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B. A. MAJIBIIIIEB

RIACCUONRATMA [JBYMEPHBIX HOJOKUTEJBHBIX
CIYYANHLIX BIAYHKIAHNN
N NOYTH JHMMHENHBIE IIOJYMAPTHHI AJIBI

(IIpedcragaeno akademurom A. H. Koanoeoposwm 17 VI 1971)

B (') amammtnueckuME MeToflaMy OBIIM NOJYy9eHHI YCJIOBHSA SProgWd—
HOCTH [JI HEeKOTOPHIX CJIy4ailmpix OMy;KOIaHWH B TONOMKUTEIHHOM KBaJIpAaHTE
mrockocTu. B cBasu ¢ sreMm A. H. KoaMoroposbiM Ob11 3ajjaE * BoOmpoc, Helb-
3 IF HOJYYHTL DTH PE3yALTATHI IUCTO BEPOATHOCTHHIMH MeTofaMu. B Ha-
croAmeil paGoTe MaeTcs MOJOKUTENALHBIN OTBET HA 9TOT BONPOC B CYINECT—
BemHO Oomee oOmeit curyanum. B wacrHOCTH, ociabiasercsa ycioBWe OTPaHH-
YeHHOCTH CHAYKOB, OHOPOMHOCTH, MaprOBOCTH. llomyueHBI TaKiKe YCIOBHE
TPaH3HEHTHOCTH COOTBETCTBYKOIINX CIydaWHbix OxayspgaHuil, Mertom momy-
CHaeT OYeBHAHOe 0000MICHYE Ha ¢JIyvali HeNpepHIBHOIO BPeMEHW M MPOCTPaH-
CTBA COCTOSIHHI, a HEKOTOPHe MOCTPOEHHS MOMKHO MPOBECTH M MIA CIydYas
Yuciaa M3MEpeHUil, (GOJABINero BYX.

OcuoBo#t paboThl ABIAETCA O0BLACHAEMOE HUMKe TeoMeTPUYeCKH HATIAKHOE
HOCTPOGHHNE TONYMADPTHHTANA, SBIAIONIETOCS <IOYTH JuHeiHoy - QyHRImeE
HAa MHOKECTBE COCTOSHHUI COOTBETCTBYIOIEeR menn Maprosa.

1. ®opMynrupoBKa OCHOBHOTO pesyabTaTa. PaccMorpum

opHOponuylo nenk Maproa & ¢ JIMCKpeTHBIM BPEeMeHEM, MHOMKECTBOM CO-
cTOSHEA KoTopoli sBaserca MEOMecTBo Zi, == {(i,j): i, j == 0 measie}. By~
nem obosHagate uepes MY=— (MY M,’) BexTop cpeiHero cKauyKa 3a ORUE
mar u3 toukm (i, j) ¢ Kommomentamm M.” Bmoas ocm z m MY Bmoaw oc: y..
Byzer mpefmonaraThCf BHIIOOJHEHHBIM CHEAYIOIIee YCIOBAE OJHOPORHOCTHS:
Mi=M'=M= M,M,), ema i j,k l=1 M =MN'=M=
=M/ M) pmai,k=1a M =M*=M" pgaa i, k = 1. 9ro ycaosue
MOJKeT, KOHEYHO, HAPYIIAThEA B KOHEYHOM YMCJIe TOYEK, HO YA00HO IPeAmoIo-
JKUTh, 9TO BCE COCTOAHHA Hameidl memm MaproBa coo0IaTCH MekAy coloil,
M/ M, =0 u cKayky 3a OIMH OIaT PABHOMEDPHO OTPaHUYEHEL.

