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" TIOJIOJKUTENBHBIE CJIYYANHBIE BIYRIAHUA :
H OBOBIIEHHBIE 3JIJTMNTHAYECKHE MHTETPAJIBI il

(Hpeécraa./zeno axademunon A. H, Koanozoposuxn 2 VI 1970)

PaccMorpEM opHOpORHYIO mems MapxoBa ¢ fuckpeTHEIM BpeMeHeM, MHO-
JKECTBOM COCTOAHHN KOTOPOH SBISETCS MHOMKECTBO {Pa =/(i, 7): i, j = 0 ne-
awe}. Ilycrs Pop — mepexopnrie BepoatHocTH. Ilpm sToM, ecim a =(k, i),
B=(k+1i I4]), 10 pus=py npa k, 1>21; pu=p; npm k>1,
l=0; pp=p npn k=0, | =11 Pap=pif’ npu k= l=0. IIpm arom
MHI Be3fle CUHTaeM, UT0 i, j paBHEl Hymo, ecau auGo |i|>= 2, mbo |j|> 2,
HpudeM, KOHeUHO, ¥ pi; mAfere j == 0, y pi” mHAexc i >0 m r. 1. ' ,

Crywaitnoe Gryxmanme 0ymer HpeamoJIaraThes HeBHIpORMeHHEM (') m
HMEIOIAM e[HHCTBEHHHI CYIIeCTBEHHBIH KIacC COCTOmHMmI. LKeim cramaoHap-
HO® paclipeflelleHHe CYMECTBYeT, To 0603HAYMM CTANMOHADHLIE BEPOATHOCTH
Ng = ;5. .

HMamnan paGora sBasetca padsmTmeM paGotst ('). B Helt Merogamm Teopmu «
Fanya 6umm mccaemosamsl cayuam, KOTfia NpOUSBOAAIMEe (HYHKIHHE CTAIHO-
HApHHX BEPOATHOCTEH DANUOHANLEL, M, B YaCTHOCTH, HOKA3aHO, YTO panmo-
HaJFHOCTh MMEeT MeCTO JMIIb Ha HEeKOTOPKIX anrefpamIecKux IOXMHOr000G-
PasuAx IPOCTPAHCTBA HAPaMeTPOB Dy, pif, pi”, pif. B pammoir paGore maxo-
AHTCA MHTEIPAJILHOE HDE/CTABICHME [JIA CTALMOHADHHX BOPOATHOCTEH B 0G-
IieM ciydae H, KpOMe TOTO, YCIOBHA CYyI[eCTBOBAHHA CTAIMOHAPHOTO pacmpe-
ReneHns. ‘ ‘

Beemem cuepyiomme mpomsBomsamme ¢ynaruEE cranmomapHbIx BepOATHO-
CTeit BHYTPH 9eTBEPTH INIOCKOCTH ¥ Ha TpaHHNaXx, onpefeleHHbIe, 110 KpajiHel
Mepe, Ipx |z|, |y| << 1: ; :

0 . [+ -] 00
n@ = X mEpy, n@) =N meatt, T) =3 ay .
1, =1 =3 =1

Ecmn maitnenst n(z), fi(y) m oo, To nu(z, y) BEpakaeTcH wepes HUX cie-
AyromuEM obpazoM: : .

ﬂ(zs y) = [Q(x’ y)‘n(x) +q’($, y)ﬁ(y) +n°¢7q0(x’ y)]/Q(x, y)7 (1)

T7le MHOTOUNEHH Q, ¢, § 1 ¢, ABAAOTCA NPOUBBOAAINAME PYHKIUAME CKAYKOB
(mecrombKO H3MeHEHEEIME) ,

1 , 1
Cen==y(t— 3 pay), e@Gn=2( 3 pay—1),

‘i, 3:—1 " j==—1
1 . ‘
q(z,y)=y( 2 p’i'jxiy7_.1), 9o (, y)=2P2,x‘y"—1-‘
il j'_—""“l

Cymecmonanne CTAIIHOHAPHOTO pacOpejeNeHnsa ONpefelIAeTCA CpeAHAMH
CHaYKaMH 3a OMH IIAT B HaUPaBJICHUR Ka)kHOH M3 oced BHYTPH M HA rpaHH-
Ijax 9eTBEPTH IIOCKOCTH:

M, =2P1.1‘ -—Zp_l,jl My ?=§Pi1 “‘%P?.ﬂz
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: 'M":‘gpu' T’Zp:lﬁﬁ Mu=g,pi1"§pi.—1 T

