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Jleknnua 1

KoHeuHble U cUeTHBbIE BEPOATHOCTHBIE
IpOCTpPaHCTBA

DYCTh 3alaHO KOHEIHOe MHOXKEeCTBO § = wi,...,wp. HacTo MBI
HMeeM [e0 C CATyalmedl, Korja KaKJOMY 3JeMeHTY IPUIHCAH Bec
(Mepa), T.e. HeoTpHUIATeTbHOE YHCIO w(w;), XapakTepuayiomiee ~da-
CTOTY” MOABJEHUA BJIEMEHTa w; B HEKOTOPHIX 06CTOATEILCTBaX. MoXK-
HO HODMHPOBATEL 3TN Beca K eMHUIE (ecan He BCe OHM HYJN), T.e. BBe-
CTH HOBBIE 9HCIA

Pw) = Z  w(w), Z= Zw(wi).

Oroépaxenne P : Q — [0, 1] HasbiBaeTca 6epoamuocmuot smepot (Han
BEPOATHOCTHIO). B cTaTHcTHYecKol (pn3mKke HOPMHUDYIOUHMI MHOXKMI-
Telb / HA3BIBAETCA CTATHCTHYECKON CYMMON. AHAJOTUYIHBIM 06paszoM
MOXHO BBECTH BEPOATHOCTHYIO MEPY Ha CIeTHOM MHOXecTBe {2, ecin

Z w(w;) < oo.

(o]
i=1
Onpepaenenne 1. KoHeUHBIM (CIETHEIM) 6€pOAMHOCINHBIM NPO-
empanemeon HazbiBaeTca mapa (2, P), roe @ — konewuHoe (cueTHOE)
MHOXeCTBO, a P BepoaTHOCTHas Mepa, TO ecTh HAG0P HEOTPHUILATENb-
uerx gnced P(w),w € Q, Takux WTo ) . P(w) = 1. MuoxecTBO
Ha3BIBAETCA RNPOCMPARCTEOM IACHMEHMAPHOIT cOOLIMUTl, ero IO IMHO-
KECTBa — COOBIMUAMY, & €rO SIEMEHTEl — 2AEMEHMAPHBIMU COOLIMU-
AMU.
Ecan Bce P(w) paBHEL, TO TOBOPAT, 9TO BCe 3/leMeHTapHBIE COOBITHA
pasnosepoammpl. BepoATHOCTE cobbiTna A ompejgenseTca Kak CyMMa
BEPOATHOCTEN BXOAAIINX B HET'O BJIEMEHTAPHBIX COOBITHIL:

P(4) = > Pw).

wEA



Da mpakTHKe 9acTO FOBOPAT O CIYYalHOM BHIOODE BJIEMEHTA W M3
MHOXecTBa §) ¢ BepoATHOCTBIO P(w). MBI ToBOpHM, 9T0O MPH 5TOM BBI-
6ope cobuiTie A ocyiecTBIIOCH, ecin w € A. Depecedenne cobBITHR
AN B cooTBeTCTBYeT COOBITHIO, YTO KAaXKJ0€ N3 HUX OCYIECTBIIOCH,
ob6weamaenne AU B cOOTBETCTBYET TOMY, 9TO OCYIECTBIIOCH XOTS GBI
OJTHO W3 HUX. MBI TomaraeM, 9T0 BEPOATHOCTE IIYCTOT'O COOLITHA DaBHA
HYJTIO.

A3BIK Teopun MHOKECTB A3BIK Teopun BeposATHOCTEN
MuoxecTBO DPOCTPaHCTBO
DIEMEHTAPHBIX COOBITHT
Toukn DjeMeHTapHBIE COOBITUA
DO IMHOKECTBA Cob6brTus
BriGop Toukm w € A Dpomnzoruio coberTre A
O6rwenmuenne Ay U A D PpOU30ILIO
XoTs 651 om0 W3 A, A
Depecedenne Ay N A,y Opomsonun ob6a cobprTua Aj, Ay
Tononuenne A = Q\ A CobbiTne A He MPOM3OILTO
Wamepumasn dyHKINA Cayvaiinas BeIm<qmHa
Bapemternas cymma (mHTerpan) | MarTeMaTndeckoe OXHIaHWE

Cxema Pepnyiin

OPpuBeeM TPOCTON, HO OYeHb TTOJAE3HBIN MPUMep BepOATHOCTHOT O
IPOCTPAHCTBA, Ha KOTOPOM B JalbHEHIIeM MBI IPOMLIIOCTPUPYEM BaK-
HEIE TEOPEMEI, BepHLIe I B Gojee o6IIell CHTY I,

DacCMOTPUM pe3yabTaT N TOCAe0BaTENLHLIX OPOCAHNN MOHETHI;
OTOXIECTBEM €ro ¢ KOHEIHOH II0CIeNOBATEIbHOCTLIO JINHBl N 13 Hy-
JAell W oenmHN: w = (¥1,...,&y), TAe x; = 1, ecan mpm i-mM GpocaHmE
nospuica " opea” (yenex) u x; = 0, ecan nogpuaack ” pemka” (Heygada).
Takum 06pa3oM, IPOCTPAHCTBO 3JeMEHTAPHBIX COOLITHIT

Q={w:w={(21,...,24), 2, = 0,1}

cocrouT u3 2" Tovek. O6o3HaIUM
n
Sp = Sp(w) = E z;
i=1

TUCJAO YCIIEXOB B MOCJAEAOBATEJIBHOCTH (. Sa;[a,qHM BEPOATHOCTD SJIe-
MEHTAapHOI'O COOBITHSA

P(w) = pS g =sn ), (1.1)



e p W ¢ HeOTpUIATeAbHbIe YNcaa Takne, 9To p+ g = 1.

3ameuannme 1. BeposarHocTHas Mepa P sagana ¢ nomombio (1.1)
KOPPEeKTHO. B caMom [ese, HaM HEOOXOAMMO TPOBEPUTH, ITO

> Pw)=1.

wEN

DOCKONBKY 9HCJIO0 DJAeMEHTAPHBIX COOBITHH, COMEPKAIINX POBHO k yciie-
xoB, paBHO C¥ | mMeem mo 6uHOMY DBIoTOHA!

S PW) =S CRE T = (pt )" = 1.
k=0

wEN

3ameuanue 2. Kakx BuaHo m3 3aMedaHmuA 1, BEepOATHOCTEL COOBI-
TH#A, COCTOSAIIEr0 B TOM, 9TO Opell BhIaJ poBHO k pas, paBua P{S, =
kY = CFpFgn=F. Dabop BepoaTnocTeii Py = P{S, = k},k=10,...,n,
HA3LIBACTCA GUHOMUAALHDIM PACRPEJEACHUEM.

Yupaxnenue 1. BepoATHOCTE TOro, 9TO IPH i-M 6POCAHUE BEI-
nazeT opea, paBHa p. JlokazaThb.

Onucannas HaMU BEPOATHOCTHAS MO/IeJIb HA3BIBAETCSA CXEMOH Jep-
HYJUIU, WIW MOJENbI0 N HE3aBHCHUMBIX WCIBITAHUH C MBYMS HCXOJTaMH
(o3 THEe MBI TIOHMeEM, TTOYEeMY B Ha3BaHIH NPHCYTCTBYET CJIOBO ~He3a-
BHCHMBIE” ).

JlokaxkeM Telepb, YTO I THNHYHON MOCJIEIOBATEILHOCTH HHCIO
eJIMHNUT TPUMEPHO PaBHO np. UTo 3TO O3HAYAET TOYHO, MBI CEHYac
chopmyaupyem.

Teopema 1 (3aKoH GOABIIAX THUCEJ AIA CXEMBL ODEPHYJLIN).
DacCMOTPIM BEPOATHOCTHOE TpocTpancTBo (£2, P), coorBeTcTByoMee
cxeMe JepHYIN ¢ N UCOBITaHUAME. Tlorma mis aio6oro GpuKCHpoBaH-
HOTO € > ()

Sn (@)

Pw:|——= —p|>ep >0 mpun— oco. (1.2)
n

De 6ygem 3abeiBaTh, uTo {2 u P pazamvnbl gas passbix n. [las mo-
Ka3aTelbCTBA 3TOU TEOPEMBI HaM TOHATOGATCA HOBBIE TOHATHA: CIY-
YaWHON BEAMYHHBI, MATEMATHIECKOT O OKMIAHUA U JUCIEPCHE, K Ope-
MeJeHNI0 KOTOPBIX MBIl U TTEPEXO TUM.

Onpegenenue 2. DycTh HMeeTCs KOHETHOE BEPOATHOCTHOE ITPO-
crparcTBo (2,P) . Cayuaiinotd sesununoti HasbIBaeTCA M00asd Bellle-
creennas pyuknua £ : Q — R. Mamemamuueckum oxcudanuem, min
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CpeqHUM 3HaYCHUEM Cﬂy‘laﬁHOﬁ BeJINYINHBI Ha3bIBa€TCA YUCJIO

E¢ =) £w)Pw).

wEN

Aucnepcueti ciy4aiHON BEIMYMNHBI HABBIBAETCH MHCIO

D¢ =E(¢ - E)* = ) (6(w) — E&)*P(w).

wEN

Yupaxueaue 2. /okazaTk, 4TO

E¢ =) aP{¢ =a},

a

rmae cyMMa GepeTcd 110 BCeM 3HAYeHHAM CIY9IalHON BEIHIHHEL £, a co-
ourtie {€ = a} = {w : £(w) = a}. Takum obpasom, ecan ciaydaiHas
BeAMYUHa NPUAAMAET OHO ¢IHHCTBEHHOE 3Ha4YeHHe, ee MaTeMaTHIe-
CKOe OXHJaHne COBIAJacT C 3THM 3HA9eHHEM.

Yupaxuenue 3. J[lokazaTh CIeAyollne CBOUCTBA MaTeMaTHTe-
CKOT'O OXKHUJAHUA U JUCHEPCHUN.
1. MaremaTndeckoe oxugaHme JUHENHON KOMOWHAIINN CJAYIaNHBIX Be-
JUYUH PABHO JUHEHHON KOMOWHAIMN WX MATEMATHIeCKUX OXKIJaHIH:

E(Clnl + . ~~+Cm77m) =cEm+.. . 4+ emEn,.

2. BEcm €(w) < n(w) pas Beex w € Q, To E€ < En. B wacrHOCTH, ecan
KoHcTaHTa ¢ TakoBa, uTo 0 < &(w) < ¢, 1o EE < c.
3. D(c€) = ¢®D¢ nas mo6oil KOHCTAHTHI c.

DaM noHaJo6UTCA TakkKe caedylomee yTepxkaeane. OHO Jerko jo-
Ka3bIBaeTCA, HO, KaK MBI yBIAUM B JaJdbHENIIeM, HIPAaeT BaKHYIO POJIb
BO MHOT'HX PaccykJeHIAX.

Jlemma 1 (Depasencrso Yebuuuesna). s awoboro ¢ > 0 u Jio-
601l HeOTpHIATEIBHOU CIyIalHOU BeMIHHEL ¥ IMeeT MeCTO clefylomee
HepaBeHCTBO!

Plu>el < '56—“ (1.3)

ﬂo%asameﬂbcmeo. Do OIIpeNCNEHNIO MATEMATUICCKOI'O OKHM JaHNA

Eu=> u@Pw)> Y  uwPw)>

weN wiu(w)>e

wiu(w)>e



oTkyga u cieayet (1.3).

Caegcreue. FEcam u — nmpomspoabHad clydaliHas BeJWIUHA, TO
g oboro € > 0

Du
P{|lu—Eul|>¢e} < - (1.4)

O6o3naunm §; cayvalHyl0 BEJIWYWHY, DABHYIO €JIWHUIE, €CAN TIPH
i-M GpOCaHUN BHIAT Oped, U Hy/JII0 B IPOTHBHOM caydvae: & (w) = ;.
DyIeM Ha3BIBAThb TAKYIO CAYIAWHYIO BEIUYNHY GEPHYAAUESCKON, KaK T
Mepy P nus caywas ogHoro 6pocanusa (onpeIeleHHY0 Ha IPOCTPAHCTBE

= {0,1}). OueBngno,
Splw)=z14+ ...+ 2, =& (W) + ...+ & (w).

3aMeTHuM, 9TO s JIo60T0 §

TO eCThb Mepa P He 3aBuCcHT OT HOMEpA ¢ CIYyIaWHON BEINYNHBL. B TakoM
ciydae ciaydalHble BEIUIUHB £ HABBIBAIOTCA 00UHAKOG0 pacnpedeqe-
HbLMU.

Yupaxuenue 4. [lokaszaTh, 9To E§; = p, D& = pq.

s nokasaTelbCTBa 3aKOHA GOMBIINX YUCEA MBI XOTHM HCHOIB30-
BaTh HepaBeHCTBO UeBBINeBa, CJAeNOBATEALHO, HaM HEOOXOJANMO MO/~
CINTATH JUCTHEPCHIO CIYIAMHON BEMUYHHBI Sy . [l 3Toro HaM ToHa 10-
6UTCA TOHATHE HE3aBUCHMOCTH.

Onpegenenune 3. Cayvalinble BeIUYIUHEL & U 1) HA3BIBAOTCSI HE3d-
sucuMblMu, ecan aas aobbix a,b € R

P{{=a,n=0b} =P{¢=a}P{n=10} (1.5)

Opegaoxenne 1. [las awobbix i,j = 1,...,n, i # j, ompe/eleHABIe
BHIIITe CIyYailHbIe BEANINHE &; U §; He3aBUCHMEIL.

Aorkazameapbcmeo. IJoAcINTAEM, BEPOSTHOCTL TOTO, 9TO HPH #-M
6POCaHWN BHITIAT OPeN, a P j-M OPOCAHUT BHITIAJA PEITKa:

P{gl = 1a€] — 0} = Z pS"(w)qn_Sn(w) — pq

weQr;=1,x;=0
B ynpaxkuenuu 1 MBI Bugean, 4TO

P{&i=1}=p, P{=0}=9¢



Takum o6pazom,

P{& =1,& =0} = P{& = 1}P{¢; = 0}.

DpoBepsd aHATOTHIHO JIA APYTHX 3HAYEHHH &; U 2;, noxydnM (1.5).

Dpegnoxenue 2. Ecan cayvaiinbie BeMnanHL £ W 1) HE3aBACUME,
To E(¢n) = EEEy.

ﬂo%asameﬂbcmeo. Do OIIpeNCHEHNIO MATEMATUICCKOI'O OKH TaHUA

E(én) =Y _éw)n(w)P(w) =
> ab > Pw) =Y abP{¢=a,n=1b}.

a,b w(w)=a,n(w)=b a,b

nMeeM:

B cmay meszaBucumocTu £ u 1) TOC€EHEE BHIDAXKEHE PABHO

> aP{é=a}d bP{y=1b} = ECEn.
b

a

Yupaxueunue 5. Ecan caydaiiibie BeTUSIHHEL 7); W 1)z HE3ABUCHMEI,
a €] U ¢y MPOM3BOJABHBIE KOHCTAHTHI, TO CAyYIalHbIE BEIUHUHEBL 7j] — €1
W 12 — ¢y TaKkKe HezaBUCUMBL. [/loka3aTh.

Joxazameavcmeo meopemor 1. M3 cBoilcTBa JMHEHHOCTH MaTeMa-
THYECKOTO OXuaanusa umeem: ES, /n = p. BocnoabzoBaBuiuck HepaBeH-
ctBoM (1.4), mony4anm

P{‘%_p‘zg}gw. (1.6)

g2

Broosn nmo amuernocTnI:

2 _ 2
() -y -
n n n

O6osznaunm u; = & — p, TOr A
n 2 n
p(22) = Lg =2 Eu; Eu,u; 1.7
)= e (£) - (S gom) 0
i=1 i=1 1Z£]
3ameTn™m (cM. ynpaxseHue 4), 9T0
EUZ2 = D& = pq. (18)

10



CryvalHble BEINTHHBL 4; U U; He3aBHCHMEL I { # j (CM. IpeToXKeHNe
1 u ympaxHeHue 5). DodTOMy

Euiuj = EUZEUJ =0. (19)

Dogcrasaaa (1.9) u ( 1.8) B ( 1.7), noaywaem

D (S—”) =K (1.10)

n

Dogcrasiaa Tenepk (1.10) B (1.6), moaydaeM yTBepXK IeHNe TEOPEMEL.

N3 nakoHa 60JBLIINX 9UCE] CAeNyeT, YTO
Pin(p—e) <S, <n(p+e)} =1, n— o, (1.11)

TO €CTh IpHU GOMBIINX 1 BEPOATHOCTH MHOXKECTBA MOCAEIOBATENBLHOCTEN
C TaKUM HHUCIOM ycIexXoB OMM3Ka K eIuHHIEe, U B 3TOM CMBICIE TOCTe-
MOBATEIBHOCTH, BXOMAAIINE B 5TO MHOXECTBO, ABAAIOTCA THUIUYHBIMHU.
3agafuMCcs BOIIPOCOM: HACKOJBKO MaJja BEPOATHOCTH TOTO, ITO HHCIO
YCIIEXOB paBHO [an], rae o Z# p? Dogo6HOro poja 3ajadil Ha3blBAIOTCA
3aga9aMu o0 6OMBIINX YKJIOHEHUAX.

Teopema 2 (Goabmmue ykaoHeHUsa). Dycth 0 < a < 1, # p.
Torga 414 I0CTATOIHO GOJBIIAX N

P{S, = [an]} ~ ;exp(—nﬁ(p, a)), (1.12)

2ra(l — a)n

rie
- «@ 1
Hp,o)=aln—+ (1 —a)ln ,
p L—p
a CHMBOJI ~ O3HA4YaeT, YTO OTHOIIEHNE BEINIHH CTPEMUTCA K eJUHUIE
npu 7 — oo.

—

3amequanune 3. O6ozuaunm depesz P GepHyaineBckyio Mepy ¢ Bepo-
ATHOCTBIO yCIexa p, a depe3 T GepHYINEBCKYIO MepY ¢ BEPOATHOCTHIO
yenexa «. PyHKINAA f](p, ) Ha3BIBAETCA IHMPONUET MEPHL T OTHOCH-
TeabHO Mephl P.

Aorazameavemseo meopemvt 2. [1a4 MPOCTOTH AOKAKEM Pe3yabTaT
s ciydas p = 1/2) xorga Bce TOCAENOBATEIBLHOCTH PABHOBEPOATHL:

Pw)=2""mu

P{S, = [an]} ~ ;exp(—n(IHQ — H(o)),

2ra(l — a)n

11



H(o) = —alna — (1 —a)ln(l — a).

Pynkuua H («) HazbBaeTca swmponued meper m. OHa HeOTpHIATEIBHA,
BBINTYKJa KBepXY, paBHa HyJato mpu o = 0, = 1 u gocTUTaeT MaKCH-
MyMa 1pu « = 1/2. Ee MOXHO MHTepIPeTHDOBATH KAK CTEleHb He-
OTIpPEeeTeHHOCTH pe3yabTaTa P OPpOCAHUN MOHETHI C BEPOATHOCTHIO
ycrmexa «. JencTBuTenabHo, mpn o = (0 MOABAAETCA TOJLKO PEIIKa, a
npu o = 1 TOIBKO Opeln H, CAefoBaTeIbHO, HIKAKON HEOIPEAeJeHHOCTHI
Her. Ecau ke o = 1/2, nosiBiienune opJia U peliki O HHAKOBO BEPOATHO,
U B DTOM CMBIC/JE HEONPeNeTeHHOCTh pe3yabTaTa MakKCHuMaabHa.
Nmeem:

n!

= [an]} = 2—7 [om]: —-n )
PLS = lan]} = 270 G = 2 e — fan])!

(1.13)

Bocnoarzyemcs namee mapectHon popmyaon CTupaunra;
nl = V2rnn"e™" (1 4+ R(n)), (1.14)
rae R(n) — 0 opu n — oo. Torga

n!
[an]!(n — [an])!

V2rnnte "

2n[an][an]lenle=len], /2x(n — [an])(n — [an])r—len] ¢=(n—lan]) |

~ (1.15)

Yépap B mpapoil dactu (1.15) 3HaAKN [eIOH 9acTH W HPOU3BEAA HEOOXO-
JUMBIe COKPAIIEHNA, TTOTyYnM, BepHyBImch K (1.13):
1
P{S, = [an]} ~ ———=2""0a""(1 — o)~ (1=o)",

2ra(l —a)n

OTKYyJla U clellyeT TeopeMa 2.

3ametaanme 4. U3 TeopeMbl 2 B YaCTHOCTH ClelyeT, UTO TIPH
p = 1/2 BepoATHOCTH TOr'0, YTO YHCIO EJUHUI 6 TNOUHOCINU DABHO
9HCAy HyJAeH, BecbMa Maja (HO He SKCIOHEHINAIBHO Mafia) IpPH 5Odb-
wux (YeTHHIX) n. A UMeHHO, ycTh n = 2k. Torga

1
P{S, =k} ~ —.
vk

C nomonibo ¢opMmyabl CTUPIMHIa MOXHO MOJNYYaTh TaKxkKe Golee
aKKypaTHBIE OLIEHKH. 3a1aJiMCAd BOIPOCOM, KaKOBa BEPOATHOCTEL TO-
ro, 9T0 YHCJAO YCIEXOB B CEPHH NJIHHLL I paBHO np + .

12



Teopema 3 (JlokanbHaa mpegeabHas Teopema). JycTb 0 <
p < 1. Torga paa ao60ro £ Takoro, 9TO pn + & €CTh HeJoe HeoTPHIla-
TeJIbHOE UHUCHO U £ = O(nl/z)

P{S, =pn+a}~ (1.16)

1 z?
V2mpg " <_ 2npq)
IpHu N — 0.

Aorazameavcmeo. [las ynpolneHns BEIMUCIEHIH TOKaXKeM TeOpeEMY
st caydas p = 1/2. Bocoabayemcst popmyaoi Crupiannra:

n!

(n/2+ o) (nj2— )l

P{S, = g + o} = 27O/ — 9n

nte™"
~ 9 «
e—(n/24z)o—(n/2-x) (% + x)(n/2+x) (% _ x) (n/2-wx)

2mn
. V2r(n/2 + 2)\/27(n/2 — 2) B
277" n —(n/2+z) /n —(n/2-2)
V2R (n = (da?/m)) 5+) (5-) N

9 2% —(n/2+w) 2% —(n/2-x)
<21+ %) (1-2%) .
™ n n

Dockoabky « = O(n'/?), 1o npu Goapumx n

2z 2z 2z 2z
1+ —~exp|— ), 1——~exp|——],
n n n n

I IIOSTOMY

OxonvaTeanLHo noJadyvacM:

2
P{S, :E—i—aL‘}NHi exp(—Qi).
2 ™ n

JlutepaTrypa

Denep B. Bpenenne B Teopuioo BEPOATHOCTEN W ee TPUIOKEHS.
M., Mup, 1984. Towm 1, raaser 1, 4, 7, 9, 10.
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Jleknua 2

Axkcuomaruka KoamMmoroposna

B mporwion aeximm Ml 3aHIMAINCh KOHEYHBIMEI WM CI€THBIMI Be-
POATHOCTHHIME TpOCTpaHCTBaMU. TOYKN HA3BLIBAINCH dJeMeHTAPHBIMA
COOBITUAMHE, JIOG0E TOAMHOKECTBO OBLIO OOBABAEHO cCOObITHEM. B ciy-
Jae HeCUeTHOT' O MPOCTPAHCTBA HEBO3MOKHO OTTPEIeNNTE €CTECTBEHHBIM
06pazoM BEPOATHOCTH JI060T0 TMOAMHOKeCTBA. (CaMBINl eCTECTBEHHBIN
U MIHPOKO TPUMEHSEMBIN B HACTOAMIEE BPeMsA COOCOO BBECTH BEPOAT-
HOCTH Ha YacTH TOAMHOXKECTB AaeT arcuomamukra Koamozoposa, co-
CTOSIIAS W3 TPUBOUMBIX HIJKE OTIPEeTeHUN.

Onpegenenne 1. DycTh UMeeTCA TPONZBOIBLHOE MHOXKECTBO (TIpo-
crpancTBo) . CucremMa Y ero TOAMHOXKECTB Ha3bIBAeTCA ad2ebpot
(MO AMHOKECTB), €C/H BBIOJHEHE! CAEAYIOIINE YCIOBHA.

1. Ecin A € ¥, To ero pononnenne A = Q\ A Takxke TpHHAIICKIT
3.

2. Ecim A m B npuHagmexat Y, TO UX obbeJUHEHNE W Tepecetde-
Hue Takke npuHagtexkar L. (KpaTko MOXHO CKasaTh, 9To aiareépa
3aMKHYTa OTHOCHUTENBHO ONePAINil KOHETHOTO OObeUHEHNS U TIepece-
JeHN. )

3. DycTroe mogMHOKecTBO () mpuHapIeKUT X,

Yupaxueaue 1. /okazaTk, 4TO:

a) BMECTO YCJOBHA 2 TOCTATOYHO MOTPeBOBATE, YTOGEl TOMBKO Tie-
pecevenne A N B npunaprexano X;

6) ecim Ay, ..., Ay mpuHaggexaT ¥, To NF_ A, € X m UL A; € 3.

Onpeaenenne 2. Pynkuna P = P(A) na anrebpe X, npuHEMAaio-
uias snavenus B [0, 1], HazpIBaeTCs Koneuno-addumuenoti 6eposmuocm-
Hot mepod (MM KOHEYTHO-aj JUTHBHON BEPOATHOCTHIO), €CIH A o
6LIX OBYX HelepeceKafommxca MHOKecTB Aum Bus X, ANB =0,

P(AU B) =P(A) +P(B) (2.1)

P(Q) =1.
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Onpegenenune 3. Aare6pa moamMuoxkecTB ) HasbIBaeTCA 0-a.42€6-
poti, ecin oHA 3aMKHYTa OTHOCUTENBHO B3ATUA CIETHOT'O YHCIa Iepece-
YeHHI. DIeMeHTH -aireGphl (T.e. MOJIMHOXKECTBA, BXOIMAIINE B o-al-
re6py) HasbIBatoTCA cobwmudny. Japa (2,X), rae ¥ ecTb o-aaretpa
MTOIMHOK€ECTB 1, Ha3BIBAETCA UZMEPUMBIM NPOCTPAHCINEOM.

Onpegenenue 4. DycTh KaXkaoMy NOAMHOXKeCTBY A, mpmHamte-
JKallleMy HeKOTOpPOH o-adarebpe Y MoAMHOXKECTB MHOXKeCTBa {1, como-
crasiaeHo qnciao P(A), 0 < P(A) < 1. ®yukmus P(A) HasbiBaeTca se-
poamuocmuot mepot (MM TPOCTO BEPOATHOCTHIO), €CAN BBITOJIHEHB!
ClefyfolIie IBa YCIOBHA.

1. Cuemmnas addumusnocmov. Mepa oOBeqMHEHNA CIETHOTO IUCTIA
HelepeceKallInXcA COOBITHI paBHA CyMMe HX Mep:

(o] (o]
P((JA) =D P(A), ecm AnA;=0, i#j.
i=1 i=1
2. Popmuposxa: P(2) = 1.
Tpotika (£2, X, P) Ha3bIBaeTCA 6EPOAMHOCTHBLI NPOCTPAHCTEOM.
3ameqdanue 1. B neppoil Jeknum, paccMaTpHBad KOHETHOE MPO-
cTpaHCcTBO (2, MBI Ha3LIBAJIH BEPOATHOCTHLIM MPOCTPAHCTBOM IIapy
(Q, P), moapasymesas, 9To ¥ eCcTh aarebpa BCeX MOAMHOKECTB 2.

3amedanue 2. JeNoCPeJCTBEHHO U3 ONpeJeleHuA CIeAyeT, ITO
1) P() = 0;
2) Ecim A C B, To P(A) < P(B);
3) P(AUB) < P(A) + P(B).

Yupaxmnenue 2. [Joka3aTh, 9TO CBOHCTBO CI€THON a HTHBHOCTH
SKBHBAJCHTHO JIOGOMY I3 CAeAYIONNX CBOICTB HEMpPepLIBHOCTH:

a) mas aoboll GecKOHeTHOH mocaeroBaTeabrocTn {A;} pacmmpsro-
wuxcAa MHOXKecTB 13 Y (T.e. Takux, 9To A; C A;41 1 Beex i)

71— 00

lim P(A;) = P([j Aj);

6) nas moboil mocaenoBaTeabHocTH {A;} BIOKEHHBIX MHOKECTB W3
Y (T.e. Takux, 910 A; D A;pq IS BCEX )

71— 00

lim P(4;) = P(ﬁ Ay).

Onpepaenenne 5. Bemecrennas gyukuna &(w) : @ — R Hasw-
BAeTCs CAYuatiHotl 8eAudUHOl, €CaU [ M060TO €Hmcaa & MHOXKECTBO
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{w: &(w) < x} aABageTcsa coGBITHEM, T.e. NPHHANIEKHUT o-aarebpe L.
Da s3bIKe Teopun (PYHKUWH Takas (PYHKINA HAZBIBAETCA M3MEPUMON
OTHOCUTENBHO O-aarebpel X.

S pmmep. Oboznaanm gepes A cncreMy MHOXKECTB Ha IPAMON, Ka-
K 0e I3 KOTOPHIX €CTh KOHETHaA CyMMa, HellepeceKafoluXca HHTepBa-
108 Buga (a,b], —co <a< b < oo

A€ A, ecam A= Z(ai,bi], n < 0.

i=1

Bxutounm B A Takike MycToe MHOXKECTBO. JeTPYAHO BUAETH, UTO
cucrema A apagercs aareGpoii. O6osmaunm B(R) manMenbinyio o-
aare6py, cogepxaiyio aaredpy A. ([JoxaszaTk, 9To Takad o-aaretpa
CYHIECTBYET.) JTa o-airebpa HA3HIBACTCA 60pedesckoti, a BXOAIINE B
Hee MHOXKecTBa — OOpeNeBCKUMMU.

B mekoTOpBIX caydasx Godee yAOOHLIM ABAAETCA CAEAYIONIEe 3KEU-
6AAEHMHOE ONPEJIEJEHNE CAYIATHON BEMMIMHEL.

Onpegenenne 5. Pynxuna ¢ = £(w) HasBIBaeTCA CIydailHON Be-
amguHOM, ecan mias aoboro B € B(R)

EYB)={w: £(w) e B} ex.

OKBUBAJEHTHOCTD MBYX ONpeAeJeHNT JerKo ClIefyeT W3 ClenyOmnX
XOPOIIIO M3BECTHEIX (PAKTOB TEOPHU MEPHI.

1. Cucrema nonaybeckoHedHHIX mHTepBadoB I = { (—oo, ), © €
R } nopoxnaer o-aare6py B(R) 6opeleBCknx MHOXKECTB Ha TPAMOT,
T.e. HaUMeHbIIadA o-aiarebpa o(Z), cogepKalasi CHCTeMY MHOXKeCTB 7,
coemajgaet ¢ B(R).

2. Dycte £ — HeKOTOpad CHCTeMa MHOXKeCTB Takad, 9To (&) =
B(R). Mlas Toro, 4Tobwl HeKoTOpasd PpyHKmuA & = £(w) OblTa H3Mepn-
MO, HEOOXOAMMO U JOCTATOTHO, ITOOHI

{w:éw)eEex

nas Bcex B € E.

([JokazaTeabCTBO MOXKHO HAlTH, HanpuMep, B kaure [lupsesa, ria-
Ba I, §4.)

Pynxmusa ¢ : R — R masbBaeTca 6opesesckoll, ecam OHAa eCTh
H3MepuMoe oTobpaxeHne maMepumoro npocrpancTsa (R, B(R)) B cebs,
T.e. aaa aoboro B € B(R) umeer mecto p~1(B) € B(R). Danpuwmep,
BCE HelpepBIBHLIE (PYHKINH ABJIAIOTCA OOPENEBCKIME.
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Apegnoxenne 1. DycTh { — ciaydaliHas BeJnvnHa, a ¢ — Hope-
fepckas pyakuna. Torga n = ¢(€) — cayvaiHas BeIHdHHA.

Aorazameavemeo. Tak xak 171 = @ o &, To n~H(B) = £~ e Y(B))
1ag Becex B. Bosbmem mpomsBoabhoe B € B(R). DocKoabKy ¢ — Gope-
JeBckad, nmeeM o~ 1(B) € B(R). DockoabKy & — ciydaiinasg BeluvnHa,
noayuaem n~H(B) = (e (B)) € F.

Onpegenenue 6. Mamemamuueckun oxcudanuen EE cayaainnon
Beanuunbl §(w) HaspBaeTca unTerpal Jebera: [ &(w)dP(w).

Q

B nanbmeneM MbI TpHBeeM onpegenenne naTerpadaa Jedera. On-
HAKO B OJAMKAWIIAX JEKIUAX HaM MOHaJoOUTCA TOABKO WMHTEerpad Jle-
6era oT KyCOIHO-IIOCTOAHHBIX (YHKIMI, T.e. TAKHX, 9TO CyHIeCTBYET
pazbuenne {2 = UA; Ha KOHeYHOE YHCJIO TMONAPHO HEIEPECeKaIoNnXCA
MHOXecTB A; € X, Tak uTo &(w) nocTosHAA (1 paBHA HEKOTOPOMY ¢;)
Ha KaxgoM A;. Takme GyHKINE Ha3bIBaloTCA HHOTJa IPOCTHIMH. B
5TOM clIydae 110 OIIpeeJeHIIo

E¢ = /5(w)dP(w) = aP(A).

7

Cxema Pepnyiin

DycTh §2 — MHOXKECTBO BCeX GECKOHETHBIX MOCAeOBATEIBHOCTEN W
HyJell W enuHWN, T.e. w = (%T1,...,&,...), & = 0 mwin 1, a uHAEKC
i mpoberaeT Bce TeNble NOJOKUTETbHBIE dncaa. Kaxkgaon Touke w, =
(x1,...,2,) mpocTpancTBa Q)| HOCTPOCHHOTO B IIPeIbI TYITeH KT
(OTHUCHIBAIOIIETO 7 NCIBITAHNE DJepPHYJIN), COOTBETCTBYET MOJMHOKE-
CTBO MHOXKeCcTBa {2, KoTopoe MBI GyjgeM 0603HAYATH TOH Ke GYKBOU
Wy, — MHOXECTBO BCEX MOCTETOBATENLHOCTER W, TepBhie N KOOPAUHAT
KOTOPBIX COBIANAIOT ¢ TMOCAEJOBATEIBHOCTRIO Wy, MBI oJdydaeM pas-
6uenne ) Ha 27 HenmepeceKkaoMUXcA ToAMHOKeCTB. O6hefuHEHNA BCe-
BOBMOXHBIX Wy, 06pasyoT aarebpy X, , uaoMopdHyIio aarebpe Bcex mo1-
MHOKecTB mpocTpancTsa ). DosTomy BeposTHOCTL P = P(”), BBe-
nennasa pamee ma Q)| apigeTCA B TO K€ BpeMsA KOHETHO-a JHTHBHOIM
BEPOATHOCTHONH MepOU Ha Y,. DPHU 3TOM P(")(wn) =pFg" % rae k —
TUCAO eIMHUT B TOCAETOBATEIHHOCTH W, .

Yupaxnaenue 3. JokazaTh, 9TO Ipu M < n aaredbpa X, ABIACTCA
mogaarebpon Xy, U Mephbl pim) y pn) COBIAJAIOT Ha Xy, .

DaM XOoTeaoch 6Bl ompeneauTh Mepy P Ha sceobwemaiouem mpo-
cTpaHcTBe {) Takyio, 9TO Ha Y, OHa COBHajaga GBI C P Badem oro
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HYXHO, MBI YBUJUM JaJbllle, a [TeJaeTCA STO C MOMOIIBIO CJIeIVIONen
TeopeMbl, KOTOPYIO MBI IPUBOANM 6€3 MOKa3aTeIbCTBA.

Teopema 1 (Teopema 0 IpoJOIKEHNH MePHL). JycTh B {1 faHa
anre6pa MHOXKeCTB X' I KOHeYHO-aJUTHBHAA BEPOATHOCTHAA Mepa Ha
Hell, YIOBJAeTBOPAIONIAA OJHOMY H3 JBYX CICAYIONNX 5>KBHBaJCHTHBIX
ycaoBui (cM. aemmy 1).