Teopema 1. A) Ecau M, >0, M, = 0, 70 He cywyecrayer cTaAYUOHAP-
HO0z0 pacnpedenerus,; :

B) ecau M., M, << 0, ro & spzoduuna **, ecau u T704bK0 ecal

MMy — MM <0, MMg— M M,<0; (1y
8038PATHA, e€CAU
MM, — MM, <0, M,M,— M.M,;<0, (2)

U TPAH3UECHTHA 8 OCTAALHLIL CAYLAAL;
C) ecau M, =0, M, << 0, o & speoduuna, ecau u TOALKEO ecals

MM, — MyM.<0; (3)
6038paTHA, ecaAl

I TPAHSUEHTHA 6 OCTAABLHBIY CAYHARAX;

* Ha cekumam Teopu BepoATHOCTeH MOCKOBCKOTO MaTeMaTHYecKOro ofmecrsa.
** HeHyiephie BO3BpATHHIC TEPHONUTECKHE IETIA CYATAITCA DProfguiecKuMm (3ajada
BBHITACICGHUA NePHOTa TPUBHANBHA).
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) cummerpuuen cayuaro C).

TeM campiM B cayzasx B) — JI) maerca moamag RJIaccmimKaumI COOTBET—
creyomux memneil Mapwosa. Ilepsriii mar fokasaTenbcTBa — JIeMMa O MONY--
MapTHHTaJaX — IMOKA3EBAET, 9TO MAPKOBOCTH HECYIECTBEHHA B HEKOTOPOM:
HE YTOYHAEMOM B3HecCh CMEICIE.

2. JleMmMa o nmoanymapruaraaax. Ilycts JaHa mociHeqoRaTENnh-
HOCTH cAyvaiiueix Beawdud So, Si, Sz, ..., OpUYeM ¢ BeposTHOCTBIO 1 pas-
mocta S; — S:—, paBHOMepHO OrpaHMYEHH! mo Momyaw & S, = const. OGozma--
9uM depes | caydaiiHoe BpeMA MePBOTO NOCTHKEHHS HEOTPHNATENLHOH IOIy-—
ocm, . e. t=0,ecmm S, <O, mt=n,ecmm S, <0,8 >0mpm i=0,1,...
e, n—1.

Jlemma 1. 1) Ecau das Hekoropoeo £ = 0

M(S,,'/S"_.i, .o ,'S'O) < Sﬂ—i - 8’ (5)\
0 Mt << co. :
2) Ecau daa nexoropozo € > 0
M(Sn/Sn—h .. ,SD) > Sn—l + 87 (6)’
TO t== 00 ¢ 8epoaTHOCTbIO 1.
3) Ecau
M(S./Su-t,...,8) =0, (7p
70 Mt = oo, ‘

JorxasaTeXIbCcTBO 3THX YTBePMAEHWI OCHOBAHO HA CTAHAADPTHOH Be--
POATHOCTHON TeXHHKE, I MELI €70 OIYCKAEeM.

3. lonyMaprEHETadgs, acCCONMHPOBAHHEE ¢ INeOAMHE
Mapxosa. Ilycts gana mens MaproBa co CUeTHBIM MHOMECTBOM COCTOSHHM
A, ofHEM CYyIeCTBeHHBLIM KIACCOM COCTOAHHY M IEPEXONHEIMH BepPOATHOCTS-
MH pop. IlycTs f(a) — BemecTBenRas Qynrumsa ma A Taras, urto f(a) >>lc >
> —oo0,

CanemcrBue 1. Ilycrv 0as HekoTOpO20 €y = ¢ MHONCECTED COCTOSHULL.
rakux, ede ¢, > f(o) >>ic, koneuno u 0Oas awboz0 o= A Takozo, uro:
f(a) = ci, umeer mecro

%] P (B) < f(a) —e (8),

dan Heroropoeo & > 0.

Toz0a yenv Maprosa spzoduuna.

B neckonpko maMenmenmoit hopMyampoBKe 5TO CleicTBHE OBLIO H3BECTHO:
(*); B pame paGor rakme QyHknun f HaspBaloTca QyERmuAME JlanymroBa (cM.,.
Hanpmmep, (°)).

