R
by the equation: ∫ z(x)

0

X(x′)dx′ = x (2.11)

The inverse function x(z), that is such that x(z(x)) = x.

Lemma 2. Uniformly in y ∈ [0, L) and in t ∈ [0, T ], for any T <∞, we have

lim
N→∞

F (N)(t, y) = F (t, y) =
z(x(t, y))

L
, y ∈ [0, L), (2.12)

where F (t, y) is twice differentiable in y and t.

Define the density of “the number of continuum media particles” as

ρ(t, y) =
dF (t, y)

dy
, y ∈ [0, L) (2.13)

As the particles do not collide, then one can unambiguously define the func-
tion u(t, y) as the speed of the (unique) particle situated at time t at the point
y, that is

u(t, y(t, x)) =
dy(t, x)

dt
.

For t = 0

F (0, x) =
z(x)

L
≤ 1, ρ(0, x) =

z′(x)

L
=

1

LX(z(x))
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2.4. Oscillator chain and wave equation

In many textbooks it is said that, under some scaling, dynamics of oscillator
chain with N oscillators converges to one-dimensional wave equation if N →∞.
But it appears, as we shall see now, that one should be more care – this strongly
depends on the choice of space variable and on the initial conditions.

We define the function G(t, z) : R→ R

G(t, z) = Y (t, x(z))⇐⇒ Y (t, x) = G(t, z(x)) (2.14)

Theorem 4. Let ω1 = ω0L.
1) The equation for Y (t, x(z)) is

Ytt(t, x(z)) = ω2
1

(
Yxx(t, x(z))X2(z) + Yx(t, x(z))X ′(z)

)
− αYt(t, x(z)) + f(t)

with initial conditions

Y (0, x(z)) = x(z) =

∫ z

0

X(u)du = G(0, z)

Yt(0, x(z)) = v +

∫ z

0

V (u)du

2) The function G(t, z) satisfies the inhomogeneous wave equation

Gtt(t, z) = ω2
1Gzz(t, z)− αGt(t, z) + f(t) (2.15)

It follows that if α = 0, f = 0 then the limiting equation is

Ytt(t, x(z)) = ω2
1

(
Yxx(t, x(z))X2(z) + Yx(t, x(z))X ′(z)

)
, (2.16)

where ω1 = ω0L. It becomes classical

Ytt(t, x) = ω2
1Yxx(t, x)

only if X(x) = 1.

2.5. Explicit dynamics in Lagrange coordinates

We start with the case α = f = 0. Consider the homogeneous wave equation

Gtt(t, z) = ω2
1Gzz(t, z), z ∈ R

with initial conditions

G(0, z) = φ(z) =

∫ z

0

X(u)du, Gt(0, z) = ψ(z) = v +

∫ z

0

V (u)du, v = ẋ0(0)

(2.17)
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Note that
φ(z + L) = φ(z) + L,ψ(z + L) = ψ(z)

The d’Alembert solution can be written as follows

G(t, z) =
1

2
(φ(z + ω1t) + φ(z − ω1t)) +

1

2ω1

∫ z+ω1t

z−ω1t

ψ(y)dy (2.18)

One can also write this solution in the form

G(t, z) = G+(z + ω1t) +G−(z − ω1t)

where

G±(z) =
1

2
(φ(z)± 1

ω1

∫ z

0

ψ(y)dy + C±)

and constants C± satisfy condition C+ + C− = 0. Note that G(t, z + L) =
G(t, z) + L. Then Y (t, x) is given by (2.14).

Using d’Alembert solution (2.18) one can easily get the following lemma.

Lemma 3. Let α = f = 0. Then for any fixed t the function G(t, z) : R → R
is a diffeomorphism if for all z ∈ R

Gz(t, z) = X(z + ω1t) +X(z − ω1t) +
1

ω1

∫ z+ω1t

z−ω1t

V (y)dy > 0

For arbitrary α > 0 and f we prove below the following result.

Theorem 5.
1) The solution of (2.15) with initial conditions (2.17) is

G(t, z) =
e−

α
2 t

2
(φ(z + ω1t) + φ(z − ω1t))+

+
αe−

α
2 t

4ω1

∫ z+ω1t

z−ω1t

(
t
I1(α2

√
t2 − (z − ξ)2/ω2

1)√
t2 − (z − ξ)2/ω2

1

+I0(
α

2

√
t2 − (z − ξ)2/ω2

1)
)
φ(ξ)dξ+

+
e−

α
2 t

2ω1

∫ z+ω1t

z−ω1t

I0(
α

2

√
t2 − (z − ξ)2/ω2

1)ψ(ξ)dξ+

+
1

2ω1

∫ t

0

e−
α
2 (t−τ)f(τ)dτ

∫ z+ω1(t−τ)

z−ω1(t−τ)
I0(

α

2

√
(t− τ)2 − (z − ξ)2/ω2

1)dξ,

where I0(x), I1(x) are modified Bessel functions:

I0(x) =

∞∑
m=0

1

m!Γ(m+ 1)

(x
2

)2m
I1(x) =

∞∑
m=0

1

m!Γ(m+ 2)

(x
2

)2m+1

2) For any fixed t the function G(t, z) : R → R is a diffeomorphism if
Gz(t, z) > 0 for all z ∈ R.
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2.6. Conservation law, Euler equation and pressure

Theorem 6. Let ω1 = ω0L and the conditions of the theorem 2 hold. For any
t > 0, y ∈ [0, L) we have :

∂ρ(t, y)

∂t
+

d

dy
(u(t, y)ρ(t, y)) = 0 (2.19)

∂u(t, y)

∂t
+ u(t, y)

∂u(t, y)

∂y
+ αu(t, y)− f(t) = −ω

2
1ρy(t, y)

ρ3(t, y)
=

1

ρ(t, y)

d

dy

ω2
1

ρ(t, y)

= −py(t, y)

ρ(t, y)
(2.20)

where p(t, y) is called pressure and is defined as follows:

p(t, y) = − ω2
1

ρ(t, y)
+ C (2.21)

for some constant C.

Constant C can be chosen as C = ω2
1 , so that at equilibrium (when ρ = 1)

the pressure were zero.
For given y and t define the number k(y,N, t) so that

x
(N)
k(y,N,t)(t) ≤ y < x

(N)
k(y,N,t)+1(t)

Consider the point y ∈ [0, L) and the force acting on the particle with number
k(y,N, t):

R(N)(t, y) = ω2(x
(N)
k(y,N,t)+1(t)− x(N)

k(y,N,t)(t)−
L

N
)

− ω2(x
(N)
k(y,N,t)(t)− x

(N)
k(y,N,t)−1(t)− L

N
) (2.22)

Theorem 7. Let the conditions of the theorem 2 hold. Then for any 0 < T <
∞, uniformly in y ∈ [0, L) and in t ∈ [0, T ] the following limit exists:

lim
N→∞

R(N)(t, y) = −py(t, y)

ρ(t, y)
, (2.23)

where the functions p, ρ are the same as in theorem 6.

