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1. Introduction

In 1950-1990 there was the great explosion of mathematical activity in equi-
librium statistical physics. Its mathematical success was mainly due to the only
axiom (Gibbs distribution for many particle systems) and quite new and beauti-
ful mathematical problems. But now this activity slows down. It can only mean
that transition to non-equilibrium mathematical statistical physics is necessary.
It seems to be much more difficult — no evident axioms, much less probability
theory. And dynamics in multi-particle systems is more difficult to rigorously
analyze. Its starting period can consist of the following steps:

1. Convergence (as t — o0) to equilibrium for systems with large but
fixed number N of particles with purely deterministic interaction and minimum
stochasticity in external influence, see [1-6].

2. Convergence (as t — o0) to stationary flows where N particles move
under deterministic or random external forces, see [7,8].

3. Convergence (as N — oo) of N particle systems to regular continuum
particle systems and rigorous deduction of Euler equations for these limiting
continuum particle systems, see [9,10].

Here we consider problems 2 and 3 for flows of particles on the circle.

1.1. The Model

Consider the set Xoo = Xoo(N.L) of infinite periodic sequences of point
particle coordinates on the real axis R

o<z <zp<r<...<zy1 <Ny <..., (1.1)

where periodic means that x4y = zr + L for any k, some fixed real L > 0 and
integer N > 0. We assume that locally the dynamics is defined by Newton’s
equations (masses are assumed to be 1 as mass scaling can be absorbed by
scaling of other parameters w, «, fi)

Tp = w2(xk+1 — 2x + 1’]671) — ol + fk, (12)
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with external (driving) forces fi = fi(t) = frrn(t), dissipative forces —aiy, o >
0, and formal interaction potential energy

2
w
Ua = 7 Z(karl — X — a)27 (13)

that formally gives the same equations for any a.
In this paper we consider only the case when for all k

fr(t) = £(t) (1.4)

for some function f(t). Unless otherwise stated, we always assume that f(t) €
C?(R).

In periodic case initial conditions (and the dynamics itself) are in fact finite
dimensional - one can assume that at time 0 there are exactly N point particles
0,1,...,N — 1 with velocities vp(0),...,vny-1(0) and coordinates inside [0, L):

OZLL'()(O)<$1(0)<...<$N71(0)<{£N(0):L (15)

To prove existence of periodic solution for all ¢ € [0,00) is an easy matter, but
very important problem arises:

1) we call the dynamics (solution of equations) regular (without collisions)
if it cannot occur that zxy1(t) = x5 (t) for any k and ¢ > 0. Otherwise we call
dynamics irregular. In regular dynamics the order of particles is conserved.
And it is important to know for which parameters and initial conditions the
dynamics is regular. This problem is ignored in most papers (known to us) on
dynamics of linear chains (deterministic or random).

2) Another (piece-wise smooth) dynamics can be defined. Namely, when the
event (called collision) xx(t) = xx+1(t) for some k and ¢ > 0 occurs, we assume
that these particles exchange velocities, and thus the order is conserved. Dy-
namics with collisions is more complicated (than purely linear), but we consider
such dynamics as well. We do not consider multiple (for example, triple) colli-
sions because they could occur only for the set of initial conditions of Lebesgue
measure zero.

It is convenient to take a = £ in (1.3), because then formally Uy = 0
for z, = £L, that does not influence the main equations (1.2). For simpler
presentation it will be convenient to reduce this system to even simpler finite
dimensional. For this we introduce variables g, = 11 — xx. Note that for any
integer m we have g = qx+mn- They satisfy the following N equations

G = w? (qhr1 —2ak+qr—1) — e+ for1— fr = w0 (o1 —2qu+qr—1) —ady, (1.6)

only on variables g5, k = 0,1,..., N —1, as in these equations ¢_1 = qn_1,qn =
q0-
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Put
N-1
qk(t)
k=0
then
Qt)=Q(0) =L (1.7)

And we get that Q(t) = 0 for all ¢ > 0.
If we could find g (t), then we can find z(t) using, for example, the equation

T = wz(qk(t) — Qk—l(t)) — ol + fk, (18)

that is the one-particle equation with external driving force F(t) = w?(q(t) —
G2 () + fr.

Then we can identify the circle S = Sy, of length L with the segment [0, L)
with identified end points, and study the flow of particles along this circle. Then
there will be exactly N particles inside [0, L) at any time ¢ > 0. When ¢x(¢) > 0
for all £ and ¢ 7 For example, this will be even if we consider dynamics with
collisions. Important special cases, when ¢x(t) > 0 for all k£ and ¢, will be
considered below.

Note that equations (1.6) can be considered as Hamiltonian equations (with
total energy H = T + U) plus dissipative forces , where

Z 5’“ (1.9)

N—-1 N
CL)
U=U— E (fot+1 — fr)ar =5 E (qrt1 — qr)* (1.10)
k=0 k=0

2. Results

Remind that further on we assume equal forces on all particles that is fi =
f(@).
2.1. Convergence to uniform flow

Here particles may collide and the collisions are elastic. Then
Theorem 1. For any initial conditions (1.1), as t — oo

L

ak(t) = 41 (t) — zi(t) — ~

for all k. Moreover:
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1) if f(t) = f = const, then

2) if f(t) is periodic with period 27 and convergent Fourier series

f#) =" ame™, (2.1)
then there exists periodic function with period 2w

_ am imt
w(t) = Z o+ ime
meZzZ

such that for t — oo
T (t) —w(t) — 0

3) if f(t) is a second-order stationary process (E f?(s) < co) with the contin-
uous covariance function, finite mean value f = E f(s) and orthogonal measure
w(du), ie.

£6) =T+ [ el (22
R

then there exists the stationary process

w(t) = £ + /Re““(a +3u) " p(du)

such that a.s.
Zr(t) —w(t) — 0

Proof. Consider equations (1.6) and corresponding kinetic and potential energies
defined by (1.9) and (1.10). In case of equal forces we have U = Up.

Between collisions the dynamics is given by equations (1.2) and (1.6). At
the moment of collision the colliding particles exchange velocities and, hence,
the kinetic energy does not change at any moment of collisions.

For dynamics, defined by equations (1.6), there exists only one fixed point.
It is easily found

% :0<:>qk+1 :qk:%, k=0,1,...,N — 1,
because > gr = L. Moreover, the only minimum of potential energy is reached
at this point.