YrBepmenusn 2 u 3 meMMHl 1 Taxie WMEIOT COOTBETCTBYIOIUE CIEJCTBH..
Bwmecrto yenosmit (6) m (7) mMeroT MecTo COOTBETCTBEHHO

Apusf(B) = f(a) +¢; (9)
vt (B) = (a). (10)

4 HpuEnunm nokanbHO# e-nummetnmocTm Ilyere A ects mod-
MHOKeCTBO SBKJIHZOBA IpocTpaHcTBA R™ m f(0) MEZymEpoBaEA HEKOTOPOR
dyaKnIEil f(x) Ha R" OGosmaunm uepes D.~ mmomecrso {z: f(z) <ec,.
ze R}y uD.* = {z: f(z) >ic}.

Ilycrs pamuer (B R") cKaukoB 3a OJWH IIar U3 ¢ OTPAHHYEHH] HEKOTOPHIM
umcioM dy. [aa toukm o & A < R™ o6osmaunm uepes C, BHNYKIYID 060109-
Ky MHOKecTBa Touek f & A, auna roropuix o — Bl < d,.

Ecan ¢pysrnna f mueeima, To yenosua (8), (9) zm (10) Bmimommensr Torna:
¥ TONBKO TOTHA, KOrJa BeKTOD CPEeJHET0 CKauKa 3a OfUH INMAr, OTJIO;KeHHBIN
H3 @, COOTBETCTBEHHO HampaBiem B cropomy D (ayp ~VIGIEHT B THIEPIIO-

ckocTi f(x) = f(a) wim Eanpasaer B CTOPORY D; . .
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EcIz KOHEI BEKTOpa CPEJHEro CKa9Ka, OTIOKEHHOIO W3 6, HPHHANIEKAT
MHOKECTBY  Djg)-ge ' ' -

inf _sup |1(@) —0@)|<e, ‘

? flo-oji<dg
‘e inf Geperca mo BceM NWHeHHHM (QYHKOUAM @, TO' YCIOBUe (8) Bmmom-
HASTCH: : ‘ , ,

910 mocuefgHee YTBEPKACHES, & TAK/Ke AHAJNOTHYHOE My JJIA CIydasd BeK-
<fopa CpeJHEro CKaYKa, HANPABIEHHOLO B CTOPOHY D™, Gymem HaseBaTH
upHENENOM e-ntuHHeHHOoCTH Ero sHateHWe 3aKT0YAETCA B TOM, 4TO
‘BMe ¢ TO BHIOOIHeHHA yciosus (8) TpebyeTca BHIOOJHEHHe reoMer-
PEYeCKH HATIANHOTO yCHOBHA TPaHCBEPCANBHOCTH HOIA BeK
‘TOpOB cpeAHEr0 cCKaiIKa M IMHEH YyPOBHA QPYHKO UK f

5. MocTpoenue €-JIHHEHHHX NOJIYMapTHHETAXOB. Mu mo-
HajKkeM B3eCh, KaK CHIEMBAIOTCH JOKAIBHO e-IMHeHHEBIe KYyCKH B J0Ka3aTelb-
CTB® OCHOBHO TeOpeMEl IPH TOCTPOSHEE HCKOMO# ¢ymkmum f. 9T0 CKIemBa-
/EEO UPOW3BOJUTCA B PASHEIX CIYYasX PA3IHIHEIME CIOCOGaMH.

Hycrs cmavana M. > 0, M, << 0 @ BHUIOIHEHO yclIOBHE (3). OGosraunm
‘gepe3 ¢, W e, eAWHHYHble BEKTODHI, HaNmpaBiIeHHbE COOTBETCTBOHHO IO OCH I
u y. Yras Mesxay M u e, u Mesny —M’ m e. 0603EaIMM COOTBETCTBEHHO @
7 ¢'. OueBmpaHO, ;

tgo=—M,/M.>tg¢’=M//| M|, o>9¢". . (11

IIpoBenieM mapaiielbHEe NPAMEIE, TIEPECEKAMIAECA C OChI0O T IOR yIJIOM
wp, ¢ > > ¢’ (T. e. IyTh TOBEPHYyTHe NPAMEHE, NapaJIeNbHbIC BEKTODY .
_M). PacecmorpuM amEeiHyl0 QyEKNNIO fy, NMHAAME YPOBHA KOTOPOH SABIAINT-
.cfL DTE TmapaiieiabHble mpamse. s (11) ouesmmmo, uT0 M 1 M’ manpaBiesb
'8 cropory D7, (6ymem cumrarth, 9TO fo >0 ¢ TOYHOCTHI [0 ANAUTABHOR