Note that as the pressure is defined up to an additive constant, it can be
considered as an “interaction potential” for continuum media, an analog of
interaction potentials in Hamiltonian particle mechanics.
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2.7. Euler equations in Lagrangian coordinates

Consider the density and the velocity in Lagrangian coordinates

ρ̂(t, z) = Lρ(t, y(t, x(z))) = Lρ(t, G(t, z)) (2.24)

û(t, z) =
∂y(t, x(z))

∂t
=
∂G(t, z)

∂t
(2.25)

Theorem 8. Let the conditions of the theorem 2 be satisfied. For any t >
0, z ∈ [0, L) we have

∂

∂t

(
1

ρ̂(t, z)

)
− ∂û(t, z)

∂z
= 0 (2.26)

∂û(t, z)

∂t
+ αû(t, z)− f(t) = −∂p̂(t, z)

∂z
=

∂

∂t

(
ω2
1

ρ̂(t, z)

)
(2.27)

where

p̂(t, z) = − ω2
1

ρ̂(t, z)
+ C

3. Proofs

3.1. Proof of Lemma 1

We shall use the following simple assertion. Assume that f(x) ∈ C2(R) is
periodic with period L and f(0) = 0. Then the following inequality holds

sup
x∈R
|f(x)| ≤ L

∫ L

0

|f ′′(x)|dx.

Indeed,

f(x) =

∫ x

0

f ′(u)du, x ∈ [0, L]

It follows that

sup
x∈R
|f(x)| ≤

∫ L

0

|f ′(u)|du.

Dince f(0) = f(L) = 0, there exists a point x∗ ∈ (0, L) such that f ′(x∗) = 0.
Thus, we have∫ L

0

|f ′(x)|dx =

∫ L

0

∣∣∣∣∣
∫ x∗

x

f ′′(u)du

∣∣∣∣∣dx
≤ L sup

x∈[0,L]

∣∣∣∣∣
∫ x∗

x

f ′′(u)du

∣∣∣∣∣ ≤ L
∫ L

0

|f ′′(u)|du
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and the assertion follows. To prove the Lemma put f(x) = X(x)−X(0). Then
for all x ∈ R

X(0)− c1 ≤ X(x) ≤ X(0) + c1

where

c1 = L

∫ L

0

|X ′′(u)|du

3.2. Proof of theorem 2

Define variables r
(N)
k (t) as follows

r
(N)
k (t) = q

(N)
k (t)− L

N
= x

(N)
k+1(t)− x(N)

k (t)− L

N

Further we shall omit the upper index N for simplicity. Then

ṙk(t) = q̇k(t) = ẋk+1(t)− ẋk(t)

It follows from (1.6) that variables rk satisfy the system

r̈k = ω2(rk+1 − 2rk + rk−1)− αṙk (3.1)

where k = 0, 1, . . . , N − 1, and r−1 = rN−1, rN = r0.
By (1.7) we have

R0(t) =

N−1∑
k=0

rk(t) ≡ 0, Ṙ0(t) ≡ 0

By (2.5)

|rk(0)− L

N
(X(

kL

N
)− 1)| < C1

N2
, |ṙk(0)− L

N
V (

kL

N
)| < C2

N2

We will use the discrete Fourier transform

Rj(t) =

N−1∑
k=0

rk(t)ei
2πjk
N , rk(t) =

1

N

N−1∑
j=0

Rj(t)e
−i 2πjkN (3.2)

Ṙj(t) =

N−1∑
k=0

ṙk(t)ei
2πjk
N , ṙk(t) =

1

N

N−1∑
j=0

Ṙj(t)e
−i 2πjkN (3.3)

Calculating the discrete Fourier transform of both parts of (3.1), we obtain a
system of decoupled differential equations for Fourier images Rj :

R̈j = −Ω2
jRj − αṘj (3.4)
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for j = 1, . . . , N − 1, where

Ω2
j = 2ω2(1− cos(

2πj

N
)) = 4ω2 sin2(

πj

N
), j = 1, . . . , N − 1⇐⇒

Ωj = 2ω sin(
πj

N
) = 2ω0N sin(

πj

N
) > 0.

Note that
Ωj = ΩN−j .

Using the inequality
2

π
<

sinx

x
< 1, 0 < x <

π

2

we get
2j

N
< sin(

πj

N
) <

πj

N
⇐⇒

4ω0j < Ωj < 2πω0j, j = 1, . . . , [N/2], (3.5)

4ω0j < ΩN−j < 2πω0j, j = 1, . . . , [N/2]

Find roots of the quadratic equation

λ2 + αλ+ Ω2
j = 0, j = 1, . . . , N − 1

They equal

λ1,2(j) = −α
2
± dj ,

α2

4
− Ω2

j ≥ 0

λ1,2(j) = −α
2
± idj ,

α2

4
− Ω2

j < 0

where

dj =

√∣∣∣∣α2

4
− Ω2

j

∣∣∣∣ =

√∣∣∣∣α2

4
− 4ω2 sin2(

πj

N
)

∣∣∣∣, j = 1, . . . , N − 1 (3.6)

The solution of equation (3.4) with initial conditions Rj(0), Ṙj(0) has the form

Rj(t) = e−αt/2((cos djt+
α sin(djt)

2dj
)Rj(0) +

sin(djt)

dj
Ṙj(0)) (3.7)

in case of α2

4 − Ω2
j < 0. In particular, for α = 0 we have

Rj(t) = cos(Ωjt)Rj(0) +
sin(Ωjt)

Ωj
Ṙj(0)
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If α2

4 − Ω2
j > 0, then the solution is equal to

Rj(t) = e−αt/2((cosh djt+
α sinh(djt)

2dj
)Rj(0) +

sinh(djt)

dj
Ṙj(0)) (3.8)

If α2

4 − Ω2
j = 0, then

Rj(t) = e−αt/2((1 +
αt

2
)Rj(0) + tṘj(0)) (3.9)

To simplify notation introduce the following functions

a(djt) =

{
e−αt/2 cosh(djt)

α2

4 − Ω2
j ≥ 0

e−αt/2 cos(djt)
α2

4 − Ω2
j < 0

(3.10)

b(djt) =


e−αt/2

sinh(djt)
dj

α2

4 − Ω2
j > 0

e−αt/2
sin(djt)
dj

α2

4 − Ω2
j < 0

e−αt/2t α2

4 − Ω2
j = 0

(3.11)

In this notation the solution of (3.4) has the form

Rj(t) = (a(djt) +
αb(djt)

2
)Rj(0) + b(djt)Ṙj(0), j = 1, . . . , N − 1 (3.12)

Applying the inverse Fourier transform

rk(t) =
1

N

N−1∑
j=1

Rj(t)e
−i 2πjkN (3.13)

we find

rk(t) =
1

N

N−1∑
j=1

((a(djt) +
αb(djt)

2
)Rj(0) + b(djt)Ṙj(0))e−i

2πjk
N (3.14)