1. Cuemmnas addumuerocmy: nas TOO60N 6ECKOHETHON CHCTEMBI TTO-
HapHO HelepeceKaromuxea MHOKecTB Ay, Az, ... m3 ¥/ Takux, 9To nx
ob6beHeHIe TIPUHAIICKAT X' |

oQ

HUM: P(A;).

i=1

2. Penpepvienocmp: ecin HMeeTCH HOCIeAOBATEILHOCTD YOLIBAIO-
mux MHOKecTB A1 D As D ... m3 ¥ Takas, 9TO UX Hepecedenne IIyCTo,
NA; =0, To P(4;) — 0 npm ¢ — oo.

Torga oTa Mepa MOXKeT 6LITh eAUHCTBEHHLIM 06pa3oM IIPOJO/LKEeHa,
0 BEpOATHOCTHOH Mephl Ha MEHHMAJILHON o-aarebpe X, comepKalmei
3.

B mepBoM yCI0BHHI 5TOM TeOpeMEl eCTh TOHKHII IYHKT: €C/IH MHOXKE-
cTBa A;, o6pasyIoliie cieTHOE CeMelCTBO, IPHHA AJIeKaT X/ 1 HOoIapHo
He IepeceKaloTcs, TO BOBCe He 06A3aTelbHO, YTO HX 06heJUHeHIe IPH-
HaIIeXUT adrebpe L. Do MBI TpebyeM BEIIOIHEHEE CIEAYIOMEr O CBOI-
CTBa: €CAU OHO NPUHAOAEICUM, TO €ro Mepa paBHA CyMMe Mep A;.

JemMma 1. DycTb 3amana KOHEYHO-aIUTHBHAA BEPOATHOCTHAA
mepa P ma anre6pe ¥’'. Toraa cBolicTBa CIeTHON anAWTHBHOCTH W He-
MPEPBIBHOCTH U3 TeOPeMHBI | DKBUBAJEHTHHI.

Horazameavcmeo.

1. DenpepbIBHOCTHL + KOHewYHAad aqAWTHBHOCTH => CYeTHAd ajIu-
THBHOCTH. DYCTh IOCIEJ0BATeAbHOCTE MHOXKecTB { B, } TakoBa, 4To
BiNBj =0upui#juB=UB; €. O6osuauum A, = B\ (U, B;).
Torga, oueBuano, gasa aoboro n A,11 C A, w NS A, = 0. B cuay
cpolicTBa HempepbipaocTH P(A4;) — 0 npm ¢ — 00, a 5To o3Ha4YaeT, 4TO

P(B) =Y P(Bi) =0, n— o0,
i=1

TO €CTb

me:mm
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2. CdeTHas aqfuTHBHOCTH => HENMPEPBIBHOCTH. JYCTh 3alaHa T0-
ClIeTOBATENBHOCTE BJAOKEHHEIX MHOXKecTB A1 D Ay D ... m3 ¥ ¢ my-
cTHIM mepecedenneM NA; = 0. DaccMoTpuM ToOCIENOBATEIBLHOCTE MHO-
xecrB By, By = A; \ A;_1. OueBugno, B; N B; = § npu i # j. Kpome
TOTO, MocKoabKy NS> 1 A, = @, To U2, B; = A;. B city cueTHom anam-

THUBHOCTH
00

ZP(BZ») = P(44).

i=1

D0 MOCKOIBKY

Zn: P(Bi) = P(UiZ1Bi) = P(A1\ An) = P(A1) = P(4y),

TO
n

P(An) = P(A1) = > P(Bi) =0
opu n — o0. -

3ameuaanue 3. CBOWCTBO HENPEPEIBHOCTH MOXKHO 5KBHBAJEHTHBIM
ob6pazoM copMyanpoBaTh Tak. [laa J0601 MocaeI0BaTEILHOCTH BJIO-
KeHHBIX MHOXKeCTB A1 D Ay D ... u3 X/, Takon uro NS, A, = A € ¥/,
P(A,) = P(A) mpu n = oo. (YnpaxHeHHe: J0Ka3aTh 5TO.)

Onpenernm Y/ kak oObeguHeHne BCeX Y, T.e. KaKk CHCTEMY MHO-
JKECTB, COMepKalIylo BCe DIeMeHTHl Kax ol uz %,. OdeBuano, aro X/
anre6pa. OnpegennM dpynxnmo P Ha saemenTax ¥ Tak. Jdycth A € X,
TOTJa CyIeCTBYeT n Takoe, 9To A € X,. Doaoxum P(A) = P(")(A).
Ynpaxnenne 3 mokasbiBaeT, YTO TAKOe ONpeneeHne KOPPEKTHO, T.e.
ecan A MOXHO NMPeJICTABNTH KaK BJIEMEHT PA3HBIX L, U Ly, TO P(A)
oana u Ta xe. 3amernm, 9To P(()) = 0, mosromy P(Q2) = 1. U3 ynpax-
HeHus 3 ciaefyeT TakxkKe, 9TO JJIA JIOO0N KOHETHON CHCTEMBI MHOXKECTB
3 Y/ mallgeTcs m TaKoe, YTO BCE OHU MPHHAIEKAT Y,. DO BEPOAT-
rocts P 1o mocrpoennio kotedno-a 1 yuTHBHA, M0>TOMY 1 P AB1seTca
KOHEYHO-a I INTHBHON BEPOATHOCTHON Mepo Ha (£2, X').

Teopema 2. Omnpenenennas BbIIle GepHyAIneBcKas Mepa P ma X/
VIOBAETBOPAET YCJAOBUIO TEOPEMBI O MPOJIONKECHIN MEPHL.

Jorazameabcmeo. DycTh 3ajaHa MOCAEJOBATEALHOCTD { A, } Bio-
JKEHHBIX MHOXKECTB, MpHHAIeXKamuX Y. . DJoKaxeM, 9TO Iepecevdenne
STHUX MHOJKECTB BCET[a HE TMYCTO. JACCMOTPHUM TI€EPBOe MHOKECTBO A
sTOoN mocegoBaTeabHocTH. OHO IpUHALIEXHAT Y./ | clefoBaTelbHO, Hal-

e — | m k
netca HoMmep N Takoi, uTo A; € Xy . OTo o3HaTaeT, 9T0 A1 = UL, Wiy,
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raoe (.décv €CTh MHOKeCTBO 6eCKOHEYTHBIX HOCJIe,Z[OBaTeJII)HOCTeI‘/,I C dI’)I/IKCI/I—

DPOBaHHBIME TEePBBHIMI /N KOOPAWHATAMHE. JOCKOIBKY KaXK JO€ I3 TOC/Te-
ayromnx MHOX)ecTB A;, ¢ > 1) ABIgeTCS MOAMHOXKECTBOM MHOXKECTBA
Ay, TO B KaXK/JOM U3 HUX HAUJETCS TOYKA, MPUHAIIEKAIIAT KAKOMY-
anbo 13 MHOXKECTB wf\, (To ecTh GeCKOHEUHAA TIOCTETOBATEABLHOCTD, TTEp-
Bele N KOODAWHAT KOTOPOU COBNAJAIOT C TepBbIMU N KOOpAHHATAMMI
KaKOr'O-TO M3 w?\,) DOCKOMBKY TOCTEA0BATENPHOCTE BAOKEHHBIX MHO-
KecTB 6eCKOHeYHa, a MHOXKECTB wf\, KOHEYMHO€e YHCJ0, TO HalayTcs Gec-

KOHe9Has IO ANOoCaeJoBaTeabHocTh A (1), A ), ..., A (),..., mocaeno-
1 2 p

BaTeabuocTu {A,} u HOMep ki, Takue, 4TO Kax10e U3 MHOKECTB HTOH
k
MO TOCAeTOBATENBHOCTT COIEPKNUT TOUKY, IPUHA IEKAIIYIO Wy . Dac-
CMOTPHUM TIEPBLIA DI€MEHT An(l) 3TOMH MO ITIOCIE [OBATETBEHOCTH U TIOBTO-
1

PUM TPeBIAYIINE PACCY K JEHUs. DaleTC, OMEBH JHO, MHOXECTBO Wy,

rae M > N, u 6eckonevHas MOANOCHENOBATENBHOCTE A 2), A (), ...,
1 2

A y,... mocaegoBaTeabocTn A 1y, A @y,..., A @,..., Takue, 9TO
p Lo e p
KaxK/0e 13 MHOXECTB A (2) COMEPKHUT TOYUKY, NPUHANIEKAILYIO Wiy .
p

Oy /leM TTOBTOPATEH OMUCAHHYIO CXeMy M MOCTPOMM GECKOHETHYTO MOCJe-
MOBaTEIbHOCTEL W, MepBble N KOOpAMHAT KOTOPOHW COBHAJaloT C Wy,
caenyrommne M — N KoopamHaT coBmajaloT ¢ wyr, W T.4. Torma, ode-
BUAHO, w € Moy Ap.

Hanee, ecan { A, } — npousBoabHas HOCHEIOBATEILHOCT MHOXKECTB
uz X', o A =NA, ¢ X'. B camom jeae, ecau 661 A € X 10 A\ A € X/
U mocaeoBaTedbHocTh { A, \ A} umena 6bl mycroe nepecevenue, 4ero
6BITE He MOXKeT. TakmMm o6pa3zoM, yCIOBHE TEOPEMBI O IPONOMKEHNN
MEPBI BEITIOJIHAETCA.

D0 TeopeMe O MpOJOMKeHUN Mephl Mepa P ogHOzHAYMHO TpogoIKa-
eTcda Ha MEHIMAaJIbHYIO o-airebpy X, cogepxamymo Y. I'opopar, aTo X
ecThb o-aarebpa, MOPOXK IeHHAS MHOKECTBAME Wy, .

NTak, MBI MOCTPOMIN BePOATHOCTHOE TpocTpancTso (£2, X, P), wa-
3BIBAEMOE CXeMOH JepHYN (HCIBITAHUAME OepHYyaan). Temeph MbI
OTBETHM Ha BOIIPOC, 3adeM HyxkHa Mepa P Ha Bcem 2. [eno B ToM, 9TO
MHOTHe COGHLITHA, KOTOPHIE €CTeCTBEHHO BO3HUKAIOT B HallleM BooOpa-
JKEHIW H B KOHKPETHBIX (PU3MICCKHX U APYTHUX HayKax, He IpHHAIIe-
KaT aarebpe Y.

O pumepsl. CyTh IPUMEPOB COCTOUT B TOM, ITO MBI MPUOINKAEM
co6BITUA U3 o-aareOpbl MHOXKECTBAMU U3 aarebpbl U UCHOJB3YyeM NPHU
3TOM TEeOPEMY O IPOJOJNKEHNN MEPHI.

1. Yemy paBHA BEPOATHOCTD, 9TO IIPH GECKOHETHOM HHCiIe GPOCAHUT
MOHETHI BHIAAYT ONHU T'epObl, T.e. ¥YeMy paBHa BEPOATHOCTH TOYKHU
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(1,1,...)7 DaccMOTPHM MHOXKECTBA
Ap={w: a1 =1,... 2, =1}

OdeBuiHO, OHE 06Pa3yIOT BJIOKEHHYIO TIOCIEJOBATEILHOCTD, & UX MEpe-
cedeHne WX €CTh WHTEPEeCYIOliee HAC daeMeHTapHoe coOriThe: Anyq C
Ap mNA, = (1,1,...). Do akcHOMe HETIPEPHIBHOCTI TOIYYaeM, 4TO

P{(1,1,..)} =limP(A,) = limp" = 0.

Touno Tak Xke, ecii p He PAaBHO HU HYJI0, HI e€IUHUIE, BEPOATHOCTH
AI0601 TOYKK W paBHa HYyJIIO.

2. Yemy paBHa BEPOATHOCTL COOLITHUA B, 4TO BhIaleT KOHEYHOE
yucao egunnn’ CHoba Hy/10. B caMoM gefe, paccCMOTPUM MHOXKECTBa
B, ={w:2; =0 ¥i > n}. CobriTue B,, COCTOUT U3 KOHEUHOI'O TUCAA
TOYEK, IIODTOMY €r'0 BEpOATHOCTL paBHa HyJro. Muoxecrsa B, obpa-
3YIOT PaCHIUPAMIYIOCA IOCAeJ0BATENLHOCTE U B OOLEeJMHEHUN al0T
B, nosromy P(B) = limP(B,) = 0.

3. BepodaTHOCTEL TOr'O, YTO HHU paszy He BCTPETATCA TPHU HyJId IIOJ-
pan, paBHa Hyao mpu ¢ # 1. [lad moxasaTedbcTBa HaM TOHATOOHTCA
TOHATHE HE3aBHCHMOCTH.

Onpegenenne 7. Cobeitusg A, B € ¥ Ha3BIBAIOTCA HE3ABUCUMBIMU,
ecan

P(AnN B) = P(A)P(B).

Cobortusa Ay, Az, ..., Ay, ... HA3BIBAIOTCA HE3GABUCUMBIMU 6 COBOKYN-
HOCMU, eCln COOBITHA, MPUHAJICKAIIe J060H Kokeunot nodcucmeme
STOW CUCTEMBI, HE3ABUCUMBI B COBOKYITHOCTH, T.€. JUIA JIOOBIX 11, . . ., iy

P(A“ n. ..ﬂAim) = P(A“) . P(Alm)

Cayvaiinple BeAWHIWHEL &1, . .., &p, . .. HA3BIBAIOTCA B3AWMHO HE3aBUCH-
MBIMHE, T HEZA6UCUMBIMYU 6 CO60KYNHOCTNU, ECIT TTPUHA [JTEXK AIINE JTFO-
60MY KoHeuHOMY HaGOpY ClydalHBble BEANYMNHBI B3ANMHO HE3aBUCHMHI,
TO €CTh JJIA JIOOBIX %1, . .., %y, U JIOOBIX @1, ..., Ay COOBITUSA

{gil < al}a .. "{gim < Clm}

HE3aBHUCHMEI B COBOKYITHOCTH.

3ameqdanune 4. Eciu caydaliible BeAUYUHB TPHHIMAIOT KOHETHOE
WM CIeTHOE YHCIO 3HAYEHWH, B ONPEeJeHNN HEe3aBHCUMOCTH JOCTa-
TOYHO TTOTpeboBaATH, YTOOHI

P(le = day,.. .,&n = Cln) = P(le = al) .. P(E}n = an).
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O6oznaunm Cy cobeITHE, COCTOSAIEE B TOM, YTO CPENN KOOPAMHAT IO~
CIeTOBATENLHOCTH w ¢ HoMepaMmu k, k — 1, k — 2 mMeeTcsa xoTs 6Bl OHA
enumEANa. MBI XOTHM BBEIYHCANTE BEPOATHOCTE cobbiTna C' = NpL,Ck.
DaccMoTpuM cobbITHE [D, 9TO TpHU HYJs TMOAPSAT HE BCTPETATCA HA Me-
crax 3k, 3k — 1,3k — 2 Hu my1s KakoTO 1ETOT O TOJOKUTETRHOTO k. Ote-
Buneao, D = N{L,C3, m D D (. DojcanTaeM BePOATHOCTE COOHITHA
D. O6oznasnm D, = N}_,Cs,. Torga D = NyL,D,. OpAMBIM BHI-

YHCAEHHEM MOXKHO MPOBEpUTH, 9To cobbitusas Csg, k = 1,...,n Hesa-
BUCHMBI B COBOKyMHOCTH. Dockoabky P(Cy) = 1 — ¢% paa mo6oro k,
To P(D,) = (1 — ¢*)™. Do cBONCTBY HeNMpPEePLIBHOCTH TOXy9TaeM, 4TO

P(D) = limP(D,) = 0. Orcroga caeayer, aro P(C) = 0.

JlutepaTrypa

Koamoropos A. 3. OcHoBHBIE TOHATHA TeOpUN BeposiTHOCTen. M.,
Dayka, 1976. HlupsieB A. 2. Bepoaruocts. M., Dayka, 1980. I'naBa 1,
§81 — 4, rmaBa 2, §§1 — 4.
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Jleknua 3

3akKOH GOJBIINX YHCEJ AJA CXEMbI
Pepnynin

B mporionn ek MBI MOCTPOMIN CXeMY OJepHYIIN ¢ GeCKOHet-
HBIMU CEPHAMHU UCILITAHUN. B 5TOH JeKINKM MBI H3Y4YUM HEKOTOPLIE €€
npejeabHble CBOHCTBA.

Da mpocTpancTBe {2 GECKOHETHBIX CEpUU 3aJaJiM CHCTeMY (pyHK-
uu

él(w) = Ql‘i — 1,

rje x; eCTh 3HAaYeHUE ¢~ KOOPMHATHI MOCTEI0BATENPHOCTH Ww. TakuM
obpazoM, & (w) = 1, ecan B ¢-M NCHOBITAHUH CEPUH w HACTYINI YCIEX I
—1, ecin B -M UCHBITAHWHN HEyTada.

Yupaxueunune 1. /lokazaTk, 9T0 &; B3aNMHO HE3ABICHMEI.

O6o3nadnm
Sn = Sn(w) =D &ilw).
i=1
Toraa, o4eBuTHO,

Sp =25, —n,
rge S, €CTh YHCIO YCIIeXOB B 7 MCOLITAHAAX ODepHYJLIN.

Onpegeaenme 1 (CXoAMMOCTE IO BEPOATHOCTH). JOCICNO-
BaTeNBHOCTD CAYyIalHBIX BEAWIHH 1), (w), 3aJaHHBIX HA OJTHOM BEPOAT-
HOCTHOM mpocTpaHcTee (2, X, P), cxonures k ciaydaiiioi Beandute 7(w)
no 6epoAMHOCMU, eCIn A4 Jo6oro § > (

Pw :| no(w) —n(w) |>6) =0 mpu n — .

Teopema 1 (3akoH GOABIIAX THUCEJ A CXEMBl DEPHYJLIN).

Docre10BaATENBHOCTD Sn/n CXO[IUTCA TI0 BEPOSITHOCTH K KOHCTAHTE
pP—4q.

Aorkazameapcmeo OBLTO TaHO B JeKINN | B TEPMUHAX CAYYIaWHBIX
BEJIMYUH Sy, .
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Ounpegeaenne 2 (CxoauMOCTL ¢ BepOATHOCTBIO 1). Docue-
JOBATENBLHOCTD CIYyYalHBIX BETUUNH 1), (W), 3aJaHHBIX Ha OHOM BEpPO-
ATHOCTHOM TpocTpaHcTBe (§2, X, P), cxoanres k cayvaiiHol BeaunHe
n(w) ¢ sepoamuocmuio 1, ecim ny (w) — N(w) 11 Beex w, KpoMe MHOKe-
CTBa, HMEIOIIETrO HYIEBYIO BEPOATHOCTE (MHOXKECTBAa MepH HyJb). Ta-
Kasfg CXOMMOCTD HA3BIBETCA TAKKe CXOUMOCTBIO NOUMU HAGEPHOE TN
CXOJUMOCTBIO noumu 6ciody (I COKPAIEHHO 3allMCEIBACTCA TL.H. HJIN
m.B.).

Teopema 2 (YculeHHBLIU 3aKOH GOJIBITAX THCET [JJAA CXEMbI
DepHyLIn). DOCiefoBaATENLHOCTh S’n/n CXOUTCA C BEPOATHOCTHIO |
K KOHCTAHTE p — ¢.

JlokazaTeabCcTBO OMUPAETCA HA JeMMY 06 SKCITOHEHINAJBHBIX OIleH-
Kax.

Jlemma 1 (skcnomeHmumanbuble onenku). [lia aio6oro § > 0
cymecTByeT € > () Takoe, 9TO

P{| S, — (p—q)n |>dn} < 2exp(—en).

Aorazameavcmeo. O6ozHadnm m = p — . DPeJCTABAM HWHTEPECY-
olllee HAC cOOBITHE B BHe OObENNHEHNST IBYX COOBITHH:

{w:| Sy —mn|>dn}={w: S —mn>dn}U{w: S, —mn < —dn}

1 BOCHOJAB3YEMCA T€M, ITO BEPOATHOCTH 0Obe IMHEHNA COGBITUN He TIpe-
BOCXOUT CYMMBI BEPOATHOCTEN >TuX coObITHH. OIEHNM BEPOATHOCTH
epBOTO COOBITHA:

P{S, — mn > dn} = P{h Zn:(g} —m) > han} -
= P{exp (h i(él - m)) > exp(hén)} <

< exp(—hdn)Eexp (h Zn:(él - m)) :

3mech h — mpomsBoJbHAA MOMOKUTEIbHAA KOHCTAHTA, BEIGOP KOTOPOK
MBI OCYIIECTBHM II033Ke, a IoCIefHee HepaBeHCTBO €CTh HepaBeHCTBO
Yeo6wimepa. CaydaiiHbie BeTHINHBL exp(h(éi — m)) HE3aBUCHMEI B CILY
HE3ABHCHMOCTH CIYYAlHBIX BEIMYHH &, I03TOMY (CM. NpEIOKeHHe 2
gexumn 1)

Eexp(nY (6 - m) =[] Eexp(t(é — m).
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Bosbmem h croak MaabiM, 9To6H | h(§; — m) |< 1 m Bocmoabsyemcs
HEPABEHCTBOM:

3
ex<1—|—x—|—§x2 opu |z |< 1.

Domyanm:

[IE"E ) < H[l + hE(& —m) + %th(gi —m)?

Bropoe ciraraemoe B mpaBoil YacTu paBHO HYJIO, a TPEThe He MPEBOC-
XouT ¢y h? II4 HEKOTOPOTo ¢ B CILIY OIPAHIIeHHOCTH &;. DO3TOMY

H Eeh(ﬁz—m) < H(l 4 Cth)n’

U OKOHYATEILHO TIOLYIaeM
P{S, —mn > dén} < exp(—n(dh — In(1 4 c2h?))) < exp(—ne),

rae e = 6h—In(1+c2h?) > 0 aaa gocraTodno Maabx h. AHAIOIHYHBIM
06pa3oM OTEHUBAECTCA BEPOATHOCTH BTOPOT'O MHOXKECTBA.

Jokazamebcmeo YeUAEHHO20 3aKOHA BOALUWUT YUCEA. DACCMOTPIM
MHOKecTBO B = {w : S, (w)/n He crpemurea K m}. Dycrb w € B. Do
o3HAYaeT, 4To HalgeTca d > 0 Takoe, 4To AaA Mo6oro k Haigercs
n > k makoe, aro | S, /n |> &. Mer xomuM gokasarh, ato P(B) = 0.
st 3TOT0 JOCTATOYHO MOKA3aTh, YTO A JAGOT0 PUKCHPOBAHHOTO §
BEPOATHOCTH COOHITHA Bs = Ny UsL v An s PaBHA HyIO, T Te

Aps = {w : ‘S’néw) ‘ > 6}.

ToBopaT, 4To cobpiTie By COCTOUT B TOM, 9TO IPOR3OILIO 66CKOHEYHOE
9mcio cobuTul Ay 5. JacemoTpuM cobuitne Dy = UL v Ay 5. Onernm
€r'0 BEPOATHOCTDL € IMOMOIILIO JEMMBI 00 SKCIIOHEHIHAILHBIX OlIEHKAX:

P(DN) < Y P(Ans) <2 > exp(—en) < Cexp(—eN),
n=N n=N

rie KoHCTaHTH C' 1 € He 3aBHCAT oT N. Jockoabky Bs = N¥_; DN, B
CIITY CBOWCTBA HEMPEPHIBHOCTH

P(Bs) = lim P(Dx) = 0.
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3amettanme 1. OasHnuma MeXIy 3aKOHOM OOJABIINX HMHCET W YCH-
JEHHBIM 3aKOHOM GOJBIINX MHCEI COCTOUT B CAEAYIOMEM. 3aKoH 6OMb-
HIUX 9HCeJ YTBEPXK AT, 4TO BEPOATHOCTD KaxkJOI0O U3 MHOKeCTB A, 5
MaJa, HadnHas ¢ HeKOTOPOro N. YCIUICHHBIR 3aKOH GOMBIINX THCEN TJIa-
CHUT, 9TO BEPOATHOCTE 0ObeAnHeHNA US .y Ay 5 CTPEMITCA K HYIIO TIPH
N — oo.

3akoHn HYJA N € JUHUIIBI

AHaJOrmIHO TOMY, Kak MBI BBEIH CXeMY JEepHYJIN Ha IPOCTpaH-
cTBe GECKOHEeYHBEIX B OHY CTOPOHY mocaegoBaTenbHocTed w3 0 m 1,
MOZKHO BBECTH CXeMy OEpHYJIN Ha IPOCTPAaHCTBe (PyHKIWH, TIPUHIMa-
foinnx 3Haderna 0 u | Ha M060M CIeTHOM MHOXKECTBe (IPOCTO TPOHY-
MepOBaB ero HATYPAJbHBIMI YHCIAMH). B 9acTHOCTH, MBI MOXKEM 5TO
clenaTh Ha MHOXKECTBE BCEX IENbIX IHCea /. JOAyIuM OeCKOHeTHBIE
B 06e CTOPOHHI TIOC/Ie0BATENLHOCTH U3 HyJEH W eJWHUI, TJe KaXaad
KOOpAMHaTa He3aBHCAMa OT OCTaJbHLIX W paBHa () ¢ BEPOATHOCTBIO
n 1 ¢ BeposTHOCTBIO p. O6O3HAYINM COOTBETCTBYIOMIEE BEPOATHOCTHOE
mpoctparcTBo (2 = Q(7), %, P). DaccMoTpuM oToGpaKeHne CABATA
6 . Q — €, npm KOTOPOM MOCTEJOBATENHLHOCTD ITPOCTO CABUTAETCA
BOpaBo: eclll w = (2)7> . 1 0(w) = (k)i _.,, TO Yp = Tp_1 I
Beex k. CaBUT MHOXKECTBa ONpeenaeTcs KaK CABUT BCEX ero DIeMEHTOB:
6A = {fw : w € A}. CaBUr ecTh B3aUMHO-OHO3HAYHOE MPEOGPA3OBa-
uue B ce6a u " coxpanser mepy”, T.e. P(A) = P(0A) = P(6=1 A).

Onpepgenenune 3. CobbiTie A Ha3BIBACTCA UHBGPUAHMHBIM, €CJAT
A = A.

MoxXHO mpuBeCTH MHOXKECTBO IMPHMEPOB MHBAPMAHTHBIX COOBLITHH:
Toyka w = (...,1,1,...), T.e. TOCIEIOBATEALHOCTD U3 OMHUX €JHHIII;
MHOXECTBO MOCJAEIOBATENBHOCTEN, B KOTOPHIX Ha KaXIOM HHTepBaJe
9HUCIO €UHNI] He IPEBHIIIAeT ¢ IPOLEHTOB OT AIUHBI MHTepBaJaa 1 T. 1.
S3aKOH HyJs W e[UHUNBI YTBEPXK JaeT CJIeTYIOIee.

Teopema 3. B cxeme OepHY/IHN KaXjgoe NMHBAPpHAHTHOE COOLITHE
umeeT BeposaTHOCTH O mianm 1.

Aorkazameapcmeo. Da30BeM COOBITHE AOKAAbHbIM, €CAU OHO TIPH-
HaqIeXKUT aarebpe X, g HEKOTOPOTO m. YOeluMcs cHadamga, 9TO
YTBepXK IeHe TeOPEMBI BEPHO [ JOKAJIBHBIX COOBITHH. DycTh A m0-
xaabHO u uMeeT Mepy 0 < 8 < 1. Torga mis nocTaTovHO GOJABIIOTO
n cobbitus A u 0" A mezapucumbl, Tak uTo P(A NO"A) = 2. Do, ¢
Apyroit cropobl, A = A 1o npeanonoxennio, Tak 4To P(AN " A) =
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P(A) = P(6™A) = B, 9T0 NPUBOAUT K MPOTHBOPETHIO.

[lis saBepieHUA JA0KA3aTelbCTBA AOCTATOYHO TMOKA3aTh, ITO A
aio6oro MHOXKecTBa B € X m moboro kak yromao mamaoro € > (0 cy-
MIeCTBYeT JAOoKadbHOe cobriTie A Takoe, uTo P(AAB) < € u BoCIONb-
30BATHCA BHIMIETPUBEAEHHBIM PACCY K IEHIEM ¢ TOYHOCTBIO 0 €. 37eCh
AAB ecTh cuMMeTpHYeckaa pasHocTb MHOXecTB A u B : AAB =
(A\ B)U(B\ A). Dam moHaK06HTCA CaAefyIOUas JeMMa, JAoIasd Ipe/-
cTaBJeHUe O TOM, KaK MOXHO TIOCTPOUTH o-aarebpy, comepKailyio 3a-
TAHHYIO CHCTEMY MHOXKECTB.

JemmMa 2. JycTh gaHa Tpom3BoJbHas aarebpa F moaqMHoOKeCTB 2.
De06XOINMBIM U [JOCTATOYHBIM YCJIOBHEM TOro, 9T0 F ecTh o-aarebpa,
ABAAETCA €€ 3aMKHYTOCTH OTHOCUTENLHO B3ATHA MOHOTOHHOTO Mpe-
fefa; IS J060H ToCAeJ0BATEIEHOCTH A, BIOKEHHBIX MHOXKECTB, DU~
Haanexkamnx F (T.e. App1 C Ap), creayer, ato A = Ny A, € F; u aaus
TO6OH MOCAeJOBATENLHOCTH PACIIHPAIOIINKXCA MHOKeCTB A, € F (T.e.
Apt1 D Ap) caenyer, uto A = Up A, € F.

Aoxazameavemeo. Kaxgaa o-aare6pa, o9eBHIHO, o06MagaeT yKa-
3aHHBIM CBONCTBOM. JYCTh Tenephb J 3aMKHYTO OTHOCHTENBHO B3ATUA
MOHOTOHHOT'O TIpefieqia. JoKaxeM, 4To F sABiaseTCs o-aiarebpoi. JycTh
3a/aHa MPOMW3BOJBHAA MOCAEIOBATENLHOCTh MHOXKecTB B, m3 F. Tax
kak F aarebpa, To g moboron A, = U B; € F. Do A, C A,41.
Dostomy Uyl A, = U2, B, € F. AHaIOrIYHO MOXKHO NOKa3aTh, ITO
N2, B; € F.

Bepremcs k mokazaTeabcTBy Teopembl 3. Ob6ozmadnm F cucremy
MHOXECTB TaKyio, ITo /i dA06oro € u mis aioboro B € F cyiecTByeT
rokaapHoe cobriTne A Taxoe, aro P(AAB) < ¢. O4eBujHo, aareGpa
Y ToKaJqbHEIX MHOXKECTB MpHHAAIeXAT F. DokaxeM, 9T0 F 3aMKHYTO
OTHOCHTEJILHO B3ATHSA MOHOTOHHOT'O Tpefena. JYyCTh B, ecTh mocie-
JOBATEIBHOCTE PACHINPSIONINXCS MHOXKeCTB, npuHa qrexamnx F. O6o-
sraduM B = UB,,. DocaegoBaTedbHOCTh P( By ) MOHOTOHHO BO3PACTaeT
1 OrpaHUYeHA CBEPXY, MO3TOMY [ 3aJaHHOTO € CYIIECTBYET N TaKOe,
aro P(B\ Bp) < £/2. BosbMeM JoKalbHOE MHOXKECTBO A, Takoe, 4TO

P(A,ABy) < /2. Torga
P(BAA,)=P(B\ A,) +P(4,\ B) <
< P((Ba \ ) U ((B\ Ba) \ A40) + P(An \ By) <

<P(Bp\ An) +¢/2 4 P(Ap \ Bn) < P(A,AB,) +6/2 <ce.

Takum obpazom, B € F. AHATOTUYHO JOKA3LIBAETCH, ITO MOHOTOHHBIN
npefea B mocaeqoBaTenbHOCTH yORIBAOMINK MHEOXKECTB B, | B mpuHa -
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aexut F. Coraacuo gemme 2 F ecTh o-adarebpa, HO X SBASETCA HAN-
MeHBIIIEN -aarebpol, colepXKallel JoKaIbHbIE MHOXECTBA, MOITOMY
F=X.

Urak, mas aoboro A € ¥ u ar060r0 € HallfeTcs JoKaabHoe B Takoe,
gro P(AAB) < £. DaM NmoHago6ATCA TPH CBONCTBA CHMMETPHYECKON
Pa3HOCTH, KOTOPHIE JETKO [OKA3BIBAIOTCA HETIOCPEACTBEHHO.

Yupaxnenue 2. /lokazaTh caegyioline CBOUCTBA.
1. Mas arobwuix C'u D

| P(C) = P(D) | P(CAD).

2. C,Z[BI/IF CI/IMMCTpI/I‘ICCKOf/i Pa3sHOCTH MHOXKECTB €CTh CHMMeTpHIeCKasd
Pa3HOCTh CABUI'OB 3THUX MHOXKECTB!

(CAD) = (0C)A(OD).
3. Nas mobeix A1, As, By, B
(A1 N A2)A(By N B2) C (A1ABy) U (A2ABs).

DaccMOTPHUM MPOM3BOJABHOE MHBApUaHTHOe MHOXecTBO A. [las za-
JaHHOTO € BHIGepeM JoKalbHoe B Takoe, ¥To P(AAB) < . Tak kax
npeobpazoBanue @ coxpaHAeT Mepy, B CIIY OYHKTa 2 yIpaKHeHusa 2

P((6" A)A(6" B)) < e. (3.1)
Bocmoabayemca ganee MyHKTOM 3 yIpaxXHeHAd 2:
P((ANOTAA(BNEI"B)) <P(AAB)+P((6"A) N (0" B)) < 2. (3.2)
M3 (3.2) n nyskTa 1 ynpaxHeHusa 2 cieayeT, 9To
|P(ANO"A) —P(BNO"B) |< 2. (3.3)

Do B J0KaJlbHOE MHOXKECTBO, TIOITOMY [JIf JOCTATOYHO GOMBIINX 12 CO-
6piTHs B u 0" B HezaBHCHMEI, a TaK KakK f coxpaHseT Mepy, TO

P(B N6"B) = P*(B).
C mpyrou CTOPOHBI, B CHJIY WHBapHaHTHOCTH A
P(ANO"A) =P(A),
mosToMy u3 (3.3) moaydaem
| P(A) — P*(B) |< 2e. (3.4)
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3aMeTHM fajee, ITO
| P*(B) = P*(4) |[< 2| P(B) — P(4) |< 2¢.
DoJCTaBlAA NOCAeJHee HepaBeHCTBO B (3.4), momyanm
| P(A4) = P*(4) < 4,

oTKyma cienyet, 9to P(A) = 0 aubo 1.

3ameqdanue 2. lzyueHneMm coxpaHAOINX Mepy MpeoOpasoBaHUN
3aHUMAETCA Sproaundeckasd Teopua TUHAMHUYECKUX CUCTEM.

JlutepaTrypa

Mupsies A. 3. BepoaruocTs, raasa 1, §§5, 6. Pennep B. Bregenue B
TeOPHUIO BEPOATHOCTEN U ee TPWIoKeHns, ToM 1, raasa 6, §§1 — 4; ruasa

8, §§1 — 4.
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Jleknusa 4

NuaTerpan Jlebera. MaTemaTudeckoe
OXKM JaHUEe

DYCTh UMeeTCA M3MEPHMOe MPOCTpaHcTBO (§2, X, ft) co cHeTHO-aj-
MUTUBHOU KOHEYHOU Mepoh. B jexiuum 2 MBI Ompefequan MaTeMaTH-
Yeckoe oXugaHme (MHTerpal JleGera) Misf KycOUHO-MOCTOAHHEIX (MIPO-
CTHIX) caydaliHbix Beamann. OnpegeauM Teneps uHTerpan JlebGera gis
MIPON3BOJALHON HEOTPHUIATETLHON M3MEPUMON (PYyHKIINH.

Onpegaenenne 1. Ecin f(w) > 0, To
[ t@yinte) = s [ piinte), (4.1)

rme sup 6epeTcd MO BCeM KYCOYHO-TIOCTOAHHBIM (DYHKIHAM o TaKIM,
910 p(w) < fw). damree, mobyto GyHKINLO f(Ww) MOXKHO NPEJCTABHTE
B BHJeE

Jw) = fHw) = f~ (),
rae fT(w) = f(w), ecn f(w) > 0, u 0 B mpoTuBHOM caydae; [~ (w) =
—f(w), ecim f(w) < 0, u 0 B mpoTuBHOM cay4ae. Toraa ompeneanm

/f Jau(w /f+ Jau(w /f e

ecan xoTsi GBI ONUH W3 WHTErPAJOB B NpPaBOW YacTH He paBeH 0o. B
cay4vae, ecin oba 6€CKOHEYHBI, UHTErPaJ He ONpeIeaaeTcs.