‘xomcranTsl Ha Z,.). Ecim kpome Toro m BekTop M” HampaBieH B CTOPOHY
Dy,, To mokasaTeNbcTBO 3aKoEueHO. B ofmeM ciyuae NOCTPOEHWE YCHOMKHA-

.erca. Pacomorpmm okpyxEOCTE O JOCTaTOYHO GOIBIIOre pajmyca 1/8 cuent-
'pOM B HIKHEH HONYNIOCKOCTH M IIEPeCeKalomyliocs ¢ TIOIOKATENbHOH TONY-
.0chI0 y oA yraoM ¢” — 8, rme @7 —yron mexpy M” m e, (manmpapienue
“Ha OKPYRHOCTE GyJleM cumTaTh IO JaCOBOH CTPeKe) .

Ias pammoit Tourm (0,y) & R,,* paccMOTpEM KpHBYIO I,=R,% Ona
.COCTOMT M3 KyCKa CIBHEYTOW B HAUPABIEHEE e, OKpyHOcTH O, IepeceKai-
“IIErocs ¢ OCHIO Y HOX YriaoM ¢/ —®, 10 TOUKH Ty, IAe T, — TOUKA, B _KOTOPOI
"KacaTeIbHAs K ITOM OKDPYKHOCTE HAIpaBileHa IOJ YIIOM ¢ K & Haxnee, I,
.o6pasoBaHEa OTpe3KOM IIPAMOIL, mapaJlIeNbHON STOH KacaTeJIbHOR OT TOYKU Ty
0 mepeceueHAA ¢ TOMOKETEIBHON IONyocsld . flcHO, 4T0 HAYWHAS C HEKO-
roporo y >0, raxaa TouKa ry CymecTByeT.

Onpenennm dysxmmo f(r) =y npr rel, < R,,*. V3 mocTpoenns ACHO,
Y70 NPUETAN JI0KAABHOH e-THHEHHOCTH BHIIONHAETCH. TlosToMy ciyuaiteoe
OryIaHre B JAHHOM CIydyae SProfuvHO.

Npr MM, — MM/ >0 1meuz ypoBHA OKAa3HIBAIOTCA  BHITYKILIMH
B IPOTHBOIONOKEYI0 CTOPORYy. B ciysae M.M, — M M. =0 cucrema mpsa-
‘MBIX BHIGEpaeTCsA CTporo mapaiutensHo# Bextopy M (M’). Ilpm poxasaTelbcTBE
BOBBPATHOCTH CHCTeMa OKDYKHOCTejl Takas jKe, KK B HePBOM ciydae, a mpn
IDOKa3aTeNbCTBE OTCYTCTBUsI DPrOAMIHOCTY — TaKag jKe, KaK BO BTOPOM.

Ipm nokasaTenscTBe TPAH3MEHTHOCTH B ciyvae B) orpaHWYeHHOCTb CHH-
sy $ymxnuu f me obgsaTenbHa. B ocTaIbHOM MROKA3aTENBCTBA . IPOBOAATCA
BIONHEe aHAIOTHYHO.

MocKoBCEMit rOCYAapCTBEHHHI YHEHBEPCATOT Hoctynmao

M. M. B. jloMoHOCOBa ' 3VI197T1
IIUTUPOBAHHASA JIUTEPATYPA

{ B. A. Maasmes, Ciydaiigsie Oay:RRaHds. YpaBHEHHA Benepa — Xonda B Her-
BepTH ILIOCKOCTHE. ABToMopduaMu Famya, M., 1970. 2 F. C. Foster, Ann. Math, Stat.,
24, 355 (1953). ® P. 3. XachbMHAHCKHH, YCTOHIABOCTH CHCTEM nadPepeERANLHEIX
‘ypaBHeHMH IpHE CHYIafHHX ASMEHEHNWAX MX HAPaMeTPOB, «Hayxa», 1969.
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CLASSIFICATION OF TWO-DIMENSIONAL