It is well-known and easy to check that

N-1
dHy .9
F = —Q ;) 4 <0
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where Hy = T + Up. Indeed, using

oU,
G = ——=— — gy, a >0
g,
we get
_ N—
dH
— Z%mﬁ-Za %—qupﬁ- Z

k=

Note also that Hy has the only minimum which is equal to 0 and is reached at
the point ¢, = 0,qx = qr+1 = %,k =0,...,N — 1. This gives ¢x(t) — 0 and
T — 0 as t — oo. Then Uy(t) should tend to its value at this point, that is to 0.

To get asymptotics of all 4 (t) for any initial conditions, sum up equations

(1.2). That gives for Xy = Z{f:}} zx, Vy = Xn the equation
Xy = —aXy + Nf(t) & Vy = —aVy + Nf(t)

with the solution
t
Vn(t) = Vy(0)e  + N / f(s)e=t=9)gs, (2.3)
0

If f = const then Xy (t) converges to &L I and any &, converges to w = f

Let f(t) be periodic. It follows from Gr(t) — 0 that all @4 (t) converge to
the same function w(t), for any initial conditions. Then Xy (t) converges to
Nfot f(s)e=@(t=%)ds and any &, converges to fot f(s)e=*(t=9)ds. By (2.1) we
have

t
/ f —(x(t s)ds_/ Za ezms —a(t— s)ds_ Za e at/ (im—‘,—oz)sds:

meZ meZ
(07 ; _ A
— § - d ezmt —e at § - d
a4+ im a4+ im
meZzZ meZ
So any &) converges to
Z Am ;
w(t) — ' ezmt
a—+m
meZ

Let f(t) be a stationary process. Then substituting (2.2) into (2.3) we find

t t
Vn(t) = Vn(0)e " + N/ e t=3) fds + N/ efo‘(tfs)ds/ e p(du)
0 0 R

where the third term can be rewritten as

¢ ¢
N/ e_"(t_s)ds/ e p(du) :Ne_o‘t/ u(du)/ eloti)s g —
0 R R 0
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= N/ e (a +iu) " p(du) — Ne™ / (o + iu) ™ p(du)
R R
So we have

Vn(t) = Njf + N/Re““(a +du) " p(du) + O(e™ )

and a.s.
i (t) — w(t) = Tx(t) — g - / e (a +iu) " pu(du) — 0.
R
The theorem is proved.

2.2. Regularity conditions

We would like to get at least sufficient conditions for there were no collisions.
Put
w=woN

and assume that wy > 0, > 0, L > 0 are fixed constants, not depending on N.
All further results will be for sufficiently large V.

Initial conditions We shall say that periodic initial conditions have “almost
smooth profiles” if the following two conditions hold:
1) there exist periodic functions X (x),V(x) € C*(R) with period L, where
X(z) > 0 for any x € R, and
L L
/ X(u)du = L, / V(u)du=0 (2.4)
0 0

2) for some constants C; > 0,C2 > 0

L kL,  C . , L kL, C
00 =20 - FXCHI< 3z RO -0 - VI < 33
(2.5)
uniformly in k.
Define constants
L ;2 L ;2
d>X d?V
A - =L [ |5 2.
=1 [ 1 SEldne =L [ 15wl (26)

In some sense c¢1, ¢y define fluctuations of the “profile”. We will need also the
constant
2cy + Co L1

(07 _
v =X, V,o,wp, C1,Co,c1,¢2) = (1 + %)(201 +Ci L7 + T dy >0
2.7)
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Let 953)(5) C R?M,0 < § < 1, be a set of “almost smooth” initial conditions
ng) (0),:&;1\/)(0), k=0,...,N — 1, with additional condition that v(X,V) < 4.
We shall prove below the following

Lemma 1. For allz € R
X(0)—c1 < X(x) <ep+X(0) (2.8)

Let Qx(d) be the domain of RY = {(zq,...,zn_1)}, defined for some 0 <
0 < 1 by the estimates

| L| < L
Tk41 — Tk N N
for all k.

Theorem 2. Let initially the system belong to Qg\?) (6) for some 0 < 6 < 1.
Then it stays in Qx(d) for all t > 0, that is

(0 — 2 () - < T

for all k,t.

It follows that particles conserve the initial order at any time ¢ > 0.

2.3. Convergence to regular continuum mechanics

Concerning the term “regular” see [7]. This property was ignored in many
papers on mechanics of continuum media. But of course not in all, see for
example [11-14].

With each point € R we associate the particle with number k(z, N) such

that
(N)

N
Tty (0) <@ < 2y 1 (0) (2.9)

k(z,N)+1
Theorem 3. Under conditions of theorem 2 we have
1) For any T > 0 uniformly in t € [0,7] and in x € R there exists the limit

: N
Jim i (B =Y () € R (2.10)
where function Y (t,x) satisfies the condition Y (t,z + L) = Y (t,x) + L for any
x € R.

2) Moreover, Y (t,x) : R — R is differentiable in x and t and strictly in-
creasing in x for each fixed t. So it is a diffeomorphism of R for any t .
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The function Y (¢,2) € R will be called the trajectory of the continuous
media particle which is initially at point = € R.
Define for z € R
m(z) =z, mod L
Som: R— S'=[0,L). One can define the trajectory y(t,z) € S of the point
x on the circle by the equation

(Y (t,z)) =y(t,n(z)), x € R

Also the mapping y(t,s) : S' — St is a diffeomorphism of the circle.
For given N define the distribution function on [0, L)

F(t,y) = %ﬁ{k €{0.1,.... N=1}:n(@™ (@) <y}, ye [0,L)

Let z(t,y) € [0,L) be the map inverse to y(¢,x), that is y(¢,z(t,y)) = y.
This map exists according to theorem 3. Introduce the function z(z) : R — R

by the equation:
z(z)
X(z')dx' = x (2.11)
0

The inverse function z(z), that is such that z(z(z)) = «.

Lemma 2. Uniformly iny € [0,L) and in t € [0,T], for any T < oo, we have

lim FM(t,y) = F(t,y) = M

L 2.12
Jim_ yel, D), (2.12)
where F(t,y) is twice differentiable in y and t.