3amedanme 1. AHaIOrUYHO ONpefensaeTCs WHTErpad Mo JioboMy
mogMHOXecTBY B C €, B € X, HyXHO JUIIb B3ATHL OTpaHUTEHIE
KYCOYHO-TIOCTOAHHBIX (DYHKINH HAa MHOXKECTBO B.

Onpegenenue 2. Oyukina f HaA3BIBaeTCA unmezpupyemoti no Jle-
bezy, ecin ee maTerpad Jlebera cymecTByeT U KOHeHYEH. JTO O3HAYAET,

/f+ Ydp(w) < oo /f w)dp(w) < oo,

qTOo
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TO €CThb
[ 151dn < .
193

Ynpaxknenne 1. DokazaTh, 9T0 HEMOCPEJCTBEHHO W3 OMPe e eHIA
BBEITEKAIOT CaeAyolllue CBOUCTBa WHTerpada Jlebera.
1. Ecam 0 < f(w) < g(w) npn Bcex w, To

deu < /gdpu

Q

2. Jlaa o060l KOHCTAHTHL ¢

/cfdu:c!fdﬂ.

Q

3. Nlast mobbIX MHTErpUpyeMbiX f1, fo

[+ mtu=[rar+ [ g

Q

Q Q
4. ufdu‘ Ssjlfldﬁu

5. Ecim B C Q u u(B) =0, To

Zfdﬂzo.

6. Ecam f >0m [ fdu =0, To f =0 nodarn Becroxy.
Q

Onpepencuaue 3. Mamemamuueckum oxncudanuen EE ciayvaiimon
BEJWYHHBI £, 3a1aHHOT Ha BEPOATHOCTHOM npocTpancTBe (£, X, P), Ha-
3bIBaeTCA ee mHTerpad JlebGera mo mepe P :

E¢ = [ ¢(e)dP.

Onpegenenune 4. Cayvaiinas BeInYnHAa, TPUHIMAOIIAS C TTOJOXK-
TeABbHOW BEPOATHOCTHIO 3HAUEHUSA +00 WIH —0O0, HABLIBAETCH PACULU-
peHHot.
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Omnpenenenne naTerpadia Jlebera oueBuaHEIM 06pa30M pacIpocTpa-
HAEeTCA U HA PACIIUpEeHHBIE CAyYalHbE BEJMYIHMHBI. 1acTo OBIBAET MO-
Je3Ha cAeAyIomasa JeMMa.

Jlemma 1. [das mwoGoit (B TOM dHcIe W PACIINPEHHON) HEOTPHIA-
TeJbHOW CIYIalHOU BEANYHHBI £ HAaHIETCA TMOCAeIOBATEILHOCTE TPO-
CTHIX (T.€. KYCOYHO-TIOCTOAHHBIX) CIyIalHBIX BeANdnH &1, €2, . . . TAKWX,
910 & (w) 1T €(w) AT KaxI0r0 w mpH N — 00.

Jokasameavcmeo. IpenbasuM GyHKUNN &, (W) B ABHOM BHJE:

n2™
k—1
(@) = 5 Tann (@) + i) 2n) (@),
k=1
rue
k—1 k
Apn =qw: 5 _€(w)<2—n ,

a I, ecTb mHAUKATOD COOBITHA A :

[a(w) = 1, ecmw € A;
A 1 0 B OpoTHBHOM caydae.

Jlemma 1 mosBoaseT gaTh >KBUBAJEHTHOE ONpejeNeHne MaTeMaTH-
YeCKOT'O OXKUJaHNA CIyIaiiHON BeANYHHBL. DycTh & = £(w) — HeoTpn-
naTeabHasA CAydaiHas BeINInHa. DOCTPONM MOCAeN0BATETHHOCTE MPO-
CTHIX HEOTPHUIATEIBHBIX CIydalHBIX Beandns {£, } Takux, arto &, (w) 1
&(w) mpu n — oo auA Kaxjgoro w €  (em. gemmy 1). B cmay ompe-
NeJeHnA MaTeMaTHIeCKOrO OXMAAHUA MPOCTON CAYIalHON BEIUIWHBL
B¢, < E€pqa, ecam &, < £pq1. DodTOMY cyiecTByeT npegen lim, EE,,
BO3MOXKHO, PABHBIN —+00.

Onpegenenue 5. Nnrerpanom JlebGera oT HeOTpUIATENLHON CIy-
YalHON BeJINYINHEI £, NN ee MaTEeMATHIECKUM OXKWJaHueM, Ha3bIBAe TCA
BEIUINHA

E¢ = lim Eé&,,

rjle TOCAe0OBATENBHOCTE &, Takasd, 9To &y (w) 1 &(w).

[l onipeiefieHUS MATEMATHIECKOTO OKUIAHUA CIYIAUHON BeJUH-
HBI OGIIET 0 BUAa HYKHO, KaK W PaHbIe, IPEJCTABUTL €€ B BIIe Pa3HO-
CTH IBYX HEOTPHIATENLHEIX CIyTailHEIX BeamanH: & = €T — €7,

Onpepeaenne b koppekTHo, T.e. E£ He 3aBucHT 0T BEIGOpaA ANIPOK-
CUMUpYIOIIel mocienoBareabuoctu &,. Kpome Toro, onpeaetenns 1 u
5 DKBUBAJEHTHHI. ODTO BHITEKAET U3 CIACAYIOMEH HUXKe TeopeMbl 1, Ko-
Topas ABIAECTCA BAPHAHTOM TEOPEMBI O MOHOTOHHON ¢xoauMocTh. Jliasa
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GOPMYIUPOBKU TeopeMbl | HaAM MOHANOOATCA HEKOTOPLIE CBeJIeHNA W3
TEOPUU MEPHI.

JlemMa 2 (13 TeopHMHE MepHBI). DPeIel CXOMAMLENCA TP KAk T0M
W MOCHEOBATENBHOCTH CTYYallHBIX BeAN4nH &y, (W), 3aJaHHEIX HA OTHOM
BEPOATHOCTHOM npocTpatcTie (§2, X, P), aBadercs caywaiiHoll Beandn-
HOT.

Aorkazameavbcmeo. DokaxeMm BHaTade, 9TO sup &, u inf &, apasgoTcsa
CAYIANHBIMEI BEAUIUHAMI. JTO CIEAYET W3 TOXKIECTB

{w:sup&, >al=Upi{w: & >a}l €Y,

{w:infé, <al=Up{w: & <a} €X.

[anee, MOCKOIBKY

limsupé&,, = inf sup &,,, liminf&, = sup inf &,
T m>n n m2n

To limsupé, m iminf&, Takxke ABAAIOTCA CAYIaWHBIMH BeJIUTHHAMHE.
O6ozraanM &(w) = limp 00 & (w). Torga

{w: Ew) <al={w: limé,(w) < a} =
={w: limsupé, (w) = liminf&, } N {w : limsupé,(w) < a} =
=QnN{w: limsupé,(w) <a} € X.

CaegcTBue 1. DycTh NOCIENOBATENBHOCTD CAYIalHLIX BEANTHH
&n(w) cxomures k QyHknnm &(w) nouTn Beioay Ha 2. Torga £(w) ecTw
cayvaliHad BeImTInHA.

JAoxazameavcmso. ObozHadInM depes A MHOXKECTBO Tex w, MIA KO-
TOPHIX &y, (w) He cxoanTed K &(w). Do ycaopnio, A € ¥ u P(A4) = 0. Dam
YOOGHO CYUTaTh, 9T0 Mif AoGoro cobertua B Takoro, aro P(B) = 0,
BCE ero IOAMHOXKECTBA TaKKe ABIAITCA COOBITHAMI H, CAeJ0BaTEILHO,
TaKKe HUMeIOT HYJIeBYIO BEPOATHOCTE. (B IpoTHBHOM ciydae MBI OO~
HUM X TaknMu MHOXKecTBamiu.) ClefoBaTenbHO, Jid T060ro a

{w: éw)<at={w: {w) <alnN(Q\A))U{w: &(w) <a}nA) eX.

Sameuanne 2. Wz caegereus 1 Bugno, uTo npeten &(w) cxomd-
[IeWC TOYTH BCIOAY MOCAEIOBATENBPHOCTH CAYYAWHBIX BEIUTIHH MOMKET
OBITH ONpefeNeH ¢ TOYHOCTHIO 10 MHOXKECTBA MEDBI HYJIb: 3HAYEHUA
¢(w) Ha MHOXKecTBe A He nrpatoT poan. TakuM o6pasoM, B BEPOATHOCT-
HBIX PACCY XK AEHUAX CAYIANHYIO BEANYNHY MOXKHO 3aMeHUTH APYTOM, OT-
JUYAOIIENCS OT MCXOMHON HAa MHOXeCTBe Mephl HyJab. Boobme, ecan
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KaKoe-auH0 CBOWCTBO BBIMTOMHEHO [JIA BCEX W 3a MCKAOYEHNEM, ObITH
MOXKET, w, TPUHAICKAIINK MHOXECTBY, UMEIOIIeMy HYJEBYIO BEPOAT-
HOCTb, 6y IeM TOBOPUTE, ITO0 HTO CBONCTBO BBIIOJHEHO NOUMU 6Ciody Ha
Q wiam das noumu 6cexr w WIM NOYMU HAEEPHOE W KPATKO 3alNCHIBATD
3TO TakK: M.B. WJAW II.H.

Teopema 1. Ecan ¢yukuma f(w) ecTh Jid MOYTH BCEX W CyMMa
pAia U3 HEOTPHIATEIBHBIX KYCOTHO-MIOCTOAHHBIX GyHKUmH fpr(w), T.e.
ecan

flw) = Z falw) mB,
n=1
TO oo
/f(w)dP(w) = Z / fo(W)dP(w).
Q n=1 Q
Maa goxasaTeabcTBa TeopeMbl 1 HaM TTOHAJOOGUTCA CBOMCTBO CUET-

HOW aqANTHBHOCTH HHTerpadqa JleGera.

Jlemma 3 (u3 Teopum meprr). Jycrb [ > 0 ma . Onpegeaum
dyukmmio ¢ Ha sIeMeHTax o-adreCphl X CAEAVIONMM 00paszoM: [IJsd
aoboro B € ¥ monoxuMm

&(B) = /fdP.

Toraa ¢pyuknusa ¢ cueTHO-aJITUTUBHA HA Y.

Aorkazameavcmeo. Iycth B, € ¥ — MPOU3BOIbHASA TOCAE[OBATENb-
HOCTb TIONApHO HelepeceKalomxcad MHOXKecTB n USL B, = B. Dam
HYXKHO JOKa3aTh, 9TO

O(B) = @(By). (4.2)

Ecan f ecth magukaTop HeKOTOpOTO MHOXKecTBa A € X, T.e.

@) =1y

ecan w € A,
ecan w & A,

TO

/fdP = P(AN B),
B

W cUeTHad aNANTUBHOCTL GYHKINU P ecTh He 9TO WHOe, KaK CYUET-
Hadg aJuTHBHOCTE BeposaTHOCcTH P. /lastee, ecain f KycodHO-TIOCTOsAHHA,
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TO JIETKO MPOBEPUTH, YTO YTBEPK AEHUE JEMMBI 3 TaKKe BBIMTOIHAETCA.
DyCTh Teneph f TPOM3BOJIbHAA HEOTPUIATEIbHAS M3MepUMasi (PDYHKIINA.
[lasi mobon KycodHo-IocTOsIHHON ¢ Takol, 410 0 < ¢ < f, nmeem:

/gde = i/godP < i@(Bn).
B n:an n=1

QOBTOMy, COINIaCHO OIIpeleJeHUIO HHTerpaJa,
o(B) <3 0(B,). (4.3)
n=1

3ameTn™m Tenepb, 4To ecin P(By) = 0o Mg KakKoro-HUGYAb 1, TO MO-
ckoneky ®(B) > ®(B,), (4.2) o4eBugHBIM 06pa30OM BHIIOIHEHO. DO-
sToMy GyneMm canTaTh, 9To ®(B,) < 0o aas Beex n. Torga aus aoboro
CKOJTb YTOHO Magaoro € > ( HaleTca KyCOTHO-TIOCTOAHHAA (DYHKIUA

TaKasg, 9TO
/gde > /fdP—e, /gde > /fdP—e. (4.4)
By By

By By
DodTOMY
®(ByUBs) = / fdP > / wdP =
B,UB> B,UB>
= /gde +/g0dP Z @(Bl) + q)(Bz) — 26,
B1 B
a 3HAYUT

O(B) UBy) > ®(By) + O(Bs).

Toyno Tak xe IOCJAENOBATEABHO TP KazK10M N IIOJYY1aeM
OBy U...UB,) > ®(By) +...+®(B,). (4.5)

Dockoabky B D By U...UB,, To u3 (4.5) cregyer, 4To

o(B) >3 B(B.) (1.6)

Teneps (4.2) Berrekaer us (4.3) u (4.6).
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Aorkazameavcmeo meopemvr 1. DaccMoTpuM PyHKITHT

Fy =Y falw).

Ouepnno, Fy kycouHo-mocTosauHbl, Fy > 0 u Fy(w) 1 f(w) mourn
Bciogy. MuTerpaa JleGera oT KycOIHO-MOCTOAHHON (QYyHKIUN HE 3aBU-
CH'T, OYEBHIHO, OT e¢ IIPeJCTABICHNA, T.C.

[ Extw)ap) = 5 [ 1P

Q n:lﬂ

B cuny MoHOTOHHOCTH TOCHETOBATENLHOCTH fFNdP CyHIECTBYET IIpe-
neq

Jim [ FydP = Z/fn(w)dP(w). (4.7)

SDodToMy
JdP > sup | FxdP =" [ fu(w)dP(w). (4.8)

BosbMem mpomzBoabHoe ¢ > 0 1 IPOM3BOIBHYIO KyCOTHO-TIOCTOAHHYIO
dyskumo ¢(w) > 0 Takyio, aro 0 < ¢ < f. Donoknm

By ={w: Fn(w) > ¢(w) —€}.

B cuity MOHOTOHHOCTH MOCTEOBATEALHOCTH Fiy (W) TPH KakK JOM w MHO-
KecTBa By 06pa3yioT BoO3pacTalOUIYIoO MOCIeNOBATETbHOCTD!

BiCcByCc...CcByC....

/FNdPZ /FNdPZ /(@—6)dPZ

Hansa moboro N

Q Bn BN
> /gde—eP(BN)Z /gde—a. (4.9)
BN BN
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O6osrauanM B = UYL, B,,. Do eMMe J HHTerpaJs ABAACTCA CICTHO-a -
QUTUBHON (BYHKIIMEN MHOXKECTBa. B CHIy 3KBUBaJeHTHOCTH CBOWCTB
CYETHON aMUTUBHOCTH W HEMPEPLIBHOCTH MMEEM:

lim godP:/gde.

N—oo
By B

Tak kax

flw) = lim Fy(w) > ¢(w)

N—oo

nouTn Beioay, To P(B) = 1. Dosromy mo cBoficTBY b ynpaxkHeHus 1

/gde = /gde. (4.10)

Q

Depetigem B (4.9) k mpegeny mo N, yunroias (4.10):

g:l/fn dPZ/godP—e. (4.11)

Q

B cuny npomsBoabHOCTH €

S [raaez [ear.
n=1 Q

1 TIOCKOABKY ¢ < f — m06as KyCO9HO-TIOCTOSTHHAA (PYHKIINS, TO

;/fn dPZSZfdP. (4.12)

Teopema 1 crenyet Teneps us (4.7), (4.8) u (4.12).

3ameqaanme 3. Dapagy ¢ MaTeMaTHIecknM oxmaanmem E£ Bax-
HBIMEH YUCJAOBBIMI XapaKTePHCTHKAMHI CIy9ailHON BeIMIHHBI & ABJIA-
IoTes BeamauHbl EE” | HasbIBaeMble MOMEHTAME 7-T'0 MOPAIKA.

Teopema 2. DycThb & U 1] — HE3ABHCUMBIE CayIallHble BETUTHHBI U
oycts E|¢] < oo u Eln| < oo. Torga E|én] < co

E¢y = E€En.

Aorkazameapbcmeo MOXKHO HalTH, HanpuMep, B yaebunke A.J. llu-
pseBa. CyThb €ro COCTOUT B TOM, 9TO A MPOCTHIX (PYHKIUH yTBep-
KJIeHHE MPOBEPAETCA HEMOCPEACTBEHHO (MBI TPOJENAIN 5TO B OJHOH
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I3 IPEABIAYIIAK JEKIN), a 3aTeM CIydaiiHasd BeIUInHA TPHGINKAETCA
MIPOCTBHIMHI 1 COBEPIIAETCA MPEAeAbHLIN TIEPEXo I Mo, 3HAKOM HHTerpaaa
JleGera.

DpuBefeM Teleph BaKHENINe HEPABEHCTBA IS MaTeMaTHIECKIX
OXKWJTAHUN, 9acTO UCIOAb3YEMBIE B TEOPHN BEPOATHOCTEN. JePBOE M3
HUX — HepaBeHCTBO UebHiTeBa — MBI YiKe MCTOTb30BAIN A AUCKPET-
HBIX CAYYallHBIX BEJTUTHH.

DepaBencTBo ebnimreBa. JycTh { — HeOTpHUIATEIBHAA CIY-
Jannas Beamdunna. Torga mias maio6oro € > 0
E
PE>e) < == (4.13)
€

Aokazameavcmeo. O6ozHauMM I{¢>.) UHJUKATOP MHOXKECTBA TeX
w, mist KoTophix &(w) > €. Torga

EE > E[¢e>e3] > eP(€ > ¢).

M3 (4.13) moay4aem cilefyioline pasHOBHIHOCTH HepapeHcTBa Te-
OBIllIeBa: ecan & — MPOM3BOJbHAA CAyvIalHAasdA BEIMYNHA, TO

Ee?
! D
Plle Bl > ) < 5. (4.15)

rae DE = E(€ — E€)? — pucnepcus ciy9gaiiHoll BeJUIUHBI £.
DepaBencTBo Komm — JyHAKOBCKOro. JycTh CIydallHbBIE Be-

amauabl € m ) TakoBl, 9To EE2 < oo, En? < oo. Toraa E|¢n| < oo
n

(Elén])* < EC*En”. (4.16)

Jokazameabcmeo. DPeJIoJoxnM cHadara, 9To EE2 > 0, En? > 0.
O6o3nadnm

f= S 5=—L
VEE VE?
DOCKOIBKY
21| < & + 77,
TO

2E|&7| < E€? + Ef® = 2,
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T.e. E|€ﬁ| < 1, orryna u creayer (4.16). B caydae, ecam, Hampumep,
E€? = 0, To mo cpoiicTBy 6 mETerpania JleGera ¢ = 0 mouTH BCIOTY.
Caenopareasto, EEn = 0, T.e. (4.16) TakXKe BHIIOIHEHO.

DepasencTBo WeHcena. Jycth ¢ = ¢(x) — BHIIYKIad KHH3Y
6opeaeBckas PpyHKUUA U MycTh { — caydaiinas Beanunna ¢ E|¢| < oo.
Torga

9(E€) < Eg(¢). (4.17)

Jokasameavcmso. Ecim Qyukuma ¢ = g(x) BRIIYyKIad KHA3Y, TO
A Kaskoro g € R sangerca qncao A(xg) Takoe, 9To mud Beex ¥ € R

9(x) = g(zo) + (x — wo)A(xo). (4.18)
DonoxuM zg = E£ m moncrapum # = £(w) B (4.18). Domyunm
9(&) = g(EE) + (£ — EOA(ES)

u, crefgoarenbro, Eg(€) > g(EE).

JlutepaTrypa

Koamoropos A. 3., ®omur C. B. DaemenThl Teopun (QyHKIUU 1
dyuKIMOHaMBHOTO aHadm3a. M., Dayka, 1986, rmasa 5. lllupsen A. D.
BepostrOCTE, Taasa 2, §6.
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Jleknua 5

OaHOMepHOe ciydanHoe O/IyxK JaHue

B feKnuu 3 MBI paccMaTpUBATIH CyMMEL S, HE3aBHCHMBIX CIy9ailHBLX
BeINYNH &;, IPUHIMAIOIINK 3HA4eHNA +1 ¢ BEpOATHOCTbIO p i1 —1 ¢ Be-
posaTHOCTEHIO ¢ = 1 — p. Ecau canraTh HHJAEKC N BpeMEHeM, TO MOXKHO
YCTAHOBUTH B3AUMHO ONHO3HAYMHOE COOTBETCTBUE MEX Y TAKUME CYM-
MaM¥ (I CXeMOH DepHYJIIN) U OHOMEPHBIM CIIY IaiHBIM Oy K TaHHEM.
A WMeHHO, paCCMOTPUM YaCTUIY, HAXOMAMIYIOCA B HAYAJBLHBIH MOMEHT
BPEMEHH B HyJle W COBEPIIAMIIYIO B TOCAAYONIAe (NCKPETHBIE) MO-
MEHTBI BpEMeHU CKAauKH 10 Y3JdaM OTHOMEPHOHN MeJ0IUCICHHON TPAMON.
Ecan & = 1, To B MOMEHT i COBepIIAcTCA eAMHIYHBIN CKAYOK BIPABO,
ecan xe & = —1, TO B MOMEHT 7 COBEpIIACTCA € JMHIIHBII CKaTOK BIEBO.
Torna B MOMEHT BpeMeHHI n KOOpAuHaTa 6y K alolleil YacTHIbl paBHa
Sh.

Ecan Ha MIOCKOCTH OTKIABIBATE BPEMs 1 [0 TOPU3OHTATLHON OCH,
a Mo BEPTHKAIBLHON OCH OTKIAAIBIBATH MOJOKEHHE TACTHIHL (T.€. S’n),
U COJMHUTDH MOJYUEeHHBIE TOUYKH OTPEIKOM, TO TOJYIHM JOMAHYIO JH-
HIIO (MyTh), KOTOpas Ha3bIBAe€TCA TPAEKTOPHEN ClIydaliHOro GMIyXKga-
uus. Takoe mpejcraBieHne OvYeHb yI0GHO I TeOMETPHIECKOTO ~ BH-
JeHnA” OTAeAbHBIX COOBITHI.

To4HO Tak e MOXKHO ONpeeuTh 6y XK JaHNe, BBIXOAAIIEe U3 TOYKN
z # 0. DomokeHNe 9aCTUIB B MOMEHT BPEMEHH 7 PABHO B 5TOM CIydae
r 4+ Sn

B 5Toll sekiun MBI TO3HAKOMUMCS ¢ HEKOTOPBIMU CBOHCTBAMHI CJIy-
JauHOTO 6JIY XK TAHNA.

Beegem caydanuyio BeAUYIUHY 7j;, TPUHIMAONIYIO 3HaYeHne 1, ecin
B MOMEeHT k cayvannoe 6ayxK fanme monagaeT B 0, 1 IPUHIMAIOIIY O 3HAa-
venne () B IPOTHBHOM caydae. B TepMumHAX CXeMBI JepHYJIN COOBITHE
Ny = | o3HAYaeT, YTO B CEPUU JJAUHBI k YUCIO YCIIEXOB PABHO THCIY
meymad. OQ4eBHIHO, ZZ:1 Nk €CTh (clydaiiHoe) €mcao nomajaHuil B 0
3a BpeMsA n. Bce caydaliHble BeAUYUHBI 7y ONPeNeNeHBl HA ONHOM Be-
posTHOCTHOM npocTpancTBe (2, X, P), mocTtpoensom B aekiun 2. [as
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Kaxgoro w € ) onpegeanm GpyHKINO
nw) = m(w) (5.1)
k=1

Kak Ipefell IOCIefOBaTeIbHOCTH y . _; 7k (w). Beandnna n(w) pasma,
OYEBHHO, YHUCIY MONaNaHul OIyXKJAoMel YacTHIB B HAYAIO KOOD-
muaar. Tax Kak caydaiiHble BeJWYHHBI 1) HEOTPUIATEABHBI, TO MPH
KaXJIOM W 5Ta MOCIe0BATEIHLHOCTE MOHOTOHHO HeyOhIBAET, TIODTOMY
CYIIIECTBYET ee Tpefed, BO3MOKHO, PaBHBIN co. ToT dakT, 9T0 1) ABIA-
eTcd (pacCIIMpPeHHO) cIydaiiHON BeJIHIHHON, FapaHTHPYETCH IEMMOM 2
3 Jgexknun 4.

MaremaTuveckoe oxXuganue moy = En, To ecTh cpeqee TucIo BO3-
BpallleHnil 6y K Jalollell 9acTUIBl B HAYAMO KOOPAUHAT, TaKkKe Olpe-
nejeHo mo Teopeme 1 gextum 4.

Jlemma 1. Ecau p = ¢ = %, TO Mpg = o0. Ecan p # ¢, To mgp < 0.
Aorazameavcmeo. o Teopeme | m3 gexinn 4

(o] (o]
Moo = EZ% = ZE%~
k=1 k=1

Tak kak caydalinas BeAu<duHa 1), npuanMaet 3uadenns 0 u 1, To En, =
P = 1). Danomnnm, 9T0 E& =p—gq, ES, = n(p — ¢). Dpu >TOM
P(n, = 1) = P(S, =0).

DycTh p = q. Bocnoabayemcs TOKATBLHON MPeNeqbHON TEOPEMOT M
S, Opu 6OIBIIHX N

. 2
P(S, = 0) ~ —

MOTOMY DA IS Mg PACKOTUTCA:

oQ oQ ¢
Moy = En, > — = 0.
00 HZ::l n HZ::l \/ﬁ

Opu p # ¢ BBUAY SKCIOHEHINAMBHBIX ONEHOK (MemMma | w3 jgekunm 3)
IJIA TOCTATOYHO OOMBIINX 7

P(S, = 0) < 2exp(—vyn)
miaa HekoToporo v > 0. OTciofa ciaefyeT, 9T0 pAJ A Moy CXOJINTCA:

(o] (o]
Mog = Z En, < Z cexp(—yn) < co.
n=1

n=1
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Do WeMy paBHA caMa BEPOSTHOCTH BEPHYTHCS B HYJIb XOTA GBI OMUH
pa3? [las oTBeTa Ha 3TOT BOIPOC HaM TOHATOGUTCA MOHATHE YCAOBHON
BEPOATHOCTH.

Onpegenenne 1. Dpegnonoxnm, 910 P(B) > 0. YciosHas Bepo-
ATHOCTH P(A | B) cobbITHA A NIPH YCAOBHM, 9TO COBEPIIHIOCEH COOBITHE
B (kpaTko, ycaoBHas BepoATHOCTH A mpu yciaoBum B) ompegendercs
TakK:

P(ANB)
P(B)
3ameuanne 1. Ecau cobbitus A uw B Hezapucumbl, 1o P(A | B) =
P(A).

Yreepxgenne 1 (Popmyna HOTHOH BEPOATHOCTH). JYyCTh
3aaHo pazbueHne TpocTpaHCTBa {2 HAa KOHEYHOE WM CUYETHOE THCIO
cobBITH By, IMEOITNX HEHYIEBYIO BEPOATHOCTD, T.e. 2 = U By, B;N

P(A|B) = (5.2)

B; = 0, P(Bg) > 0. Torja BepoATHOCTb HPOU3BOJBHOIO cOOLITHA A
MOXKeT OLIThH MpeCTaBleHa B BU (e
P(A) = ZP(A | By)P(By). (5.3)
k

Jokasameavcmeso. Dojacrasus (5.2) B mpasyio dacTh (5.3) u Boc-
[OJb30BABIINCH CBONCTBOM a1 JHTHBHOCTH, MOy 9HM TOXKJECTBO.

Dpumep. Borianmcanm ycaoBHYIO BePOATHOCTEH TOTO, 9TO B MOMEHT
BpeMeHU n Oy 1aHHe HAXOMUTCA B TOYKE T TIPH YCJAOBHH, ITO B MO-
MeHT n—1 0HO HaXoqWIOCH B ToUKe Y. Dockoabky P({S, = 2}N{S,_1 =
y} oramana oT Hyas anwb ecim £ = y + 1 ambo & = y — 1, To sTHM
Ke CBOHCTBOM 0BIaaeT H YCIOBHAA BEPOATHOCTD. DeNOCPeICTBEHHBIM
BBLIIHCIEHHEM JMETKO MOAYIUTh, 9TO

P({Snt1 =y+1}N{S = y}) = pPP({Sn = 1}).
Amnajoruvno

P({Snt1 =y —1}n{S = y}) = ¢P({Sn = 1}).
D0DTOMY OKOHYATEILHO HMEEM:

R R p, ecamx =y—+1;
PH{S, =2} | {Snc1=y}) =% ¢ ecmz=y—1, (5.4)

0 B OCTAJBHBIX CJAy4Yadax.

O6oznauuM S;, = & + S,. Bemmuuna S;, paBHa mofoxeHHIO 6.Iy-
K JAoMed IacTUNBEl B MOMEHT BPEMEHN 71, €CIN B HAaYaJbHBIH MOMEHT
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BpeMeHN YacTHIa HAXOAUIACh B TOYKE &. YCJIOBHEIC BEPOATHOCTH A
Sy Te XKe caMble, T.e.

. A p, ecamz=y+ 1;
PUST =2} [ {Sii=wh)=q ¢ ecamz=y—1; (5.5)

0 B OCTAJBHBIX CJAy4Yadax.

O6ozHadnM 4epes p(#) BEPOATHOCTH, BHIHAA M3 Touknm & > 0, Korga-
au6o BepHYTHCS B 0 :

ple) = P{w: In, ST(w) =0}.

Teopema 1.

1 pu ¢ > p,
p(x)z{ (s ey (5.6)

xr
1_7) opnm q < p.

Jokazsameavcmso. PyHKImA p(x) yAOBIETBOPAET CleAyIOMEN CH-
cTeMe ypaBHeHUN npu © > 1 :

p(z) = pp(z + 1) + gp(z — 1). (5.7)

Hust noxazarenberpa (5.7) M0CTATOYHO NPHUMEHUTEH (GOPMYIY MOJTHOH
BEPOATHOCTH, B3AB B KadecTBe pazbueHns mapy MHOXecTB By, Bs, rie
Bj cooTBeTCcTBYET TOMY, 9TO HA MEPBOM Iare 6JYK TaHWE MOTATAET B
TOYKYy @ + 1 :

By ={w: S%(w)=x+1, In, S%(w) =0};

a By cooTBeTCTBYyET TOMY, 9TO Ha MEPBOM Iare YacTHIIA TTOMAgaeT B
x—1:

By ={w: S%(w)=x—1, In, S%(w) =0}.

Opu z = | mepBBIT XKe CKAYOK MOKeT mpuBecTH dacTuiy B 0, modToMy
p(1) = ¢+ pp(2). (5.8)

Trober 06beguauTh ypasHernd (5.7) u (5.8), moaoxknm p(0) = 1, Torga
p(z) yaosaeTsopser (5.7) mas Beex x > 0.

Dpegaoxenue 1. Dpu p # ¢ NPOMIBOILHOE DEIEHHE CHCTEMEL
(5.7) numeeT BUT

p(x) = c1A] + 23, (5.9)
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rae A1 = 1, Ay = q/p — [ABa KOPHA XapaKTepPUCTUYIECKOr'O YpaBHEeHUA
L=pA+gr L (5.10)

Dpu p = ¢ xapakTepucTHdeckoe ypasHerne (5.10) nMeeT KpaTHBIH KO-
penb 1. Demmenne cucreMbl (5.7) B TOM ciydae NMeeT BH[

p(x) = ¢1 + cam. (5.11)

Jokazameavcmeo. IyneM UCKaTh pelileHne cucreMmel (5.7) B BHIe
reOMEeTPUIECKON MPOTPECCHT

p(x) = aA®.

DoacTaHOBKa TAKOT O BIla PElleHNA B ypaBHEHNe TPUBOANT K KBaApaT-
HoMy ypasHeruio (5.10). Ecam p # ¢, To KOpHHI 3TOr0 ypaBHEHHA pa3-
augab: Ay = 1, As = ¢/p. Takum 06pazom, MBI HALIUIK jJBa JHHETHO
HesapucnMbix perrennd (5.7): p(x) = 1 u p(x) = (¢/p)".

DoKazKeM, 9TO BCe PEllleHus MCIePIBIBAOTCA JUHEMHBIMEI KOMOWHA-
uuAME ¢1 + ¢2(q/p)” ABYX HallIeHHBEIX. B caMoM jefle, BCAKOE pelleHne
p(z) cucremst (5.7) oHO3HAYMHO OTIpeAenseTCA cBouME 3HadeHnAME p(0)
u p(1). Oboznaunm Y (z) n Z(x) peleHns, yaoBIeTBOPAIONNE YCIOBHAM

Y(0)=1, Y(1)=0; (5.12)
Z(0) =0, Z(1) = 1.

DPpOon3BOIbHOE pelilerne p(#), 0UeBNIHO, ABIACTCA JNHENHON KOMOHHA-
[INel 5TUX PeIeH:

p(x) = p(0)Y (z) +p(1)Z(2).

Jlerko y6eanthbes, 9ro yukuun Y (z) n Z(x) B CBOI0O 0OUepeb NpPeicTa-
BUMHI B Bije (5.9):

Y(2) = ﬁ - #(%)x, (5.13)
P P a\*
Z@):-HJFH(;) .

B ciydae p = ¢ pasHOCTHOE ypaBHEHHE MPHHAMACT BI
ple —1) = 2p(x) +p(r+1) =0,

nian

(p(x — 1) —p(x)) — (p(x) — p(z + 1)) = 0.
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Mer BuguM, 9To pazaocth p(z — 1) — p(x) nocrosnua, T.e. p(r) —
auHeRHas PyHKUuA, p(x) = ¢1 + cox. 3aMeTnM, 4To pemenns Y () u
Z(x), ynosaersopstotne (5.12), MOryT GBITH P p = ¢ NPeJCTaBIEHEI
B BHe JUHEHHLIX (PYHKIII:

Y(g)=—-2z+1, Z(x)=nx,

OTKY[Ia CIe[YET, ITO BCE PEIIEHUS NCIEPIBIBAIOTCH IMHENHBIMEA (DYHK-
UUAMUA.

Beprenmcs k [0Ka3aTeIbCTBY TEOPEMHI.

I. DacemoTpnm cHavaxa ciydaii ¢ > p. Torga B (5.9) ¢co = 0, Tak
kak p(z) < 1. Do Torga ¢; = 1, Tak kak p(0) = 1 u mosromy p(x) = 1
aasa Beex x > 0.

IT. Opu p = ¢ B cuay p(x) < 1 m3 (5.11) onars creayer ¢ = 0, u
p(z) =1 naas Beex & > 0.

IMI. Ecam ¢ < p, 7o u3 (5.9 ) moaydaem, 410 ¢1 + ¢2 = 1, Tak Kak
p(0) = 1, m MBI IMeeM KOHTHHYYM DelleHuI:

p(e) =1+ (1 - cl)(%)x. (5.14)

Kak Bri6path uctunnoe peinerne? Toabko OfHO M3 HUX CTPEMHUTCA K
Hy o Tpu & — o0. EMy cooTBeTcTByeT ¢ = (. DOKaXKeM, ITO OHO U
ecTh nckomoe. [ladg »Toro HaM oHaA06ATCA CIeYIONINe YTBEPK TeHNA.

Idpeanoxerue 2. /lna moboro z > 1
p(22) = p*(x). (5.15)

Aorazameavemso. B camom mere, Bce TpaekTopnn 6JYy K TaHNAA, BI-
xomamme n3 2z u nonagatpoinne B 0, mpoxoasaT depes Touky «. O6ozHa-
UM

Ap ={w: S¥ (W) £z qaai<m; W)=z, In>m: % w) =0}

co6BITHE, COCTOSAIIEE B TOM, 9TO OIyKTAOMIAsA YacTHNA, BHII/II B Ha-
qaJbHBI MOMEHT BpEMEHHU U3 2, BIIEPBHIE MOMAJET B & Ha IIare m, a
3aTeM Korjga-HuOyap nmonager B (. Tormga, mockoabky cobweitus A, He
nepecexKaoTcs,

p(22) = P(| ) Am) = D P(An).
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B cuny HezaBHCHMOCTH UCHBITAHUI JEePHYJIN, TOCTE TMOMAJAHUST Ta-
CTHUIIBI B & TOCIEIYIOMAA YacTh ee TPAeKTOPUHN He 3aBUCHT OT TPeJIiie-
crByfomeit acti. O6osnasnm wepes f7) (y, z) BEPOATHOCTE, BBIH A 13
Yy, BIEpBbIe MOMAacTh B z Ha Imare m. Toraa

P(An) = f (22, 2)p(2).