POSITIVE RANDOM WALKS AND ALMOST LINEAR SEMIMARTINGALES
UDC 519.217 .
V. A. MALYSEV

Conditions for ergodicity of some random walks in the positive quadrant of the
plane were obtained by analytic methods in [1]. In connection with this, A. N. Kolmo-
gorov posed(!) the question of whether it is possible to obtain these results by purely
probabilistic methods. The present work gives an affirmative answer to this question
in a substantially more general situation. In particular, the conditions of boundedness
of the jumps, homogeneity, and Markovness are relaxed. Conditions for the transiency
of the corresponding random walks are also obtained. The method admits of an obvious
generalization to the case of continuous time and state space, and some of the con-
structions can also be done for the case, dimension greater than two.

The work is based on the descriptive geometrical construction, explained below,
of a semimartingale which is an ‘‘almost linear’’ function on the set of states of the

corresponding Markov chain.

1. Formulation of the fundamental results. We consider a homogeneous Markov
chain £ with discrete time, the set of states of which is the set Z,,=1G D:d, j>0
integers}. We shall denote by M¥/ = (M” M”) the vector, with x- component M” and y-
component M’ ’, of the mean jump for one step from the pomt (i, /). It will be assumed
to satisfy the following homogeneity condition: M7 = MR/ _ M = (Mx, _My) if 4,7,k 1>1;
MO = MEO - M’ = (M, M) for i, k> 1 and M = M°® = M" for i, k> 1. This condi-
tion can, of course, be violated at a finite number of points, but it will be convenient
to assume that all states of our Markov chain are communicated among themselves,

M;, M: # 0, and that the jumps for one step are uniformly bounded.

Theorem 1. A) If M_>0, My > 0, then there exists no stationary distribution;
B)if M, M <0, then £ is ergodic(2) if and only if
MMy — MM, <0, M,M,— MM,<0; (1)
increasing if
MM, — MM, <0, M,M.—M.M,<0, @)
and transient in the remaining cases;

AMS 1970 subject classifications. Primary 60G45, 60J15, 60J05, 60J10; Secondary 60]25.
(1) In the probability theory section of the Moscow Mathematical Society.

(2) Nontrivial increasing periodic chains are considered to be ergodic (the problem of
calculating the period is trivial).

Copyright © 1972, American Mathematical Society
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MM, — M,M,<0; (3)
increasing if
M .M, — M,M, <0, (4)

and transient in the remaining cases;

D) is symmetric to case C).

By the same token, cases B)-D) give a complete classification of the correspond-
ing Markov chains. The first step of the proof—a lemma on semimartingales—shows that

the Markov condition is immaterial in a sense not precisely defined here.

2. Lemma on semimartingales. Let there be given a sequence of random variables

So» S S, - -+, where, with probability 1, the differences §,—$,_, are uniformly

1
bounded in absolute value, and S, = const. We denote by ¢ the random time of first
hicting the nonnegative semiaxis, i.e., t = 0 if $p<0,and t=n if § <0,5 >0 for

i=0,1,.-.,n—1.

E)

Lemma 1. 1) If, for some €> 0,

M(Sn/Sn—i,---ﬂgo) <Sn—1—8y (5)
then Mt < oo,
2) lf, for some €¢> 0,
M(Sn/Sn—h---’SO) >Sn—1+87 (6)
then t = oo with probability 1.
3)1f
M(Sn_/Sn—ia---sz) =01 (7)
then Mt = co.

The proof of these assertions is based on standard probabilistic techniques and
will be omitted here.

3. Semimartingales associated with Markov chains. Let there be given a Markov
chain with a countable set of states A, some essential class of states, and transition

probabilities Pag- Let f(a) be a real function on A such that f(a) > ¢ > —oco.

Corollary 1. Let, for some ¢, > c, the set of states such that c, > f(@)> ¢ be

finite and, for any a € A such that f(a) > c,

% Papf (B) < f(a) —e (8)

hold for some € > 0.

Then the Markov chain is ergodic.