Define the density of “the number of continuum media particles” as

p(t,y) = dFd(;’ y)7 ye [O,L) (2'13)

As the particles do not collide, then one can unambiguously define the func-
tion u(t,y) as the speed of the (unique) particle situated at time ¢ at the point
y, that is

Fort=0
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2.4. Oscillator chain and wave equation

In many textbooks it is said that, under some scaling, dynamics of oscillator
chain with N oscillators converges to one-dimensional wave equation if N — oco.
But it appears, as we shall see now, that one should be more care — this strongly
depends on the choice of space variable and on the initial conditions.

We define the function G(t,2): R — R

G(t,z) =Y (t,2(z)) <= Y (t,z) = G(¢t, 2(x)) (2.14)

Theorem 4. Let wi = woL.
1) The equation for Y (t,z(z)) is

Yu(t 2(2)) = w? (Yo (t,2(2)) X%(2) + Ya(t,2(2) X' (2)) — a¥i(t,2(2)) + f(1)

with initial conditions

Y(0,2(2) =z(2) = /OZ X (u)du = G(0, 2)

Y,(0,2(2)) = v+/0 V ()
2) The function G(t,z) satisfies the inhomogeneous wave equation
Gu(t,z) = wiG..(t,2) — aGy(t, 2) + f(t) (2.15)
It follows that if a = 0, f = 0 then the limiting equation is
Yialt 2(2)) = w? (Yoo (t,2(2)) X2(2) + Yalt 2(2) X (2)) (2.16)
where w; = woL. It becomes classical
Yiu(t,7) = wiVao(t, @)
only if X(z) =1.
2.5. Explicit dynamics in Lagrange coordinates
We start with the case a = f = 0. Consider the homogeneous wave equation
Gi(t,2) = wiG..(t,2), z€ R
with initial conditions

G(0,2) = ¢(2) = /0 X(u)du, G¢(0,2) =9(z) = v +/0 V(u)du,v = @0((20)17)
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Note that
(2 + L) = ¢(2) + L,(2 + L) = ¢(2)
The d’Alembert solution can be written as follows

z+wit
G(t.2) = 500 +wnt) + oz )+ oo [y @19

2w1 —wit
One can also write this solution in the form
G(t,z) = Gy(z+wit) + G_(z — wit)

where ) e
Ga(2) = 56 £ - [ wlw)dy+ o)
w1 Jo
and constants Cy satisfy condition Cy + C_ = 0. Note that G(t,z + L) =
G(t,z) + L. Then Y (¢, z) is given by (2.14).
Using d’Alembert solution (2.18) one can easily get the following lemma.
Lemma 3. Let « = f = 0. Then for any fixed t the function G(t,z) : R = R

is a diffeomorphism if for all z € R
1 z4wit
Gt 2) = X (2 +wnt) + X (2 — wnt) + I/ V(y)dy > 0
1 Jz—wit
For arbitrary a > 0 and f we prove below the following result.

Theorem 5.
1) The solution of (2.15) with initial conditions (2.17) is

_ay

G(t,2) = S (B(z + wit) + Bz — wnt))+
ae 3t Fret I(§V/17 — (2 = §)%/wi) a\/—
ol A i (G (- 92D edsk
-5t z4wit
Yoo /_ t Io(G/ 1 = (2 = 2w €)de+
z+wiy (t—T)

R A
+— e_f(t_T)f(T)dT/

2w, 0 z—wq (t—T)

IS/t = )2 = (2 — 92 fu)ie,

where Iy(x), I;(x) are modified Bessel functions:

To(z) = mZ_:TrL'F(Tln—i—l) (5"

B =Y e (5)

2) For any fixed t the function G(t,z) : R — R is a diffeomorphism if
G.(t,z) >0 for all z € R.
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2.6. Conservation law, Euler equation and pressure

Theorem 6. Let wy = woL and the conditions of the theorem 2 hold. For any
t>0,y€[0,L) we have :

D 4 2 ult,pp(t.9) =0 (219)
ou(t,y) ou(t,y) _ w%py(t7y) _ L d w%
o by, T Faulty) = f) = == 5a T = Sa ) dy o)
__py(ty)
- - (2.20)

where p(t,y) is called pressure and is defined as follows:

2
w1

p(t,y) = T +C (2.21)

for some constant C.

Constant C' can be chosen as C' = w? | so that at equilibrium (when p = 1)

the pressure were zero.
For given y and ¢ define the number k(y, N,t) so that

(V) (N)
Triyn (O SY<Tp v (t)

Consider the point y € [0, L) and the force acting on the particle with number
k(y, N, t):

N _ 20N (V) L
RV (&) = @@y x 041 (0) = Ty v () — )
L
N N
— WP @y ()~ Tigg w1~ 7) (2.22)

Theorem 7. Let the conditions of the theorem 2 hold. Then for any 0 < T <
oo, uniformly in y € [0, L) and in t € [0,T] the following limit exists:

. t,y)
lim RV (1) = —PuY) 2.23
N—oo (&) p(t,y) (2.23)

where the functions p, p are the same as in theorem 6.

Note that as the pressure is defined up to an additive constant, it can be
considered as an “interaction potential” for continuum media, an analog of
interaction potentials in Hamiltonian particle mechanics.
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2.7. Euler equations in Lagrangian coordinates

Consider the density and the velocity in Lagrangian coordinates

p(t,z) = Lp(t,y(t,z(2))) = Lp(t, G(t, 2)) (2.24)
N oyt x(2))  0G(t,2)
a(t,z) = 5 =% (2.25)
Theorem 8. Let the conditions of the theorem 2 be satisfied. For any t >
0,z € [0,L) we have
0 1 ou(t,z)
at (ﬁ(nz)) " ! (2.26)
ou(t, z) . ~ 0p(t,z) 0 w?
ot +ai(t,z) — f(t) = 9.~ ot \ (2 (2.27)
where )
wi
p tv < PN +
2 =565
3. Proofs

3.1. Proof of Lemma 1

We shall use the following simple assertion. Assume that f(x) € C?(R) is
periodic with period L and f(0) = 0. Then the following inequality holds

L
sup | f(z)| < L / | ()| de

zER
Indeed,
f(x) :/0 f(u)du,x € [0, L]
It follows that
L
sup (@) < [ | (wldu.
0

TER
Dince f(0) = f(L) = 0, there exists a point z* € (0, L) such that f'(z*) = 0.