By (3.14)

|rk(t)| ≤ 1

N

N−1∑
j=1

((|a(djt)|+
α|b(djt)|

2
)|Rj(0)|+ |b(djt)||Ṙj(0)|)

Note that

|a(djt)| ≤ 1, |b(djt)| ≤
1

Ωj

for j = 1, . . . , N − 1.
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Hence,

|rk(t)| ≤ 1

N

N−1∑
j=1

(1 +
α

2Ωj
)|Rj(0)|+ 1

N

N−1∑
j=1

|Ṙj(0)|
Ωj

(3.15)

By inequality (3.5) we have Ωj ≥ 4ω0. So

|rk(t)| ≤ (1 +
α

8ω0
)

1

N

N−1∑
j=1

|Rj(0)|+ 1

4ω0N

N−1∑
j=1

|Ṙj(0)|

Remind that

rk(0) = xk+1(0)− xk(0)− L

N
=
L

N
(X(

kL

N
)− 1) + ξk,N

where we put ξk,N = xk+1(0)− xk(0)− L
NX(kLN ). So for j 6= 0

Rj(0) =
L

N

N−1∑
k=0

(X(
kL

N
)− 1)ei

2πjk
N +

N−1∑
k=0

ξk,Ne
i 2πjkN =

=
L

N

N−1∑
k=0

X(
kL

N
)ei

2πjk
N +

N−1∑
k=0

ξk,Ne
i 2πjkN

because for j 6= 0
N−1∑
k=0

ei
2πjk
N = 0

By condition (2.5) ∣∣∣∣∣
N−1∑
k=0

ξk,Ne
i 2πjkN

∣∣∣∣∣ ≤
N−1∑
k=0

|ξk,N | ≤
C1

N
(3.16)

As

L

N

N−1∑
k=0

X(
kL

N
)ei

2πjk
N

is the integral sum corresponding to the integral∫ L

0

X(s)ei
2πjs
L ds,

we have ∣∣∣∣∣ LN
N−1∑
k=0

X(
kL

N
)ei

2πjkL
LN −

∫ L

0

X(s)ei
2πjs
L ds

∣∣∣∣∣ ≤ c′

N
(3.17)
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As X ∈ C2, we have for Fourier coefficients

X̂j =

∫ L

0

X(s)ei
2πjs
L ds,

corresponding to the function X(s), the well known estimate

|X̂j | ≤
L2
∫ L
0
|Ẍ(s)|ds
j2

=
Lc1
j2

So ∣∣∣∣∣
∫ L

0

X(s)ei
2πjs
L ds

∣∣∣∣∣ ≤ Lc1
j2

(3.18)

Thus, by (3.16), (3.17), (3.18) we get

1

N

N−1∑
j=1

|Rj(0)|

≤ 1

N

N−1∑
j=1

(|X̂j |+ |
N−1∑
k=0

ξk,Ne
i 2πjkN |+ |X̂j −

L

N

N−1∑
k=0

X(
kL

N
)ei

2πjkL
LN |)

≤ 2Lc1 + C1

N
+O(N−2) (3.19)

as
∑∞
j=1 j

−2 < 2.
Similar, one can prove

1

N

N−1∑
j=1

|Ṙj(0)| ≤ 2Lc2 + C2

N
+O(N−2) (3.20)

Indeed,

ṙk(0) = ẋk+1(0)− ẋk(0) =
L

N
V (

kL

N
) + ηk,N

where we put ηk,N = ẋk+1(0)− ẋk(0)− L
N V (kLN ). So for j 6= 0

Ṙj(0) =
L

N

N−1∑
k=0

V (
kL

N
)ei

2πjk
N +

N−1∑
k=0

ηk,Ne
i 2πjkN

where ∣∣∣∣∣
N−1∑
k=0

ηk,Ne
i 2πjkN

∣∣∣∣∣ ≤
N−1∑
k=0

|ηk,N | ≤
C2

N



Regular dynamics and collisions inside classical closed string 507

Similarly to (3.19) one can write the estimate

1

N

N−1∑
j=1

|Ṙj(0)| ≤ 1

N

N−1∑
j=1

(|V̂j |+ |
N−1∑
k=0

ηk,Ne
i 2πjkN |+ |V̂j −

L

N

N−1∑
k=0

V (
kL

N
)ei

2πjkL
LN |)

≤ 2Lc2 + C2

N
+O(N−2)

where

V̂j =

∫ L

0

V (s)ei
2πjs
L ds

To finish the proof of the theorem note that by (3.19), (3.20) we have for
k = 0, 1, . . . , N − 1 uniformly over t

|rk(t)| ≤ Lγ

N
+O(N−2) ≤ Lδ

N

for γ < δ and for sufficiently large N. It follows that

L(1− δ)
N

≤ x(N)
k+1(t)− x(N)

k (t) ≤ L(1 + δ)

N

For δ < 1 we get x
(N)
k+1(t) − x(N)

k (t) > 0 for sufficiently large N. So the initial
order of particles is conserved for all t > 0. The theorem is proved.

3.3. Proof of theorem 3

Plan of the proof:
1) We prove that

lim
N→∞

x
(N)

[ zNL ]
(t) = G(t, z), z ∈ R,

where g(t, z) is the solution of the nonhomogeneous wave equation with dissi-
pation (3.29) (see below).

2) Then we show

lim
N→∞

x
(N)
k(x,N)(t) = G(t, z(x)), x ∈ R,

where the function z(x) : R→ R is uniquely defined by the equation:∫ z(x)

0

X(x′)dx′ = x

3) Finally, we define the trajectory Y (t, x) = G(t, z(x)), x ∈ R.
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3.3.1. Wave equations with dissipation

Let ω1 = ω0L. Consider the homogeneous wave equation with dissipation:

rtt(t, x) = −αrt(t, x) + ω2
1rxx(t, x), x ∈ R (3.21)

We assume also the initial conditions

r(0, x) = Ŷ (x) = X(x)− 1, rt(0, x) = V (x), x ∈ R (3.22)

and the periodic boundary condition

r(t, x) = r(t, x+ L), x ∈ R

Let ψ(x) be a periodic function with period L and with zero mean value. Define
Fourier coefficients

ψ̂n =
1

L

∫ L

0

e
i2πnx
L ψ(x)dx

Note that ψ̂0 = 0. So we have

ψ(x) =
∑
n:n 6=0

ψ̂ne
− i2πnxL

Put

λn =
2πn

L
, νn =

√
|λ2nω2

1 − α2/4| =
√
|(2πnω0)2 − α2/4| (3.23)

and introduce operator Ĝ(t) acting on periodic functions ψ as

Ĝ(t)ψ =
∑
n:n 6=0

ψ̂ne
−iλnxb(tνn) (3.24)

Lemma 4. There exists the only periodic solution of (3.21) with initial condi-
tions (3.22). This solution has the form

r(t, x) =
∂(Ĝ(t)Ŷ )