DodTOMY

p(22) = ple) Y 0 (22, 2) = ple) Y ) (2,0).

m m

B mocrenHeM paBeHCTBE MBI BOCIONB30BAINCh TEM, 9TO BEPOATHOCTH
TpaeKTOpHI GJIyX TaHNA HHBAPHAHTHBEl OTHOCHTEILHO CABHALA 110 MPO-
crpancTBy (cM. (5.4) m (5.5)). Do

> 1 (,0) = p(e), (5.16)

OTKy/Ja U ToIydaeM yTBepXK ferue (5.15).

Opegnoxenune 3. Jubo p(x) = 1 npu Beex z, aubo p(x) — 0 npn
T — 00.

Jokasameavcmso. PyHkuma p(x) ABageTcs MOHOTOHHO HEBO3Da-
cratomei. /elicTBUTeNbHO, ecind ' > x, TO

p(e') = f(z',2)p(z) < p(x),

rae f(«', x) ecTh BepOATHOCTDH KOT1a-HHOY b TONACTh W3 TOYKN &' B &.
Ecan nafigerca @ Taxoe, 910 p(#) < 1, TO B CHIy TpeNIOKEHHA 2 MO-
CHEIOBATENLHOCTE p(#2") cTpeMHTCA K HYIIO IPH 1 — 00. D0 QYHKINA
p(x) MOHOTOHHA U OrpaHUYEHA, CACAOBATENBHO €€ TIPeIe] PABeH HYJIIO.

Opegnoxenne 4. Ipu ¢ < p CYUECTBYeT ¥, Takoe, 9T0 p(z) < 1.
Jlokaszameavemeo. 3aMeTHM, 9TO BEPOATHOCTH f(7™) (z,0) BepBHIE
monacTh u3 £ B () 3a m, m > z MIaroB He MPEBOCXOIUT

FU (x,0) < Clm=a)/2p(m=a)/2 (mte)/2. (5.17)

OPH 5TOM ACHO, YTO TUCJAO M NOJKHO UMETH Ty XKe IeTHOCTD, 9TO U T,
nosromy (m—x)/2 u (m+x)/2 ueasie wncaa. B camom gee, f07)(x,0)
He MPEeBOCXOJUT BEPOATHOCTH TOTO, 9TO YacTHIa, BEINEANAL H3 T, B
MOMEHT BDEMeHH m HAXOJUTCA B Hyde (BO3MOXKHO, He BrepBble). [las
5TOro 9acTuie HeoOXOAMMO POBHO (m — &)/2 pas MPHLICHYTH BBEpX W
(m+ z)/2 pas IpBITHYTH BHI3. Taknx TpaeKTOPHUIl CyIMIECTBYET DOBHO
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Crgﬁbm—x)/Z

. Hauxee, nockonbky pg < 1/4 u pasercTso pg = 1/4 nocrura-
eTcA PN p = ¢, TO IPH ¢ < p CymlecTByeT & < 1 Takoe, 9TO

2\/pq < a,

I TO0>TOMY TipaBad 9acTh (5.17) He TPEBOCXOANT

z/2 z/2
(m—2)/2, (m=z)/2, (m+z)/2 m m/2(4 q m
Con p q < 27(pq) (p) < (p) a™. (5.18)

M3 (5.16) u (5.18) caeayer, 4To

p(x) = Z FM (2,0) < (g)x/2 Z a™ <1

I TOCTATOYHO GOJBIINX &.

Takum obpazoM, u3 npejroxenni 2, 3 u 4 caeayer, 1ro p(z) —
0 mpu ¢ — oo, n w3 (5.14) caeayer, dro p(x) = (¢/p)”. Teopema 1
JOKazaHa.

Teopema 2. BepoaTHOCTh JocTUXKeHUA HYIA U3 Toukn £ < () paBHa

1 mpu p > q,

p(x):{ (g)f —— (5.19)

ﬂo%asameﬂbcmeo AHAJOTMIHO JOKa3aTeJbCTBY TEOPEMEL 1.

Caegcreue. W3 (5.6) u (5.19) moaydaeMm, 4TO BepOATHOCTH foo
TOro, YTO 9acTHUIa, BEIIIA U3 HyJIA, KOrIa-Tn60 Tyna BepHETCH, paBHa

2q, ecan q < p,
oo = (1) -y = { 50 e ASY

2p, ecam q > p. (5.20)

Takum ob6pazom, HacTuna, BEIAAA U3 HYyJad, BepaeTcsa B 0 ¢ BEpOATHO-
CTHIO 1| B TOM W TOJTBKO B TOM CIydae, KOTa 6JayXKTaHne CHMMe TPUIHO,
T.e. p=¢ = 1/2. UHTYUTUBHO 5TO ACHO, TAK KaK [PU P # ¢ 4acTHULA,
BRI U3 Hadaga KOOPAWHAT, GyIeT CMEeIIAThCA K +00, ecln p > ¢, U
K —00, ecan p < ¢.

3agaquMcs BOOPOCOM: KaKOBa BEPOATHOCTH TOIO, ITO YaCTHIA BeD-
wetcsi B ) 6eckoHedHOE YnCaO pas?

Teopema 3. O6ozuadnm Ay cobwiTHE, COCTOAIEE B TOM, ITO Ha-
CTHUIA, BRI U3 HYIs, BEDHETCA Tyla GeCKOHEYTHOe 9mcio paz. lormga

_J 1 mpup=ygq,
P(4o) —{ 0 mpupiq (5.21)
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HAorazameavcmeo. Ob6ozHawnM Ag y co6BITHe, cocTodAlee B TOM,
9TO 9acTHIlA, BHII/SA W3 HYJsS, BEDHETCS TyAa MO KpaliHel Mepe N pas.

O6o3nadnm fég) BEPOATHOCTH TOT'O, YTO B TEPBHIA pa3 YacTUIla Bep-
HeTCA B HaTa/I0 KOOPIMHAT B MOMEHT BpeMeHN k. DpefcTaBuB Ag y Kak
00BeIMHEHTE HEMTEPECEKAOIINXCS COOBITHN ¢ (PUKCHPOBAHHBIM MOMEH-
TOM TIEPBOT'O BO3BpPAIeHNUA, TONYINM:

P(Aon) = 3 FP(Aon-1) = P(Aov—1)foo,  (5.22)
k=1

rie
foo = £8)
k=1

eCTh BEPOATHOCTH KOr'fa-1n60 BepHyThca B (. DocaenoBaTelbHO MpH-
MeHsAA (5.22), moay<anm:

P(Aon) = P(Ao n-1)foo = P(Ao nv—2)(foo)” = ...
= (foo) Y TIP(Ao.1) = (foo)", (5.23)

Tax Kak P(Ag 1) = foo. DOCKOABKY B CHIy CBOHCTBA HENMPEPLIBHOCTH

P(4) = Jim P(Ag,x),

To m3 (5.23) caeayer, aro P(Ag) = 1 npu foo = 1 u P(Ap) = 0 npm
foo < 1. Orcioga ¢ yaerom (5.20) moaydaeMm yTBepXK TeHNEe TEOPEMEL 3.

CKOIBKO JKe BpeMeHN TOHAT06UTCA 9acThlle, HadaBIIel 0oy XK TaHme
B Touke & > (), 9T06BI fOoCTHYb Havada KoopauaaT! OTBeT maeT caery-
fomad Teopema. OG03HAYNM Ty o CAyTIalHOE BpeMA MepBOTO TIOMa JaHIA
B HAYAJI0 KOOPJUMHAT YaCTUIHI, HAYaBIIen OayXKaHne B Touke & > (.

Teopema 4. Jpup>q Enyo=c0.Opup<q Emo=2z/(¢—p).

Jlasi nokazaTenbcTBa TeopeMbl 4 HaM TOHAJOOUTCA MOHATHE YCAOE6-
HO20 MAMEMAMUUECKO20 0XHCUIAHUA. DYCTH & — JUCKPETHAS HEOTPH-
naTeabHas CAydaliHas BeAWYWHA, TO €CTh IPUHIMAIONIAA KOHETHOE N
CYETHOE YHCIO0 BHAYMEHUH L1, L9, ...; &; > 0 i Bcex i. DyCTh cOOBITHE
D C Q umeeT TOJOKUTETBEHYIO BEPOATHOCT.

Onpegenerue 2. Ycao6HbIM MAMEMAMUYECKUM ONCUITHUEM CAY-
atinol eeqauuunbl £ npu ycaosuu cobvimus [ HasbIBaeTCA 9HCIO

E(EID) = Y25 Pl = 2,lD). (5.24)
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3aMeTHnM, ITO
P(D)E(|D) = Zx] =z;ND) <> ;P =x;) =E¢,  (5.25)
j=1

nosromy E(£]D) < oo, ecain E€ < 0.
AycTh B — caydaliHad BeIW9nHa, NPUHAMAIOMAA KOHETHOE GHCIO
3HAYEHNH Yy, . .., Y. ObosHauum D; = {w : n(w) = y; }.

Onpeaenenne 3. Yeaosuvim mamenamuveckum oxcudanuen E(E|n)
CAYUAUHOU BEAUNUHDL £ OMHOCUMEALHO CAYUAUHOU 6EAUNUNBL 1) HAZHI-
BaeTCs cAydaliHas BeJUTINHA, TOCTOAHHAS HAa KaXJOM W3 MHOXKeCTB D;
U paBHasd Ha MHOXecTBe D; Benmuanue E(£]|D;).

DaM moHaJOOUTCA ClAefyfollee yTBEDPKJAEHNE — aHAJIOT (POPMYJIBI
MTOMHOT BEPOATHOCTH.
YTBepxk aeuune 2.

E¢ = EE(¢|n) = Z P(D:i)E(E| D). (5.26)

Jokazsameavcmeo. Dycrsh EE < oo, Torga B cuay (5.25) E(E]D;) <
00 1A KaxKJ0r0 ¢. BOoCIoab30BaBIIICH (hOPMYJION MOTHON BEPOATHOCTH,
MOy M

= ij P& =ux;) = Z%Z P(¢ = 2;|D;)P(D;) =

:ZP(Di)Z$j P(& = z;|Dy) ZP E(¢[D).

Ecan xe EE = oo, 1o E(§|D;) = oo xomd 6Bl must otHOTO 4. B camom fede,
npeanonsoxus, aTo E(&|D;) < 0o mis Beex ¢ M paccMOTPEB IPeIBLIYIIY IO
NENOYKY PaBeHCTB B O6paTHOM HAIpaB/AeHNN, MoIydnM, 9To EE < oo,
9TO ABIACTCA IPOTHBOpedHeM. TakuM o6pazoM, YTBepKIeHHe 2 CHOBa
BLITIOJHEHO.

DepelifieM K I0Ka3aTeabCTBY TeOpeMHEI 4.

Horazameavcmeo meopemvt 4. Bocnoabzyemcs yTBepXjeHneM 2,
HONOXKNB = T g, & N — OGEPHYIINEBCKAA CAydallHad BeININHA, PaBHAA
BeJUYIHE MEPBOTO CKAaYKa 9aCTHIIB, HAXOIAMIENCs B ToUKe ©. Ecan cBont
MEPBBIN CKAY0K M3 TOYKH & YaCTHIIA COBEPIIAET BIPABO, TO YCJIOBHOE
MaTeMaTHIeCcKoe OXHUAaHWe BpeMeHM TepBoro momajganusa B ( paBHO
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E7zy10 + 1. AHagOTTYHO, yCIOBHOE MaTeMaTHYecKoe OXHUJaHUe Bpe-
MeHH TepBoro nomagadus B ) OpH yCJIOBHM, YTO HEPBHIN CKAYOK ObLI

cflelaH BIeBO, paBHO ETp_1 0 + 1. (Mbr momaraem Ergo = 0.) Taknm
obpaszoM, BenrnanHsl 1, = E7; o yA0BIeTBOPAIOT ypaBHEHIIO
T, = pTx+1 + qTx—l + 1a Ty = 0. (527)

s (5.6) cregyeT, 9To Ipu p > ¢ Ty,0 = OO € BepoATHOCTBIo 1 — (¢/p)” >
0, m mosTomy E7y o = 00.

DycTh Temephb ¢ > p. YpasHenue (5.27) HeogHOpoaHoe. CooTBeT-
CTBYIOIIee €MY OJHOPOJHOE YpaBHEHWE MBI H3YYall paHee; OPU p 7 ¢
oHO mMeeT obee pemerne A 4+ B(q/p)*. YacTHoe peleHne HeOTHO-
POTHOT'O ypaBHeHNsA 1PN p # ¢ ecTh /(¢ — p). Takum obpasom, obiuee
pemenne ypapHerus (5.27)

z AN
Ty = —+A+B(=-) . 5.28
(4—p) (p) (5:28)
I'parmanoe ycaosue Ty = 0 Breder A+ B =0, T.e.
z AN
T, = ——+B|(-) —B. 5.29
(4—p) (p) (5:29)

Opu ¢ > p ecim B > 0, To pemenne (5.29) NOMOKHTEABHO HPH BCEX
z > 0.

Nrepupys ypaprerue (5.27), MBI MOXeM MPEJCTABATE €TI0 B CIEIY-
IOIIIEM BH[IE:

Z

-1

T, = P(O) + > > PO)T,. (5.30)

n=0 y>0 6y

3gech Y ., GepeTcs Mo BceM Iy TSM MIHHEL 77, BEIXOJAIINM U3 TOUKH & 1
He MPOXO,ATINM epe3 Hadalio KOOPAMHAT, ), GePeTCs 1o BCeM My TAM
MIAHBL N, BLIXOIAIAM 13 £ U OKAHYHBAIOMEMCA B Y U He IPOXO JAIIIM
vepes 0, a P(f) ects BeposTHOCTL TyTH 6 :

P() = """,

rje r(f) — "ucao ckavukoB BIpaBo, al(f) — Incao ckadkoB BIAEBO ¥ MyTH
6.20 %, P(#) B npasoit sactu (5.30) ecThb He 4TO MHOE, KAK BEPOAT-
HOCTB TOT0, 9TO [0 MOMEHTA 7 BKIIOYHTEILHO G.IyKAaomad IacTHIa
He moceTnaa 0, T.e. P(7, 0 > n). Taxum obpaszom, (5.30) sanucriBaeTcs
B BIJE:

2
i)

To=Y Plmo>n) + > Y PO, (5.31)

n=0 y>0 6y
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3aMmernM, 49To npu B < 0 T, < 0 314 ZocTaTo4HO GOMBIINX &, TaK
gTo pemenne (5.29) He HMeeT BEPOATHOCTHOIO CMBICHA. JOCKOIBKY
npu B > 0w q¢>p 1y > 0 npu Bcex z > (0, To BTOpoe ciaaraemMoe B
(5.31) monoKUTEABLHO U, 3HAYUT, A JtoGoro N u moboro z > 0

N-1
> P(reo>n) < T (5.32)
n=0

Orciofa caegyeT, ITO M aoboro & > 0 pasg

Z P(re0 > n) < oo.

n=0
Do
(o) (o)
E P(rw0>n)= E nP(mp0=n) = Enp 0.
n=0 n=0
Hrak, MBI IOKa3aal, 9TO IPH ¢ > P Er, 0 < 00, 1, cregoBaTeasHo,

OHO coBmajaeT ¢ pemternem (5.29) ypasrenus (5.27).

YrBepx genue 3. Eciau cpegmee Bpema momaganud m3 x B 0 Ko-
HEYHO, TO OHO pacTeT C POCTOM ¥ JHHEHHBIM O0pa3oM, T.e. eC/IH
E70 < 00, To cymecTByeT KoHCcTaHTa ¢ > 0 Takad, 9To E7p o = cx.

HAorazameavcmeo. Donoxmm ¢ = Er, .1 — cpegHee Bpemsa mep-
Boro momafanud m3 £ B £ — 1. OHO KOHeYHO, MOCKOMBKY ET; o < 00.
D0 TaK KaK BpeMA T, ¢ MepBoro momafannd u3 & B 0 cKkiagbBaeTCA U3
BPEMEHH Ty p—1 IEPBOI'O HONAJAHUA U3 & B & — 1, BDEMEHU Tp_1 p—2
[EPBOI'o MomajfaHua U3 £ — 1 B £ — 2 U T.4., U BCe 5TU BEAUYUHLI DABHEL
MexX Iy cobol, TO

Erno=Empo_1+ ...+ Emo=ca, (5.33)

qTO | Tpe6OBaJIOCb JOoKa3aThb.

W3 yTeepkKaeHns 3 BHITeKaeT, 4To pemenne (5.29) mmeeT BeposT-
HOCTHBIN CMEICT WL IpH B = 0, Tak Kak B MpoTUBHOM caydae E7; g
pocio 6u1 sKcnoHeHmanbno. Urak, mpu ¢ >p  Empo=2/(¢ —p).

DaM ocTaloch pazobpaTh ciydail p = ¢. YpasHenne (5.27) B sToM
ciyvae UMeeT BH]

1 1
Tx = §Tx+1 —|— 5 r—1 —|— 1, TO == 0 (534)
O61mee peltienre COOTBETCTBYIOWIETO OJHOPOIHOTO YDABHEHUS HMEET
Bu ¢1 + cox. YacThoe pemenne ypasuenns (5.34) T, = —z?. Takum
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o6pazom, obiee pemenne (5.34) pasro
T, = —x? 4+ ¢1 + oz, (5.35)

Demerne (5.35) He ABJIETCA MOJOKWTENLHEIM Ha BCell moayocn & > 0
HI TIPH KaKNX 3HAYEHNAX 1, Co, ModToMYy (5.35) He MMeeT BepOATHOCT-
HOT'O CMBICJA. JOITOMY €IMHCTBEHHBIM HEOTPUIATEIbLHBIM DeIeHIeM
sapasercst Ty = 400. Teopema 4 noxazana.

JlutepaTrypa

Deanep B. BBegenne B Teopuio BepOATHOCTEH W ee TMPUIOKEHUS,
ToMm 1, rmaBa 14, §§1 — 3. Counnep P. DpuHIUIE CIy9IaniHOro 6Jay XK 1a-
ausg. M., Mup, 1969, raasa 1, §1.
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Jleknua 6

ILHenu MapkoBa

DycTh 3afaHBl IPOU3BOABHOE MHOXecTBO S = {1,2,....,n} u3 n
5JIeMeHTOB U MaTpuna P = (p;;) pasMepa n X n Takad, ITO

n
0<pi; <1, Zpij =1 11a Beex i.
Jj=1

Takas MaTpuna HasbiBaeTca cmoracmuueckot. C Hell yToGHO CBA3BI-
BaTh HAMPAaBJIeHHBIN Tpad, BEPIINHBI KOTOPOTO COOTBETCTBYIOT 3Je-
MeHTaM MHOXKECTBa 5. DPoBejleM HalpaBieHHOe pe6po U3 ¢ B j TOT[1a
U TOJIBKO TOI'Aa, Korga pij # 0.

DacemorpnM npoctpancTso 7)) BeeBOIMOKHLIX MOCTe[OBATETHHO-
crelt w = (wp, w1, ..., wr) JIHHEL T + 1, 3eMeHTH KOTOPHIX TPHHA e~
xat S. Takme nocregoBaTe bHOCTH Oy €M HA3BIBATH MPAEKMOPUAMU T
MpeICTaBIATE cebe KaK MyTh YaCTUIBI, OIy K TAOMeNn o Tpady.

3aganquM BEPOATHOCTHYIO Mepy P T) ua TPaeKTOPUAK CJeTyIOIIM
obpazomM:

P(T) (w) = pc(uog)pwowlpwlw2 c 'pr—le’ (61)
(0)

rae pl0 = (p;”’, i =1,...,n) — BepoATHOCTHas Mepa Ha IPOCTPAH-
crBe S. MBI mHTepUpeTHPYEM pgo) KaK BEPOATHOCTH Ha4daTh NMYTh M3
cOCTOAHMA ¢. Ecam ocylecTBasgeTcss cOOLITHE Wy = j, TOBOPAT, 9TO B
MOMEHT BpeMeHU { I[eNb HAXOAWTCA B cOCTOAHUU j. ['oBopAT TakKe,

YTO Pij €CTh BEPOATHOCTD II€pexoja U3 BEPUIMHLL ¢ B BePUIUHY j.

Idpeanoxenue 1. Mepa p(T) 3a1aHa ¢ moMoleio (6.1) KoppekTHO,
TO eCTh
> PP w)=1. (6.2)
we(T)
Aorkazameavbcmeo. 3apUKCUPYeEM wq, w1, . . .,wr—_1 0 TPOCYMMUIPY-

eM B (6.2) mo wp. DOCKOABKY MaTpuiia P cToxacTHdecKas, MOLYIIM

0 0
Z P&D)Pwuwl <o Pwr_qwr = Z pg(uu)pwgwl <o Por_swr_y -
Wo,...,wp

Wo,..,Wpr—1
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CyMMupysi TOCJAeOBATEABHO 110 W _1, . . .,Wy U MOJB3YACH HA KaXKJOM
mare cTOXaCTHYHOCTBIO MaTpuibl P, moay«anm (6.2).

Onpegenenmne 1. Koneunoti yenvio Maprxosa ¢ TUCKpeTHBIM Bpe-
MetemM ¢ = 0,1,...,7 ¢ TpoCTpaHCTBOM COCTOSHUN S, MATPUIEN TIepe-
XOIHBIX BEDOATHOCTEH P 1 Ha9aIbHBIM pacTipeieleHneM (MM BEKTOPOM
HAYaIbHBIX BEPOATHOCTEN) p(9) HaswpBaeTca Mepa P™) ua MPOCTpaH-
cree Q)| 3agannas ¢ momompio (6.1).

B caywae, ecainm Bce KOOpMHATH BEKTOPa HAYAIbHBIX BEPOATHOCTEN
() 3a mekmoUeHIEM -il, pABHBI HYIIIO, TOBOPAT, 9TO MapKOBCKAA LeIlb
nMeeT HadaJbHOe COCTOSHUE ©.

Amnamornvano mpemaokennto 1 nokaszpiBaeTcd, 9TO AaA aoboro ' < ¢
1 mo6oro w € Q)

S POW) = o paer - Py = PE (),

Wil gy W

rle CYMMHDOBaHWE BEJETCA MO BCEM BO3MOXKHBIM 3HAYEHUEAM Wiip1 €
S,...,w €S8, a w(t) o6osmauaeT orpanmdenne sektopa w € Q) Ha
npocrpancteo Q). Takum 06pasoM, BepOATHOCTS, HHAYIUPOBAHHASL
Ha TPOCTPAHCTBE Q" Mepol P(t), COBTIATaeT C P, D006HO TOMY,
KaK Mbl HOCTPOWJIH Mepy Ha 6eCKOHEUHBIX MOCAeA0BATEIbHOCTAX A
CXEMBI DEPHYILIN, MBI MOYKEM MOCTPOUTH MepPY Ha GECKOHETHBIX TOC/TIe-
MOBATEIBHOCTAX W C DJAeMeHTaMn u3 S. DO5TOMY B MaJbHENIeM MBI

WHOT 1a ONyCKaeM MHAEKC Y Mephl P,

Dpumep. DaccMoTpuM 0Tpe3ok [— N, N| 1efodnciaeHHoOl OCH 1 pac-
CMOTPHUM ciIydaiHoe 6JyXK TaHne, KOTOPOEe Mbl M3YHall B JeKINH 5, Cy-
3UB €ro Ha BTOT OTPE30K. A WMEHHO, Mid JI60U BHYTPEHHEN TOYKH
Y OTpe3Ka BEPOATHOCTH MepexonoB 3amatorca (opmynon (5.5). [las
y = —N moJoXuM

p, ecium x =—N +1;
P(Si=x|Sic1==-N)=1< ¢, ecmnmz=—N,
0 B OCTATBHBIX CIydafx.

Anagoruvso misg y = N TOI0KIM

p, ecau x = N;
P(Si=x|S-1=N)=<X ¢, ecimz =N —1;
0 B oOCTATBHBIX CIyvadx.

Docae[0BATENBHOCTD CAYYalHbIX BeANHnH S; 00pa3yeT KOHETHYIO HeNb
MapxkoBa, mepexoibl KOTOPOH Tpadudeckn m300paxeHbl HAa PUCYHKE

6.1.
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Duc. 6.1. Cayvannoe 6ayx faHme Ha OTPE3KE.

(0)

7

SyCTb MapKOBCKasA TEIlb UMEET HaYaJbHOE COCTOAHNE i, T.€. D

t
() BEPOATHOCTEL TOT'O, YTO B MOMEHT BpEMEHN i nenb

ij
. 1
HAXO/UTCA B COCTOSHUN j. B wacTHOCTH, pl(»j) =p;u

1. OGoznadmm p

2
ng) = Zpikpkj~ (6.3)
kes
(2)
i
ToM MaTpHmEl P2, Do WHEAYKINN MEl HOIyYaeM PeKypPpPeHTHYIO (op-
MyJT1y

Da A3bIKe MATPHI] paBeHCTBO (6.3) o3HAYAET, 4TO p;; ABIAETCA DIEMEH-

PZ(;) = sz’kp;(fj_l), (6.4)
keS
(t)

KOTOPpasi O3Ha9aeT, ITO HHTEPECyollasd Hac BEPOATHOCTE P, ;" 3a1aeTcs
(ij)-M saeMeHTOM 1-1 CTeNeHH MATPHIEL Mepexo1oB P.

Dycrh Temeph BekTop pl®) HAYATLHEIX BEPOATHOCTEH MPOM3BOML-
uerit. O6osnasnm pt) mabop BepoaTHOCTEd p‘g»t) = P(t)(wt =j), jES.

On masuiBaeTcs pacnpeaejJeHneM MapKOBCKOﬁ e B MOMEHT BPEMEHNU

t. Torma
B = 3,
1€S

TO €CTh YTOGHI HANTH PacIpe/ie]cHIe BEPOATHOCTEH B MOMEHT ¢, HYKHO
K BekTOpy-cTpoke pl®) HavaIbHOrO pacipejeleHus IPUMEHUTEL MATPU-
my Pt

20 = O pt.

Apegaoxenune 2. IycTh MOCAENOBATEIBHOCTh COCTOAHNUN i, i1,
., f¢_1, ¢ TAKOBAa, ITO

P{(.JQ = io, LWl = it_l,wt = Z} > 0.
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Torga

Plwiyi = |wo=to,...,we =i} = pij.
Horazameavcmeo.
P{wiyi =j |wo=d0,...,wr =1} =
_ P{wiy1 = j,wo = do,...,wr = i} _
P{wo=10,...,wi—1 = t4—1,w = 1}

o), o
Py, Pioiy - - -Piy_1iDPij

0, o
piu quzl .. ~pzt_1z

= Pij-

Takum 06pazoM, yCIOBHASA BEPOATHOCTH OKa3aThCA B MOMEHT Bpe-
MeHU { B HEKOTOPOM COCTOSHUU TIPU YCJAOBUU, ITO 3aJaHBl COCTOSHUA
[ETW BO BCE MPEABIAYIIHEe MOMEHTEI BpEMEHH, 3ABUCHT JHIIB OT COCTOA-
HI B MOMEHT ¢ — | U He 3aBHUCUT OT BCEX TPEBIAYIINX COCTOSHUN. DTO
CBOWCTBO mHODIa GepeTcs B KadecTBe olipeetenus nenu Mapkosa. Ero
MOXKHO MOHUMATh TaK, 9TO IpH (PUKCHPOBAHHOM ~HacTosmeM” ~ 6y 1y-
mee” He 3aBHCHT OT ~mpouuioro” (cM. TakXKe ynpakHeHWe | HIKe).

Idpeaaoxenue 3. las aroboro ¢ > 0

Plwitn = j lwe = i} = pz('?)’

rne pl(f) — JJIEMEHT MaTpHIbL Pk
Joxazameabcmeo 1o uuAyknuu. Jpu k = 1
Plwtyr = jywe =i}
Plw: =i} B

Plutyr1 =j |we =1} =

(0)
_ Dlig. ey Pig Pioir - -Pie_aiPij
= o, P
Ziu...it_l pig Pigiy -+ Piy_qi
HNanee, peAmogoXnM, 9T0 Add BceX k < m yTBepKAeHIE TOKa3aHo.
Nmeem

. . Plw =jwr =1
Plwitmr = j |we = i} = {etmss =i

P{wt = Z}
_ 2 Plusimyr = Jiwigm = s,w =10}
- Plw: =i} B
— Zs Plwiymir = J | wigm = s, w = i}P(wt+m =S5,w; = z)
B P{w, = i} =
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= Z Plwtsmt1 = J | wigm = s,we = i}P{wipm = s [we = i} =

B3
1
= P e = Y.
B3

Srl[ecb MBI BOCIIOJNB30OBaJJUCE TE€M, ITO IIO NPEANOJOXKEHNIO MHAYKINN

Plwpim = s |we =i} = pi",

a U3 OpefloXeHud 2 clefyeT, 4To
Plwttmer = J | Wegm = s,we = i} = pyj.

Yupaxueaue 1. [loxazaTb, 9To aad Jawbbix s, > 0 cobbiTus
{wirs = i} u {wi—p = j} ycaoBHO HezaBHCHUMBI TIpU ycaoBun {w; = k},
T.€.

P{wH_s = i,wt_r = _] |wt = ]{7} = (65)
= Plwigs = ifwr = k}P{wi, = j lwe =k}

YcaoBue HOMOXUTEIBHOCTH. JYCTh [ MapKOBCKOU IEMN BhI-
MTOMHEHO CJAEMYIOMIEE YCIOBUE MOMOKUTEABHOCTH: CYMIECTBYIOT {g 1 Y >
0 Takue, 9TO

pz(»;”) >y (6.6)

A Beex ¢, j. B aToM caydae 6ygneM roBopuTh, UTO Ienlb MapKoBa He-
npusoduma u anepuoduuna.

D pumepH terneil MapkoBa, M KOTOPHIX YCIOBHE TOJOKMTETHHO-
CTH HE 6bINOAHEHO.

1. DpocrpancTBO cocTosHmn S pazbuTo Ha ABa MOAMHOXKecTBa A
u B raxme, uTo p;; =0 naa Bcex 1 € A,j € Bucex j € A, i € B (cMm.
puc. 6. 2). Takas [enb HA3BIBACTCA TPHBOJUMOI.

2. Depuoauteckas Ielb: TPUMeED faeT rpad HMeln U3 ABYX COCTOS-
HUU Ha puUcyHKe 6.3, rje KaXK B Mepexo nMeeT BepoaTHOCTE 1. Ma-
TPHI[A MTEPEXOIOB 3TON [ENN PaBHA

0 1
P =
1 0
nostomy P = P, ecim k wetno, u P* = E, ecan k neverno, rae F —
eTMHITHAS MATPHUIA.

Onpegenenne 2. CocTosHNE ¢ HA3BLIBAETCS HECYULECTNEEHHBIM, €C-
JIT C TIOJOKUTENBHON BEPOATHOCTHIO MOXKHO OKa3aThCA BHE 3TOIO COCTO-
AHUS 338 KOHEYHBIN MTPOMEXYTOK BPEMEHN, HO HEJIb3sA B HET'O BEPHYTHCH,
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a
Duc. 6.4. llenb ¢ HeCYIIECTBEHHBIME COCTOAHUAMIM.

(m)

T.e. €CIU CYIUECTBYIOT TaKue M U j, 4T0 p;;
B mpoTuBHOM cayvae cOCTOAHNME HA3LIBAECTCA CYUECTNEEHHBLM.

Da pucynke 6.4 TaHBI TPUMEPHI HECYIIECTBEHHBIX COCTOAHUH. 3IeCh
BCe COCTOAHUA, KpOMe a, HecyIeCTBeHHBI. MHOXecTBO cylIecTBeH-
HBIX COCTOAHWEH o6JajgaeT, OYEBHIHO, TEM CBOUCTBOM, YTO, MOMAaB B
Hero, MapKOBCKad IeNb HUKOTAa yXKe ero He MokmHeT. MoxHO mO-
Ka3aTh, YTO B CJIydae, KOTJa BCe COCTOSHIS MapKOBCKOW IENHU CYIIe-
CTBEHHBI, NPUMePHl HEBBIMOJHUMOCTH YCJIOBUA TOJOXKUTEIBHOCTH HC-

> 0, 7O M1 BCGti;Z) =0.

YEPIBIBAOTCA MEPUOIUIECKUMU W TPUBOAUMBIMU TENTAMM.

Onpeaenenne 3. BeposaTHocTHas Mepa m = (7, ..., ,) Ha MHO-
JKecTBe S HA3BIBACTCA UHEAPUAHMHOU Mepoti MAPKOBCKON IEMH, e€CJAn
T=nP.

Teopema 1 (Dprogutdeckas TeopeMa). DYCTh s MAPKOB-
CKOT 1Ml BHIMOJHEHO yCaoBHe TofoxnTerbHocTn (6.6). Torga cyrme-
CTBYeT eJUHCTBEHHAA BEpOATHOCTHAA WHBApPHAHTHAA Mepa T A >TOH
MapKOBCKOM IIeNN, W A BCEX ¢, j

: (t) _
Jim ;= ;. (6.7)
SDosee TOTO, CXOAMMOCTD K MHBAPHAHTHOMY pPaclpeeJeHnio SKCIIOHeH-
nuafgbHa, T.€. CYIIECTBYIOT TOJOXKHUTEIbHBIE KOHCTAHTHL ¢ W (¢ TaKne,
9TO A JIOOBIX ¢ W j IIA JOCTATOTHO 6OILINX ¢

| pl(»;) — 7 |< cexp(—ta). (6.8)

Sameuanne. 13 (6.7) caegyer, 9T0 M T0GOT0 HAYAIBHOTO Pac-
npenenenns pl®)
lim p(O)Pt =T.

t—r00
Aoxazameavcmso. CHavdana npuBeseM Uei0 J0Ka3aTelbCTBa. Jac-
CMOTPHM JIBe BEPOATHOCTHLIE MepHl Ha mpocTpancTie S @ p' m p”’. Do-
ckoabky » ., (ui — pi') = 0, BexTop p — p'' MOXKHO HpeCcTaBUTL Kak
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pPazHOCTh MBYX HEOTPHIATENLHLIX Mep Ha S ¢ HelepeceKalommMucH
HOCHTEIAME I C OJUHAKOBOI MacCOll, paBHOI Z-I_(ﬂ; — u), roe Z+
03Ha4aeT, 9YTO B CyMMY BKJIIOYAlOTCA JHIIL HeOTPHUATEILHEIE Clarae-
Mble. Dof JelCTBHEM OIlepaTopa, 3aJaHHOI0 CTOXaCTHIECKON MaTpH-
meir P!, moaoxuTesbHad U OTpHIATEIbHAT Macca IepepaclpelepaTCs
HEKOTOPBIM 00pa3zoM MO COCTOAHHAM. JPH DTOM MOCKOALKY pfﬁ > 9,
TO 06A3aTeNbHO MPOM3ONAYT COKPAIEeHNA MaCChl. De3ybTHPYONIyIo
Mepy MOXKHO BHOBbL NpPENCTABATHL KAK Pa3HOCTh ABYX HEOTPHUIIATENb-
HEIX Mep C HellepeceKalolIMUCA HOCHTEIAME I ¢ OJHHAKOBOI Macco,
OIHAKO Macca HOBOI MephI OKaxKeTCA CTPOr'o MeHbIIe MacChl MCXO JHO
Mepsl. Bass i/ = pO Pt 1" = p® Pt y npononxkan amamormuno, mo-
ayunM, aTo Macca pasHoctn pl® Pt — p(® Pt yaga ana mocrarouno
6oapmmux ¢t a 5To W o3HAYAET CXOIMMOCTE.

OPpuBeeM Teleph MoApobHOE NoKazaTeabcTBo. OIpeenum paccTo-
auue d(p', ') MeXKIY BEPOATHOCTHBIMI MeDaMH CAeJYIOUHM 00pazoM:

1 n
Ay = 237 =i, (6.9)
i=1

DPOCTPAHCTBO BEPOSTHOCTHBEIX Mep Ha S ¢ METPUKON d ABJIAETCS TOJ-
HBIM METPHYECKUM TPOCTPAHCTBOM. 3aMETUM, ITO

d(p', p") < 1.