Thus, we have
-
[ 1w
x

/ U1 @) = / ’
/;* 1 (w)du

dx

<L sup
z€[0,L]

L
< / | 00
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and the assertion follows. To prove the Lemma put f(x) = X (z) — X(0). Then
forallz € R
X(0)—c < X(z) <X(0)+c1

where

L
¢ :L/ | X" (u)|du
0

3.2. Proof of theorem 2

Define variables r,gN) (t) as follows

N N L N N L
0 =g (0 - 5 = a0 -0 - 5

Further we shall omit the upper index N for simplicity. Then
F(t) = @ (t) = Trga(t) — & (t)

It follows from (1.6) that variables ry satisfy the system

T = w2(rk+1 —2r, + rk—l) — arg (31)
where k=0,1,...,N—1,and r_1 =rny_1,7"N = T0-
By (1.7) we have
N-1 .
Ro(t) = re(t) =0, Ro(t) =0
k=0
By (2.5)
L kL C1 ) L__ kL Cs
X (=Y —1 _ 2y 2
mk(0) ~ (XD~ 1)l < 15, 1is(0) — 2V < 22

‘We will use the discrete Fourier transform

N-1 ‘ N—

—

j2mik 1 _j2nik
B = Ym0, m() =+ 3 R0 (32
k=0 7=0
flte 27k 1 = 2k
R;(t) = re(t)e' N () = i Ri(t)e "% (3.3)
k=0 7=0

Calculating the discrete Fourier transform of both parts of (3.1), we obtain a
system of decoupled differential equations for Fourier images R; :

Rj = —Q?Rj — C!Rj (34)
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for j=1,...,N — 1, where
o .
Q? = 2w%(1 — cos(%)) = 4w? SiHQ(%), j=1,...,.N -1+
0 = 2w sm(%) - 2w0Nsin(%) > 0.
Note that
Q; =Qn—;.
Using the inequality
2 sinzx T
< <1l, O<z<—
™
we get
9 . .
]\‘]7 < sin(%) < % =
dwoj < Q; < 2mwoj, j=1,...,[N/2], (3.5)
dwpg < QN_]' < 2mwog, j=1,..., [N/Q]
Find roots of the quadratic equation
M+ad+Q7=0, j=1,....N-1
They equal
2
) @ @ 9
A12()) = 3 + dj, T Q>0
. a? 9
)\172(]) = ——= :l:ldj, Z — Qj <0
where
dj = o 02 = o 4w2sin2(1j) =1 N -1 (3.6)
= 1 i = 1 v I=1- .

The solution of equation (3.4) with initial conditions R;(0), R;(0) has the form

R;(t) = ¢ "2 ((cos d;t + O‘Szld(jm)Rj(O) + Sinc(gjt) Ri(0)  (37)

2
in case of 4 — Q2 < 0. In particular, for @ = 0 we have

Ry (1) = cos(@,1) B, (0) + 22840 )
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If %2 — 0% > 0, then the solution is equal to

asinh(d;t)
2d;

Sinh(djt) 5

Rj(t) = e "/?((coshd,t + )R;(0) + ———=—R;(0))

2
If & — Q2 =0, then

)R, (0) + ti;(0))

Ry(t) = e t2((1+ 5

To simplify notation introduce the following functions
2

(@) e~ 2 cosh(djt) 4 —Q2 >0
ald;t) =
’ e~ 2 cos(d;t) 0‘72 -2 <0

_ sinh(d;t) o2 2
e @t/QSITJ T Q;>0
b(djt) = § eot/28UhD ot 2 g
—atj2; o? 2 _
e ot/ t T Qj =0

In this notation the solution of (3.4) has the form

Oéb(djt)

5 )R;(0) + b(d;t)R;(0), j=1,...,N—1

Ry () = (ald;t) +

Applying the inverse Fourier transform

1 Nl _j2mik
Ti(t) = N E Rj(t)e™"" %
=1

((a(d;t) + %W)ij) +b(djt)R; (0))e R

1= alb(d;t)|

57 IR, (0)] + [b(d;t)]| 75 (0)])

Note that

forj=1,...,N — 1.

(3.8)

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)
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Hence,
N-1 N—1 7
1 @ 1 |R;(0)|
< = ; — J .
) < o0+ 5RO+ 5 3 (315)
j=1 Jj=1
By inequality (3.5) we have Q; > 4wy. So
0 1 N1 | Nl
<(14+-—)= R;(0 R,;(0
O < (14 5o)5 3 B0+ oy 2 150)
Jj=1 j=1
Remind that
L L kL
m6(0) = @r41(0) = 22(0) — 7 = (X (F) = 1) + &y
where we put & n = 2x+1(0) — 24 (0) — £ X (EE). So for j #0
N-1 N-1
L kL Z2ﬂ]k ZQ-:rjk
R](O):NZ(X(W)_]-)e +kazv€ N =
k=0 k=0
N-1 N—1
L kL . 2xjk njk
=5 2 Xl + > Gene F
k=0 k=0
because for j # 0
N—1
IH =0
k=0
By condition (2.5)
N—1 N-1
2njk C
Z Eoyet 8| < |€k,n| < Wl (3.16)
k=0 k=0
As N
L — kL 2njk
= X (22t
N (e
k=0
is the integral sum corresponding to the integral
L - 27 s
/ X(s)e' T~ ds,
0
we have N1
L — ]fL 27 L ;27 s /
= kZZOX(N)e”LﬁL —/0 X(s)e 2 ds| < (3.17)
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As X € C?, we have for Fourier coefficients

L - 27js
:/ X(s)e' T ds
0

corresponding to the function X (s), the well known estimate

1 X;] < e =2
So
L
Tjs L
X (s)e' B ds| < =2t (3.18)
0
Thus, by (3.16), (3.17), (3.18) we get
| N2
+ Y IR,0)
Jj=1
N-— N-1 N-1
2k ~ L kL j2mikL
SNZ 514+ 1Y e ™ 4 1%, - 1 3 X (D)
j=1 k=0 k=0
2L C
<ZarBL oY) (3.19)
N
as )0 i< 2
Similar, one can prove
N-1
1 . 2Lcy + Co _
v Z |12;(0)] < -~ +O(N7?) (3.20)
=1
Indeed,
L__ kL
(0) = &k+1(0) = 2x(0) = V() + kN

where we put ny,n = @541(0) — 24(0) — £V (EL). So for j # 0

N-1 N-1
. L kL. 2=k ;2m ik
R;(0) = N V(W)e + Z Mk, NE
k=0 k—
where
3 | < 3 ol <
Nk,N€E = M, N| < N
k=0 k=0
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Similarly to (3.19) one can write the estimate