This corollary was previously known [2] in a slightly different form; also, in a
series of works (see [3] for example) the functions [ are called Ljapunov functions.
Assertions 2 and 3 of Lemma 1 also have corresponding corollarjes. Instead of

conditions (6) and (7), the relations
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S\ pasf(B) = f(@) + e, 9
Dpasf (B) = f(@) (10)
will hold.

4. The principle of local e-linearity. Let A be a subset of Euclidean space R"
and f(a) be induced by some function f(x) on R". We shall denote by D_ the set
{x: f(x)< ¢, x € R"} and D:: ix: f(x)> el

Let the lengths (in R"™) of the jumps for one step from a be bounded by some num-
ber d_. For the point @ € A C R” we denote by C, the convex hull of the points
B € A for which |la-B| <d,.

If the function [ is linear, then conditions (8), (9) and (10) are satisfied if and only

if the vector of the mean jump for one step (emanating) from @ is respectively, directed

toward the side D/_(a), lies in the hyperplane f(x) = f(a), or is directed toward the
. +
side D/(a).

If the end of the vector of the mean jump (emanating) from a belongs to the set

Df(a)- s€’ . _
inf sup |f(a) — ¢ (o) <e,
© | a-a | <dg :
where inf is taken over all linear functions ¢, then condition (8) is satisfied.

This last assertion, along with its analogue in the case when the mean jump vector
is directed toward the side D;(a), will be called the principle of e-linearity. lts signifi-
cance lies in the fact that instead of requiring that condition (8) be satisfied, it is re-
quired that the descriptive geometric condition of transversality of the field of mean

jump vectors and the level curves of the function [ be satisfied.

5. Construction of e-linear semimartingales. We shall show here how locally ¢-
linear pieces are pasted together in the proof of the fundamental theorem to construct
the desired function f. This pasting is done in different cases by different methods.

Let M_>0, My < 0 initially, and condition (3) be satisfied. We denote by e _ and
e, the unit vectors directed respectively along the x and y axes. The angles between
M and e and between -M' and e, will be denoted respectively by ¢ and ¢'. Obvi-

ously,
tgo=—M, /M. >tge’ =M/ |M)], ¢>¢ (11)

We draw parallel lines intersecting the x-axis in an angle ¥, ¢ > ¢ >¢' (i.e.,
slightly turned, the lines will be parallel to the vector M). We consider the linear func-
tion /l//’ the level curves of which are these parallel lines. It is obvious from (11) that
M and M' are directed toward the side Df_¢ (we shall consider /¢ > 0 to within an addi-
tive constant on Z++). If in addition the vector M" is directed toward the side D}:p,
then the proof is finished. In the general case, the construction is more complicated.
We consider a circumference O of sufficiently large radius 1/6 with center in the lower
half plane and intersecting the positive y-axis in the angle ¢" ~ 8, where ¢" is the
angle between M" and e, (the positive direction along the circumference will be con-
sidered to be in the clockwise sense).
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For a given point (0, y) € Ri+ , we consider a curve ly C Ri+ . It consists of a

piece of the circumference O shifted in the e, direction and intersecting the y-axis in
the angle ¢" - & at the point r,, where 7 is the point at which the tangent to this
circumference makes the angle ¢ with e . In addition, ly is formed by the segment of
the line parallel to this tangent from the point r, up to its intersection with the posi-
tive x-axis. It is clear that if we start with some y > 0, such an T, exists.

We define the function f(r) =y for r € ly C R<2++ . It is clear from the construction
that the principle of local e-linearity is satisfied. Therefore the random walk in this
case is ergodic.

For MxM; - MyM; > 0, the level curves turn out to be convex in the opposite case.
In case MxM; - MyM; = 0, the system of lines is chosen to be strictly parallel to the
vector M (M"). For the proof that £ is increasing, the system of circumferences is as
in the first case, and for the proof of nonergodicity is as in the second.

For the proof of transiency in case B), the boundedness below of the function [ is

not necessary. For the rest, the proof is carried out completely analogously.

Moscow State University Received 3/JUNE/71
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