∂t
+ αĜ(t)Ŷ + Ĝ(t)V (3.25)

One can rewrite this solution in the explicit form

r(t, x) =
∑
n:n 6=0

X̂ne
−iλnx(ã(tνn) +

αb̃(tνn)

2
) +

∑
n:n 6=0

V̂ne
−iλnxb̃(tνn) (3.26)

where

X̂n =
1

L

∫ L

0

e
i2πnx
L (X(x)− 1)dx =

1

L

∫ L

0

e
i2πnx
L X(x)dx, n 6= 0
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V̂n =
1

L

∫ L

0

e
i2πnx
L V (x)dx

and functions ã, b̃ are defined by

ã(νnt) =

{
e−αt/2 cosh(νnt)

α2

4 − λ
2
nω

2
1 ≥ 0

e−αt/2 cos(νnt)
α2

4 − λ
2
nω

2
1 < 0

(3.27)

b̃(νnt) =


e−αt/2 sinh(νnt)

νn
α2

4 − λ
2
nω

2
1 > 0

e−αt/2 sin(νnt)
νn

α2

4 − λ
2
nω

2
1 < 0

e−αt/2t α2

4 − λ
2
nω

2
1 = 0

(3.28)

Proof of lemma 4 We can represent the solution by Fourier series

r(t, x) =
∑
n∈Z

r̂n(t)e−
i2πnx
L =

∑
n∈Z

r̂n(t)e−iλnx

where

r̂n(t) =
1

L

∫ L

0

e
i2πnx
L r(t, x)dx =

1

L

∫ L

0

eiλnxr(t, x)dx

Then from equation (3.21), we get

r̂′′n + αr̂′n + λ2nω
2
1 r̂n = 0

Solving this equation we find for n 6= 0

r̂n(t) = r̂n(0)(ã(tνn) +
αb̃(tνn)

2
) + r̂′n(0)b̃(tνn)

For n = 0 we have r̂0(t) = 0, as r̂′0(t) satisfies equation r̂′′0 + αr̂′0 = 0 and
r̂0(0) = r̂′0(0) = 0 by (2.4), (3.22).

Then
r(t, x) =

∑
n:n 6=0

r̂n(t)e−iλnx =

=
∑

n∈Z:n6=0

r̂n(0)e−iλnx(ã(tνn) +
αb̃(tνn)

2
) +

∑
n∈Z:n 6=0

r̂′n(0)e−iλnxb̃(tνn)

But by (3.22)

r̂n(0) =
1

L

∫ L

0

e
i2πnx
L X(x)dx, r̂′n(0) =

1

L

∫ L

0

e
i2πnx
L V (x)dx

The lemma is proved.
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Corollary 9. For all t > 0 ∫ x+L

x

r(t, x′)dx′ = 0

We will consider also the nonhomogeneous wave equation with dissipation

Gtt(t, z) = ω2
1Gzz(t, z)− αGt(t, z) + f(t), z ∈ R (3.29)

with initial conditions

G(0, z) =

∫ z

0

X(z′)dz′, Gt(0, z) = v +

∫ z

0

V (z′)dz′, v = ẋ0(0) (3.30)

and the periodic boundary condition

G(t, z + L) = G(t, z) + L

Lemma 5. There exists the only solution of (3.29). This solution has the fol-
lowing form

G(t, z) = G(t, 0) + z +

∫ z

0

r(t, x)dx (3.31)

where r(t, x) is defined by (3.25) and G(t, 0) is the solution of ordinary differ-
ential equation

G′′(t, 0) = −αG′(t, 0) + ω2
1rx(t, 0) + f(t) (3.32)

with initial conditions G(0, 0) = 0,G′(0, 0) = v.

Note that solution of (3.32) is

G′(t, 0) = e−αtv +

∫ t

0

e−α(t−s)(ω2
1rx(s, 0) + f(s))ds

or

G(t, 0) =
1− e−αt

α
v+

1

α

∫ t

0

(1−e−α(t−s))f(s)ds+
ω2
1

α

∫ t

0

(1−e−α(t−s))rx(s, 0)ds

(3.33)

Proof of lemma 5 We check by substitution that function G(t, z), defined
by (3.31) satisfy equation (3.29):

Gtt = −αGt + ω2
1Gzz + f(t)

By (3.31) we have

Gt(t, z) = Gt(t, 0) +

∫ z

0

rt(t, x)dx
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Gtt(t, z) = Gtt(t, 0) +

∫ z

0

rtt(t, x)dx

Gz(t, z) = 1 + r(t, z), Gzz(t, z) = rz(t, z) =

∫ z

0

rxx(t, x)dx+ rz(t, 0)

Substituting these expressions in (3.29) we get identity

Gtt(t, 0) +

∫ z

0

rtt(t, x)dx = −αGt(t, 0)− α
∫ z

0

rt(t, x)dx

+ ω2
1(

∫ z

0

rxx(t, x)dx+ rx(t, 0)) + f(t).

Indeed, by our condition G(t, 0) should satisfy equation (3.32) and∫ z

0

rtt(t, x)dx = −α
∫ z

0

rt(t, x)dx+ ω2
1

∫ z

0

rxx(t, x)dx

because of r(t, x) is the solution of (3.21).
Let us verify now the initial conditions:

G(0, z) = G(0, 0) + z +

∫ z

0

r(0, x)dx = z +

∫ z

0

(X(x)− 1)dx =

∫ z

0

X(x)dx,

Gt(0, z) = Gt(0, 0) +

∫ z

0

rt(0, x)dx = v +

∫ z

0

V (x)dx,

and the boundary condition:

G(t, z + L) = G(t, 0) + z + L+

∫ z+L

0

r(0, x)dx

= G(t, 0) + z + L+

∫ z

0

r(0, x)dx = G(t, z) + L

as ∫ z+L

z

r(0, x)dx = 0

The lemma is proved.

3.3.2. Convergence to continuum media

Theorem 10. Let conditions of theorem 2 hold. Then
1) For any finite T > 0 uniformly in t ∈ [0, T ] and in z ∈ [0, L)

lim
N→∞

x
(N)

[ zNL ]
(t) = G(t, z), z ∈ [0, L)

2) For any T > 0 uniformly in t ∈ [0, T ] and in x ∈ [0, L) there exists the
limit

lim
N→∞

x
(N)
k(x,N)(t) = G(t, z(x)) (3.34)

where G(t, z) is the solution of (3.29) which is given by (3.31) and (3.33).
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Proof of theorem 10 Remind that

r
(N)
k (t) = x

(N)
k+1(t)− x(N)

k (t)− L

N
= qk(t)− L

N

N−1∑
k=0

r
(N)
k (t) = 0

We begin with the following lemma

Lemma 6. Uniformly in t ∈ [0, T ] for any finite T > 0

max
t∈[0,T ]

max
k=0,...,N−1

|rk(t)− L

N
r(t,

kL

N
)| ≤ C

N3
, N →∞

where r(t.x) is the solution of the equation (3.21).