1= 1 = = L= kL. e
42k
NZ|RJ(O)‘SN (|V\+|Z77kN€ kS |+| NZV(W)e N )
j=1 Jj=1 k=0 k=0
2Lcy + Cy 5
N
< 222 L o(N?)

where

V / 27\'15

To finish the proof of the theorem note that by (3.19), (3.20) we have for
k=0,1,..., N — 1 uniformly over ¢

i

L
re(®] < 2 +ON72) <

for v < § and for sufficiently large N. It follows that

L(1+9)

LA 29 )y — o™y <
=N

N k+l

For 6 < 1 we get xgi)l (t) — a:,(CN)( t) > 0 for sufficiently large N. So the initial
order of particles is conserved for all ¢ > 0. The theorem is proved.
3.3. Proof of theorem 3

Plan of the proof:
1) We prove that

lim xEN)](t) =G(t, 2), z € R,

N—o0

where g(t, z) is the solution of the nonhomogeneous wave equation with dissi-
pation (3.29) (see below).
2) Then we show

lim (y) (1) = G(t, 2(2)), = € R,

N—o0

where the function z(x) : R — R is uniquely defined by the equation:

z(z)
/ X (2')dx' =
0

3) Finally, we define the trajectory Y (¢, z) = G(¢t, 2(x)),z € R.
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3.3.1. Wave equations with dissipation

Let w; = woL. Consider the homogeneous wave equation with dissipation:
re(t, ) = —ary(t, x) + wire,(t,x), © € R (3.21)
We assume also the initial conditions
r(0,2) =Y (x) = X(2) — 1,74(0,2) = V(z), z € R (3.22)
and the periodic boundary condition
r(t,z) =r(t,x+ L), x € R

Let ¢ (x) be a periodic function with period L and with zero mean value. Define
Fourier coefficients

"= e x)dx
Note that zﬁo = 0. So we have

Y(x) = D e TFE

n:n7#0

Put

2
A = % Vn = 1/ IN202 — a2 /4] = /| (27nwo)2 — a2/4] (3.23)

and introduce operator C?(t) acting on periodic functions v as

Gty = thne "b(try,) (3.24)

n:n7#0

Lemma 4. There exists the only periodic solution of (3.21) with initial condi-
tions (3.22). This solution has the form
O(G(H)Y)

r(t, @) = =5+ aG)Y + GV (3.25)

One can rewrite this solution in the explicit form

r(ta) =Y X,Leﬂnz(a(tun)+o‘5(;%))+ > Ve b(tv,)  (3.26)

n:n#0 n:n#0

where
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and functions @, b are defined by

—ot/2 cosh(vt) & — AN2wi >0
i) =3 (vnt) 55 = (3.27)
e 2 cos(vpt) 4 — A2w? <0
e—at/2 7Sin};(:"t) %2 - Aw?>0
~ ; 2
b(vyt) = S e~ ot/? 75”1,(;"0 & —Nw? <0 (3.28)
2
e~ ot/2¢ T A2w? =

Proof of lemma 4 We can represent the solution by Fourier series

r(t,z) = Z fn(t)e—m% = Z P (t)e™ A0

nez nez
where
1 L i2wTnx 1 L i\
o (t) = f/o e o r(t,z)de = f/o e r(t, x)da

Then from equation (3.21), we get
P+ aft, + Aowit, =0

Solving this equation we find for n # 0

R R - ab(tv. R ~
o (t) = 7 (0)(a(tvy,) + %) +7,(0)b(tvy,)
For n = 0 we have 7o(t) = 0, as 7((t) satisfies equation 7| + a7}, = 0 and
70(0) = 7,(0) = 0 by (2.4), (3.22).
Then
r(ta) = Y in(t)e
n:n#0
b(tvy, -
= Y A0l + ) S e M)
n€Z:n#0 nezZ:n#0
But by (3.22)
R 1 (Y e . 1Y e
7r(0) = — X(x)dz, (0)=— V(z)dx
L Jo L Jo

The lemma is proved.
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Corollary 9. For allt >0

z+L
/ r(t,z")dz’ =0

We will consider also the nonhomogeneous wave equation with dissipation
Gu(t,2) = wiG..(t,2) — aGy(t,2) + f(t),z € R (3.29)

with initial conditions
G(0,2) = / X(2)d2', Gy(0,2) = v+ / V()d v = i0(0)  (3.30)
0 0

and the periodic boundary condition
G(t,z+L)=G(t,z) + L

Lemma 5. There exists the only solution of (3.29). This solution has the fol-
lowing form

G(t,z) =G(t,0)+ z + /Z r(t, xz)dz (3.31)
0

where r(t, ) is defined by (3.25) and G(t,0) is the solution of ordinary differ-
ential equation

G"(t,0) = —aG'(t,0) + wiry(t,0) + f(t) (3.32)
with initial conditions G(0,0) = 0,G'(0,0) = v.

Note that solution of (3.32) is

t

G'(t,0) = e v + / e~ =) (W2r, (5,0) 4 f(s))ds
0

or

1—e ot 1

t t
G(t,0) = TH&/O (1—e_a(t_5))f(s)ds+o§/0 (1—e 2=y, (5,0)ds
(3.33)

Proof of lemma 5 We check by substitution that function G(¢, z), defined
by (3.31) satisfy equation (3.29):

Gtt = —OéGt + UJ%GZZ + f(t)
By (3.31) we have
Gt(t7Z) = Gt(t,O) +/ Tt(t7$)d$
0
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Gi(t, 2) = G (t,0) —|—/ ri(t, x)dx
0

G.(t,z) =1+r(t,2), G..(t,z)=r.(t,2) = / Toe(t, x)dx + 7,(t,0)
0

Substituting these expressions in (3.29) we get identity
Gy (t,0) +/ ri(t, 2)de = —aGy(t,0) — a/ re(t, z)dx
0 0

+ wf(/oz ran(t, 2)dz + 7 (1, 0)) + (1),

Indeed, by our condition G(¢,0) should satisfy equation (3.32) and

/ ri(t, x)de = —a/ rt(t,x)dx—&—w%/ Too(t, x)d
0 0 0

because of r(t,x) is the solution of (3.21).
Let us verify now the initial conditions:

G(0,z) = G(0,0) + = + /OZ r(0,x)dr = z + /OZ(X(:E) —1)dz = /OZX(x)d:E,

G(0,2) = G(0,0) + /OZ r4(0,z)dz = v + /OZ V(z)dez,

and the boundary condition:
z+L
Gt 2+ L) = G(t,0)+ 2+ L+ / r(0, 2)dz
0

:G(t,0)+z+L+/ r(0,2)dz = G(t,z) + L
0

z+L
/ r(0,2)dz =0
z

as

The lemma is proved.