Kpowme Toro,

1< 1 +
dip' p"y = 5 3 L= 1= 5 Y = )+
i=1

1 + +
b ) = X0 )
Jlemma 1.

a) Ecan ) — croxacTndeckas MaTPHIa, a p — BEPOATHOCTHAA MDA,
TO p) TOXe BEpOATHOCTHAS Mepa.
6) Ecan croxacTmdeckad MaTpuna () Takosa, 9TO ¢;; > v > 0 g

HEKOTOPOT'O ¥ U JJIA BCEX 1, J, TO JJIA JIOOBIX BEPOATHOCTHLIX Mep p' n
1

7
d(p'Q, p"Q) < (1 —~)d(p', ). (6.10)

Horazameabcmeo.
a) Dyctsb p' = pQ. Toraa, ovesngno, p; > 0 nag Beex j. [laee,

ZP} = Zzpi(h’j = ZPiZQij =1
) Jj ot i )
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6)

Q' Q) =37 Dk =iy < D7 D07 (i = i)aig =

+ +
= (= )Y s < d ),

+ _ +
TaK Kak Zj qij < Zj ¢i; = 1. BameTnm, 9TO CyMMa Zj ¢ij HE MOXKET
collep:KaTh CYMMHPOBaHHUA 110 BeeM MHAeKcaM j. [JelicTBUTeIbHO, eclin

OBl A Ka¥XKJ0ro j
n n
> Hiaig >y nlaig,
i=1 i=1
TO
n n n n
SN dhai >0 wlai,
j=1li=1 j=1li=1

W, 3HAYNT, cyMMa KoopamHaT BekTopa (p' — p'')@Q) monoxmrensua, 9T0

HEBO3MOXKHO, TaK KakK B CHIY IYHKTa a) BeKTOpH p'() u p'' () BeposaT-
HocTHEBIe. Tak, B cymMme Z;— ¢;; XoTA OB OIUH HHJEKC j OTCYTCTBYET,
HODTOMY €CIHU ¢;; > vy AJA BCEX 4, j, TO

Z;qij <1—9.

OTcroma caeayer, ITO

AW Q" Q) < (L =)D 7 (= plf) = (L —~) d(', 1.

Jemma 1 nokxazana.

DPOJOIKIM JOKA3ATEILCTBO HSProqmdecKoil TeopeMil. Dycth plo)
€CThb TTPOM3BOJBHOE PACIpE/eJeHe BEPOSTHOCTER Ha S. DOKakKeM, 9TO
MOCIEeTOBATENBHOCTE

p(t) - p(o) Pt

ABAseTCA PYHIAMEHTAIBLHOI, T.€. s atoboro € > (0 Hangercs N Takoe,
9TO A4 moborot > N u aoboro m > 0

d(pl, pltHm) < e. (6.11)

DOI0XKUM
ﬂ/ — p(t—tg) ﬂ” — p(t+m—t0)’ Q — Pt”

bl

1 BOCIIOJB3yeMCs JeMMon 1. Domyanm:

d(p®, p+my = d(pl” P?, plO i) <
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< (1 _ 'Y) d(p(O)Pt_t”,p(O)Pt"'m_t”) <.
< (1 _ 'y)kd(p(o)Pt_ktD,p(O)Pt"'m_kt”) < (1 _ ’}/)k

— bl

(6.12)
rie k ecthb Hambogbllee Tegoe, Takoe, 910 kig < t. [lasg mocTaTowTHO
Goapinoro t orciofa craeayet (6.11). O6ozHadnM

7= lim p(t).
t—r00

Torga
7P = (lim p®)P = lim ('Y PY)P = lim pV PI*! =1,
t—o0 t—o0 t—o00
TO €CTh M — WHBApPHAHTHAS Mepa:
P =m.

JlokaxkeM Teneph eMHCTBEHHOCTL MHBApUAHTHON Mephl. JlomycTumM,
nMeloTcA Be muBapuanTHbe Mepsl, 71 u (%) Toraa

(1) = g pto - 2(2) — 2(2) pto,
SDodToMy

d(7V), 7)) = d(x( pte 72 ptey < (1 — ~) d(z™) 7))

bl bl

otryaa creayer, aro d(r() r(2)) = 0.
Nrax,
lim p(O)Pt =7
t—r00
fie 3aBUCAT OT HadalbHOro BekTopa plo)
BozbMem B KadecTBe HadaabHON MEPHI M(e}))y 50 | cocpegoTouennyio
2

B i-M COCTOSHUH, T.€. 5;“ =0gmi#jud;’ =1 Torga

pl(»;) =60 pt w5, j=1,...,n,

9TO U AoKa3bBaeT (6.7). DKCIOHEHINATBHAA CXOUMOCTE (6.8) crenyeT
w3 (6.12).

DacCMOTPUM MapKOBCKYIO IeMb, Y A0BIETBOPAIONLYIO YCAOBHIO MOJIO-
KUTETLHOCTH. OYCTh HadadbHOE COCTOAHWE >Toi menmu ecThb 7. O60-
3HAYNM 9epe3 T;; CIy9IallHOe BPEMA MEPBOTO BO3BPAIEHNA MAPKOBCKOM
Henu B COCTOAHUE 0.

Apegnoxenne 4. CymectByorT KonctauTel C' > 0, a > 0 Takmne,
9TO IS AI060T0 JOCTATOTHO GOMBIIOTO ¢ BEIMOJTHEHBI SKCIOHEHITTAID-
HBIE OIEHKH

P(r; >t) < Cexp(—at).
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Horazameavcmeo.
P(Tii > t) S P(wtu ;é i,WQtD ;é i, <oy Wity ;é Z), (613)

raet = kig+1t', t' < 1y, ato GUTypHpPyeT B YCIOBUHN NOJOKHATEIHHOCTIH.
W3 ycaoBua NOMOKHTEABLHOCTH ClejyeT, 9TO npabas dacTh (6.13) He
npesocxomuT (1 — v)*, 9To u goxasLIBaeT MpeaTOKeHHe 4.

Yupaxuenue 2. /lokazaTh, 9TO s MO00H CIyIalHON BEANTHHBI
¢, IPUHUMAIOIIEN Teble HEOTPUIIATENbHBIE 3HAYEHIIS,

E¢=) PE>m)
m=0

Apegnoxenne 5. [lucnepcus caydaillHOW BeJUIHHBI T;; KOHEYHA.
Horazameavcmeo. W3 npennoxenus 4 m ynmpaxhHeHus 2 ciaeayer,
qaro B < oo m ETZ»ZZ» < 00 :

Eri= > P(ri>m) <C > exp(—ay/m) < . (6.14)
m=0 m=0

(1)

DacCMOTPIM TOCIeOBATENBHOCTD CIy9ailHEIX BEINYNH T;;

k
rae TZ»(Z» ) et BpeMs Mexky (k — 1)-M B k-M HOCelleHHEM TENBIO CO-
cTosiHUA . B cHly MapKOBCKOTO CBOWCTBA DTH CJAYYalHbBIE BEANTHHBI

O

He3aBUCUMBI U OAWHAKOBO pachpefeneHH. B wactrHocTH, ET;;” = ETy8

T(z)...

» '

He 3aBHCHT oT |. B jgekmum 1 MBI TOKa3aan 3aKOH GOJBINIAX HMHCEA JJIA
CXeMBl JepHyJ/IN, OJHAaKO >TOT 3aKOH BepeH B ropasjgo 6ojee oOmen
cuTyalnuy. B 9acTHOCTH, MBI YBHIMM, 9TO OH BBIIOJHEH U AIA IOC/E-
NOBATEIBHOCTH CIYYallHBIX BEJIMIHH TZ»(Z»

Teopema (3aKOH GOJBLIMUX “HUCE A HE3ABUCUMBIX CIy*Ial-
HBIX BEIMYHH). DycThb £1,&s,... — IOCIACNOBATEABHOCTh HE3ABUCH-
MBIX OAUHAKOBO PACIpeJeleHHbIX ClLydailHblx Beandut ¢ E|;| < oo u

n
KOHeTHOH aucmepcuen. DycTh S, = Y &;. Torga S, /n — E&; mo Bepo-

i=1
ATHOCTH NP N — 00, T.e. MIA BCAKOro € > 0

Sn
P ‘——Eﬁj >e)] =0, n—oo.
n

Jorazameabcmeo aHAJOTUYHO TTPUBENeHHOMY B Jekumu 1 nokasa-
TeABCTBY 3aKOHA GOMBIINX 9UCE] A CXEMBI DEPHYILIH.

B cuny mpeamoxenus b mocieqoBaTedbHOCTDH CAYYAHHBIX BEJNIHH
Tif) VIOBIETBOPAET YCAOBUAM 3aKOHA GOJBIINX HHCE.
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Teopema 2. DycTh ™ — WHBapuaHTHasg Mepa MapKOBCKOW IIEITH,
I KOTOPOW BHITOJHEHO YCJOBIE TOJOKUTENAbHOCTH. Torma nis mko-

Gorot € S
1
= =—. (6.15)
ETii
Jorxazameabcmeo. IDyCTh HaYaIbLHOE COCTOAHNE MapPKOBCKON LEIN
ecTh i. Obozraunm depes r(N) caydaiiHoe 9ncao HOMaJaHH B COCTOA-
HIUe {1 33 OPOMEXYTOK BPEMeHH AJAMHLL N .

Idpeanoxenue 6. /[asa nocraTouno Goabimx N
Er(N) ~ Nm;. (6.16)

Aorazameavemeo npedaodcenus 6. DacCMOTPUM CIYIAUHYIO BeJH-
YUHY Xk, ABIAIOUIYIOCA NHANKATOPOM COOBITHA, COCTOAMIETO B TOM, TO
B MOMEHT BpeMeEHHU k MapKOBCKas Ielb HAXOJUTCA B cocTosiHnn 2. Torna

Exk = pgf)~

OdeBu,THO,
N
r(N) = Z Xk
k=1

MO3TOMY, TIOJAB3YSACH TEOPEMON 1, ToaydaeM:

N
#:%Zpgf):m—l—o(l), N — co. (6.17)
k=1
Dpeanoxkenne 6 TOKa3aHO.
BriGepeM focTaTOYHO GOMBIIOE (MBI YTOYHHM 5TO HIKE) Ieloe TMo-
aoxuTeabHOe wncao M m paccMoTpum moBefgeHue iern MapkoBa 3a
npomexyTok Bpemeru N = [MEr;]. Coraacho npeauoxenuto 6,

E?“([MET“]) ~ [METZ'Z']TFZ', M — oco. (618)

C apyroll CTOPOHBI, HHTYUTHBHO ACHO, 9TO B CPETHEM HHCIO TONATa-
HUU el B COCTOSIHIE ¢ 3a MpoMexyTokK Bpemenn M Er; 6anzko x M.
Ecan Mel lokakeM, 970, HapAgy ¢ (6.18), BEIIOJHEHO aCHMITOTHYECKOE
PaBEHCTBO

Er((MEry]) ~ M, M — oo, (6.19)

TO MOJIYYUM, ITO

[METZ'Z']TFZ' ~ M, (620)
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OTKY[la, O9eBUAHO, BBITEKAeT YTBeDKJIeHNe TeopeMmbl 2. WTak, HaMm
OCTAaJOCh MOKa3aTh CACAYIOUIYIO JEMMY.

Jlemma 2.

E?“([MET”])

T = Lol Moo (6.21)

Aorkazameapbcmeo aemmvt 2. IacCMOTPUM CAYIAWHBIT MOMEHT Bpe-
Menn ¢ (M), B KOTOPHIH Tpon3omnio M-e BO3BpAIlleHNe TENH B COCTOAHIE
¢

M
(M) =37l
k=1

CoraacHo 3aKOHY GONBIINX YHCeN A JIOOBIX &€, cymecTByeT My =
My(g,d) Takoe, aro mas aodoro M > My

t(M) — METZ'Z'

7 (6.22)

C BEPOATHOCTELIO 60ibIel, YeM 1 —§. MHbIMU cloBaMu, ¢ BEPOATHOCTLIO,
Goublielr, veM 1 —§, ciy4alHBII MOMEHT BpeMeHu M -T'0 Bo3BpalleHusa B
COCTOAHME 1 OTIMIACTCA OT HHTEPECYIOMEro HAaC MPOMEXYTKA BpeMeHn
MET;; e 6omee, em na e M :

|t(M)—METZ'Z'| S Me. (623)

OTcroga MOXKHO CIefaTh CAeIVIONINN BEIBOA. DOCKOJIbKY ITPOMEXKYTKH
BpPEMEHE OTIMIAOTCA He 60bIIe, eM Ha € M, TO U 9Hncjaa BO3BpaIlleHu
B ¢ 3a JaHHBLIE MPOMEKYTKN OTANYIAIOTCA He 6ogee, deM Ha e M. Towunee,
BEPHO caefyollee MpelIoKeHne.

Apeamgoxenne 7. [lag aiobuix €, 4 cyimecTByeT My Takoe, 9TO s
aoboro M > My

P{|7°(MET“) — M| > ME} < 4.

JAoxazamespcmso. DacCMOTPHUM JII0OYI0 TPaeKTOPUIO MapKOBCKON
HeNH, Aad KOTOPOH BEIMOAHEHO (6.23). DOCKOABKY MPOMEKYTKH Bpe-
mern t(M) u [MEr;] ommvaroresa apyr oT apyra He Goablile 4eM Ha
Me, To u qucio BozBpaleHull B cocrosiuue ¢ 3a Bpems [MEr;] aas nan-
HOT TpaeKkTopuH oTiandaeTcs oT M He Goablile, 4eM Ha Me. (DamoMunM,
g0 Mo onpefeneruto r(t(M)) = M.) Takum o6pazom, 114 MHOKeCTBA
TPaeKTOPHIL, BEPOATHOCTL KOTOPOro IPeBOCXoMuT 1 — §, motydaem:

|7°(METZ'Z') — M| < Me.
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Dpeaiokenne 7 TOKA3aHO. SAMUIIEM €r0 B TaKOM BH/IE:
P{M(1—¢) < r(MEr;) < M(14¢)} > 1—04. (6.24)

DepapencTBo (6.24) osHawaer, uTo cayvainad peananna (M Ery;)/M
CXOMUTCSA TO BepoATHOCTH K 1 ipu M — 00. D0 Torga MaTeMaTHIecKoe
OXMJaHIe >TOH Coy9ailHOl BeAMYHHBI TAKXKe CTPEMHTCA K 1.

Yupaxuenue 3. JoxazaTh, 9TO eCan MOCTIEA0BATETLHOCTE PABHO-
MEPHO OTPAHWYEHHBIX CAYYaWHBIX BEJMYIHH CXOIUTCA MO BEPOATHOCTH
K KOHCTaHTe, TO MOCAeJOBATEMBHOCTh HX MATEMATHIECKNX OXKITAHUT
CTPEMUTCST K DTON YK€ KOHCTAHTE.

JemMma 2, a ¢ Hell m TeopeMa 2 JOKA3aHBI.

JlutepaTrypa

Mupsie A. 3. BeposTaocTh, TaaBa 8. Pemtep B. Beegenne B Teo-
PHIO BEPOSITHOCTEN W ee MPUJAOKeHUs, ToM 1, raaBa 15.
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Jlekmmua 7

PacnpepeiecHus Caiy9alHbIX BeJNYUH.
DyHKIIUU pacnpejgeneHus. PJoTHoOCTS.

CaepTKa pacnpejejleHun

Dycrb (£, X, P) — BepoATHOCTHOE TPOCTPAHCTBO. DANOMHIM, 9TO
CIy9ailHOW BEAWYWHON HasBIBacTCA H3MepnMasd GyHKIuA &(w) HA HTOM
mpocTpancTBe. B TpakTudeckwx MOpUMEHEHUAX, OJHAKO, He BCET/a
YI06GHO MOMB30BATHCA TOMABKO TAKNM A3BIKOM, TaK KaK HacC Oy Iy T WHTe-
pecoBaTh, Kak MPaBIIO, TOABKO BepoaTHOCTH P(€ € A) Toro, 4ro 3Ha-
YeHHe CAyYalHON BEMHYHHBl NPUHAIEKUT HEKOTOPOMY (OTKPBITOMY,
3aMKHYTOMY WH, 6ofee 0610, 60PeTeBCKOMY ) MHOXKECTBY Ha HPAMOIL.
DamoMHIM, 9T0 GopenaeBckoil o-anrebpon B(R) HasbBaeTca o-aaretpa
Ha BEIIECTBEHHOW MPAMON, TIOPOXK JeHHASA WHTEePBAJAMME, T.e. HaANMEHb-
mas o-aarebpa, cojepKalias BCeBO3MOKHbBIE HHTEPBAJHI.

Onpegenenue 1. BepoarnocTHas Mepa Py Ha H3MepUMOM Hpo-

crparcTie (R, B(R)), onpenenseman mis aoboro B € B(R) kak

def

Pe(B) = P{¢7!(B)} =P{w: ¢(w) € B},

Ha3bIBACTCA pacnpedesenuem cayuatinot eeauuunst &.

Teopema 1. Dycrs § = £(w) — ciydalHas BeamduHa, Py — ee
pacnpeenetue, ¢ = ¢(x) — HekoTOpas GopedaeBckad QyHKIMA. Toria

[ewiria = [ ple)api). (r.1)

R Q

(Ecan onH 13 HHTErpaIoB CYIUIeCTBYET B cMbIcie JleGera, To U ApyToi
CYUIECTBYET W OHI DaBHHI.)

CaegcrBue. Donesnbie GOPMYJIBL IS MATEMATHIECKTX OXKI TAHNHA.

Ep(c) = / () P ().

R
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B wactHOCTH, nonarad ¢(z) = &, nMeeM

E¢ = /xdpg(x).

Ananoruuno, E£? = /J;Z dPe(z), E&F = /l‘k dPe(z) u T
R R
Jokazsameavcmeo meopemvt 1. Jlokaxem BHadage dpopmyay (7.1)
Ui MHARKATOPa GOPENeBCKOT0 MHOXKeCTBa B:

oo =toe) = { o TS

W3 onpenenenna nnTerpada Jlebera jgerko caegyeT, 9TO B 5TOM Caydae
dhopmyaa (7.1) npuHEMAaeT BHJ

Pe(B) = Pw: £(w) € B},

a 3TO ecTh He ITO MHOe, KaK pachpefenenne Pr.
B cuny auneiinocTn mHTerpana JleGera dopmyaa (7.1) Bepra gus
HEOTPHUIATEIBHBIX MPOCTHIX (PYHKIUT

@($):ZCiIBz(x)’ Ci>0a Bsz‘yiwa BZEB(R)

7

OPpUMeHAS TeOpeMy O MOHOTOHHOH CXOJUMOCTH A HHTerpadJa Jle-
Gera, y6ex gaemcs, aro gopmyaa (7.1) BepHa Jid TPOM3BOIBLHBIX HEO-
TpHIATEILHLIX 60peaeBCKIX QyHKIHT .

Trober gokazaTh (7.1) 1A IPOU3BOIBLHON M3MePUMON DYHKIHN ¢,
JOCTATOYHO MPeCTaBUTE ee B BiAe ¢(x) = T (z)—¢~ (z), Tae T (z) >
0, = () > 0, u 3ameTuTh, 9TO AIaA @1 W = Dopmyaa (7.1) Bepua B
CHJTy NOKa3aHHOTO BBIIIE.

DyuKIUA paclpeeJeHnus CIyIauHON BeJUIUHbI

DactipefiefleEne P cIy9aiiHON BEINYNHE £ €CTh BEPOATHOCTHAA Me-
pa Ha mpaAMol. BepoAaTHOCTHBIE MepBl Ha TIPAMON MOXKHO OMUCHIBATH 1
U3ydaTh B paMKax JIBYX DKBHBAJEHTHBIX MOAXOJ0B: (DYHKIIUU Pacipe-
JeMeHns W XapaKTepUCTHYecKne GYHKINN. DUKE MBI JaeM OIpeese-
HHe TepBOro U3 DTUX MOHATHH.
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Omnpegaenenune 2. Pynxyueti pacnpedeacnus CIyIanHON BETHINHBL
¢ maspiBaeTcA dyEkmmA Iy : R — R, onpegendeman caegyfomumM o6pa-
30M

Fe(e) = Pe((—o0,2]) = Plw: €(w) <}

dpegmoxenne 1 (O6mme cBorcTBa QYHKIMU pacrpefgese-
HUA).

1. 0 < Fe(x) <1 pas moboro z.

2. Pg(a, b] = Fg(b) — Fg(a).

3. Fy(z) — meyGuiBatomas (HyHKINA:

Fe(z1) < Fe(ms), ecanm z1 < xo.
4. Dpegensl Ha 6€CKOHEIHOCTH:

Fe(—o0) = lim Fe(x) =0,

r——00
Fe(+x0) = xEI-II—loo Fe(z) = 1.

5. ®yuxuns Fe(z) HellpepbIBHA CIPaBa B KaKIOH TOUKE:

Fe(z+0)= lim Fe(y) = Fe(z).

y—x+0

Horazameavcmeo. 1, 2 — o4deBuHO.

3. Fe(wo) — Fe(z) =Plw: fw) <z} —Plw: §(w) <z} =
=P{w: &w) € (x1,72]} > 0.

4. MokaxkeM, 9To Fg(+00) = 1. DaccMOTPHM IOCIeJOBATEILHOCTD
coOBITHH

An:{w: g(w)gn}a Ay gAn+1a UAn:Q

D0 CBOHCTBY HENPEPBIBHOCTH BEPOATHOCTHOH MePHI (CM. IEKIHIO 2) MO~
Ay UM

lim Fe(n) = lim P(4,) =P(| JA4.) =P(Q)=1.

n—od n—od

Amnazorndso gokaswBaeTcs CBOHCTBO Fy(—oo) = 0.
5. Dycre z, | &, n — oo. Torga

w: éw)<an} D{w: {(w) < zppr}
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{w: Ew) <z} = ﬂ{w D é(w) < mp

n

D0 HEMPEPHIBHOCTH BEPOATHOCTHON MepHI
lim Fe(z,) = lim P{w: &(w) <z,} =P{w: &(w) < z} = Fe(o).

DPpeTOKeHTE TOKAZAHO.

3ameuanume. Jobad QyHKINA, YIOBIETBOPAIOMAA ePEINCAEHHBIM
B npejgnokennu | cpoiictBam 1, 3, 4, 5, onpejenseT coiicTBoM 2 (10
TeopeMe O TTPOTOIKEHIH MEDEI) BEDOATHOCTHYIO MePY Ha IPAMOH. Do-
CKOILKY Mepa P; 0JHO3HAYHO BOCCTAHABINBACTCA IO (PYHKIIUNN PAcIpe-
nexerns Fe(z), nnrerpan Je6era [ g(x)dPe mbr 9acTo 6ygem o6o3Ha-
qath [ g(x) dFe ().

YupaxHeHu4.

1. DokasaTb, 9TO ¥ PYHKIHH pacupefetetnsa Fy(z) B KaK I0H TOUKe
CYIIECTBYET Tpefe] CaeBa, T.e. CYIIECTBYeT

Fe(z —0) = lim Fe(x).
y—r—0

2. DokasaTb, UTO MHOXKECTBO TOUeK paspbiBa Gymknun Fg(z) me
Gollee, 4eM cYeTHO (# — ToUKa paspbiBa, ecan Fe(x) — Fe(x —0) > 0).

3ameuanme. Kakos seposamuocmubiil cublea ckadka (pyHKINN pac-
npenenenna’ Beamvamna ckadka B TOYKe T paBHa BEPOATHOCTH TOTO,
9TO CaydaliHad BeJUanHa MPUMeT 3HavYeHue T

Plw: é(w) =a} = Fe(x) — Fe(2 = 0).
Dpumep. DaccMOTpuM PYHKIUIO PACIpeJeSeHus KyCOTHO-TOCTO-
AHHOM (NPOCTOM) CIyYafHON BEMHIHHEL DYCTh

Q=A,UAU...UA,, AinA; =0, P(A;)=p; >0, Zpi:L
i=1

Dyerb E(w) =@ A w € Ay m —oo < 1 < 2 < ... < &y < 0. Torga
Fe(z)= > pi.
1w <w

B wactHOCTH, ecan £ = ¢ KOHCTaHTa, TO

0, ecmmzx<ec,
Fe(w) = { 1, ecmzx>ec.
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P2

ry Lo 0 T3 T X

Duc. 7.1. PyHKIUA pacrnpeqeqeHuss TUCKPETHON CIYyIalHON BEMMYMHE.

Da pucynke 7.1 mpuegena (pyHKIUA paclpejfeJeHns CAyIailHON BeJu-
YHHLL, TPHHIMAOMEH KOHeIHOE YHCIO 3HAYCHHH X1, ..., &, C BEPOAT-
HOCTAMH Py, . . ., Py, COOTBETCTBEHHO.

3ameuanme. CaydaiiHas BeqwduHa & HazbiBaeTcA Jduckpemmuod,
ecan Fe(z) KycodHO-IOCTOSAHHEA; Henpepbisnol, ecan Fg () HepepHIBHA;
abcoamHo HenpepulsHotl, eCln Y pacipeJeleHIA CIy9aiiHoOl BN INHbL
£ CymeCcTBYeT MIOTHOCTE (CM. HIEKE).

PaorHocTh paciipeaejJeHnsa

Onpegenenme 3. Mel 6yfeM Ha3HBaTH pacnpeferqerne FPr abco-
AOMHO HenpepbieHblM (OTHOCUTENBLHO MepHI Jle6era), ecan cyliecTByeT
HeoTpHIaTeIbHas H3MepuMas (PYHKIHUA pe(2), HasbIBaeMasg NAOMHO-
cmpio pacnpedeaenus, Takad, 9To 1id aoboro B € B(R)

Pe(B) = [ pete) de.

B

HCHO, 9TO MJOTHOCTE OIIpeaeJAaeTCA C TOTYHOCTBIO OO 3HAYEHNI Ha MHO-
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KecTBax aeberoson Mephl (.
OPpuBeieM HEKOTOPbIE MPOCTENIINE CBOUCTBA IIOTHOCTH.
1. Domaras B = (—o0, 00), nory4nm

[ peteyde=1

R

A1 060 INIOTHOCTH P ().
2. Donarasg B = (—o0, x|, NOAYYINM CBA3b MIOTHOCTH W BYHKIHN
pacrpe/eIeHna:

Fele) = [ peto) de (7.2)
IV KAk JOTO .
3. AHagoru+Ho,

b

Plae <) = [ pela)da. (7.3)

a

4. Dourn Bciogy mo Mepe JleGera

Ecin pe (¢) HenpephIBHA, paBeHCTBO IMeeT MecTo Bciony. ([JokasaTers-
cTBO cM. B KHHre Koamoroposa u domuHa, riasa 6.)

3ameuannme. Ecan (7.2) uMeeT MecTO I BCEX ¥, TO pacpejele-
Hue Py aGCOMIOTHO HEMPepPLIBHO. (De3 JoKazaTelbcTBa.)

Teopema 2. DycTh pacnpefenenne Py cryqailHOH BeIWIHHH £ a6-
COJIIOTHO HEIPEPEIBHO, Pg(2) — IIOTHOCTE paclpefeteHns, ¢ — Gope-
JeBckas qyukmua. Toraa

Eg(E(w) = / o ()pe () di

R

MaTemMaTndecKoe OXKUJaHNE CYIIECTBYET B TOM U TOJBKO B TOM CIyYae,
KOTJa CyIIECTBYeT MHTerpaJf B cMbicie Jlebera B mpaBou 9acTH.

Jorazameabcmeo TOBTOPAET pPaCCyXKAeHUSA, TpUBEeHHBIE TIPU MO-
Ka3aTelbCTBe TeOpeMBI 1.
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D puMepH.
1. DaBHOMepHOe pacipefenetne Ha oTpeske [a,b]. Do onpenenenuio

, @€ [a,b],
pe(z) =4 b—a
0, z¢][a,b].
Torga
0, r < a,
Fe(z) = If:;l’ a<x<hbh,
1 b<uz

bl

2. DopmanbHoe (rayccobckoe) pacnpegenenue & ~ N(a,0?), a € R,

o> 0: ,
pe(x) = . eXP(—%)

BRVLY

CrangapTHoe HOpMaabHoe pactpetetenue N (0, 1):

[Jlast noacyeTa HOPMUPYIOMIEH KOHCTAHTHL 1 //27 HYKHO BBIUCAUTE HH-
Terpad fexp(—xz/Q) dz. KBagpaT »3TOro mHTerpasa JerkO BBIMHCIA-

R
eTcA NpH nepexojie K MOIAPHBIM KOOPANHATAM :

27

// (5+%) dx dy :// _%rdrdg0:2ﬂ'.
0 0

YupaxHeHu4.

1. Dycrw € ~ N(0,1). Dokaszatsb, uro 1 = o +a ~ N(a,o?).

2. DpeobpazoBaHus MPHU CABUTE W CKeWaWHTe., JycTh m u o > 0
HEKOTOpHIE KOHCTAHTHI. /lokazaTh, 9To:

a) Fepm(z) = Fe(x —m);
6) Foe(x) = Fe(x/0);

B) Peym(T) = pe(x —m);
)

r) Poctm(®) = o7 pe((x —m)/0).
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MHuoromepHbIe pacupe/ejleHnsa

Onpegenenue 4. CoBMecTHON (PYHKINEN PACTIPENENEHIs CIydali-
HBIX Beawdud &1, ..., &,, 3aJaHHBIX HA OJHOM BEPOATHOCTHOM MPOCT-
paHCTBe, HazoBeM QYHKIIHIO N BEMIECTBEHHBIX MEPEMEHHBIX

Fe, ez, ... 2p) def Plw: &(w) < a1, 6n(w) < zp ).

Onpegenenune 5. CoBMecTHOE pacpe/efeHne CIy YaliHbIX BeANTHH
&1, ..., &, HasBIBaETCA a6COAOMHO HENPEPDIEHbIM, ECIH CYIIECTBYeT He-
oTpHIATelbHAs U3MepuMast QYHKUUA pg, ¢, (21,...,2,), HasbBaeMasd
COBMECTHON IIOTHOCTBIO, Takad, ITO JAd BCeX MHOXKeCTB B m3 6ope-
feBckoil o-aare6per B(R™)

Plw: (&1,...,&) EB}I/pgl...gn($1,~~~,$n) dzy - -dx,.
B

OUICBI/I,Z[HBIC CBOIICTBA ILIOTHOCTHU MHOI'OMEPHOI'O paclipeejJeHnA:

/Pgl...gn(xl, ) dey e ede, = 1;

Rn
I BCEX 1, ..., Tn
T Tn
Fep e (1,0 20) = / "'/pgl...gn($1,~~~,l‘n) dzy - -dxy,.
— 00 — 00

Anagoruvdso Teopeme 2 mis 6ol 6openeBckon dyuknm g @ R? —
R wmeeT MecTO dopmyaa

Eg(é1,...,¢&) = /g(xl, e Bn)Pey e (1, 2y dey - -dry. (T.4)
Rn

O6e 9acTn KOHEYHBI OJJHOBPEMEHHO W PABHBI B TOM CJAydae, KOTJa Cy-
mecTBYOT. /loKa3zaTeabcTBO aHAJOTUIHO.

Apegnoxenne 2. CopMmecTHas QYHKIUA PACIpeNeNeHUs He3aBH-
CUMBIX CJAYYalHBIX BEJUYNH €CTh MPOn3BedeHne (pyHKIMH pacipeiese-
HIUS 3TUX CAYYalHBIX BETUIHH :

FEl...En (l‘l, ceey l‘n) = F§1 (l‘l) o ~F§n (l‘n) (75)
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ﬂonasameﬂbcmeo. 13 mezapucumocTn IoJay1aeM

P& <y, &6 <uxn} =P{& <2} -P{& <z}

3ameqdanmne. BepHo m o6paThoe yTBepxaeHue. [asg Toro 9To6B
cayvalHble BEIUIUHEL &1, . . ., &, OBLIN HE3ABUCHMEI, HEOOXOMMO M M0-
CTATOYHO, YTOOH! M BCEX X1, ..., Ly OBLIO BEIMOAHEHO (7.5). /lokasa-
TeTBCTBO MOXKHO MOCMOTpeTh B yiebuuke llupsena, raasa 11, §5.

CaeapcrBue. Ecin coBMecTHOE pacipejiefeHne clyYalHbIX BEANTNH

&1, ...,&, aBCOMOTHO HEMPEPBIBHO, TO
&1, ..., &, HE3ABUCHMEL <= pg, ¢ (21,...,25) = pe (1) -+ pe, (20).
CBepTKa

DacCMOTPHUM CaeAyOILy o 3a4ady. DaluThH (PYHKIHNIO pacipeIeneHnsa
F(x) cyMMBI IBYyX HE3aBUCHMBIX CIyIallHbIX BeaAWIuH §1 1 &2, €Can W3-
BECTHHI (DYHKINH pachpefeleHnd ciaraeMbix, Fi(z) u Fa(z) cooTeT-
CTBEHHO.

Onpegenenue 6. CpepTkoll ABYX (QYHKIUU pacupegeteHus Fj u
Py maspiBaeTca QyHKIINAA

Py« Fy(z) & /Fl(x —y) dFs(y).

Jdpeanoxenne 3. PYHKINA pacpeeleHNs CyMMBI IBYX He3aBH-
CUMBIX CAYYalHBIX BeIWHWH ¢ QYHKIUAMEI pacnpeeaenns Fi n Fy ecThb
cBepTKA NX QYHKINH PacIpefeqeHus

F§1+§2 (l‘) = F1 * Fz(l‘) (76)

Aokazamevcmeo. O6osHasuM Ife, y¢,<p} (W) HTHATKATOP COGBITHA
11+ & <z} Torga

Fevper(2) = P(Es + 62 < 2) = / Hevserny (@) dPw) =

:/ / dPe.c. = 7 /_ dP¢, (y) dPe, (2) = /Fl(x— 2) dFs(2).
y+z<a —00 =0 R
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3ametaanue. 13 mokazaTeabcTBa MPeNJIOKEeHNUA 3 BUIHO, 9TO OTpe-
IeJeHne CBePTKU CUMMETPUYHO:

Py« Fa(x) = /Fl(x —y) dFs(y) = /Fz(y— z) dFy(z).

R R

Opegnoxenne 4. DycTh caAydalHble BEIUYUHBL &1 U &y He3aBU-
CHMBI U WX pachpejelieHns abcoJIOTHO HENPEPBIBHEL € MIOTHOCTAMHA
pe,(2) 1 pe,(2). Torma &1 + & uMeeT abGCOMIOTHO HENMPEPLIBHOE pac-
npejlefeHre ¢ MIOTHOCTHIO

+00 +oo
mﬁ&ww:/p&W—wmxw@F:/p&@—MMAMMa

Joxazameavcmeo. Ina Toro 9Tobbl celaTh paccykKJeHHNA Gojee
HOHATHBIMH, IPeANOIOKIM, ITO IIOTHOCTH P, (2) U pe, (&) HempepHIB-
HEI. 3BECTHO, 9TO A HEIPEPLIBHBIX OIpAHUYeHHBIX (QyHKIHN HHTE-
rpaabt Jle6era n Dumana copnagator. O6oznadum D = {(x1,22) € R? :
z1 + a2 < a}. Torga

Feyve, (7) = P{& + & <z} = P{(&1,62) € D} =

I/Pflgz(l‘l,l‘z) dl‘ldﬂé‘z:/ / Pey (21)pe, (22) derdes =
D

r1+za<z

oo T—xa

= [ ([ retendn )reten den=

= /(/pfl(l‘l—xz)%(xz)dxz) day.

Maa nokazaTeabcTBa GOPMYIBI CBEPTKHU B CAYYae M3MEPUMBIX IOT-
HOCTeH OOIIEr O BU A CJAeNyeT TOBTOPUTH NPUBEIEHHBIE BHIIE BHIKJIA -
K1, 060CHOBLIBaA WX MPUMeHEHNEM TeopeMbl PYOUHU U TEOPEM O TIpe-
JeTBLHOM TIepexo/e To 3HaKOM WHTerpada Jlebera.