Proof. Consider the differences

∆
(N)
k (t) = r

(N)
k (t)− L

N
r(t,

kL

N
), k = 0, . . . , N − 1

According to (1.6) we have the following system for rk,k = 0, 1, . . . , N − 1

r̈
(N)
k (t) = ω2(r

(N)
k+1(t)− r(N)

k (t)))− ω2(r
(N)
k (t)− r(N)

k−1(t))− αṙ(N)
k (t)

with initial conditions

r
(N)
k (0) =

L

N
X(

kL

N
) + ξk,N −

L

N
, ṙ

(N)
k (0) =

L

N
V (

kL

N
) + ηk,N

where

ξk,N = xk+1(0)− xk(0)− L

N
X(

kL

N
), ηk,N = ẋk+1(0)− ẋk(0)− L

N
V (

kL

N
)

and, hence,

∆̈
(N)
k (t) = ω2(r

(N)
k+1(t)−r(N)

k (t))−ω2(r
(N)
k (t)−r(N)

k−1(t))−αṙ(N)
k (t)− L

N
rtt(t,

kL

N
)

As r(t, x) satisfies the wave equation

rtt(t,
kL

N
) = −αrt(t,

kL

N
) + ω2

1rxx(t,
kL

N
)

we get

∆̈
(N)
k (t) = ω2(r

(N)
k+1(t)− r(N)

k (t)))− ω2(r
(N)
k (t)− r(N)

k−1(t))− αṙ(N)
k (t)

− L

N
(−αrt(t,

kL

N
) + ω2

1rxx(t,
kL

N
)) =

= ω2(r
(N)
k+1(t)− 2r

(N)
k (t) + r

(N)
k−1(t))− α∆̇

(N)
k (t)− ω2

1L

N
rxx(t,

kL

N
)
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and

∆̈
(N)
k (t) = ω2(r

(N)
k+1(t)− 2r

(N)
k (t) + r

(N)
k−1(t))

− ω2L

N
(r(t,

(k + 1)L

N
)− 2r(t,

kL

N
) + r(t,

(k − 1)L

N
))

+
ω2L

N
(r(t,

(k + 1)L

N
)− 2r(t,

kL

N
) + r(t,

(k − 1)L

N
))

− α∆̇
(N)
k (t)− ω2

1L

N
rxx(t,

kL

N
) =

= ω2(∆
(N)
k+1(t)− 2∆

(N)
k (t) + ∆

(N)
k−1(t))− α∆̇

(N)
k (t)+

+ ω2
0LN(r(t,

(k + 1)L

N
)− 2r(t,

kL

N
) + r(t,

(k − 1)L

N
))

− ω2
0L

3

N
rxx(t,

kL

N
)

Define the remainder term as

δ
(N)
k (t) = r(t,

(k + 1)L

N
)− 2r(t,

kL

N
) + r(t,

(k − 1)L

N
)− L2

N2
rxx(t,

kL

N
)

Finally, we get the system of equations

∆̈
(N)
k (t) = ω2(∆

(N)
k+1(t)− 2∆

(N)
k (t) + ∆

(N)
k−1(t))− α∆̇

(N)
k (t) + ω2

0LNδ
(N)
k (t),

k = 0, 1, . . . , N − 1

with initial conditions ∆
(N)
k (0) = ∆̇

(N)
k (0) = 0. The solution

∆
(N)
k (t) = ω2

0LN

∫ t

0

b̃((t− s)νk)δ
(N)
k (s)ds

where νk is defined by (3.23).
The remainder term can be estimated as follows

|δ(N)
k (t)| ≤ L4

12N4
max
t∈[0,T ]

max
x∈[0,L)

|rxxxx(t, x)| = C0

N4

It follows that

|∆(N)
k (t)| ≤ C

N3

for some constant C not depending on N.
We proceed to the proof of the theorem 10.
1) We have the following equation for ẋ0(t)

ẍ
(N)
0 = −αẋ(N)

0 + ω2(r
(N)
0 − r(N)

N−1) + f(t)
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with initial conditions ẋ
(N)
0 (0) = v. The solution is

ẋ
(N)
0 (t) = ve−αt +

∫ t

0

e−α(t−s)f(s)ds+ ω2

∫ t

0

e−α(t−s)(r
(N)
0 (s)− r(N)

N−1(s))ds

As

r
(N)
0 (s)− r(N)

N−1(s) =
L

N
(r(s, 0)− r(s, L(N − 1)

N
)) =

=
L

N
(r(s, 0)− r(s,− L

N
)) =

L2

N2
rx(s, 0) +

L

N
δN (s),

where the remainder term can be estimated

|δN (s)| ≤ L2

2N2
|rxx(s, 0)|,

we have

lim
N→∞

ẋ
(N)
0 (t) = ve−αt +

∫ t

0

e−α(t−s)f(s)ds+ ω2
0L

2

∫ t

0

e−α(t−s)rx(s, 0)ds

and

lim
N→∞

x
(N)
0 (t) = v

1− e−αt

α
+

∫ t

0

(1− e−α(t−s))f(s)ds

+
ω2
0L

2

α

∫ t

0

(1− e−α(t−s))rx(s, 0)ds

By (3.33)

lim
N→∞

x
(N)
0 (t) = G(t, 0)

Further on, we have

x
(N)

[ zNL ]
(t) = x

(N)
0 (t) + [

zN

L
]
L

N
+

[ zNL ]−1∑
j=0

r
(N)
j (t) =

= x
(N)
0 (t) + z +

[ zNL ]−1∑
j=0

L

N
r(t,

jL

N
) + δ(N)(t, z)

where

δ(N)(t, z) =

[ zNL ]−1∑
j=0

(r
(N)
j (t)− L

N
r(t,

jL

N
)) =

[ zNL ]−1∑
j=0

∆
(N)
j (t)

One can conclude from the proof of lemma 6

|δ(N)(t, z)| ≤ zC

LN2
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Hence,

lim
N→∞

x
(N)

[ zNL ]
(t) = G(t, z)

= lim
N→∞

x
(N)
0 (t) + z +

∫ z

0

r(t, z′)dz′ = G(t, 0) + z +

∫ z

0

r(t, z′)dz′

By (3.31)

lim
N→∞

x
(N)

[ zNL ]
(t) = G(t, z)

2) Let us prove that for some constant d > 0

|Lk(x,N)

N
− z(x)| ≤ d

N

uniformly in x ∈ [0, L). Denote

h(z) =

∫ z

0

X(x′)dx′

Then we have h(z(x)) = x. On the other side, the integral can be calculated as
follows

h(
Lk(x,N)

N
) =

L

N

k(x,N)∑
i=0

X(
iL

N
) + sN (x) = x

(N)
k(x,N)+1(0)−

k(x,N)∑
i=0

ξi,N + sN (x)

where

sN (x) = h(
Lk(x,N)

N
)− L

N

k(x,N)∑
i=0

X(
iL

N
)

ξi,N = x
(N)
i+1(0)− x(N)

i (0)− L

N
X(

iL

N
).