3.3.2. Convergence to continuum media

Theorem 10. Let conditions of theorem 2 hold. Then
1) For any finite T > 0 uniformly in t € [0,T] and in z € [0, L)
lim 2N (t) = G(t, 2), z € [0,L)
2) For any T > 0 uniformly in t € [0,T] and in = € [0, L) there exists the
limit )
Jim Th (1) = G(t, 2(x)) (3.34)
where G(t, z) is the solution of (3.29) which is given by (3.31) and (3.33).
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Proof of theorem 10 Remind that

N N N L L
i) =0 -0 - §=at) -

N-1
S M =0
k=0

We begin with the following lemma

Lemma 6. Uniformly in t € [0,T] for any finite T > 0

L kL, _C
— Zr(t,—)| < =
Jmax g [re(t) = et )l < e Voo

where r(t.x) is the solution of the equation (3.21).

Proof. Consider the differences
(N) gy _
At =1y (t)_Nr(t’W)’ k=0,...,.N—1

According to (1.6) we have the following system for r4,k =0,1,...,N —1

(N N N N N (N

0 (0) = 00 =V 0) = - M 1) - oM )
with initial conditions

N L kL L (N L_ kL
M (0) = NX(W) &N — M (0) = NV(W) + Mk, N

where

L kL . . L_ kL
§k,N = 41(0) — 24(0) — NX(W)’ Nk, N = Tx41(0) — 2(0) — NV(W)
and, hence,
« (N N N N N (N L kL
AN @) = w26 =M (1) =2 07 0 =M ) —ai Y (6 = Trat,

As r(t, z) satisfies the wave equation

kL kL., kL

ree(t, W) = —ar(t, W) + wiTaza(l, W)
we get
AN (@) = w0 = V) =20 1) = i @) - a7 (1)
— T(an(t, 5 + whra (b, 50)) =
= 2N (6) = 2r (1) + 1N (1) — @AM () — “%er(t, %L)
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and
AM () = w? () () — 20 (1) + 7Y (1)
w?L (k+1)L kL (k—1)L
- SRt ) = 20t =) H ()
w?L (k+1)L kL (k—1)L
N (T(ta N ) - 2T(t7 W) + T(tv T))
w?L kL,

A (N
—adiM (1) = S et ) =
AN (&) =280 (1) + A (1) — oA () +

= W2( k+1
(k+1)L kL (k—1)L
+wy LN (r(t, T) —2r(t, F) +r(t, T))
w2L3 kL
N =t )
Define the remainder term as
kL (k=1L L? kL

s (1) = r(t, W) = 2r(t, ) +r(t, ) — R tee(t 5

Finally, we get the system of equations

AN 1) =2 A0 (6) — 288 (1) + AN (1) — AN (1) + B LN (1),
k=0,1,...,N—1

with initial conditions A™ (0) = A (0) = 0. The solution
t

AM (1) = 2LN / B((t — 5)r)3™ (s)ds
0

where vy, is defined by (3.23).
The remainder term can be estimated as follows

Co
5(N) t) < caraz (T = 4
| k ( )| — 12N4 tIGIEg:}Y{’] mg(?,)z) |’I“ ( ,.If)l N4
It follows that o
N
NSO

for some constant C' not depending on N.
We proceed to the proof of the theorem 10.
1) We have the following equation for &g (t)

V2™ =My 4 1)

(N)
0

L(N) _ (N
Ty = —ady
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with initial conditions i:gN) (0) = v. The solution is

t t
:'U(()N)(t) = pe~ +/ e_“(t_s)f(s)ds + w2/ e_o‘(t_s)(r(()N)(s) — rgvj\i)l(s))ds
0

0
N L L(N -1
HV(s) — i () = r(s.0) — (s, K1)
L L L2 L
= 5 (1(5,0) = (s, =) = z7a(5,0) + v (),

where the remainder term can be estimated

L2
63(5)] < 55 lraa(s, 0),

we have

¢ ¢
lim x'éN)(t) = pe Jr/ e =) £(s)ds +w(2)L2/ e =) (s,0)ds
0

N—o00 0

and

. (N) 1—e ! —a(t—s)
lim 25 '(t) =v———+ [ (1—e Vf(s)ds
0

N—o0

t
/ (1 —e =) (s,0)ds
0

By (3.33)

Further on, we have

where
SNt 2) = (r!
j=0 j=0

One can conclude from the proof of lemma 6

(N) <
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z z
= lim V@) + 2+ / r(t, 2" )dz' = G(t,0) + z + / r(t,2")dz’
0 0

By (3.31
v lim ™) (t) = G(t, 2)

N —oc0 [ZN]

2) Let us prove that for some constant d > 0

e )<

z
:/ X (z")dx'
0

Then we have h(z(z)) = z. On the other side, the integral can be calculated as
follows

=)~

uniformly in « € [0, L). Denote

k(z,N) . k(xz,N)
Lk(x, N L iL
h(#) = N Z X(N)-FSN( ) Qﬁk(r N)+1 Z ﬁ,N—FsN
i=0
where o)
k(xz,N
Lk(z,N) L & 1L
sx(e) =h(ZE=D - 5 30 X(D)
_ () (V) L L
&, N =T (0) —z;7(0) — NX(W)