JlemmMa 1. Ecin cBepHYTH TPOM3BOABHYIO (DYHKIIHIO PACIPETEIEHTA
F ¢ pyuknmen pacupegenenna $, rayccoOBCKON cay<TalHON BEAUTIHHBI CO
cpeaanyM 0 I qUCHepcHell o2, To IOIydIeHHOe pacipeetenne F, = &, «F
HMeeT IIOTHOCT.
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JAoxazameavcmso. CoraacHo cBolicTBY 4 maoTHocTelm u (opmyJie
(7.6) MIOTHOCTE CBEPTKH PaBHA

= %/@g(x—z)dF(z) =

R

po(z)

(v - 2)*

:Z%@g(x—z)dF(z):!\/;_ﬂ_aexp (- — )dF(z). (1.7)

Yupaxuenune. O60cHyNTe 3aKOHHOCTH AU PEPEHITNPOBAHMIS MO

3HaKOM MHTerpaJda B IIPUBEIECHHOM BEIIIE TOKa3aTeAbCTBE.

Jlemma 2. B oboznadennax eMMmbl 1, ecim ¢ — 0+, 7o Fy — F' B
Kax oW TOYKe HempepbiBHOCTH F' .

NHTynTUBHO yTBepkKJAeHWE JEMMBI 2 SCHO, T.K. K & mpubaBasgeTcs
rayccoBa BeAUYHHA 1)y, KOTOpas ¢ GOJIBIION BEPOATHOCTHIO OJAM3KA K
HYJ10. JPUBEIEM CTPOTO€e JOKA3ATEIbLCTBO.

Aorazameavcmeo. Wz mepaBerncTBa YebrilieBa cleqyeT, ITO IJs
ao6oro gaHHoro € > () mpH BceX MOCTATOYHO MAJLIX 3HAYEHUAX O

0.2

P(Ins] > ¢) < <e.

€
Haaee,

Fo(w) =P(§ <w—no) = P({ < z—no, Inlo < &)+P( < w0, Inls 2 €).

Do
P <z—no,|nl,<e) <PE<z4e),

a OJadg 10CTAaTOYHO MaJdbIX O

P(f < T =05, 0le > 5) < P(|77|0 > 5) <e.

Nrax,

Fo(x) < Flz+¢e)+e. (7.8)

C Ipyrom cCTOpPOHHI,
PE<a—n)2PE<z—n|n.|<e) 2P <a—¢[n|<e)=

=Pé<Le—e)—Pé<Lr—en,|>c)>Flx—¢)—e. (7.9)

OKOH‘{&TCJII)HO noJadyvacM:
Ple—) = < Fyla) < Fla+e) +,
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W eciW T — TOYKA HePePBLIBHOCTH (PYHKINM [, TO OTCIONa ClAelyeT
YTBEPXK AeHHUE JTeMMHEI.

JlutepaTrypa

Mupsies A. 3. BepoaraocTs, riasa 2, §§3,4. Koamoropos A. 3.,
Pomuna C. B. DaemenTsl Teopun (GYHKINA U (PYHKINOHAJILHOTO aHa-
amza, raaa 6. Peamep B. Beemenme B Teopuio BepoATHOCTEHn U ee
npuiaoxeHus, ToMm 2, raabal, §1; raasa 3, §1; raasa b, §1.
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Jleknua 8

XapakTepuctuieckue PyHKIIIU

Onpegenenne 1. Xapaxmepucmuueckoti ynryueti cIydanHon Be-
AmYuHBL £ HasbiBaeTCA (KOMIUIEKCHO3HAaYHAsA) pyHKunda Ha R :

f(t) = fe(t) = Eexp(ite) = /exp(itﬁ)dP = /exp(itx)dPg(g:) =

Q R

= /costxdFE(x) 41 /sintxdFE(x).

R R

CBoHCTBA XapaKTePHUCTHIeCKON pYHKITUN.

LRO) =1, lf0)] < 1.

2. f(t) mempeprIBHA.

3. BrmykmocTh. DycThb f1, ..., fn — XapakTepucTuaeckne (pyHKIIH,
coOTBeTCTByOIMe GyHKIUAM pactpenetennsa Fy, ..., F,. Tormga nas ao-
OBIX Qi ..., (0 TAKWUX, 9TO y oy = |, yukmma f(t) = > o, fi(t) apaa-
eTcA XapaKTepUCTHIeCKON (PYHKIMEN CAYIalHOW BEINYHHBI ¢ (PYHK-
uyel pacupegefeHus y | oy Fy.

4. XapakTepucTudeckad (pyHKIUA CyMMBl TBYX HE3aBHCHMBIX CJIy-
YalHBEIX BeJUIUH paBHAa TPOU3BEJEHNI0 XapaKTepUCTHIeCKUX (PYHKINT
STHX CAYYIaWHBIX BeandwH. Ecanm & = & + &s, rhe £ n €5 He3aBUCUMEL,
TO fei 46, (1) = feu (1) feo (1)

5. DeoTpuUaTelbHAA ONpeeleHHOCTh: dyHKunA f(t) ABadercs
HEOTPHUIATENLHO OINpeNeJeHHoOl, T.e. MIA JMI0OHIX i1, ...,1, MaTpHUIa
(fi;) = (f(t; — t;)) HeoTpHIIATeBHO OmpefefeHa. B caMoM fgene, M
moboro Habopa (e, ..., ¢p), ¢ € C,

Z f(tk —tj)ckéj = Z /ei(tk_tj)xckéjdpg(x) =

k,j=1 k,j=1

]

n

E Ckezth

k=1

2
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Yupaxuenue 1. /lokaszaTh cBorcTBa 1 —4.

Da3JInIHBIE TACTHBIC CHay™ian " CBOﬁCTBa.

1. Ecam & mMeeT mIOTHOCTE p(), TO MO TeopeMe 2 JAeKIHN 7

f) = /p(a:) exp(ite) dr

eCTh MpocTo MpeobpaszoBanne Pyphbe MIOTHOCTH; TTPU 3TOM PopMyaa
obparenns (T.e. HOPMY.Ia, BOCCTAHABINBAIOIIAA IIIOTHOCTH IO Xapak-
TePUCTHYECKON PYHKINN) eCTh o6paTHoe TpeobpasoBatne Pyphe :

p(x) = i/f(t) exp(—itz) dt.

2
R

DanpumMep, XapakKTepUCTHIeCKad (PYHKINA CTaHAapTHON rayccoBol Be-
amaunwt & ~ N(0, 1) pasra

/ exp(itz)p(x) dx = % / exp (itm - %2) dr = exp (-%2) . (8.)

([l BRIMUCACHUA HHTErPATA BBIISINTE TOMHBIN KBADAT B DKCTIOHEHTE
U cjenaTh 3aMeHy MepeMeHHBIX.) Takum o6pazoM, ¢ TOYHOCTBLIO [0
KOHCTaHTEI 5Ta IIOTHOCTE CaMOJABOHCTBEHHA.

2. Ecim [&]| < C, 1o f¢(t) anammTu4Ha Ha BCell KOMILIEKCHOH ILIOC-
KOCTH, T.e. pa3JaraeTca B aGCOMOTHO CXONAMMNACA P

> 1
fety=>_my E(it)k,
k=0 :

rae my, = EE€F — k-ii MoMenT caywaitnoii Besmuunsr €. OTciona, Ha-
npuMep, TOAYIaeM MoJde3Hbie POPMYJILI I MOMEHTOB CIyYalHOU Be-
JMAWHBI

1 d*
k_
E¢” = i—kcﬁ—kff(t)

t=0

Sapﬂrqy C MOMEHTAaMM, BaKHBIMHU XapaKTEPUCTUKAMUN BEPOATHOCTHOI'O
pacnpeaegJceHusa ABJAAITCA CEMUUHEAPUAHIMDBI. 3&3]1&1“8&1 aHaJOI'MTHBIM
o6pa3oM B pAJ JorapudM XapakKTepPUCTUIeCKON (PYHKINH, MOJIYINM B
KavlecTBe KOdede/IHI/IeHTOB Pa3/IOXKEHNUA CEMUMHBAPUAHTEL Si .

| —

1 d*
AV —_
(% s = G g

log f§ (t) = Z Sk

k=1

log f§ (t)

~

t=0
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3. Ecan g OpHUHIMAaET OEJOINCJACHHBIC 3HAYECHUA N C BEPOATHOCTAMU
Pn, TO

f(/\): Z pneinA.

n=—oQ

B sTom caydae ygobHee paccMaTpUBATEB NPou3600fwyo GyrHKyuo

(o)
n
d(z) = E Pz,
n=—oo
rae z = €. PopMyaa oOpalleHHA B STOM CIydae IaeTCA HHTErPaloM

Komm
1 d(z)
n = —— dz.
p 2mi / il F

|z|=1

4. DycThb caydaniHad BeJIUIUHA UMeeT 06JacThbio 3HAYeHII OTPE30K
[, 7] m uMeeT TaaAKyRo mI0THOCTH p(2). Toraa mIoTHOCTE pasiara-
eTca B pag Pypoe:

oQ

p(l‘): Z Cneinx’

n=—oQ

a 3HAYEHNA XapaKTePUCTHIECKON (DYHKINN B HEABIX TOYKAX €CTh MPO-
cTo KOa(ddunmeHTH psga Pypbe :

iy

fe(n) = Eexp(ing) = /exp(inx)p(x) de =c,.

-7

YuopaxsHenue 2. [oka3aTh TepedncieHHble BBIE YTBEDK TeHUA
1-4.

dPopmyaa obpainenusa. Teopema eIMHCTBEHHOCTH

JlokaxkeM, 1TO QYHKINS pacpeleqeHns OJHO3ZHATHO ONMPeNeaseTCa
CBOEN XapaKTePUCTHIeCKON (PYHKIHER 1 npuBegeM (hopmyay obpailie-
Hus ABHO. JacTHBIE cay¥an 3Tol (POPMYJIBI MBI IPUBEJH BHIIIE B yTBED-
K aeHusax 1 —4.

Teopema 1. Dycte F(x) — DYyHKUHA pacupeleleHusA CIyTailHON
Beauanbl & n f() — eé xapakTepucrudeckas QyHkuud. [asd moCex
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ABYX Tokek %,y (¢ < y), B KOTOPHIX I HeNpephIBHA, WMEET MECTO Da-
BEHCTBO:!

o —ite _ —ity 242
F(z)— F(y) = lim S / f(t)%exp (—%) dt.
i

Aokazameapemeo. DaccMOTPUM CBepTKY F, QYHKIUH pacipenee-
oua F ¢ QpyHKIUen pacupegefeHns TayCCOBCKON CIYJalHON BeJNTNHEL
C HYJEeBBIM CpeJHUM U gucrepcueil o2 (cm. aexuuio 7). B cuay (8.1) n
cpolicTBa 4 xapaxkTepucTudeckas QYHKINA cBepTKH f, (1) paBHa

i) = sesp (-5,

rae f(t) — xapakTepucTndeckas QGYHKUNA A0 pacupefgeferus F. Do-
CKOJBKY TIO leMMe | JeKINU 7 CYIIeCTBYeT TMIOTHOCTD Py IS CBEPTKH
F,, To u3 cBomcTBa 1 moaydaem

oQ

1 . t2o?
po(x) = o / exp(—itx) exp (—T) f(t) dt.
DodTOMY
1 [T . t2o?
Foly) — Fo(z) = —/ / exp(—itz)f(t)exp | ——— | dtdz =
27 2
1 x e—ity _ e—itx t20'2

oQ

Depexosi Telepb K mpefeny npu ¢ — 0 W MOAB3yACH JeEMMOW 2 13
JeKIUN 7, TOAYIUM YTBEPK TeHE TeOPEMBI.

Caegcreue (Teopema eguncrsennocTn). PyHKIUs pacnpee-
JEeHUsA CAyYalHOW BEIWYWHBI OJHO3HAYHO BOCCTAHABIMBAETCH IO €€ Xa-
PaKTEPUCTHIECKON (DYHKIIHH.

Aorazameavemso. Tak xKak F' HelpephiBHA clpaBa, TO OHA OJ-
HO3HAYHO BOCCTAHABJAMBAETCA 1O CBONM 3HaYeHUAM B TOYKAX Helpe-
PBIBHOCTH, CJAeJOBATENbHO, OHA €IMHCTBEHHBIM 06pa3zoM BOCCTaHABIN-
BaeTCs TIO CBOEH XapaKTePUCTHIeCKON (PYyHKIHN.
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Caabasg cxoaMMOCTb

B mpenpraymmx JeKIUAX MBI OMPENENNAN CXOJTUMOCTD TOCAeI0Ba-
TeABHOCTH CIYYallHbIX BEJUMYNH 110 BEPOSTHOCTH U C BEPOATHOCTHIO 1.
Etre omun BUA cXOAUMOCTH — caabad CXOJUMOCTD — ONpeensdeTea B
TepMUHAX (DYHKIUH pacCIpefeaeH s,

Onpegenenue 2. DocaeN0BaTEIbHOCTL (PYHKIUH PacHpene eHu
{F.} caabo cxodumes x QyHKIMN pacupeferernsa F, ecan Fn(z) —
F,.(z) B moboil Touke menmpepbiBHOCTH QyHKUHHI F.

3ameuanume 1. O6bIvHAA TOTOYEHTHASA CXOAUMOCTL (DYHKIUH pac-
npejefeHts MOXKeT MJI0XO OTpaXxaTh cTpemacHue &, K £ pu n — oo.
Tak, paBHOMepHO pacupefefeHHas Ha [a,b] caydaiimas BeauduHa, ode-
BUIHO, CTPEMUTCA K MOCTOAHHOW, paBHOU @, pu b | a. Do B Todke a
MOTOYEHHON CXOAUMOCTH COOTBETCTBYIONMX (DYHKIIUU pacrpefeleHns
HeT. B camom neqe, Fy,(a) = 0 nus Beex n, HO F'(a) = 1.

Caabyio cXoquMoCTh (PYHKITUN pacipeedeHus MOKHO SKBUBAJEHT-
HO 3a/]aTh B TepMUHAX CAaGOW CXOJUMOCTH COOTBETCTBYIOIINX Mep Ha
TIPAMOM.

Ounpegeaenue 3. DocaeoBaTeIbHOCTD BeDOATHOCTHEIX Mep { P, }
Ha TPAMOH caabo CXOANTCA K BEPOATHOCTHOW Mepe P (oGosHadaeMm
P, = P), ecan jgas aio6oil orpaHNYeHHON HEMPEPHIBHON (QYHKINA ¢

/godPn —>/g0dP.
R

R

Jlemma 1. DycTh 3ajaHa MOCAENOBATENLHOCTE (PYHKIMI pacHpe-
peaenns {F,} u nycrs F Takxke pyHknus pacnpegeaerus. Dycrhb { Py, }
n P cooTBeTCTByIOIINE WM BEPOATHOCTHLIE Mephl Ha mpaAMon. Torga
ompefeleHnd 2 n 3 SKBUBaAeHTHHI, T.e. Fp(x) — F(z) crabo Torga n
TOMBKO TOTAa, Korga P, = P.

OKBUBAJEHTHOCTD STHX BUJOB CXOAUMOCTH IPENCTABIAETCA €CTe-
CTBEHHON B CHIY CJAeAYIOIIUX Paccy kK TeHWH.

1. Oycrs P, = P. 9ycTh ¥ — Todka HenpepbIBHOCTH F. Opub/am-
3UM WHAUKATOP [(_ oo o] MOMYHHTEPBATA (—00, £] HEMPEPBIBHLIMH OT Pa-
HUYEeHHBIME QYHKIUAMEA @, 5, v 5 < C < 0o. Konewno, us-3a paspeisa
UHJANKATOpa B TOYKe T >TO NMpHOAMKeHNe He OyeT paBHOMEPHBLIM, HO
A1 3agaHubX € > 0,0 > 0 GyHKOHo ¢, ;5 MOXKHO BEIGPATh TaK, ITO
OKPEeCTHOCTH M TOYKH &, TJle ¢, 5 OTAMIACTCA OT [(_ o o] GOTbITE, deM
Ha &, IMeeT JeGeroBy Mepy, He mpeBocxoamyo § > 0 :

M ={y: e 6(¥) = l(—ooe1(W)| > €}, nu(M) <4
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Torga Fn(x) = f[ —co,z] APy W fgoa s AP, oTamvaioTca Ipyr oT

Apyra He Goaee dem Ha € + (C'+ 1) f dPn. B cuay caaboit cxomumocTn
M
P, = P npu 6oabmmx n WHTerpas fgoayg dP, Majgo oTanYaeTCa OT
R

f pesdP, a f @e,5 AP oTImaaeTca ot ff(—oo,x] dP ne Gojee 4eM Ha € +

R R R

(C+1) [ dP. Bamerum, uro [ dP — 0 npu § — 0, Tak Kak & —
M M

TOYKa HempepbIBHOCTH mias F', a f dP, — 0 mpu § — 0, umade 510
M
npoTuBOpedmwIo 66l yeiaosuio P, = P. Ocramoch 3aMeTHTh, 9TO £ U

BHICHPAJNCEH MTPOM3BOIBHO MAJTBLIMA.
2. Dycrb F, = F caabo, m nycTh & — TOYKa HENpephIBHOCTH F.
Torna ms WHANKATOPOB [(_ o (YY) MMEET MeCTO CXOMMOCTH HHTET'Pa-

/I(—oo,x] dP, —)/[(_Oo’x] dP.
R

R

JOB

C momotbio ANHENHON KOMOMHAIINE TaKIX WHMKATOPOB MBI MOXKEM TI0O-
JYYUTH MPOU3BOMBHYIO CTYMEHYAaTY0 QYHKINP. JYCTh 3ajaHa Orpa-
HUeHHas HempepbiBHasA QyHKIusA . Torga #a a0060M GUKCHPOBAHHOM
orpeske [a,b], rae a u b Touku HenpepbIBHOCTH F, MBI MOXKEM DaBHO-
MePHO MPUGIN3NTD ¢ CTYMEHIAaTON PYHKINEN L. DPpu 5TOM, ecanm oTpe-
30K MOCTATOYHO BEJAUK, TO, B CHIY CBOUCTB (DYHKIWH paCIpe/eqeH s,
ero JOMOJHEHNE UMeeT Maayi P-mepy, a B cmiay caaboll CXOQUMOCTH
I, — F n maayio P,-mepy. Toraa

| [var— [ par|<

[a,b] [a,b]

LdP, — / LdP) ‘+‘/(¢—L)dp‘.
[a,b] [a,b] [a,b] [a,b]
DpaByto 9acTh MOKHO C/leaTh MPOU3BOIBHO MaJION 3a caeT BhGopa I n

gocraTouHo Goabumx n. Muarerpanst [ @dP, u [ ¢ dP no BHemHo-
[a,6] [a,6]

cru [a, b] orpeska [a, b] cTaHOBATCA MAJBIMEI TIPU YBEJAWYEHIH OTPE3KA
[a,b].

DpHBeEM CTPOrOe J0Ka3aTedbCTBO JdeMMBI | 7B ofgHY CTOpOHY !
ecin P, = P, To F,, = F caabo.

Aorazameavcmeo. [las mobbix pukcupoBaHHbIX € > 0w z > 0
PacCMOTPHM HeNmpephBHYI0 QYHKINIO ¢, (1), papuyto | npu ¢t < z, 0
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npu t > & + ¢ u aunelinyio Ha [@,x + ¢]. Toraa

Fo(x) < /ngdPng /gpadPnH/goadPgF(x—l—E).

Ycrpemasas € — 0 m yInTHIBasg HeNPepHLIBHOCTL F' cripaBa, MOMYHWM,
97O A 06010 § > 0 A48 JocTaTOMHO GOMBITHX N

F.(x) < F(z)+ 4.

Bozbmem pagee HenpepbiBHY IO (hyHKINO [, paBayo 1 mpu ¢ < z—¢,
0 npu ¢ > & u auHelHYIO Ha [¢ — £, 2]. AHAJIONUYHO MOAYYaeM, 9TO U4TO
s ao6oro ¢ > 0 448 JocTaToMHO GOMBIITHX N

Fo(x) > F(z —0) — 4.
Tak Kak & eCTh TOYKa HEIPEPBIBHOCTH, TO MMEEM:
|Fp(x) — F(z)] < 4.

Yopaxuenue 3. OpPOBECTH IOJHOE JOKa3aTeIbCTBO NMYHKTa 2
JeMMEI 1.
B pgaabmenmmem HaM MOHATOOMTCA CACAYIOMNHA PE3yIbLTAT.

Teopema 2 (Teopema HenmpepuBHOCTH). DyCcTh { F, } — pyHK-
WU pacTpeneleHud u { f, } — nx xapakTepucTudeckne (pyHKIUHI, TPU-
9eM CYHIECTBYET

f@) = lim f(t),
n—od
u f(t) menpepriBHa B Hyae. Torpga F,, crabo cxogaTca K HEKOTOPOH
GyHKINT pacnpenerenns F.

3ametuanue 2. B GopMyanpoBKe TeopeMbl 2 HEABHO COMEPKUTCA
YTBEpKJAeHHE 0 ToM, 4T0 f(1) ABAAETCA XapaKTePHCTHIECKOH (DYHK-
el COOTBETCTBYIOIIEN (PYHKINN pacipepeieHus F.

3ametanme 3. U3 crabon cxogmmoctu P, = P ciegyeT cpa3y cxo-
OUMOCTE XapaKTepucTudecknx QyHkuuu f, — f; B Teopeme 2 yTBep-
KpaeTcs, 9To ecan f, — f u f — xapaxTepucTudeckas QyHKIUA, TO
P, = P (u rorga F, — F crabo).

Jlasi mokazaTelbCTBa TEOPEMHBI 2 HaM TOHANOOHUTCA ONpeNeTeHIe
craboil KOMITAKTHOCTH CEMENCTBA BEPOSITHOCTHBEIX MeD U HECKOMBKO CO-
My TCTBYIOMINX PE3YIbTATOB.
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Caabas KOMIIAKTHOCTD

Onpegenenne 4. MHOKeCTBO BepOATHOCTHBIX Mep {P,} Ha mps-
MO Ha3BIBAETCA CAGO0 KOMNAKMHbIM, €CIN W3 JTI060TO ero GecKoHed-
HOT'O TIOMHOKECTBA MOXKHO BBIGPATH C1ab0 CXOAMLYIOCA TI0ATIOCE N0
BaTeaAbHOCTh { Py, }.

Caenyromas leMMa MO3BOJUT sCHEe NMPeICTaBUTH cebe KPUTEPHI
c1aboil KOMIAKTHOCTH, KOTODBIH Gy1eT NpUBEeJeH HEMHOTO TO3Ke.

Jlemma 2 (Teopema Xemnu miam ”npunnun seiGopa”). Ecau
Ha KOHEYHOM OTpeske [a,b] mpaMoil 3ajaHa GecKOHeYHAs MOCAENOBA~
TEABHOCTH BEPOATHOCTHHIX Mep { P, }, To oHa ci1ab0 KOMIAKTHA.

Aorkazameapbcmeo.  DacCMOTPHM MHOXKeCTBO BCEX MOHOMOB BH[Ia
2" n =0,1,2,... Bubepem nognadop {ng}, mias KoOTOpOro cxoguTcs

noanocaegosarensocts § [ xz°dP,, ¢, u3 Hero BHIZeIUM II0JHAGOD
a,b]
{n1}, pas KoToporo cxoauTes { [ dPnl} U Tak fgajnee. DOCTPOUM
[a,b]
[AUAT OHAABHY IO MOCAEIOBATEABHOCTE { Py}, B34AB mepBbilt wied uz {P,,},
Bropoit uz {P,,} u t.a1. Toraa nas amo6orom = 0,1,2... uMeeT MecTo
CXOMMMOCTD MOCAEN0BATENHHOCTH { [ am dPn/}.
[a,b]

CaeoBaTelabHO, Jid MI060T0 TOAHHOMA (L) HMeeT MECTO CXOH-

MOCTB IIOC/JAEJ0BATEILHOCTH { [ =(x) dPn/(x)}.
[a,b]

W3 Teopun (pyHKIUI XOPOIIO W3BECTHO, YTO Ha OTPe3Ke IOy He-
NpepPLIBHYIO OTpaHUIeHHY0 (PYHKIUIO (¢ MOXKHO PaBHOMEPHO MpHOJIN-
3UTH IOAMHOMaMHU. Torga mia JaHHoro £ > ( HalieTcA IIOJHHOM

n(z) cremenn n Takon, 9To sup |p(z) — w(z)| < &. CregoBareabHo,

a,
[ w(x)dPn(z) u [ ¢(x)dP, oramdyaiorca Apyr oT Apyra He Gojee
[a,b] [a,b]

YeM Ha o E. OTCIO,Z[& cleayeTr CXOIUMOCTL  IMOCJAeN0BaTEJBbHOCTH

{[aj;] o(x) dPn/}.

Teopema Dpoxopora (KpuTepum caabon KOMIAKTHOCTH).
DociegoBareabHocTh Mep { P, } Ha npsamoil caabo KOMIAKTHA TOAa 1
TOMBKO TOT A, KOrja Mif aoboro € > 0 cymecrByeT nHTepBan K (¢)
TaKOW, 9TO JJIA BCEX N, KPOMe KOHETHOT O IUCIa,

P,(R\ K(2)) <e.
Aokasameabemeo aHAJOTHIHO JOKA3aTEIBLCTBY MPEABIAYIIEH JeM-
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bi. Ero moxuo manTn B kaure ['mxman WM., Ckopoxon A.B. Teopus
CAyvalHBIX TpoteccoB, ToM 1, ra. 6, §1. M., Dayka, 1971.
Beprenmcs k TeopeMe 2. DelpepHIBHOCTE XapaKTEPUCTHIECKON (DYH-
kuun f(¢) opu t = 0 BredeT caabyio KOMIAKTHOCTH CEMeEHCTBa Mep
{P,}. DT0 BBITEKAET U3 CAEAYIOIIEH JEMMBL.

Jemma 3. Ecau & — cayvalinad Beau<nHa ¢ XapaKTePUCTHIECKON
¢yuxmuen f, To mpu ao6oM u > 0

P(le>2) <2 /u(l—Ref( 1) di (5.2

Jokazamesvcmeo. JOACTABUB B IPaBYIo 9acTh (8.2)

oQ

Ref(t) = /costxdF(x),

— 00

rpe F'— QyHKIuA pacrpejeienns &, U MeHssS MOPAJOK HHTErPHPOBa-
HUA, UMEEM:

2 fo-era=2 [ [ucsmorta-

0

=9 7(% /u(1 — costz) dt) dF(z) = 2 /Oo (1 - Siz;w) dF (z).

SOCﬂeﬂHHﬁ HHTEerpaJ OIlcHNBAaeTCA CHHU3Y Tak !

2 /Oo (1— Siz;‘x) dF (z) > 2 / (1— @) dF (z) >

—o Juz|>2

> [ arezr(le>2).
o] 32/

DepeleM K I0Ka3aTeqbCTBY TEOPEMBI HETTPEPBIBHOCTH.
Aorxazameavcmeo meopemvt 2. Tak kax f HempepbiBHA B HyJ€ U
f(0) =1, To aas aro6oro € > 0 MOXKHO HAHTH U TaKoe, 9TO

U

0< %/(I—Ref(t))dt <e.

0
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Jo B CIJIY JEMMBIL 3 U KOHEYIHOCTH U

_2 21 o (1) <
w2 [ s
/“(1 — Ref, (t) dt — %/u(l — Ref(t)) dt < 2e.

0

<

NN

Takum ofpazoMm, Mo TeopeMe IDPOXOPOBA MOJYIAEM, GTO CEMENCTBO
{P,} caabo xommaxkTHO. DoKakeM, 4TO P, ciabo CXOAUTCA K HEKO-
TOPOU BEPOATHOCTHOW Mepe. Bribepem 1o mnocaeoBaTeibHocTh { Py},
KOTOpas B CHIAY CIabOoN KOMIAKTHOCTH CXOJAWTCA K HEKOTOPOHW BEPOAT-
HocTHOU Mepe P. Dycrs { P, } He cxopures ciabo K P, T.e. Jis HEKOTO-
poll OrpaHHYeHHON HelpePBIBHON GyHKIUN ¢ nHTerpal [ ¢ dP, He cXo-
murest K [ ¢ dP. BeibepeM nojgnociegoBarensHocTh { Pp} Takyio, 4To
[¢dP; — C# [ ¢dP. Torga us 5Toll 0ANOCAENOBATEALHOCTH MOKHO
U3BJEYD APYTYIO TOMIOCAEAOBATENBHOCTE Py, clabo CXOAAMIYIOCH K
HEKOTOPOU Mepe ), otam+non ot P. CreaoBaTeibHO, B CHIY CYIIe-
CTBOBAHUSA Tpejeta MOCAeA0BATEIBHOCTH XapaKTePUCTHIeCKNX PYHK-

i lim f,
n
lim/e”x dP, = lim/e”x AP,
n/ n//
R R

/e”x dP = f(t) = /e”x dQ, tceR.

R R

TO €CTb

Torga f ecThb XapakTepHcTHdeckad (GyHKIOHA IBYX PasHLIX Mep, 9TO
HEBO3MOXKHO COTMIACHO TEOpEeMée eJMHCTBEHHOCTH (CM. CaeJcTBHE TeO-
peMer 1).

JlutepaTrypa
Mupsie A. 2. BepositrocTs, raaBa 2, §12, raasa 3, §§1, 2.
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Jleknua 9

[loka3aTe/qbCcTBO IIpeebHBIX TEOPEM
MEeTO/0M XapaKTepUCTUIeCKUX PyHKI[UH.
IlenTpanbHas npegenbHad TeopeMa.
MHoroMmepHoe HOpMaJIbHO€ pacIpegeleHue

B 5Ton gekinm MBI TpUBEEM PSAJT BAXKHBIX TEOPEM, TOKA3ATEILCTBO
KOTOPBIX HCIOJAb3yeT TeOpeMY HeNpPEePBIBHOCTH, CHOPMYIMPOBAHHYIO
Ha TPOILION JEKIINH.

Payxppanue Ha OKpPYKHOCTH

DacCMOTPHUM He3aBUCHMBIE OHMHAKOBO paclpeeNeHHbIe CIy IalHbIe
Benmanuel {€;},j = 1,2, ... ¢ ob1acTbio 3HaMeHUN [—7, 7) U [MaIKOH Ha
R muorHOCTBIO p(%), 9TO0, KOHEUHO, BaedeT p(—n) = p(m) = 0. DaoT-
HOCTB paszaaraeTca B pan Pypbe

oQ

pla)= Y exe™, (9.1)

k=—o0

rje, O9eBHIHO, ¢g = 1.

KoadpduumenTst {c;} 0THO3HAYHO OTIPEENAIOT OTHOCTE p(Z), HO,
¢ IpPYrol cTOPOHBI, KOX(DMUIHEHTHI ¢, €CTh 3HAYEHUA XapaKTepPUCTH-
qeckoll GYHKIUN f B Heablx Toukax: ¢y = f(—k), mosTomy snadennsa f
B IEJABIX TOYKAX OJHO3HATHO ONPEAEAAIOT MIOTHOCTE P.

O6o3nadnm

Sp = Z&’j; S% = S, ( mod 27).
j=1

Taxnm o6pazoM, ecll paccCMaTPHBAThH &; KaK BEIMYHNHY CKadKa B MO-
MeHT j 6.y alolell Mo OKPYKHOCTH YacTHIE, TO SU OMHCHIBAET TIO-
JOKEHUe >TOH 4acTUIBl B MOMEHT 1. DYcTh p(2) — MIOTHOCTH Ciy-
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qaitHoit Beqmauabl SO, OHa npejcTaBuMa B Buje pana Pypbe

oQ

K= 3 e,

k=—o0

rle ¢} eCThb n-A cTelleHb Kodddunuenta ¢, us (9.1).

Yupaxuenue 1. /lokazaTh, 9T0 pl WMeeT yKazaHHOe pasoKeHHe
Pypre.

JlemmMa 1. DycTb IIOTHOCTD p CIyIalHLIX BEANYHH £; JOCTATOTHO
raankad. Torjga moclefoBaTelbHOCTL CAyYailHBIX Beaudun So caaGo
CXOMUTCA TIPU N — OO K PaBHOMEDPHO pacIpe/lefeHHON Ha eJuHITHON
OKPYXHOCTH CJAy9IailHOW BeTHIUHE 7.

JAoxazameapcmso.  IaIOMHNM, 9TO IVIOTHOCTH CJIYy9IalHON BeJIH-
guHBL ©* paBHa pr(2) = 1/(27), a xapakTepucTndeckas (QyHKIHA

sin 7t
or(t) = ——, teR.

it
Mur mokakeM, 9TO HMeeT MeCTO CXOAUMOCTE XapaKTePUCTHIECKIX
o o 0
DYHKITNT CIy9alHEIX BeAUdInH S, K ¢,. XapakTepucTudeckas GyHKINA
SY pasna

iy

0 _ ite 0 _ = n Sinﬂ-(t—i—k)

Ecau |ex| < 1 npu k # 0, To npu n — oo 3nadenns @, u lim ¢! B neabix
TOYKaX COBIAAIOT, YTO BIEYET COBNAJeHNE DACIPEIeIeHNN.

Jlast 6oabimux k MatoCcTh COOTBETCTBYIOMNX KodddunueHToB Pypre
clleflyeT IpH JOCTATOYHOU [MIAaJKOCTH p U3 GOPMYJILI HHTEr PUPOBAHHA
[O 9acTAM :

T . o—ike | T L emit
o= [pe)etdr=p) S|+ [ W) S

oTkyaa |cg| — 0 npu k — oo.
3agada. DalTn ycaoBHA Ha IMIOTHOCTH P, JOCTATOYHLIE IJIA TOTO,
9TO6L |e| < 1 mpu k # 0.

Teopema P yaccona

Onpegenenne 1. Cayvaiinas BeandnHa £, IPUHUMAOIIAA HEOTPH-
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maTelbHBIE LEAbIe 3HAYECHNA C BEPOATHOCTAMMI

N
pk:P(gzk):Fe )

rge A > 0 HEKOTOPOEe WHCIAO, HMEET NYACCOHOE6CKOE PACHpEJIeJeHnEe C
mapamMeTpoOM A.

Yupaxuenmue 2. /lokazaTh, 9T0 MaTeMATHIeCKOE OXKUJAHUE, [THC-
nepcus U xapakTepucTudeckas (pyHKIUA Ty aCCOHOBCKOW CAyIalHON Be-
JWYWHBI ¢ TTApaMeTPOM A PaBHBI, COOTBETCTBEHHO,

EE =), DE=NX, e(t) =exp{A(e’ —1)}. (9.2)

Teopema 1 (Teopema DyaccoHa). JacCMOTPUM CXeMy Oep-
HYJIU C 1 UCOBITAHUSAME. JYCTh BEPOSTHOCTH YCIEXA P BABUCHT OT
n, IpudeM Tak, 970 p(n) = 0 npu n — oo, a np(n) = A, A > 0. DycTs,

n
KaK OGBIMHO, Sy, = Y & — €NCI0 YCIEXOB B CepHUH IMHBL 1. Tora
i=1
—-Aym
e~ A
P(Sp = m) — — 2
m!

aasa aoboro pukcuposannoro m,m = 0,1,2, ...

Aorazameavcmeo. XapakTepucTrdeckas QyHKIUA OePHYLINEBCKON
cIydaiiHO BeqmamHbL paBHa p exp'! +¢. XapakTepucruueckas byHKIIA
CYMMBI 11 HE3ABUCUMBIX CEPHYIINEBCKUX CAYIAUHBIX BEIMTHH

n

ps, (1) = B¢ = TT(pe’ +q) = [T (1 + p(e" = 1)) ~
k=1 k=1
~ (1 + %(e” - 1))n —s exp {A(e = 1)},

npu n — oo, ecam p— 0, p-n— A

HenTpanbuaa P peneabnas Teopema

Teopema 2 (IlenTrpanbHas Dpegeabnaa Teopema). DycThb
cayuaitHble BeTnauHbl (£ 132, Hezasucumvl, odunaroso pacnpedeaensl,
IMEIOT HyJeBoe cpefnee u orpanmdensl: E&; = 0, P(|&;| < C) =1 gan
HekoToporo 0 < C' < oo. Torga

S
DS,

— N(0,1)
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B CMBICAe caaboll CXOAUMOCTH pacnpefenernii. Taxum obpazom, mus
M060T0 OTKPHITOTO MHOKecTBa A C R}

nopum  n — oo.