By (2.5) the remainder terms enjoys the following estimate:

|
k(x,N)∑
l=0

ξi,N | = O(N−1)

|sN (x)| ≤ L

N
max
y∈[0,L)

|X ′(y)| = d′

N
.

So

|h(
Lk(x,N)

N
)− x(N)

k(x,N)+1(0)| ≤ d1
N

for some constant d1.
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By (2.9) we have:

x− d1
N
≤ h(

Lk(x,N)

N
)

< x+
L

N
X(

Lk(x,N)

N
) +

d1
N

< x+
d2
N
, d2 = d1 + max

y∈[0,L)
|X(y)|

It follows that

|h(
Lk(x,N)

N
)− h(z(x))| ≤ d2

N

For some θ ∈ [0, L)

h(
Lk(x,N)

N
)− h(z(x)) = (

Lk(x,N)

N
− z(x))h′(θ)

where h′(θ) = X(θ). This gives

|Lk(x,N)

N
− z(x)| ≤ d2

N minθ∈[0,L) |X(θ)|
=

d

N
(3.35)

From the proved inequality it follows that

|k(x,N)− [
z(x)N

L
]| ≤ d

L
+ 1 = d′

By theorem 2

|x(N)
k(x,N)(t)− x

(N)

[
z(x)N
L ]

(t)| ≤ d′L(1 + δ)

N
(3.36)

Taking the limit in the last inequality and using item 1) of the theorem we get
assertion 2).

Now we can finish the proof of theorem 3. The first item of this theorem
follows from the second assertion of theorem 10.

Let us prove that Y (t, x) = g(t, z(x)) is strictly increasing over x ∈ R. Let
z1 < z2. From evident equality

x
(N)

[
z2N
L ]

(t)− x(N)

[
z1N
L ]

(t) =

[
z2N
L ]−1∑

k=[
z1N
L ]

x
(N)
k+1(t)− x(N)

k (t)

and from theorem 2 we have

L(1− δ)
N

([
z2N

L
]− [

z1N

L
]) ≤ x(N)

[
z2N
L ]

(t)− x(N)

[
z1N
L ]

(t) ≤ L(1 + δ)

N
([
z2N

L
]− [

z1N

L
]).

Taking the limit here and using theorem 10 we get for any t > 0 and any z1 < z2

L(1− δ)(z2 − z1) ≤ G(t, z2)−G(t, z1) ≤ L(1 + δ)(z2 − z1) (3.37)
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So function Y (t, x) = G(t, z(x)), x ∈ R is strictly increasing and differentiable
with respect to x

Gx(t, z(x)) = z′(x)(1 + r(t, z(x))

Thus, Y (t, x) is a diffeomorphism of R.

3.4. Convergence to Euler equation

3.4.1. Proof of lemma 2

Note that there always exists m = m(t) such that

x
(N)
k (t) ∈ [0, L), k = m,m+ 1, . . . ,m+N − 1

Then

F (N)(t, y) =
1

N
]{k = m,m+ 1, . . . ,m+N − 1 : x

(N)
k (t) ≤ y}, y ∈ [0, L)

For given y and t one can define the number k(y,N, t) such that

x
(N)
k(y,N,t)(t) ≤ y < x

(N)
k(y,N,t)+1(t), y ∈ [0, L) (3.38)

where m ≤ k(y,N, t) < m+N. So

F (N)(t, y) =
k(y,N, t)−m(t)

N

We use the evident inequality

|x̂(N)
k(x(t,y),N)(t)− x

(N)
k(y,N,t)(t)| ≤ |x̂

(N)
k(x(t,y),N)(t)− y(t, x(t, y))|

+ |x(N)
k(y,N,t)(t)− y(t, x(t, y))|

By assertions 1), 2) of theorem 10, and by (3.36), one can conclude, that

|x̂(N)
k(x(t,y),N)(t)− y(t, x(t, y)))| ≤ d1

N

But x̂
(N)
k(x(t,y),N)(t) = x

(N)
k(x(t,y),N)+m(t)(t)

|x(N)
k(x(t,y),N)+m(t)(t)− y(t, x(t, y)))| ≤ d1

N
,

for some constant d1 > 0 not depending on N and y ∈ [0, L). By (3.38) and
theorem 2 we have

|x(N)
k(y,N,t)(t)− y| ≤ |x

(N)
k(y,N,t)(t)− x

(N)
k(y,N,t)+1(t)| ≤ d2

N
,
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for some constant d2 > 0 not depending on N, y. Then

|x(N)
k(x(t,y),N)+m(t)(t)− x

(N)
k(y,N,t)(t)| ≤

d1 + d2
N

From this inequality and theorem 2 we have

|k(x(t, y), N) +m(t)− k(y,N, t)| = |k(x(t, y), N)− (k(y,N, t)−m(t))| ≤ d′
(3.39)

for d′ = d1 + d2 > 0, not depending on N, y. We can conclude that

lim
N→∞

F (N)(t, y) = lim
N→∞

k(y,N, t)−m(t)

N
= lim
N→∞

k(x(t, y), N)

N
=
z(x(t, y))

L

where the latter equality follows from (3.35). The lemma is proved.

3.4.2. Proof of theorem 6

Let us prove (2.19). By (2.12) and (2.13) we have

ρ(t, y) = L−1z′(x(t, y))xy(t, y). (3.40)

On the other side, differentiation in y of the equality y(t, x(t, y)) = y gives

xy(t, y) =
1

yx(t, x(t, y))
.

Hence,

yx(t, x(t, y)) =
z′(x(t, y))

Lρ(t, y)

By (2.13) and lemma 2 we have

∂ρ(t, y)

∂t
= L−1

d

dy

dz(x(t, y))

dt
= L−1

d

dy
(z′(x(t, y))xt(t, y))

Differentiation in t of the equality y(t, x(t, y)) = y gives

∂y(t, x(t, y))

∂t
+ yx(t, x(t, y))xt(t, y) = 0

So

xt(t, y) = −
∂y(t,x(t,y))

∂t

yx(t, x(t, y))
= − u(t, y)

yx(t, x(t, y))
= −u(t, y)Lρ(t, y)

z′(x(t, y))

and
∂ρ(t, y)

∂t
= − d

dy
(u(t, y)ρ(t, y))
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To prove (2.20) note that

∂u(t, y)

∂t
+ u(t, y)

∂u(t, y)

∂y
=
∂u(t, y(t, x))

∂t
=
∂2y(t, x)

∂t2

On the other side‘
∂u(t, y(t, x))

∂t
=
∂2y(t, x)

∂t2

By theorem 10 we have

y(t, x) = G(t, z(x)) mod L (3.41)

G(t, z(x+ L)) = G(t, z(x) + L) = G(t, z(x)) + L

G(t, z(L)) = G(t, L) = G(t, 0) + L

where G(t, z) satisfies the equation

Gtt(t, z) = −αGt(t, z) + ω2
1Gzz(t, z) + f(t)

where ω1 = ω0L. Using these formulas we find

∂u(t, y)

∂t
+ u(t, y)

∂u(t, y)

∂y
=
∂2y(t, x)

∂t2
= Gtt(t, z(x))

= −αGt(t, z(x)) + ω2
1Gzz(t, z(x)) + f(t) (3.42)

Further on, using formula (3.41) let us calculate derivatives

yt(t, x) =
∂G(t, z(x))

∂t
= Gt(t, z(x)) (3.43)

yx(t, x) =
∂G(t, z(x))

∂x
= z′(x)

∂G(t, z(x))

∂z
= z′(x)Gz(t, z(x))

yxx(t, x) = [z′(x)]2
∂2G(t, z(x))

∂z2
+ z′′(x)

∂G(t, z(x))

∂z

= [z′(x)]2Gzz(t, z(x)) + z′′(x)Gz(t, z(x)).