By (2.5) the remainder terms enjoys the following estimate:

k(x,N)

| D Gnl=0W
=0

L !
< — X' = —
[sv(@)l < & ylerﬁ)l Wl=5
50 Lk(z, N) d
z, N
I ) = T O < 5

for some constant d;.
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By (2.9) we have:

di Lk(x,N)
L e g2
roy Sy
L L]{i(:E,N) d1 d2
=X ) tl = = X
<x+N ( N )+N<x+N,d2 d1+yg&§)| ()]
It follows that Lk(z. N) J
x, 2
— < =

For some 6 € [0, L)

n(EERD) ey = HEERD i)

where h/(6) = X(6). This gives

Lk(x,N) do d
—nN  —Fls . == 3.35
=~ @S N iimpepn, K@ - N (3.35)
From the proved inequality it follows that
z(x)N d ,
— <=z -
(e, N) = [Z2) < 7 +1=d
By theorem 2
N N d'L(1+9)
|x§€(a:),N)(t) - ﬂffz(%)w](tﬂ <S—N (3.36)

Taking the limit in the last inequality and using item 1) of the theorem we get
assertion 2).

Now we can finish the proof of theorem 3. The first item of this theorem
follows from the second assertion of theorem 10.

Let us prove that Y (¢,2) = g(t, z(x)) is strictly increasing over z € R. Let
z1 < z9. From evident equality

2 () —2th ()= > 0 -2 ()

%

and from theorem 2 we have

L(175) ZQN ZlN < (N)

(2= - P <ol

T2 - (22),

(B =D (8) <

(2]
Taking the limit here and using theorem 10 we get for any ¢ > 0 and any z; < 2z
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So function Y (¢, )
with respect to z

Ga(t,2(2)) = 2/(2)(1 + r(t, 2(2))
Thus, Y (¢, x) is a diffeomorphism of R.

3.4. Convergence to Euler equation
3.4.1. Proof of lemma 2

Note that there always exists m = m(¢) such that

517

G(t,z(x)), © € R is strictly increasing and differentiable

x,(gN)(t) €lo,L),k=mm+1,....m+N—1
Then
1
FWN(t,y) = Nﬁ{k =mm+1,....m+N—1: x,(CN)(t) <y}, yel0,L)
For given y and ¢ one can define the number k(y, N, t) such that
N N
T v B Sy <) v oo (), ye0,L) (3.38)
where m < k(y, N,t) <m+ N. So
k(y,N,t) —m(t
F(N) (t, y) _ (y7 ) ) m( )
We use the evident inequality
ot () = (D] < 12551.),00) () = it (8 9)
k(z(t,y),N) y N AN = k(x(t y),N) P
N
+ o) o (8) =t 2(t, )]

By assertions 1),

(V)

[Tk (t.9).)

(t) - %

y(t,z(t )| <

(V)
But & (1,4),n)

(t)

_
= Tha(ty) M) (o) ()

dy
|4 t,), 8Ly () — ¥ 2 9))] < == N

for some constant d; > 0 not depending on N and y € [0,L).

theorem 2 we have

(N)

(N) (N)
|Ik(y,N,t) (t) - y| < |xk(y,N,t) (t) - Ik(%N,t).:,.l(t)‘

2) of theorem 10, and by (3.36), one can conclude, that

By (3.38) and

<%
- N
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for some constant dy > 0 not depending on N,y. Then

() (V) dy + dy
2 ) ) 8~ Ty (O] € F2

From this inequality and theorem 2 we have

(3.39)
for d’ = di + d2 > 0, not depending on N,y. We can conclude that
: Ry, N —m() . k() N)  z(2(ty)
(N) = = ? = ?
WY = i Ty VTN L

where the latter equality follows from (3.35). The lemma is proved.

3.4.2. Proof of theorem 6
Let us prove (2.19). By (2.12) and (2.13) we have

pt.y) = L712 (2(t,y))wy (L, ). (3.40)

On the other side, differentiation in y of the equality y(t, z(¢,y)) = y gives

(t.1) :
Ty (t,y) = ——————.
T et et y)
Hence,
2 (z(t,y))
(1, (¢, =
wltalt.y) = L0
By (2.13) and lemma 2 we have
Opt,y) 4 dda(z(ty) . _1d

Differentiation in ¢ of the equality y(t, z(t,y)) = y gives

WOrbow)) |yt a(t,y))alty) = 0

at
50 Ou(t.a(t.y)
solty) = —— O ult,y) —_ ult,y)Lp(t,y)
’ Yo (t, 2(t, y)) Yo (T, 2(t,y)) 2 (x(t,y))
and
P Lt y)ple.n)
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To prove (2.20) note that

du(t,y)
ot

u(t,y)  ult,y(t,x))  9y(t,x)
tulty) =5 = = ot R

On the other side
Qu(t,y(t,x)) _ Py(t,x)

ot o2

By theorem 10 we have
y(t,x) = G(t,z(z)) mod L (3.41)
G(t,z(x+ L)) =G(t,2(x)+ L) = G(t,2(z)) + L
G(t,z2(L)) = G(t, L) = G(t,0) + L
where G(t, z) satisfies the equation
Gul(t,2z) = —aGy(t, 2) + wiG..(t,z) + f(t)
where w; = wpL. Using these formulas we find

du(t,y) du(t,y) _ Oy(t,x)
T + ’U/(t7 y) ay = o012 = Gtt(t7 Z(LL'))

= —aGy(t, 2(x)) + W?G..(t, 2(x)) + f(t)  (3.42)

Further on, using formula (3.41) let us calculate derivatives

_O0G(t,2(x))
ye(t,z) = — Gi(t, 2(z)) (3.43)
Yo (t, ) = w = z/(x)w = 21(x)G,(t, 2(x))
2 z(z z(z
pea(t,2) = at(@) SEO D ) 202

= [21(@)2Cas (b, 2(2)) + 21(2) G (8, 2(2)).