P( O eA) —><1>(A):L/e——
VDS, V21
A

3amedanme 1. Dockoabky DS, = D -n, rge D = D§;, To uz
MEHTPAJIBLHON TPEIeTbHON TEOPEMBI CIEAYET, UTO S, MMEET TMOPIIOK
\/n npE n — oo,

3ameuanne 2. llenTpanbHas npeneabras Teopema (IIDT) cyrme-
cTByeT B GOJNBIIOM KOJUYIECTBE BAPUAHTOB, HAPUMED, IS HEKOTOPHIX
cliyvaeB, KOT[a CAyYalHBble BEJNYUHBI ABIAOTCA ca1ab0 3aBHCHMBIMA.
3aMeTHuM, 9TO MOAYIUTh MPeJeTbHOE PACIPENeNeHIe C TTOMOIIBIO CBED-
TOK MOXHO NOBOJBHO PENKO, TaKkKe KaK M BBIYHCAUTH B OOIIEM CIy-
vyae (HANpHMep, OTKA3aBIINChL OT HE3ABUCHMOCTH) XapaKTePHCTHYe-
CKYIO PYHKIHIO I Sy, HO B HE3asucumom ciaydae (TeM Gofee, KOT1a
CIydailHble BEJUYIHHBI ONDAHNYEHbl) 3TO JerKO.

Aorazameavcmeo IIDT. Pukcupyem ¢ € R u paccMoTpum xapak-
TEePUCTUIECKYO (PYHKIMIO CyMMEL S, B Touke {. FMeem

L (1) = Eexp(itS,/ DSn:nEex ité, //DS,) = " ! ,
fo.0) = Eesplits VO5:) = TT Eesatis/ V550 = 1 ()

rae f(t) = Eexpitéy — xapakTepucTndeckasd QYHKIUA CIyIailHOH Be-
amaunbt €. O6oznaanm o2 = D&, Toraa /DS, = oy/n. Dasnoxus

SKCIIOHEHTY B psf Telaopa, moayaum:

f(t/\/DS,) = E(l + UZ% + %(;%)2 + ) -

k

kloknk/2
:3

opuveM JErkKo BUAETh, 9TO B CUJIY OI'DAHUYECHHOCTH €1 nocjeaqHee cJaa-
raemMoe

‘E<;k52’“;k/2)‘ kagknk/zIO(g) npu 1 — 00.

DodTOMY _
7 (t/\VD3y) —1——-1-0(711)
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Torga
t2

[ (t/+/DSy) — exp ) npu n — oo.

OcTaeTcsa TOIBKO BCIIOMHUTH, 9TO TMOAYYeHHAS (PYHKIUSA ABISETCS Xa-
PaKTEePUCTHYECKON ISl CTAHAapPTHONO HOPMAJBHOT O PACIIPETeTe s .

CKenanHTn

B ocsax npocTpaHcTBa-BpeMenn (¢, £) n3aMeHeHne Macinraba (scaling)
os3HadaeT mpeobpasoBanue (¢, x) = (at, fz).

Cymmy S, HE3aBHCUMBIX OJNHAKOBO PACHPEJENEHHBIX CJIYIalHBIX
BenHnH, GUTYPUPYIOMINK B 3aKOHe SOMBIITHX YHCEN W TeHTPATLHON TIpe-
NIeJBHOU TeopeMe, MOXHO PACCMATPUBATL KaK TOJOKEHUE CAYIalHOT O
6y TAHUA Ha BEIIECTBEHHOW MPAMOU B MOMEHT BPEMEHHU N, IPU 3TOM
& eCTb CKatdOK B MOMEHT j (BooGIIe TOBOPA, He MeJOUMHCICHHEIR!). Dac-
CMOTPHM TaKoe OIyXIaHue B 0cAX (1, Sy).

3aKOoH 6OMBITHX YHCe] TPUobpeTaeT HATIAJHOCTD TPH YMEHBITEHNH
Macirraba o BpeMeHn. Dy /1eM U3MePATH BpeMs He eTHHUIHBIMA OTPe3-
KaMi, a GOABITNMEI HHTepBataMu. EIUHUIY BpeMeHU MOMOKNM PABHON
N. Takum obpazom, n = TN jad HeKoTOporo BeriecTBernnoro 7. Torga
OTpe3ok BpemeHn n = TN B HOBOM MacirTabe paBeH T, T.e. NPOM3-
BefleHa 3aMeHa (ckeiimHr) N7 — 7. 3adukcupyem 7, a Macirad N
6y 1eM MpernonaraTh MePeMeHHON BeINYNHON, B JaJbHEUIIEM IepexoIsa
K npegery N — co. O THOBpEeMEHHO YMEHBIINM MAacIITad mo TpoCcTpaH-
crBy B N pas: Sp;n) — %S[TN], KaK TIPHU COCTABICHIN T'e0T papuaecKon
KapThl. 3aQUKCHpYyeM HHCAO T, HA3BIBAEMOE MaKPOCKOIHIECKIM Bpe-
MeHeM, u ycrpemuM N kK 6eckoreunoctu: N — oo. Takol mpegeabHBIT
[epexol Ha3bIBaeTCA CKEIHHTOBBHIM (MACIITAGHBEIM) MPeIeaoM n 060-
smadaerca N7 —— 7, No — . DpefeqbHOe MPOCTPAHCTBO-BPEMA
Ternepb HEMPEPBIBHO. JPU 3TOM

) 1
Jim 5o =
T.6. B MAKPOCKOITMYECKOM TIPOCTPAHCTBe-BPEMEHN CIydaiHoe 6.1y K Ja-
HHe TPEBPAIaeTCsA B AeTEePMUHIPOBAHHOE PABHOMEPHOE NBIKEHUE CO
CKOPOCTBIO M (cM. pucyHOK 9.1).

CoBceM IpyToN CKEMJIMHT JeJaeTCsA B MEHTPAJBHON MPeAeTbHON Te-
opeMe. JacCMOTPHUM CIydall OTCyTcTBus choca, T.e. E&, = 0. Kak
U Tpexkje, U3MEHHM MaciiTad Mo BpeMeHU JUHEHHBIM 06pasoM: n =
7N. OfHako MaciITab Mo MpOCTPAHCTBY yMEHBIIIM b B /N pas:
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—_—

(n7,nz) = (1, 2)

Suc. 9.1.

SirN] — \/LNS[TN], T.e. MacmiTab BpeMeHH MeHAeTCA NPUMEPHO Kak
KBajJpaT M3MeHeHHs Macirrada MPOCTPAHCTBA. JepeljeM Temepb K
MacmTabHoMy npegeny N — 0o (Takoll TpelelbHBIH Tepexof Oy eM
o6osna’ath Tak: N7 —> 7, VN& — z). OPpH HTOM MBI TOJIY9NM
HabOP CAyYalHBIX BETUTHH

. 1
w(r) = lim —=5Spn7, 7 € [0, 00),
N—ooo /N
KOTODHIN ABIAAETCA 3HAMEHHTHIM BHHEDOBCKHM MPONECCOM (GPOYHOB-
CKHUM JIBIKEHHEM ).

3agaga. JlokasaTh, 9To AiadA JMob6eX 7,0 € [0,00) mapa caydvaii-
HBIX BeamanH (w(7r), w(o)) ecTh ABYMEPHBIN HOPMATBHEIN BEKTOD (CM.
HIXKe), N KOBAPHALNA €r0 KOMIIOHEHT PaBHA

Ew(r)w(c) = min(r, 7).

MHoromepHble HOpMaJbHBIE paclOpeaeneHus

MbI 6yJeM CTPOUTH MPOU3BOJBHBIE I'ayCCOBLI CHCTEMBI, HCXOIA M3
cucTeMbl £1,&5, ... HE3aBUCHMBIX ONHHAKOBO PacIpeJeleHHBIX IayCcCo-
BBLIX BEIW<IHH C HYJEBbIM CDEHIM ¥ € THHITHON AMCTIepCHed (CTaHaapT-
HOTO TayCCOBCKOTO BEKTOpa). AaNOMHHM, 4TO I'ayccoBa ClydaiHas
BEAMYUHA ¢ HYJAeBLIM CPEJHUM ¥ eJUHNYIHON AUCIIepCHeldl HMeeT ILIOT-
HocTh (1/4/27) exp(—x?/2), a ee xapakTepucTidecKas GYHKIHA paBHa
exp(—t?/2). llagum onpenenenne XapaKTepUCTHIECKON (GYHKIUN CJy-
9allHOT O BEKTOPA (T.e. KOHETHOTO HAbGOpa CIYyIallHBIX BEJUTHH ).
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Omnpegenenne 1. XapakTepucrtudeckon (QpyHKIIHEH CIyIaliHOTO
BekTOpa ¢ = ((1,(a, ..., () Ha3BIBAETCA ciaefyolas QYHKINA n Bellle-
CTBEHHBIX MEPEMEHHBIX (T1, Ta, ..., Tp):

fg(r) = fg(Tl,Tz, ey Tn) = EeXp(iZTka) — E&i(m0)

k=1

OTMeTHM, 9TO [ MHOTOMEDHBIX XapaKTEPUCTHIECKAX (DYHKIMH
CTpaBeUVIMBLI AHAJOTH JOKA3aHHBIX BLIMIE TEOPEM HENPEPBIBHOCTH U
equHCeTBeHHOCTH. OG03HaunM 4epez £ = (£1,&a, ..., &) BEKTOD U3 He-
3aBHCHMBIX CTaHJapTHBIX IayccoBbIx Beamsdnt, & ~ N (0, 1).

Onpeaeneane-teopema. ClydaiHbIi BeKTOD 11 = (11, N2, ..., n)
Ha3bIBACTCA 2aYCCOBCKUM € HYACEHIM CPEJHUM, €CIU BHITIOMHEHO OTHO
U3 CAeHYIONINX HKBUBAJEHTHBIX YCIOBUH.

1. n = C¢, T.e. n; ABAAIOTCA IMHENHBIMI KOMOMHATIMAME CTy9ailHBIX
Beamand &, J=1,...,n, k=1,...,m:

m

ni =3 cirke,

k=1

rie C' = (¢ji) — HEKOTOpas BellleCTBEeHHAA MaTpHIja Pa3Mepa 1 X m.
2. XapakTepuctuieckad GyHKINA BEKTOPA 1) UMeeT BU]

1
1t = exp (=5 (BL,1)), (9.3)
rne cHMMeTpHYeckad KBajpaTHad MaTpHIa B mopAika n HeoTpHIa-
TeNbHO onpefeneHa, t = (t1,1s,...,1,) € R™.
3. DIOTHOCTE p, BeKTOpa 1) (T.€. IIOTHOCTH COBMECTHOIO PacIpe-
JeJeHUs CAyTalHbIX BeAW<HH 7);, 1 = 1,...,n) nMeeT Buj
pp(z) = ((\/271')"\/det B) exp(—§(B_1x,x)), (9.4)

rue
r=(x1,22,...,2q) € R",

OpHdeM CHMMeTpuieckasd MaTpuna B = (by;) Dopsaka n ecTb MaTpHIa
KOBapHAaINH CIydalHbIX BeINTNH CHCTEMEL 1) : by; = Engn; (u, smaunt,
OHA ABIAETCA HEOTPHIATETLHO OMPEETEHHOM).

YupaxHenue. JPOBEPUTH, ITO

/pn(x)dx: 1.

R~
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Joxazameapcmeo onpedeseHus-meopemol.

1 = 2. DaugeM XapaKTepUCTHIECKYIO (PyHKIUIO IS 7). SaMeTHM,
9TO XapaKTepucTuieckada (pyHKINA CUCTEMEI £ HE3aBIUCUMBIX CTaH IapT-
HEIX [ayCCOBCKHX CIyYallHBIX BelndIHH paBHa f(1) = exp(—(¢,1)/2).
Torga

fn (t) — Eez(t,Cﬁ) — Eez(C t,8) —¢ $(C*t,C"t) —¢ s(CcC t,t)’
rpge C* — TpaHCmoHWpOBaHHAasA MaTpuia. Jamernm, 9to C'C* cuwm-
MEeTPHYIHAA HEOTPHUIATEIBHO ONpenejeHHad MaTpUlla, TaKuM 06pa3oM,
mMeeT MecTo (9.3) ¢ B = C'C*. Dpu sTom

n

Enkn; = chlcjl = by
=1

1 < 3. [laa ao6oro GopeaeBckoro muoXkecTBa A m3 R”

Plne A)=P(Cé€ A)=P(EcC™A) =

= / Wexp{—%(r,x)}dx. (9.5)

c-14
CrnenaeM 3aMeHy TepeMeHHBIX y = Cz. DoJIyqnM, 9TO IOpaBad dacTh
(9.5) paBHa

1 1
(271_)”/2/eXP{—i(C’_ly,C_ly)hdetC’_1|dy:
A
1 1 _ 1
= _ - * .4
(271_)”/214/6)(1){ 2((00) yay)}\/m Y,

i, TAKUM 06pa3oM, nMeeT MecTo (9.4). DTy UemovuKy paBeHCTB MOXKHO
OpOHTH U B 06paTHOM HallpaBJICHIH.

2 < 3. DokaxeM, uTo PpyHknuA f,({) noaytaerca Pypbe-mpe-
o6pasoBaHmeM Py (). DacCMOTPHIM

. 1 1/p-1
o)L imeayy

e e x.
/ Vdet B(2m)n/2

R~

Cpenaem zameny nepementbix & = Qu, t = Qv, rge ) — OpTOroHAIB-
Hag MaTpHila, TpuBojAias B k amaronaibromy Buay: O*BO = D u
det B = det D = dy1da2dss...dpn, vae D = (d;;). Torna (B~ le,z) =
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(B=1(Ou),Ou) = (D~ 'u,u) u paccMaTpuBaeMbiii HHTerpaJ npeobpa-
ayeTcda K BHAY :

1 1

2m)" 72 (dyy...dpp) 2 /nexp{i(v,u) — %(D—lu,u)}du =

—ﬁ#/ex {iv u —lﬁ}du =
_k:1\/2ﬂ'dkkR P Rk Qdkk k=

= ﬁexp{—vg%} = exp{—%(Dv,v)} = exp{—%(Bt,t)}.

Tak xe mpopepseTcd, 9To 06paTHEIM TpeobpazoBanneM Pypoe oT f,
ABJACTCA D).

3ameuanme 3. [ayccoBckmii BeKTOp 7' C MPOM3ZBONBLHBLIM MaTe-
MaTHYeCKHM OXUAaHneM m = (Mq, ..., M,) MOXKET OBITH MOJYYeH 13
rayCCOBCKOT'O BEKTOPA 1) C HYJEBHIM CPEIHUM CABUTOM Ha BEKTOP cpe/l-
wux: 1 = n+ m. [laa wero ucnoawsyerca oboznadenue 7’ ~ N (m, B).
DJOTHOCTE U XapaKTepUCTHIeCKyTo (pyHKINIO BEKTOPA 1) JerKo HAWTH,
3HaA MIOTHOCTb U XapaKTEPUCTUIECKYIO DYHKIUIO A 7).

3ameuanue 4. Bouucidad 3HadeHHe XapaKTepUCTHYECKON (DYHK-
mun f, (') B Touke ¢’ = (0,...,1,0,...,0), rie egununa cTONT Ha k-M
MecTe, TOAYYNM, 9TO XapaKTepUCTHIeCKAd (PYHKINA CAY9IallHON Beau-
quHbl 7 paBHa exp(—tibgk/2), T.e. n ~ N(0,bxy), Tae byr — gmaro-
HaJbHBIH 5deMeHT MaTpuntl B = (b;;).

3amevanme 5. OJJeMeHTH MaTpHUIBl KoBapumalnui B BekTOpa 7)
MOXKHO BHIMHCIUTD, IIPHIMEHHB #th K 06eMM 9acTAM paBeHCTBA

f0) = [ €0, (@) do

i mofoxkuB ¢ = 0 (060CHOBATEH 3aKOHHOCTE MH(MPEPEHINPOBAHNA O]
3HAKOM HHTETrPana).

3ametaanme 6. Ecam 7, He KoppeampyeT C OCTATbHBIMU KOMIIO-
HeHTaMW BeKTopa 7) ( ATO 3HAYAT, 9TO KOBApHALNA 5>TON CJIy9ailHON
BEJWYHHBI ¢ JTIOGOH JPyroil KOMIIOHEHTOH eCTh HyJb), TO OHa He3a-
BUCHMa OT HHWX. B 3Tom jerko ybeamThbcd, TaK KaK B DTOM caydvae
XapakTepucTnyeckad MYyHKINA f;, BEKTODPa 1) PacIHIenIgeTcAd B IMPOM3-
BefleHIe XapaKTePUCTHIeCKON (DYHKIWH CIYyIalHON BETUIHHEL 7 U Xa-
PaKTEPUCTHIECKON (DYHKINKE BEKTOPA, MOMYIEHHOTO VIAJEHUEM 7)) T3
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7. MaTpuna KoBapuaIiii 3TOro BEKTOpa MOMYyIaeTCA Y JaJeHIeM I3 KO-
BapMANMOHHON MaTpPHUIEL B cTpokn u croabua ¢ HoMepoM k.

JlutepaTrypa

Mupsies A. 3. BeposaTaocTh, Ti1aBa 3, §§3, 4, riaBa 2, §13. Pesaep B.
Beejgenne B Teopuio BEpOATHOSATEN U €€ MPUIOKEHNI, TOM 1, TaaBa 3,

§64 — 6.
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Jlekmusa 10

P yacconoBckas Mepa. YcJIOoBHOe
MaTeMaTHUIeCKOE OXKHUJaHue

DaccmoTpuM n-mepubinl Ky6 A C R” ¢ meETpoM B Hawage KOOpIu-
HAT, [UIMHA CTOPOHBI KOoTOporo paBHa IN. O6beMm Kkyba Oymem o6o3Ha-
gaTh |[A|: |A| = N™. Opocum Hayraj Touky ("wacruny”) B ky6 A. Ee
KOODAWHATH HMEIOT paBHOMEDHOEe pacipejeierne B A (cM. JeKnuio 7)
€ TIIOTHOCTBHIO

[ 1/]A], ecan  (#1,...,%5) € A;
p(xl,...xn)—{ 0, ecan  (#1,...,%5) € A. (10.1)
Bribepem B Kybe Gopeaesckoe noamuoxkectso A € B(A™). Toraa Bepo-
ATHOCTDH TOT'0, 9TO YaCTHUIA IToNatla B MHOXKeCTBO A, paBHa

A
P{wactnma € A} = H, (10.2)
rae |A] — o6bem mogmHOKecTBa A. DpocuM Tenepk B Ky6 M wacT,

KaXX OyIO HE3aBUCHMO OT OCTaJbHBIX. TOF,Z[& BEPOATHOCTE TOI'O, 9TO BCE
JaCTHUILL IIOIIaJAl B A, pPaBHa

AN
P{Bce wacTnubr nomaan B A} = (m) . (10.3)

Takum o6pazoMm, MBI uMeeM M He3aBHCHMBIX PABHOMEPHO paclpeje-
JEHHBIX Ha A N-MepHBIX CAyIalHbIX Bean<anuH &1, . ..,&y, U IIOTHOCTD
KaxK ol w3 Hux 3agana B (10.1). Dpu sTom

A
P{£1EA}:/p(xl,...,xn)dxl...dxn:%,
A

5 NS
P{€1EA,...,€M€A}:HP{5Z»EA}: (W) )
i=1
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BeposTHocTs ToTo, 9TO B A TOnAN0 POBHO k HYacTull U3 gaHHBIX M,
paBHa
() e (AN AT
Py (A k)=P(Ak)=Cyl — 1-— .
A A

BenmoMuuM, 9T0 5TO B TOYHOCTH €CTh BEPOATHOCTH HACTYILICHIA POBHO
k ycrexoB B cxeme DepHymian u3 M wcOBITaHWNH. 37eCh UCIBITAHUE
COCTOUT B GPOCAHUN 9ACTUIIBI B A, a yCIleX JOCTUTAaeTCA NP MOTIa, NaHuN
B A.

DaM GBI XOTEMOCh TOCTPOUTH BEPOATHOCTHYIO MEPY, OMHCHIBAIOIILY IO
pacopefenenne 6eCKOHETHOrO 9ucaa acThIl B 6eCKOHETHOM TPOCTpaH-
cTBe. 3aMeTHM, 4TO B mpejeie |A| — 0o BBeeHHbIE HAMU DABHOMEDHO
pacnpejeieHHbIe Ha A cayvIaiiHble BEINYUHB yKe He MOTYT MOHUMATHCA
B OGBITHOM CMBIC/E B CIILY TIPOTHBOPEYNA (B Mpejele) MeXAY TpebGoBa-
HUAMHA

1/I[A] =0 = /p(xl,...,xn)dxl...dxn:1.
A

)

OfHaKO IPH HEKOTOPHIX yCIOBUAX BeposTHOCTH Py’ (A, k) nuMeror mpe-

TEJIBL.

Opegaoxenue 1. DaccMOTPUM MPOU3BOIBHYIO MOCJAENOBATENB-
HocTh Ky6oB Ag C Ay C ... C As; C ..., pacmpsrommuxca Kk R?. Cro-
pPOHBI KY6OB paBHBI, COOTBETCTBeHHO, Ng < Ny < ... < N; <
Taxnm obpazom, N; 1 0o mpn s — oo, DycTk dncio Jactun M, B kKyGe
A yBemmduBaeTCs ¢ pOCTOM § Tak, 9TO

M, M,
rje A HeKoTopas KOHCTaHTa. lorga
AJA|)F
Jim PM(A k) = lim Py (A k) = %e_MAl. (10.5)
|A| =0

OPpeneqbHEIl Tepexo 10 MOCIeAOBATENLHOCTH KyOOB, PacIiipAo-
muxca K R™, B cTaTHCTHYIeCKOI MeXaHHKe Ha3bIBACTCA MeEPMOOUHAMU-
yeckuM TpeebHBEIM TepexooM, a yeaosne (10.4) ecTh ycaoBne nocto-
AHHON IJIOTHOCTH YaCTHII.

JAoxazameavcmso. Dpennoxenne | aprgeTca nepedopMyaInpOBKON
TeopeMbl JyaccoHa (cM. Jdekumio 9). THcao HCOBITAHUN B paccMaTpi-
BaeMOll cxeMe DepHYIN paBHo M, BepoATHOCTE yerexa pasHa |A|/|A|
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U, 1O YCJIOBHIO,
4]
M— = AA].
A

Opennoxkenne 1 MOXHO MOKazaTh W HEMOCPEJICTBEHHO, BBITHCJSA

ACHMITOTHUKY (PYHKITHI PJE}\)(A, k). Danpumep, npn k = 0

(A) A _Al4]
Py’ (A,0) = - — —e .
|A]
Opu k=1
A A M-1
PMA ) = AL A — AA] e AL

Al Al

Yupaxsuenue 1. DpONoIXKHTH TOKA3aTEABCTBO TpeIaoK)eHus 1,

BEIYUCAUB aCHMITOTHKY PJE}\)(A, k).

Kax mur 3HaeM, Iogdydvalommecs B IIpeaeae Iucia

P(A k)= %(fMAl (10.6)

3a0al0T pacipejieienne JyaccoHa, Z P(A, k) =1, To eCTb MBI MOXeM

k
BOCIIPHUHUMATL UX KaK IOpeleJbHOE paclpelacJeHnue BepOHTHOCTeﬁ.

YT106B KOPPEKTHO 3aaTh BEPOATHOCTHYIO MePY B ~ 6eCKOHETHOM
o6BeMe” (TO eCTh Mepy, ONWUCHIBAOIIYIO PACTONOKEHNE GeCKOHETHOTO
“Hcaa 9acTHI] BO BCEM MPOCTPAHCTBE), BOCIOIb3YEMCH aKCHOMATHKON
Koamoroposa.

B kawecTBe mpocTpaHCTBA 3JeMeHTAPHBIX HCXOMOB BO3BMEM IMPO-
cTpaHCcTBO ) BCeX CYETHBIX MOAMHOKecTB R” | ABIAIOMINXCA 40KAALHO
KOHEUHbLMY, T.€. TIepecevdeHne TaKOoT O MOJAMHOKECTBA C JIOOBIM MIapOM
KOHEYHOT'O PAJHyca COCTONT W3 KOHETHOT'O YHC/IA TOUEK (MOXKeT GBITH,
H MycTOro). ODTH MOAMHOXKECTBA ONHCHIBAIOT PACIOJOKEHNE HacTHI]
B IIPOCTPaHCTBe. B TpexMepHOM cayvae OHU WHTEPIPETHUPYIOTCA KakK
MOJEKYJIHI UACATBHOTO Ia3a.

dyers A= {Ay,..., Ay } — npousBoabHLI HAGOP M NONAPHO Here-
pPeceKaloNnuxcs CBA3HBIX ONPAHUIeHHBIX 6OpeaeBCKNX MHOXKecTB B R™.
Dyerb & = (k1, ..., km) — TPOM3BOABHBIN BEKTOD HATYPAIBHBIX THCE.

DacCMOTPUM MHOXKECTBO
DA k) ={w e Q:#wNA) =k, ..., #(wnN Ap) = kn},
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COCTOSAIIeE W3 TAKAX CYETHBIX MHOXKECTB w € £, 9To maA Jao6oro
i=1,...,m B MHOXecTBO A; monmaao poBHO k; Tovek (cuMBOX # 060-
3HaYaeT MOIIHOCTH MHOXecTBa). MuoxecTBa D(A, k) GyneM HazbI-
BaTh 6a306blUU COBLINUAMYU, TIDH 3TOM Hocumeaem cobbitus D(A, &)
HazoBeM MHOXKecTBO A = U2, A;. OnpegennM BepoOsTHOCTL COCBITHA
D(A, k) caegyrommm o6pasom:

P(D(A, k)) = ﬁ AAD® sy, (10.7)

DycTh B — HecBf3HOE orpaHnydeHHOe GopeneBcKoe MHOKecTBO. Ot-
pefeanM BEPOSITHOCTH TOTO, 9TO B B MOMAJ0 POBHO k 9acTWHIL, CAEIYIO-
muM ob6pazom:

P{D(B,k)} = P(B,k) = JNIBI : (10.8)

(AlB]
k!

Yupaxkuenue 2. JpoBepuTh, 4To onpegenenne (10.8) cornacyercs
¢ (10.7).

NTak, BEpOATHOCTH TOTO, 9TO B 3aJaHHOE GOPENeBCKOE MHOXKECTBO
A nonager posHo k wactuu, pasaa P(A, k) (em. (10.6)), u Takne co-
OBITHA HE3ABUCUMBI, €CIM WX HOCHTENH He MepPeceKaioTes.

DocTponM aarebpy X, cofepikaliyio Bce 6azoBeie coobTna D(A, &)
mmaBcex m > 1, Au k.

Onpegeanm Mepy P Ha anrebpe ¥ kak ajInTHBHYIO (yHKIHIO Ta-
KYIO, 9TO COGBLITHA C HEMEPeCceKaoMMMUCA HOCHTETAME HE3aBUCUMBL. A
UMeHHO, mycTh )1 m Dy — 6a3oBble COOLITHA C HelepeceKaommMuCH
HocuTexamu. Torma

P(D1 U Dz) = P(Dl) + P(Dz) — P(D1 n Dz),

P(D1 N Dy) = P(Dy) - P(D2)

Apegnoxenne 2. IJyctb D u Dy — 6azoBble coOBITHA C TEpe-
cekatormumucs: Hocuteasamu. Torga Dy N Dy mpegcraBumMo B Buge 065b-
eJIMHEHNA KOHEYHOT O Wncaa 6a30BHIX COOBITHH C HellepeCeKaroIInMuCs
HOCHUTEMAME.

Aorkazameapbcmeo. DPOBEPUM yTBeDKAeHNE HA TPUMepPE COOBITHI
cm = 1. 9ycrb Dy = Di(A1, k1); D2 = Da(Aa, ko). Oyers ki < ko
O6ozmaanv Az = A; N Ay # (. Torga

DlﬂDQI{WZ#(Al ﬁw) Ik’l, #(Az ﬁw) Ik’z}:
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k1
= U {w : #((Al \Ag)ﬂCU) = kl _k3a

k3=0
#((A2 \ Ag) ﬁw) = k’z — k’g, #(Ag ﬂw) = k’3}

Caygait m > 1 DOAHOCTBIO AHAJOTHHUEH.

Dpepgnoxenne 3. Mepa P abiserca caeTHO-a1 [NTHBHON Ha 3.

Ynpaxuenue 3. /lokazaTh NpeaoKenne 3. ~

DOCTPONM Teleph HAUMEHBIIYIO o-adrebpy X, copepKamyn . 30
TeopeMe O MPOAOJKeHNN Mephl Mepa P mpogomaxaeTrcs ogHO3HAYHO HAa
o-aarebpy Y. Takmm o6pazoM, MBI TOCTPOWIN BEPOATHOCTHOE IMPO-
crpancTBo (2, X, P), onuckiBatolee pacnpeenenne 66CKOHETHOTO |-
cia dacTull B 6eCKOHEMHOM TpocTpaHcTBe. B pasmepnoctm n > 1
3TO BEPOSATHOCTHOE TPOCTPAHCTBO HA3BIBAETCS WIeaJbHBIM [a30M, WIH
NYACCOROECKUM CAYUAUHBLM NOAEM.

3ameuannme 1. Jycrs B; € B(R") — nocieoBaTelbHOCTE 60pe-
JTEBCKNX MHOXKeCTB Takad, 910 By T B € B(R") (mm B; | B € B(R"))
npu s — co. Torga |Bs| — |B| u, odeBuano, aus aoboro 0 < k < oo

P(B,k) = lim P(B,,k).

B wactHocTH, u3 (10.6) BUAHO, 9T0 BEPOATHOCTDH TOT'0, 9TO B 3aIaHHOH
TOYKe OKAXKeTCS 9acTHUIa, paBHA HYJIK. AHAJIOTHWYHO, I MHOXKECTBA
B € B(R™) ¢ |B| = oo BepoaTHOocTh P(B, k) Toro, ¥To B B momaio
poBHO k wacTui (k < 00), paBHa HyJII. 3aMeTHM, KPOMe TOTO, 4TO
npu Madabix A|B]

P(B,1) ~AB|, P(JD(B,))) = o(ABI),
i>2
P(B,0) = 1— A|B|+ o(A|B]).

B PasMEepPHOCTH N = 1 IIyaCCOHOBCKO€E CJIy‘IaIﬁHOG II0JIe Ha3bIBalOT
NYACCOHOECKUM NOMOKOM. DPH DTOM HHCIOBag ochb R mHTepupeTnpy-
€TCA KaK OChb BPpEMEHM, a HAaXOXKJACHWE TacTUIOBI B TOYKE i € R kax
HACTYIIJIEHNE B MOMEHT i HEKOTOPOT'O CO6bITI/IH, IMOBTOPAKOIIET OCA e~

pe3 cayvalHble TPOMEXKYTKHN BPEMeHH. JaM HHTEDPECHO Y3HATH BEPO-
ATHOCTHBIE XaPAKTEPUCTUKHN STUX CIYIAHHBIX ITPOMEKYTKOB BPEMEHN.

Onpegenenme 1. CaydaiiHasg BelWdWHA WUMEET IKCNOHEHYUAAb-
Hoe pacnpedeaenue, ecau ee GYHKIUA pacnpefencaus F' 1 II0THOCTE P
PaBHBI COOTBETCTBEHHO

1—e ™ nmpua>0, Ae™  mpm x> 0,

Fa) = 0 npu z < 0; p() = 0, npu z < 0;
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rae A > 0.

JemmMma 1. DaccTosHue MeXAy COCETHUMH TaCTHIIAMU TyacCOHOB-
CKOT'O TIOTOKA pacipeieseHO SKCIOHEHINAAbHO.

DYyCTh B TOYKE & HAXOIUTCA 9acTHlia. BeiGepeM MpOn3BOIBHOE Y >
xz. Torma cocemHas ¢ Helo cpaBa YacTUIla HAXOJUTCA TpaBee, deM Y
(T.e. OTCTOWT OT TaHHOW YaCTHIHI He MeHee, 9eM Ha Y — &), €ClH B
noaynHTepBade (z,y] HeT dacTun. Takum o6pazoM, 9TOGH JOKa3aTh
JeMMy 1, HyKHO TTOKa3aTh, 9TO yCJAOBHAA BEPOATHOCTD

P( B (x,y] HeT wacTu | B # ecTh HacTuIa) =

= P{D((z, ), 0) | D(z, 1)} = exp{—A(y — =)} (10.9)

OpuBeeM MHTYHUTHBHOE J0OKa3aTelbCTBO JEMMBI 1, ONHMpalomeecs
Ha 3aMevanne 1. BeibepeM B uHTepBadte (#,y) ToUKy z € (z,y). YcTpe-
MEM z K & W 3alillleM yCIOoBHYIO BepoaTHocTh (10.9) kak mpegen:

PAD((, 4], 0) | D(x, 1)} = 1im P{D((z, 4], 0) | D([x, 2], 1)}

DockoabKy HocuTean cobwrruit D((z,y],0) w D([x, z],1) #e mepeceka-
IOTCA, 5TH COGLITHA He3aBUCHMBL VMeeM:

_ P{D((= 4], 0)PD([z, 2], )}

ST = PO 0

DodTOMY

P{D((x,y],0)| D(z,1)} = liin P{D((z,4],0)} = lifne_A(y_z) = =),

YT06Bl OIYINTE CTPOroe NOKa3aTelbCTBO JEMMEI 1, HaM HYXKHO
Hay9IUThbCA PabOTaTh C YCJIOBHLIMI BEPOATHOCTAMH IMPH yCJIOBHHU COOLI-
THA, HIMEIONIEro HYJAeBYIO BEPOATHOCTB. /[0 cHX mop MBI HMEIH [elo
JIMIIEL C YCJIOBHLIME BEPOATHOCTAMHI IIPH yCIOBHH COOBITHSA, MMEIOIIEr O
NOAOHCUMEALHYW0O BEepOATHOCTL. J[lId Toro, 9To6bl ONpeJelnTh YCIOB-
HYI0 BEepOATHOCTD IPH YCIOBHH COOLITHA, KOTOPOE UMEET HY.LE6Y10 Be-
POATHOCTL, HaM MOHAJOOUTCA IIOHATHE YCAO6HO20 MAMEMAMUUECKO20
odicudarua.
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YciaoBHOoe MaTeMaTHYeCKOe OXKMaaHue

B sextiuu 5 MBI BBeJdU TOHATHE YCIOBHOTO MATEMATHYIECKOTO OKI-
JAHUA OJHON TUCKPETHON CAYYIAHON BeINIHHBI OTHOCHTEIBLHO TPYTOH.
DaTrOMHEM €ro.

DycTh £ W 1] — CcAydallHble BEAMYHHBI HA MPOCTPAHCTBe {2, MPUHUI-
MAIOIIHe KOHEYHOE YUCIO 3HAYeHUI. DYCTh {&1, &2, ..., &y} €CTh MHOKE-
cTBO 3HadeHui £, a {yY1,ys, ..., Ym} €CTh MHOKecTBO 3HadeHuil 7. Ciy-
“aliHad BeanduHa { mHAynupyer pasbuexue D¢ NpocTpaHCTBa BJIEMEH-
TapHBIX COOBITHH {) HA N HEMEPeCeKAIOMNKCA 110 TMHOXKECTB:

Q= U{w D €(w) = a ),

{w: éw)=a;tn{w: &w) =2;} =0 opu i # j.
Amnagorndno, ciaydalifasg BeIN4HHa 1) HHAYIUPYeT pasbuenne D, . 3a-
METHM, 9TO MHOXKeCTBO {w : &(w) = &;}, BoOGIIe TOBOPS, MOXKET He
GLITH DIeMeHTOM anrebphbl, MOPOKIeHHON pasbuenmeM D, (T.e. Mu-
HUMAaJbHOH aare6pel, cofepikaliell Bce oieMeHTHL D). Obozmadnmm
&, o-aarebpy, IOPOKIHHYIO dIeMeHTaMu pa3buenua D,, T.e. MHHH-
MaJbHyIO o-aare6py, cojepkalinyio MHOKecTBa {w @ n(w) = ¥}, ¢ =
1,...,m. DOCKOIBKY cHCTeMa D, KOHedIHA, TO MOPOKIEHHAA €I0 alre-
6pa coBmagaer ¢ £,. Takum o6pazoM, MBE MOXKEM CKa3aTb, ITO CIy-
JalHad BequanuHa ¢ He 06s3aHa OLITH N3MEPUMON OTHOCHTENLHO CHT'Ma-
aare6ptt &, . OueBngno, ysxnnn &(w) u 7(w) ABIAOTCA TOCTOAHHEIMI
Ha dleMeHTax pasbuenus D u D, COOTBETCTBEHHO.