It follows that

Gzz(t, z(x)) =
yxx(t, x)− z′′(x)Gz(t, z(x))

[z′(x)]2
=
yxx(t, x)− z′′(x)

z′(x) yx(t, x)

[z′(x)]2

So we get

∂u(t, y(t, x))

∂t
+ u(t, y)

∂u(t, y(t, x))

∂y
= −αGt(t, z(x)) + ω2

1Gzz(t, z(x)) + f(t) =
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= −αyt(t, x) + ω2
1

yxx(t, x)− z′′(x)
z′(x) yx(t, x)

[z′(x)]2
+ f(t)

Putting in this equation x = x(t, y) and defining function

R(t, y) = Gzz(t, z(x(t, y))) =
yxx(t, x(t, y))− z′′(x(t,y))

z′(x(t,y)) yx(t, x(t, y))

[z′(x(t, y))]2
(3.44)

we get

∂u(t, y)

∂t
+ u(t, y)

∂u(t, y)

∂y
= −αyt(t, x(t, y)) + ω2

1R(t, y) + f

= −αu(t, y) + ω2
1R(t, y) + f(t)

Differentiating in y

yxx(t, x(t, y)) =
1

xy(t, y)

d

dy

z′(x(t, y))

ρ(t, y)
=
z′(x(t, y))

ρ(t, y)

d

dy

z′(x(t, y))

ρ(t, y)
=

=
z′(x(t, y))

ρ(t, y)

(
z′′(x(t, y))xy(t, y)

ρ(t, y)
− z′(x(t, y))ρy(t, y)

ρ2(t, y)

)
=

=
z′(x(t, y))

ρ(t, y)

(
z′′(x(t, y))

z′(x(t, y))
− z′(x(t, y))ρy(t, y)

ρ2(t, y)

)
=

=
1

ρ(t, y)

(
z′′(x(t, y))− (z′(x(t, y)))2ρy(t, y)

ρ2(t, y)

)
So the function R(t, y) can be written as

R(t, y) =
yxx(t, x(t, y))− z′′(x(t,y))

z′(x(t,y)) yx(t, x(t, y))

[z′(x(t, y))]2
=

=

1
ρ(t,y)

(
z′′(x(t, y))− (z′(x(t,y)))2ρy(t,y)

ρ2(t,y)

)
− z′′(x(t,y))

z′(x(t,y))
z′(x(t,y))
ρ(t,y)

[z′(x(t, y))]2
=

=
1

ρ(t, y)

z′′(x(t, y))− (z′(x(t,y)))2ρy(t,y)
ρ2(t,y) − z′′(x(t, y))

[z′(x(t, y))]2
= −ρy(t, y)

ρ3(t, y)
=

=
1

ρ(t, y)

d

dy

1

ρ(t, y)

By (2.21)

ω2
1R(t, y) =

1

ρ(t, y)

d

dy

ω2
1

ρ(t, y)
= −py(t, y)

ρ(t, y)
(3.45)
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Finally, we come to the equation

∂u(t, y)

∂t
+ u(t, y)

∂u(t, y)

∂y
= −αu(t, y)− ω2

1ρy(t, y)

ρ3(t, y)
+ f(t)

= −αu(t, y)− py(t, y)

ρ(t, y)
+ f(t)

The theorem is proved.

3.4.3. Proof of theorem 8

Let us prove (2.26). By (3.40) we have

ρ(t, y) = L−1z′(x(t, y))xy(t, y).

On the other side, differentiation in y of the equality y(t, x(t, y)) = y gives

xy(t, y) =
1

yx(t, x(t, y))
.

Hence,

ρ(t, y) =
z′(x(t, y))

Lyx(t, x(t, y))

and by (2.24)

ρ̂(t, z) = Lρ(t, y(t, x(z))) =
Lz′(x(t, y(t, x(z))))

Lyx(t, x(t, y(t, x(z))))
=

z′(x(z))

yx(t, x(z))
=

=
z′(x(z))x′(z)

yx(t, x(z))x′(z)
=

1

Gz(t, z)

as Gz(t, z) = yx(t, x(z))x′(z) and z′(x(z))x′(z) = 1. So

1

ρ̂(t, z)
= Gz(t, z) (3.46)

∂

∂t

(
1

ρ̂(t, z)

)
=
∂2G(t, z)

∂t∂z

Further on, by (2.25)

∂û(t, z)

∂z
=
∂2y(t, x(z))

∂z∂t
=
∂2G(t, z)

∂z∂t
=
∂2G(t, z)

∂t∂z

Thus, we come to the equation

∂

∂t

(
1

ρ̂(t, z)

)
− ∂û(t, z)

∂z
= 0
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To prove (2.27) note that by (2.25)

∂û(t, z)

∂t
=
∂2y(t, x(z))

∂t2
=
∂2G(t, z)

∂t2

By theorem 10 we have

y(t, x(z)) = G(t, z) ( mod L)

where G(t, z) satisfies the wave equation

Gtt(t, z) = −αGt(t, z) + ω2
1Gzz(t, z) + f

Using these formulas we find

∂û(t, z)

∂t
= −αGt(t, z) + ω2

1Gzz(t, z) + f

By (2.25), (3.46)
û(t, z) = Gt(t, z)

ω2
1Gzz(t, z) =

∂

∂z

(
ω2
1

ρ̂(t, z)

)
= − ∂

∂z

(
− ω2

1

ρ̂(t, z)

)
= −∂p̂(t, z)

∂z

where

p̂(t, z) = − ω2
1

ρ̂(t, z)
+ C

So, we come to the second equation

∂û(t, z)

∂t
+ αû(t, z)− f = −∂p̂(t, z)

∂z

The theorem is proved.