It follows that

Gt (e = exh) = @Gt 2(w)) _ Yoa(l2) = 5wl 2)

ETe): N
So we get
LI 1o, 2LIEID 01, 2(0) + 3 Gslt2(0) + 1(0) =
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Yoa(t, ) — 28y, (t, )
= —ay(t,z) + w? g (x)(]; + ()

Putting in this equation 2 = z(¢,y) and defining function

yww(t’x(tay» - Z//((x((t y)))) yw(t m(t y))

R(t,y) = Gaa (b, 2(a(t,1)) = SR (3.44)

we get

Ju(t,y)
dy

Ju(t,y)

+u(t, y)

= —o[u()f7 y) + w%R(t, y) + f(t)

Differentiating in y

1 dZty)  @ty) d(@(ty)
Vol 20 9) = T Ty y)  plow) dy plhy)
_ A(a(ty) ( a(t y :vy (t,y) Z’(x(t,y))py(t,y)) _
p(t,y) p?(ty)
_ Z(x(ty)) ( ( (t y)) Z’(fv(ty))py(t,y)) _
p(t,y)  \ 2 (z(ty)) Pty
(o ay — E @)yt y)
mam( (=lt9)) 2(ty) >

So the function R(t,y) can be written as

yww(tvx<t7y)> - %yw(t Ji(t y))
Ritw) = EC)E

1 " _ E @y (ty)\ _ zr(e(ty)) 2 (@(ty))
(z ((t,y)) p2(t,y)y ) 2(x(ty))  p(ty)

B [21(2(t,9))]?

zlw7 2’7
1 2 (a(ty) - R _ana(ty) ity
p(t,y) [ (t, )2 (. y)
1 d 1

p(t,y) dy p(t,y

~—

L ity 9
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Finally, we come to the equation

u u w2
o (att,y) +u(t7y)8 ((;;,y) — oult,y) — ;géjt(tg;il)
——au(t.g) - 20 4

The theorem is proved.

3.4.3. Proof of theorem 8
Let us prove (2.26). By (3.40) we have

/)(t, y) = Lilzl(x(tv y))xy(tv Z/)-

+ f(t)
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On the other side, differentiation in y of the equality y(t, z(t,y)) = y gives

1
wby) = )
Hence, )
€00

Ly (t,x(t,y))
and by (2.24)

L2 (x(t, y(t, 2(2)))) Z(x(2))

plt,2) = Lot y(t,o(2))) = -

Ly (t,x(t, y(t,2(2))  ya(t,2(2))

da(z)a'(z) 1
)

a9 1 _ 9%G(t,2)
ot \p(t,z))  otoz
Further on, by (2.25)

du(t,z)  O*y(t,z(z))  0°G(t,z) 0°G(t,z)

0z 020t 020t  Otdz

Thus, we come to the equation

% (ﬁ(t{ z)) - =0

(3.46)
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To prove (2.27) note that by (2.25)

out,z)  0*y(t,xz(z))  9°G(t,z)

ot ot? T o2

By theorem 10 we have
y(t,x(2)) = G(t,z) ( mod L)
where G(¢, z) satisfies the wave equation
Gul(t,z) = —aGy(t, 2) + wiG..(t,z) + f

Using these formulas we find

8“2;’ Z) — —OéGt(t7Z) +W%Gzz(t7z) + f
By (2.25), (3.46) (t.2) (t, 2)
U t7 zZ) = Gt t7 z
Py w2 9 w? op(t, z)
2 . ! == - :
where 2
. w
p(t, Z) = _ﬁ(tlz) +C

So, we come to the second equation

dalt, z)
ot

op(t, 2)
0z

+aﬁ(t,z)—f:—

The theorem is proved.

3.4.4. Proof of theorem 7
By (2.22) we have

RN (t,y) = w(riy) v o () = 700 v 01 (8)
By lemma 6
R (1) = N> 2 (rr, B 0Ly RN Z DLy o vty 2
N N N
k(y,N,t)L k(y,N,t)L

= ngzrz(t,
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Using inequalities (3.35) and (3.39) we have the following estimate:

k(y, N,t)L c

ST st ) <

for some constant ¢, not depending on IN. Then we can conclude that

lim RY(t,y) = wira (t, 2(2(t, ) = w2Ga.(t, 2(2(t, ) = w2R(t,Y)

N—o0

Using (3.44) and (3.45) we get the assertion of the theorem.

3.4.5. Proof of theorem 4

The item 2) follows from theorem 10. To prove the item 1), substitute
G(t,z) =Y (t,z(z)) into equation

Gu(t,2) = WG (t, 2) — aGy(t, 2) + f(t)

The function z(z) is inverse to z(z), which is defined by (2.11). So

2(2) = /0 "X (@)

Calculating derivatives
Gii(t, z) = Yy (t,2(2))

G..(t, 2) = Voo (t, 2(2)) X2(2) + Yo (t, 2(2) X' (2)
we come to the desired equation

Yir(t, 2(2)) = wi (Yaot, 2(2)) X2 (2) + Ya(t, 2(2) X' (2)) — a¥i(t, 2(2)) + f(t)

3.4.6. Proof of theorem 5
Consider the nonhomogeneous wave equation
gtt(tv Z) = w%gzz(t Z) - a.gt(ta Z) + f(t)

with initial conditions
9(0,2) = ¢(2) = / X(u)du, g¢(0,2) = (z) = v +/ V(u)du,v = &¢(0)
0 0

The substitution g(t,2) = e~ 2*w(t, z) leads to the equation

2
wie(t, 2) = wiw,.(t,2) + %w(t, z) + e2tf(t)
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with initial conditions
w(0,2) = 6(2), wi(0,2) = (=) + F(2)

The solution of this equation has the form (see [15], p. 569)

w(t, ) = %(¢(z o) + bz — wib))+

ol [ BTGP g,

N

1 z+wit

%; o Io(% 12— (2 — €)2)w?)(¥(€) + %¢(§))df+
z+wi (t—7) i
le / /Z ) In( \/(t —7)2 = (2 — )2 Jw?)e 3T f(7)dEdr

Thus,
: ~5¢
gt,2) = e 2lw(t, 2) =

(p(z + wit) + d(z — wit))+

+Oz€_%t /z+w1t(tll(g 12 — (z — §)2/w%)
z

4wy 2 —(:-02/k

—%t z4twit
v [ Gy - G- e

2w1 —wlt

(52— (= = /) ) () de+

—W1t

] 6 24w (t—7)
+5 - o e‘f(t‘T)f(T)dT/z Io(%\/(t = 7)? = (2 = §)?/wP)dg

2wy —wq (t—7)
Here Iy(x), I;(x) are modified Bessel functions:

o0

o) = i) = 3 e ()

. . 00 1 x\ 2m+1
Ii(z) =i 'y (ix) = ;} mID(m + 2) (5)
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