SadukcupyeM 3HaUeHNe y; CIyYIallHON BEIMYINHEL 7).

Onpegenerue 2. Ycao6HbIM MAMEMAMUYECKUM ONCUITHUEM CAY-
uatiHOt seAUUHDL € npu Ycaosuu 1) = y; HA3LIBACTCA IHCIO

E¢[{n=y}) = Zl‘z’P@ = zi|ln = y;).

Ecmu ycnosue 1 = y; He PUKCHPOBATb, a NOIYCTUTHL, YTO OHO MOKET
MEHATHCA, IOMY UM (DYHKIUIO OT Y;:

EE€ln) =D > wiP(E = wiln = y;) [y=y,) (), (10.10)
j=14i=1
rae I4 ecTh WHAUKATOP MHOXKecTBa A :
Ie— 1, weA;
A710, weAa
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Pynkuua E(£|n), oueBnano, ABAAETCA CIYyIalHON BEININHOM, TOCTOSH-
HOIl Ha Kai[IOM djeMeHTe pazbuenud Dj, a 3HaYUT, U3MEPUMON OTHO-
cuTenpHo £y

Onpegenenume 3. Yciosnpin mamenamuueckum oxcudanuem & om-
HOCUMEAbHO 1) HasbIBaeTCs caydainas seausuna E(£|n), onpenenennas
5 (10.10).

Bripaxenue (10.10) o6oanaqator Taxxke E(£|E,) n naspBaoT ycaos-
HEIM MaTeMaTHIeCKIM OXHJaHIeM & OTHOCHTEILHO o-aare6per &,.

Taxum o6pazom, E(£]n) ecTh ycpennenme & Ha KaxA0M MHOKECTBE
ypoBua {w : 7(w) = y; } dyHKUNE 7). DTO Ccpasy BIeUeT PABEHCTBO

/E’dP = / E(&|n) dP g moboro M € &, (10.11)
M M

(em. mexumio 5). B namewm cayvae narerpadst B (10.11) ects B neficTBn-
TEALHOCTH ITPOCTO KOHETHBIE CyMMEL. 0 MBI 3alIICHIBAEM 5TO CBONCTBO
B 06IIleM BHJe, TaK KaK OHO HMEET MECTO U JJIA NPOM3BOIBHLIX CIy9dail-
HEIX BeJWYNH. B 9acTHOCTH,

E¢ = / E(¢n) dP = EE(¢]) (10.12)

(oGobmenne GOPMYIBI TTOTHOH BEPOATHOCTH).

DepeneM Termeph K TOCTPOEHNIO YCIOBHOT O MATEMATHIECKOT O 0K~
nanuA B obmeM caydae. [laa sToro TpebyeTcs AOMOTHUTETbHAS TeX-
HUKA.

Ab6cosnoTHasA HENIPEepPBIBHOCTL Mep

Teopema-onpegeneumne (Teopema Jagona — Dukoguma).

DYyCTh Ha W3MepUMOM mpocTpaHcTie (§2, X)), mMeroTcs nBe MepHl (He
00f3aTeNbHO BEPOATHOCTHBIE), £t U V. Mepa y HaszbIBaeTCA abcoaomHo
HENPepuIeHOtE OTHOCHTENBHO ¥, €CJAU BBIMOJHEHO JI060e M3 CleIYIONIX
NBYX SKBUBAJEHTHBIX YCIOBUI.

1. Mas motoro A € ¥ ecim p(A) > 0, To v(A) > 0.

2. CymectnyeT mamepnmas pyaxuns f(w) Ha §2, Takad, 910

p) = [ 1e)dv
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nas aoboro A € X, Dra QYHKINA HA3BIBAETCS NAOMHOCTMbIO MEPLL [i
no mepe v, wan npouzéodnoti Padona — Puxoduma, u oboznadaeTcs
flw) = 2—5. OHa eqUHCTBEHHA C TOYHOCTHIO 1O 3HAYEHNN HAa MHOXKE-
cTBax p-Mepbl 0 (WiIm, 9T0 5KBUBATEHTHO, V-Mephl ().

Horazameavcmeo. To, aro uz 2 caenyer 1, oueBugno. /lokazareis-
CcTBO 06pPATHOIO YTBEPXK IeHNsA MOXKHO HanuTh B Kanre A. . Koamoro-
poBa u C. B. ®omuna.

DYCTh 3a/aHO BEPOATHOCTHOE MpocTpaHcTBO (2, X, u) U 1aBe ciIy-
YalHBEe BEINIUHEL £ W 7) HAa HeM. DonpobyeM MOBTOPUTE OIpeleleHne
YCIOBHOT'O MaTeMaTHIeCKOTO OXKIAaHUA, TAHHOE M JUCKPETHOT O CIy-
qas, B obIeM caydae. Kaxgol cIydaliHOW BeJWYUHE 7) COTBETCTBYET
pazbuenne mpocTpaHcTBa ) Ha noamuoxkecTBa A, r € R, ypoena z :
Ay = {w : n(w) = z}. Ograxo Bo MHOrHX cayvaix p(Ay) = 0. Tak,
HaIpUMep, eCau CAydaiiHas BeJUIuHa 1) HMeeT HelpepbIBHOE pacipe-
penenne, p(Ay) = 0 aag awo6oro x. MBI He yMeeM MOKa ONPEAETATH
YCIOBHBIE BEPOATHOCTH OTHOCHTENILHO COOBITHH, MMEIOIINX HYJIEBYIO
BEPOATHOCTh. JACCMOTPUM 0-aarebpy &, NOPOXKAEHHYIO CIyIalHON
BeJIWYHHON 7. Ee aieMeHTaMn ABAAOTCA cOOHITHA BHAA {w : n(w) €
B}, B € B(R).

DpeanogoxruM, 9To &(w) > 0 1Id TOITH BCeX w. DACCMOTPHM H3Me-
puMoe mpocTpaHcTBo (2, E,). Da HeM eCTh gBe MePHI : Mepa [t I Mepa
v, vae v(A) = [&(w)dp. OueBujHO, ¥ aGCOMOTHO HEMPEPLIBHA OTHO-

A

CUTENBHO fi. JOTOMY TI0 TeopeMe OajJoHa — JWKOAMMA CYIeCTBY-
eT INOTHOCTD U(w), udmepuman omuocumeavro &,, Taxad 4To v(A) =

[ u(w) dp. Donoxum no onpegenenuto E(£|n) = u(w). Pakrudecku dyH-
A
kuus E(€|n) aBaserca dyHkmmen Toapko oT y = 1(w). DTO pesyapTaT

CAeVIONEN TeOPEMBI, KOTOPYIO MBI IPHBOIUM (€3 10Ka3aTelbCTBA.

Teopema 1. Dycrh (,X, ) — BEPOATHOCTHOE MPOCTPAHCTBO,
Ha KOTOPOM 3aJaHbI CIy9alHble BEAUIUHBL { U 7). DYCTh CaydaiHas Be-
an4uHa ( H3MEPHMa OTHOCHTENIbHO o-alrebpel £y, HOPOK TCHHOH CIy-
qamHOoN Beamanuon 7). Torga HanmeTcs GopeneBckas (PYHKINA ¢ TaKas,
9T0 ( ecTh KOMNO3UUUA GYHKIMI ¢ 1 77, To ecTh ((w) = ¢(n(w)) ans
Kaxk 0T O W.

YauThiBad TeopeMy 1, MBI MOXKeM ONPENeINTDb YCAOBHOE MAaTeMaTH-
YecKOe OXKWJaHUe CIYIalHON BEIWYWHBL £ TPH YCJAOBHUH, 9TO 1) = Y :

E€Hn=y}) = o(y). (10.13)

3ameTnm, aro ecin E§ = oo, To caywaiinas sernanna E(&|n), Boobme
TOBOPS, ABIAETCA PACITHPEHHOMN.
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Mamum Temephb popMadbHOE ONpeflefeHne YCIOBHOTO MaTeMaTHde-
CKOT'O OXKUJaHUA.

Onpegenerue 4. Yca06HBM MAMEMAMULECKUM ONCUIAHUEM HEO-
TPUIATEALHOR CIYIalHON BEINIHHBI & OTHOCUTEIBHO CAYIalHON BEJIH-
YWHBL 7) Ha3BIBAETCA DacIIpeHHas claydaiHas seananua E(£|n), Takas
arto E(¢]n) apaserca &,-usmepumont u a1a aoboro A € &,

[edu= [Ecman (10.14)

Jaa Tpon3BOIBLHON CAYyYIalHOW BEJAUNHHEL £ ee YCIOBHOE MaTeMaTHtde-
CKOe OXWJaHWe CANTAeTCA OMPENeNeHHbIM, eCIn

min(E(E¥ ), E(€7|n) < oc.

B sTom cayuae
E(&ln) = E(€¥ ) — B [m).

3ameqdanune 2. CylnecTBOBaHUE YCIOBHOTO MATEMATHYIECKOT O OKI-
NaHWUA CJAeqyeT W3 TeOpeMbl Damnona — JukoauMma. OHO OIpejIeaeHo
e TMHCTBEHHLIM 06Pa30oM ¢ TOYHOCTBHIO 10 MHOXKECTB y-Meph (.

CBOﬁCTBa YCJIOBHBIX MaTeMaTHUICCKHUX O)KPI,C[&HPI;I.

1. Ecan a, b, ¢ - KoHCTaHTHI, TO
E(a&y + b8 + cln) = aE(&1]n) + bE(E2(n) + ¢ (. m.).

2. Bean pfw : &4(w) < &)} = 1,10 E(@ln) < E(&aln) ().
5. Bl <E(el 1) (nm).
4. EE(¢]n) = E¢.
5. Ecmm &,, C &,,, To ecTh o-anrebpa &,, ABAACTCA H3MEIbICHTEM
o-aarebper £, , TO

E(E(¢[ne)lm) = E(€ln)  (maw).
6. Ecmm &,, C &,,, TO

E(E(¢[n) ) = E(€ln)  (maw).
7. Ecam caydaiiHad BeImHdnHa { N3MepuMa OTHOCHTEIBHO £,), TO

E(¢ln) =¢ ().
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8. Ecam ciayvaiiibie BeJUYHHBL & U 1) HE3ABUCUMBI, TO

E(¢ln) = E¢ (mm).
9. Ecam & &,-mamepuma u E[¢1] < o0, E|§1€] < o0, TO

E(§1€ln) = &E(Eln) (mm.).

Yupaxuenue 4. Doab3ysAch ONpejeJeHNeEM W CBOUCTBAME HHTe-
rpada, fokKasaTk cBoucTBa 1, 3,4, 6, 7.

JlokazaTeabCcTBa OCTATBHBIX CBONCTB MOKHO IPOYNTATE B yIeOHIKE
Mupsepa, raasa 2, §7.

MoxHuo paccmaTpuBaTh g-aarebpy X1 C X, He CBA3AHHYIO alpuopn
¢ KaKOU-II60 CAy<IalHON BEIMYINHON, U OMPEeAeJnTh YCAOBHOE MaTeMa-
THYECKOEe OXUaHue & OTHOCHTEIBHO X1 .

Onpegenenne 5. Dycth (2,%,P) — BepoATHOCTHOE TPOCTpaH-
CTBO, Ha KOTOPOM 3ajaHa ClIydaiHad Beanduna £ u mycThb % C X ecTh
o-Tiofaaretpa o-aare6per 2. Y ea06HbLM MAMEMAMUUECKUM OHCUIAHUECM
cayuatinot eeauuunpvl £ omuocumeabno o-aazebpl Y1 Ha3BLIBAETCA Pac-
mupeHHas caydaiinad Beandauna E(€]X1), Takas aro E(£]|X;) aBasercs
¥ -m3MepuMon u jaa aoboro A € 3

/5dP = /E(5|21)dP.

Mel BUAUM W3 3TOTO ONpEedeHUs, ITO B YACTHOM Caydae, KOT/a
o-aarebpa X TOPOXKJeHa CIyYalHON BEIMYWHON, TO ecTh X = &,
E(€lEy) = E(&ln).

Dpumep. YCI0OBHOE MaTeMaTHYeCKOe OXKWJaHWe NI HEIPEPHIBHO
pacopefeleHHBIX CAY9IalHbIX BEIWYHH. ODYCTh CAyIalHble BeJHIWHBI
& W n, 3ajJaHHBIE HAa BEPOATHOCTHOM mpocTpaHcTBe (§2,X,P), mMmetor
COBMECTHYO TIOTHOCTH (&, y). Dpeamonoxnm, 9to EE < oo, En < 0.
Tor 1a WIOTHOCTE p,, paBHA py(y) = [ p(z,y) dz. O6osnatnm

R

pep(aly) = B4, (1015)

ecant py(y) # 0. Jasa Tex y, rae p,(y) = 0, DonaraeM BHIpaXkKeHIe PaB-
HLIM HYJIO. OTO BEIpAXKEHNE HA3BIBAETCA YCAOEHOU NAOMHOCbIO CAY-
uatinott eeauuunst & omuocumeavho 7. C ee TOMOIILIO YCJIOBHOE MaTe-
MaTHIECKOE OXKHIJAHIE & OTHOCHTEILHO 1) MOXKHO 3aIHCATh ABHO

oQ

EC€ln)(y) = / @ pepy (zly) de (10.16)

— 00
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KaK OOPeJeBCKYO (PYHKIUIO OT 3HAYEHUH Y, TIPUHAMAEMBIX CIYYIalHON
BEJUYITHON 7).

Dposepnm (10.14), aBaKAB BOCTIONB30BABIINCH 3aMEHON MepeMeH-
HBEIX B WHTerpade Jebera (cM. Jekumo 7):

/ E(¢|n)(w //xpgm (z|y) dz py(y) dy =

{w:n(w)eB}

// 1077 dxdy_//xpxydxdy_

:/f[{neB}dP: / EdP.
£ {win(w)eB}

DOACHUM Telleph, HOYeMY Pe|, (£|y) HazbIBaeTCA yCIOBHOI INIOTHOCTHIO.
Bo-miepBHIX, He BAaBasch B CTPOroe 060CHOBaHWE MPeNeTbHOTO TIepe-
XOJia, 3aMeTHM, 4TO Pg|, (£|y) MOKHO HONYYNTH KaK mIpegerx mpu € — 0
YCJIOBHOU BEPOSTHOCTH

p(s,z)dzds
(

O (x)

P(E € 0.2l € 0.(y)) = preaat

O:(y)
J

O:(y)

rae O:(z) n O.(y) — WHTepBaIBl JUIHHEL € ¢ UEHTPAMH & W Y COOT-

BeTcTBeHHO. CaMo XKe yCJI0BHOE MaTeMATHIECKOe OXKMJaHNe NCXONA 13
(10.15) m (10.16) MOXKHO TIPEACTABHTH KaK TIpeIen

[ | sp(s,z)dzds
RO.(y)

E(¢ln =y) = lim

OnpegennmM Telnepb YCIOBHYIO BEPOSTHOCTE MPHU YCIOBHU COOBITHSA,
BEPOATHOCTH KOTOPOI'O MOXET OBITH PABHOU HYJIIO.

Onpegenenune 6. Jycts A € X. Yeaosnoii eeposmuocmbio cobvi-
mus A npu yeaosuu 1) = y HA3BLIBACTCA BEJIMINHA

P(Al{n=y}) = E(lal{n = v}),

rae 14 — wHAUKATOP cOOLITHS A.
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YupaxHenue 5. DpoBepUTH, YTO A JUCKPETHOU CJAYYIalHON Be-
JUYUHBL 7) OTpefieeHne § TpeBPaIlaeTCsA B M3BECTHOE HAM OIpe/IeeHme
OOBITHON YCIOBHON BEPOATHOCTH.

dpeanoxenue 4. IycThb ClydaliHble BEINIUHBI { W 7) IMEIOT CO-
BMECTHYIO TIOTHOCTE p(x, y). Toraa

PEeCln=y) = /psm(l‘ly) dz, (10.17)

C

TO ecTh pe|y (2|y), onpegenennaa B (10.15), ecTh He YTO HHOE, KaK ILIOT-
HOCTB YCIOBHOTO paclpenefeHud & P YCJAOBUH 1) = .

Mu1 He mpuBOANM (POPMAILHOTO NOKA3ATENBCTBA STOTO MPEJTOKe-
HUA, ONMUPAIOIIErocs Ha ompefetenne 6. 3aMeTHM TOJBKO, 9TO APYyTOe
MOKA3aTeIbCTBO MOXKET OBITH IMOJYYEHO C TIOMOIIBIO MPeJeabHOrO Me-
pexofa B TeX caydadx, KOrja oH moxaaeTca obocHoBanuio. /[leicTru-
TeabHo, B3AB (pukcupoBannoe MEOKecTBo C' C R u mepexoad K mpeery
¢ — 0 B paBeHCTBe

f f (s,z)dzds
P(¢ € Cly€ O.(y)) = ©

noaysum (10.17).
Tenepsb MBI MOXKEM BEPHYTHCA K JOKA3aTEILCTBY JeMMEL 1.
JAoxazameavcmso aemmvr 1. DacCMOTPUM CIy9aliHy0 BeJaWIUHY [,
ABAAIONUIYIOCA WHANKaTopoM cobeirua D({z},1), cocrosiero B ToMm,
9TO B TOYKE HAXOAUTCA YacTHIA:

j 1, ecam B x ecTh JacTHUIA;
e 0, B TpoTWBHOM caydae.

Torga
P( B (x,y] HeT wacTu | B # ecTh HacTuIa) =

= P{D((x,y],0) | I. = 1} = E(p((z,y1,0) | I = 1).
DocKoabKy HocuTean coburtuit D((z,y],0) un D({x}, 1) He mepeceka-
IOTCA, CAY9aiHbIe BEATIHHB [ ((; y],0) T I HE3ABUCHMEL. DODTOMY

E(ID (=,y], |Ix =1)= E(ID((x,y],O)) = P((»,y],0) = e~ My—2)

JlutepaTrypa

Koamoropos A. 3., ®omur C. B. DaemenThl Teopun (QyHKIUU 1
dyuKIMOHaMbHOrO aHadmsa, riaaa 6. [lupses A. D. BeposTHOCTS,
raaBa 2, § 7.
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Jlekmmusa 11

3ajada MepKoOJIAIUN Ha />

B sTolt Jeknum MBI pacCMOTPUM 3a/a9y MEePKOMANNN Ha KBajapaT-
HOT pereTKe. Teopusa mepkoaanun (TpoTeKaHHsA) BO3HUKIA TEPBOHA-
JAJBHO B (PU3UKe TBEPAOTO Tela, HO B TOCAEJHUE TOIBI HAXOIUT Bee 60-
Jee MUPOKUe TPUMEHEHUSA B CAMBIX Pa3dNYHbIX €CTECTBEHHBIX HAYKAaX.
OcHoBHOW 0GBEKT HTOW TEOPUN — CAYYIalHBIE OTHOPO THBIE MHOKECTBA
Ha rpadax, pelleTKax, Ipynax, eBKINIOBHIX mpocTpancTBax. Way-
qafoTCA MIOGATBHEE CBORCTBA TAKNX MHOXKECTB (TTpoGIeMa CBA3HOCTH,
CTATHCTHKA OT'PAHMYEHHBIX KOMIIOHEHT H T.I1.). 3J€Ch MBI PACCMOTDPHM
JIUITH OJHY 3a1ady — TMePKOJANMOHHYIO 3a1ady Y3J0B Ha KBaApaTHOU
petreTKe.

O603Ha9MM MHOXKECTBO y3J0B KBaAPaTHON pemeTkn Z2 depea V, a
MHOKeCTBO pebep uepes E. Dapa vi,vs € Z? ecThb pebpo, (vi,v2) € E,
TOMBKO ecan |[v; — va|| = 1. Da MHOXKecTBe y3710B (BepiuuH) V' paccMmo-
TPUM HE3aBUCHMOE GepHYIINEBCKOE CydalHoe mode. DTO 3HAYHT, 9TO
KaXKJOU Bepinube v € V mpunucama caydaiHas BeAUIWHA, TPUHIMA-
foras 3uadennsa +1, —1 u Bce >TH cayvdaliHble BeIWYUHB HE3ABUCHMBI.

DPOCTPAHCTBOM dleMeHTapHHIX ncxonos 6yner @ = [] {+1,—1}. 9po-
veEV
M3BOMBHYTO TOUKY 13 {2 MEI 6yeM HazBIBaTh KOH(pUTYpaluel n 0603Ha-

qaTh depe3 w = {w(v)}yey. B KadecTBe o-aarebpel X GyneM paccMma-
TPHBATEL O-aTe6py, MOPOXK IeHHYO IIINHIPHIECKIMH MHOXECTBAME B

Q-
{w:w(v) = e, w(va) =ea,...,w(vn) =en}, v; €V, e; = 1.

BepoaTHocTHas Mepa Ha (Q, E) 3ajlaeTcsa NPpOoU3BeNeHUEM MeEP
P=P, =[] .
veEV

Tfle iy — PpAaclIpefefeHne CAYy9IalHON BEeIMYIMHBI, HAXOAMIENCS B Bep-
HInHe v:

po(w) =4+1) =p, mlwl)=-1)=1-p=q.
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Yupaxuenue 1. DoBTOPHUB pacCykIeHUs, MPOBeAeHHBIE TIPH MO~
CTPOEHHN CXEMBI JEpHYMIN (CM. JTeKnmio 2), yGeAnThes, 9To Mepa P
ompejelneHa KOPPEKTHO.

Onpegeneame 1. CeAsnbis nymem IINHLL n Ha pelleTKe Z° Ha-
3BIBAETCA TOCIEIOBATEABLHOCTE BEPIIHH (U1, V2, ..., Unt1), ¥ € V, Ta-
Kad, 9To mag aoboro ¢ = 1,...,n napa (v, v;i41) obpasyeT pebpo:
(v, vi41) € E. DyTh HasBIBAETCA CAMOHENEPECERAUWUMCA, €CIH BCE
v; PA3IMIHL.

Ecan w(v) = +1, To BepIiuHy v Ha30BeM 3anaAmot, ecan xe w(v) =
—1, To ce0b60dnoil.

Onpepenenne 2. Kaacmepomn W(v) 3aHATOH BEpUINHBI ¢ HA30-
BEM MHOXKECTBO 3aHATHIX y3J0B v/ € V| JOCTHRNMEIX U3 v TIO CBA3HBIM
oyTam (v, vy, va, ..., Uk, v'), COCTOAUINM TOJBKO W3 3aHATHIX Y3JOB.

KomudecTBo yan0oB B kaacrepe W(v) 6ygem obosuawars |W(v)l.
Bosmoxen caydait, korga |W(v)| = oo. Knactep — »To caydaiiHbii
0OBEKT.

O/WH U3 IMTaBHEIX BOIIPOCOB B TEOPHHU MEPKOJAANNE — paclipejee-
Hue pasMepa kaactepa |W(v)|. OcoGrlll nHTepec TpeICTABAAET 6epo-
AMHOCTND NPOCANUBAHUR HA GecKoneurocmb (WIH TIEPKOIAINN )

Op(v) = Pp{|W(v)| = oo}

fAcHo, aro ecim p = 0, 10 y(v) = 0. Ecan ke p =1, 70 61 (v) = 1. Ecan
0<p<l, T00<b,(v) <1
OnpeneanM KpUTHIECKYIO BEPOATHOCTD P!

pe =sup{p € [0,1] : 6,(v) = 0}.

SOCKOJIbe MEPHBI U, OAMHAKOBBI OJs1 BCEX U, TO KPUTHUYECKAs BEPOAT-
HOCTBb P HE 3aBHUCHUT OT U. Ocuosuon eabIo HaCTOHHleﬁ JEKIUN ABJA-
€TCA TOKa3aTeJbCTBO CJACAYIOIIETO YTBEPK IEHMA.

Teopema 1. [las mepKOAAIMMOHHON 3aJa49K y3JOB Ha KBaTpPaTHON
penreTkKe

1/3 <pe <6/7,

To ecTh pH p < 1/3 nas ao6oit Bepumubl v kiaacrep W (v) KoHedeH ¢
BEPOATHOCTBIO 1, a mpu p > 6/7 BeplunHa v OpHHANIEKUT GECKOHEY-
HOMY KJACTEPY M3 3aHATHIX BEPIINH C MOJOKUTEILHON BEPOATHOCTHIO.

Aorkazameapbcmeo. DazobbeM [OKa3aTEILCTBO 3TOU TEOPEMBI HA
aBa pTana. CHavaga Mbl CTPOrO AOKaxeM, 9TO p. > 1/3. Naaee mbl
nokaxem, 4To p. < 6/7. B pToll WacTu Hamm paccyxkaeHus OyayT
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ONMpaThcA Ha FeoMeTPHYeCKHe JeMMbI. VHTYHTHBHO HX IOHATH He-
TPYAHO, OJHAKO X CTPOroe JOKazaTelbCTBO, M3M0KEeHHOE, HAIIpIMeD,
B kHure KecTena, mpegcTaBiseT cylmleCTBEHHBIE TPYAHOCTH (He BEpo-
ATHOCTHBIE), H MBI €I'0 3/1eCh MPOBOAUTH He OyeM.

Hoxaxem, 910 p. > 1/3. DaccmoTpum cobuitie A, = A,(v), co-
cTodAlllee B TOM, ITO CYIMIECTBYeT CBA3HBIN MyTh 63 caMolepecedeHnil
[VIMHBL 1, COCTOAIINH W3 3aHATHIX BEpPIIUH 1 ucxoaammin 3 v. O6ozna-
9UM depe3 by, IHCA0 BCEBO3MOMKHBLIX CBA3HBIX CAMOHEIIEPECEKAIOMIXCA
OyTel JIMHBL N, HCXOIAMNX 13 V.

Jlemma 1. UmeeT MecTO crefytomias OleHKA:
b, <4-3"71. (11.1)

Yupaxueaue 2. /lokazaTe jemmy 1.

DyeTh (v, V1, V2, ..., Un_1, Up) €CTH MYTh 6€3 caMOIepecedeHnl -
HEL n. BepoATHOCTL TOT'0, YTO BCe er'o BepIINHLI 3aHATH, paBHa p 1!,
YauToiBad aeMmy 1, morydaem

4
P(An) < p"* b < 5(3p)" . (11.2)

Samerum, uTo ceMeiicTBO cobbiTuil {A,} BiokeHHOE, TO ecTh A4 C
A; nas a1060oTo . JOCKOTBKY

{w: W) =oc} =[] 4a(v),

TO

Po{w: |W(v)| =0} = nh_}n(}o P,(A,(v)) < lim é(

— n—oo

3p)*th. (11.3)

Caegoateanto, Pp{w : |W(v)| = co} = 0 mpm p < 1/3. Tem cambiM
MBI JOKA3adu, 910 p. > 1/3.

Jlasi foKazaTeabCcTBa OMEHKH CBEPXY PACCMOTPHM MEPKOMATHOHHY IO
safady Ha Apyrom rpade. MHoXecTBO BepiumH (y370B) GyIeT TO Ke,
Z2. Debpa Ke 6yAyT CBA3LIBATEL BCe IAPHl BEPIIHH, PACCTOAHIE MEXK Ty
KOTODPBIMH MeHBIIe I paBHo /2. MbI GyeM Ha3bIBATH 5Ty PEIIeTKY
keadpamuoti ¢ dsyma duazonaisny (OCHOBHYIO DELIETKY, JIA KOTOPOH
JoKa3bIBaeTCA TeopeMa |, MBI HasbiBaeM KBanapaTrol). Kpnrndeckyro
BEPOATHOCTD IS DTOHW PEIETKH MBI 0003HAYNM P, OHA ONMPENENseTC
AHAJOTUYHO. DOBTOPSA HAIN PACCYKIeHUS JaA KBAJPATHON PeIeTKH
¢ IBYMSA IUATOHAJIAMHI, MBI MOXKEM JOKa3aTh, 4TO P. > 1/7.
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DaccMOTPHUM KOHKPETHOE BileMEeHTaAPHOE COOBITHE W, TO €CTh 3a(huK-
cupyeM kKoHpUrypammio m3 +1 1 —1, IpHIncaHHEIX y3aaM perreTkn Z2.

Jlemma 2 (reomerpudeckas). Kaactep W(v) u3 3aHATHIX BEPIIHH,
coflep:Kalllili v, KOHeYeH TOorja M TOJbKO TOrAa, KOI'Za CyIeCTBYeT
3aMKHYTHIH MyTh U3 CBOGONHBIX BEPIIMH, OGLEMIONINI BEPIINHY v I
TaKOM, 9TO MIOGHE IBe ITOCIeNOBATEIbHBIC BEPIIHHELl 3TOrO Iy TH ABJIA-
IOTCA COCEMHNME Ha KBAAPATHON peleTKe ¢ aByMs nuaroHatamu. (Ta-
KOl IMyTh MBI Ha3blBaeM CBA3HBIM B CMBICAE KBaIpaTHOH PEHIeTKH C
JABYMS IMATOHALAM. )

Jlemma 3 (reomerpudeckas). Ecim cymecTByeT JHIIb KOHEYHOE
YUCAO0 KOHTYPOB (T.€. 3aMKHYTHIX TyTeH), COCTOANMK W3 CBOGOTHBEIX
BepIINH, 0OBLEMIIONMINX BEPIINHY ¢ W CBA3HBIX B CMBICJAe KBaIPaTHON
DEIIeTKY ¢ ABYM#A AUATOHAIAME, TO CYIECTBYET GeCKOHEUHBIN KaacTep
I3 3aHATHIX BEPIINH (CBA3HBIN B CMBICIEe KBAJPATHOH PEIIETKH).

3ameqdanmne. Kiacrep B meMMe 3 He 00A3aTENbHO COMEPKUT Bep-
MTAHY V.

Aokazameapbemeo >TUX JeMM MOXHO MpOYHTATh B KHHTe X. Ke-
crena ” Teopua npocaunBanus gias maTematukoB” ;, M., Mup, 1986. Mur
€ro OMYCKAaeM.

Jlemma 4. Ecau p > 6/7, To ¢ BeposaTHOCTBIO | CylllecTBYeT JHIIb
KOHEYHO€e HNCI0 3aMKHYTHIX KOHTYDPOB I3 CBOGOIHBIX BEPIINH, 00heM-
JIOMIAX ¥ U CBA3HBIX B CMBICHE KBAaJPATHON PEIIETKH C IBYMS TUAT OHA-
JSMH.

Aorazameavcmeo. Iycth (), — coOHITHE, COCTOAIIEE B TOM, 9TO
CYHIECTBYET 3aMKHYTHIN KOHTYD MIHHEL n (6e3 caMolepecedeHnil) n3
CcBOGOHBIX BEPIINH, CBA3HBIN B CMBICAE KBAAPATHOW PEMIETKH C JBYMSI
quaroHadaMu u obwemiromni v. Torga

Pp(Cn) < (1=p)"* Ry,

rge R, — 4ncao Takmx KOHTYpoB. W3 KOMOMHATOPHBIX COO6paKeHUN
JETKO MOJyYaeM, ITO

R, <n-8.7"7%
Takum o6pazom,

=),

Orcroga caenyer, 4To npu p > 6/7 cxomures psj U3 BepOSTHOCTEN

Pp(Cr) <

i P(Ch) < .

115



Teneps HaM TOHATOOGUTCH OHO BaXXHOE YTBEPKJAEHNE. JYCTh UMEETCH
HEKOTOpasd MOCaeI0BaATENbHOCTE coObrTul (1, Cy, . .. 3aJaHHBIX HA OJI-
HOM BepOATHOCTHOM TnpocTpancTBe. Oupeneaum cobbirue {Cy 6.4.},
COCTOAIIIEE B TOM, 9TO HACTYNHUT GECKOHEYHO MHOTO COOBITHH W3 MO-
cregoBaTenbHOoCTH C) !

(o]

{C, 6.4.} = ﬂ U C.

n=1k>n

Jlemma 5 (JIemma Dopens — Kanremwnn).

Ecaun > P(Cp) < o0, 1o P{C), 6.4.} = 0.

Ecmm >"P(C,) = oo m cobbrrua Cp,Ca,... HE3aBUCHMBI, TO
P{C, 6.a.} = 1.

Mu1 nokaxem jJemmy Dopenaa — KarTemmn mocie sapepiieHns foKa-
3aTENLCTBA TEOPEMHI.

OpuMeHAs JeMMy Jopead — KarTenin, moaydaeM, 9TO ¢ BEpOATHO-
cThio 1 MpoNCXoANT AWML KOHETHOE 9uc/ao coorrTrit Cy, , ClleTOBaTENbHO,
C BEPOATHOCTBIO | CYIIECTBYET JINIIbL KOHETHOE THCIO0 3aMKHY THIX CaMO-
HelepeceKaroNNXcs KOHTYPOB, OXBaThIBalomux v. JlemMa 4 gokazana.

N3 aemm 3 u 4 caegyer, uro npu p > 6/7 ¢ BepoaTHOCTBIO 1 cy-
MIeCTBYET 6€CKOHETHBIN KJAACTep W3 3aHATHIX BEPIINH. OalOMHUM, 9TO
MO ONpeeeHnIo KAacTep ABIAETCA MHOXKECTBOM, CBA3ZHEIM B CMBIC/IE
KBaApaTHON pPENmeTKH.

[lA 3aBepieHna JoKa3aTelbCTBa TeOPEMBI HaM OCTal0Ch M0KAa3aTh
clenyIollee yTBEPK TeHNe.

Jlemma 6. Ecam P, {|W(v)| = o} = 0 gas mo6oit v, To BepoAT-
HOCTB TOT'O, 9TO CYHMIECTBYET GEeCKOHEIHBIN KJAacTep U3 3aHATHIX Bep-
mmH, paBHa (.

JAoxazameasvcmso. JlelicTBUTETBHO, COOLITHE, COCTOAIIEEE B TOM,
9TO CymecTByeT GeCKOHETHBIN KJIACTep W3 3aHATHLIX BEPIIMH, MOXKHO
peacTaBUTh B BUje 0ObeTMHEHNA COOBITHI:

{w : 3 Geckoneunrblil KaacTep } = U {w: |[W(v)| = 0}.
veV

BeposTHOCTE KaxXKqoT0 COOLITHA, CTOAMIETO B 06bennnennn, papHa (),
cleI0BaTENbHO, I BEPOATHOCTE 0OBENHEHNA PaBHA HYJIO:

P,{cymectByeT Geckoneunnnt xaactep} = 0.

3aBeplllaeM [oKa3aTelbcTBO TeopeMbl 1. MTak, MBI MoKaszaiu, 4To
npu p > 6/7

P,{w : cymecTByeT Geckomeunnini kaacTep} = 1.
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N3 nemMwmbl 6 cieayeT, 9TO CyHIeCTBYeT v, TaKad ITO
P.{|W(v)| = oo} > 0.

D0 KpUTHYecKas BePOATHOCTD HE 3aBUCUT OT ¥ B CHIIY MPOCTPAHCTBEH-
HOW OJHOPOJHOCTH PACCMATPUBAEMOTO GEPHYIIMEBCKOTO MoJsa. Tem
CaMBIM [OKAa3aHa BEPXHsA OMEHKA IS KPUTHIECKOW BEPOATHOCTH TEO-
peMbr 1:

pe <6/7.

Aoxazameavcmeo aemmvl Popeas — Kanmeaau. Coberrua J,,, Ok
BJIOXKEHHBIE, TIOTOMY B CHJIY HENPEPBLIBHOCTH BEPOSTHOCTHOU MEDHI

P{C, 6.a.} = P{ ﬁ U G} =timP(( ] Cx) <

n=1k>n k>n
<lim > P(Cy),
k>n
OTKY[la U CJAeNyeT MePBOe yTBEPK JEHUE JEMMHI.
Ecan cobertusa C1,Cy, . .. HE3aBUCUMBI, TO TaK:Ke HE3ABUCHMBI W UX
gonoauenns C1,Co, ... Torga pisa mo6oro N > n

N N )
P(() Cx) = J] P(Cw).
k=n k=n
DodTOMY
P(() Cx) = J] P(Cw).
k=n k=n
BocnoabzoBaBiiick HepaBeHCTBOM
log(l—2z) <—z, 0<2<]1,

Oy M:

log J[T(1 = P(Cx)) = Y log(1 = P(Ci)) <

S —-j;i P(C%)ZZ —0O0.

CaenoBaTenbHo, 1 J1060T0 n
N
P(() Cx)=0.
k=n
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OTcroma caeayer, ITO

P{C, 6.u.} = 1.
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