3.4.4. Proof of theorem 7

By (2.22) we have

R(N)(t, y) = ω2(r
(N)
k(y,N,t)(t)− r

(N)
k(y,N,t)−1(t))

By lemma 6

R(N)(t, y) = ω2
0N

2 L

N
(r(t,

k(y,N, t)L

N
)− r(t, (k(y,N, t)− 1)L

N
) +O(N−1) =

= ω2
0L

2rx(t,
k(y,N, t)L

N
) +O(N−1) = ω2

1rx(t,
k(y,N, t)L

N
) +O(N−1)
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Using inequalities (3.35) and (3.39) we have the following estimate:

|k(y,N, t)L

N
− z(x(t, y))| ≤ c

N

for some constant c, not depending on N . Then we can conclude that

lim
N→∞

R(N)(t, y) = ω2
1rx(t, z(x(t, y))) = ω2

1Gzz(t, z(x(t, y))) = ω2
1R(t, y)

Using (3.44) and (3.45) we get the assertion of the theorem.

3.4.5. Proof of theorem 4

The item 2) follows from theorem 10. To prove the item 1), substitute
G(t, z) = Y (t, x(z)) into equation

Gtt(t, z) = ω2
1Gzz(t, z)− αGt(t, z) + f(t)

The function x(z) is inverse to z(x), which is defined by (2.11). So

x(z) =

∫ z

0

X(x′)dx′

Calculating derivatives
Gtt(t, z) = Ytt(t, x(z))

Gzz(t, z) = Yxx(t, x(z))X2(z) + Yx(t, x(z))X ′(z)

we come to the desired equation

Ytt(t, x(z)) = ω2
1

(
Yxx(t, x(z))X2(z) + Yx(t, x(z))X ′(z)

)
− αYt(t, x(z)) + f(t)

3.4.6. Proof of theorem 5

Consider the nonhomogeneous wave equation

gtt(t, z) = ω2
1gzz(t, z)− αgt(t, z) + f(t)

with initial conditions

g(0, z) = φ(z) =

∫ z

0

X(u)du, gt(0, z) = ψ(z) = v +

∫ z

0

V (u)du, v = ẋ0(0)

The substitution g(t, z) = e−
α
2 tw(t, z) leads to the equation

wtt(t, z) = ω2
1wzz(t, z) +

α2

4
w(t, z) + e

α
2 tf(t)
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with initial conditions

w(0, z) = φ(z), wt(0, z) = ψ(z) +
α

2
φ(z)

The solution of this equation has the form (see [15], p. 569)

w(t, z) =
1

2
(φ(z + ω1t) + φ(z − ω1t))+

+
αt

4ω1

∫ z+ω1t

z−ω1t

I1(α2
√
t2 − (z − ξ)2/ω2

1)√
t2 − (z − ξ)2/ω2

1

φ(ξ)dξ+

+
1

2ω1

∫ z+ω1t

z−ω1t

I0(
α

2

√
t2 − (z − ξ)2/ω2

1)(ψ(ξ) +
α

2
φ(ξ))dξ+

+
1

2ω1

∫ t

0

∫ z+ω1(t−τ)

z−ω1(t−τ)
I0(

α

2

√
(t− τ)2 − (z − ξ)2/ω2

1)e
α
2 τf(τ)dξdτ

Thus,

g(t, z) = e−
α
2 tw(t, z) =

e−
α
2 t

2
(φ(z + ω1t) + φ(z − ω1t))+

+
αe−

α
2 t

4ω1

∫ z+ω1t

z−ω1t

(
t
I1(α2

√
t2 − (z − ξ)2/ω2

1)√
t2 − (z − ξ)2/ω2

1

+I0(
α

2

√
t2 − (z − ξ)2/ω2

1)
)
φ(ξ)dξ+

+
e−

α
2 t

2ω1

∫ z+ω1t

z−ω1t

I0(
α

2

√
t2 − (z − ξ)2/ω2

1)ψ(ξ)dξ+

+
1

2ω1

∫ t

0

e−
α
2 (t−τ)f(τ)dτ

∫ z+ω1(t−τ)

z−ω1(t−τ)
I0(

α

2

√
(t− τ)2 − (z − ξ)2/ω2

1)dξ

Here I0(x), I1(x) are modified Bessel functions:

I0(x) = J0(ix) =
∞∑
m=0

1

m!Γ(m+ 1)

(x
2

)2m

I1(x) = i−1J1(ix) =

∞∑
m=0

1

m!Γ(m+ 2)

(x
2

)2m+1

References

[1] Lykov A.A., Malyshev V.A. Convergence to Gibbs equilibrium – unveiling the
mystery. Markov Processes and Related Fields, 2013, v. 9, N 4.

[2] Lykov A.A., Malyshev V.A. Role of the memory in convergence to invariant Gibbs
measure. Doklady mathematics, Pleiades Publishing, Ltd., 2013, 87, 1, 513–515.



Regular dynamics and collisions inside classical closed string 525

[3] Lykov A.A., Malyshev V.A. A new approach to Boltzmann’s ergodic hypothesis.
Doklady RAN. (Mathematics), 2015, v. 92, N2, 624–626.

[4] Lykov A.A., Malyshev V.A. Liouville Ergodicity of Linear Multi-Particle Hamil-
tonian System with One Marked Particle Velocity Flips. Markov Processes and
Related Fields, 2015, v. 21, N 2, 381–412.

[5] Lykov A.A., Malyshev V.A. Convergence to equilibrium for many particle sys-
tems. Modern problems of stochastic analysis and statistics – selected contribu-
tions in honor of Valentin Konakov, Springer Series in Mathematics and Statistics,
2017, Springer Verlag (Germany).

[6] Lykov A.A., Malyshev V.A. Convergence to equilibrium due to collisions with
external particles. Markov Processes and Related Fields, 2018, v. 24, N2, 197–
227.

[7] Chubarikov V.N, Lykov A.A., Malyshev V.A. Regular continuum systems of point
particles. I: systems without interaction, 2016, Chebyshevskii Sbornik, v. 17, N3,
148–165. arXiv:1611.02417.

[8] Lykov A.A., Malyshev V.A. From The N-Body Problem to Euler Equations.
Russian Journal of Mathematical Physics, 2017, 24, N1, 79–95.

[9] Malyshev V.A. Analytic dynamics of a one-dimensional system of particles with
strong interaction. Mathematical Notes, Consultants Bureau (United States), v.
92, N 1–2, 237–248.

[10] Malyshev V. A. Self-organized circular flow of classical point particles. Journal of
Mathematical Physics, 2013, v. 54, No. 023301, arXiv:1209.2289

[11] Marsden J.E. Lectures on Mechanics, Cambridge University Press, 1992.

[12] Marsden J.E., Ratiu T.S. Introduction to Mechanics and Symmetry. A Basic
Exposition of Classical Mechanical Systems. Second Edition, Springer, 1999.

[13] Marsden J.E, Hughes T.J.R. Mathematical Foundations of Elasticity, Dover Pub-
lications, 1994.

[14] Chorin A.J, Marsden J.E. A Mathematical Introduction to Fluid Mechanics,
Springer, 1993

[15] Polyanin A.D., Nazaikinskii V.E. Handbook of linear partial differential equations
for engineers and scientists. Second Edition, CRC, 2016.