‘ ‘ : ¢ ¥ ' B .
u . &, Jlanee ana coxpamenns (JopMyIdpoBOR npepmonaraetes, aro M. << 0,
Ty eopema 1. Crayuonaproe pacnpedescrue cywecrsyer 1o2da U TOALKO
‘rozda, Ko20a ‘ i : | ‘
: MM/ — MM, <0, MM."—MM"<O0. (2)

" Tanee Mr roBopEM TOABKO 0 (yrKmER 7t(z); dopMymmposku gas 7 (y) mo-
“Yy9aoTCA CAMMOTPHYHEIM 0o6pasoM, a n(Z, ¥) PAUMOHAIBHO BHIpAXKAETCA Te-
pes mux mo dopmymne (1). ' '
' TlpeamomaraeTcs, 9T0 yCIAOBHA (2) BEINONHEHEL.
7 JMemwma 1. Aazebpaunecras Pynryus y(z), onpedesneran ypasHenuens
Q(z, y)=0, , 3)
UMeeT TOuHO 08e TOUKU 6eT6ACHUSR, PACROJONKEHHBIE CTPO20 GHe eJUHUUHO020
‘Epyea. ru TOYKU GET8ACHUS BEUECTEEHHYL, NPUYEM HAUMEHDULAL U3 HUT NO
Modyato (o6osnauaemasn Oasee rs), 6cezda nosoxcureavha. Jlee dpyeue Touku
" 8eT8AEHUR, TAKNE 6EULECTEEHHBIE, AeHAT 8 eOUHULHOM KpY2e.
AHaInTH4YeCKOe MOoBeleHHMe pelmennsa Muorrme HMHTEpecHBIE
_cBoiicTBa (HAIpHMep, ACHMOTOTAKA) OIPEJeNAIOTCS BO3MOKHOCTLIO AHATATH-
9eCKOTO IMPOROJKEHHA COOTBETCTBYIONIMX IpoMsBogamux ¢gyuxmuii. OkxassBa-
eTcs, 9T0 m(z), aUpPHOPH aHAAMTHIECKAsA B OJWHHYHOM KpyTre, MepoMopdHO
npofoKaeTca B Kpyr |z| << 25, a falee B HePALMOHANABLHOM CJIyJae HAUHHAGT
BETBHTHCH, IIPEYEM BCO TOUKM BETBIOHHSA MMeEIOT ajgre0pawdeckuit xapaxrep n
nx Geckomewnoe gmcao. Towmas PopMyampoBKa JaeTca B Teopeme 2.
"~ QbosHayEM depe3 S PAMAHOBY HOBEPXHOCTh HOJA ajdreGpamieckux QyHK-
_Nmil, OmpefieIeRHOro ypasHeHEHeM (3), a gepes Q — ee YHHBEPCAIBHYIO HAKPH-
BAJONIYI0 ¢ HEKOTOPHIM (HKCHPOBaHHKIM HakKputHeM A: Q —>S. Umeem cie-
AYVIOIYIO AHArpaMMy HaKDPBITHR

h,/'P

»
7
Q— S\
MNP,

3nech hy u h, — ecrecTBeHHHE HAKPHTHA PAMAHOBOA IOBEDPXHOCTHIO S KOMI-
JeKCHOM IPOeKTHBHOR mpsaMoit P, cooTBeTcTBylomme peanmsanum S Kak pH-
MaHOBOM IOBepXHOCTH amreGpamdeckmx ¢ymkmmirt y(z) m z(y) coorsercr-
BEHHO.
- Hyers D u D —obnactm ma S, rae coorsercrBemHo |z(s)|<<1 m
vl <1ises. -
Jlemma 2. Pumanosa noeepxHoctv S ecezda umeer pod 1. I'panuya D co-
CTOUT us 08Yx NPOCTHIT AHAAUTUNECKUT HENEPECEKAIOUUTCH 3AMEHYTHIX KpU- -
suiz: To, 20e |y(s) | << 1, u Ty, 20e |y(s)| = 1. Amnasocunnoe yreepadenue
eepro das epanuywr, To U Ty obaacru D. Kpuevie T, Ty, T, T'y 2omoronner,
nRpUteM UL KAGCC 20MONO2UL, AEARETCA OOHUM U3 IAEMEHTO8 HODMAALHO20 6a-
suca somoaozuli na Tope. IIpu sroxm nepecevenue G = D\ D nenycro u ozpa-
nHuuero xpusviuu T's u Ty,
: PasanoBa momepxHOCTs S ABIAeTcA (AKTOPOM ) HmO peIIeTHe HIePHOAOB
{nw,+ mo:} (manzee Gyger mpeamomaraThest Ge3 ymepba mis obiaOCTH, ITO
M0, @,]) romomormuma I'\). 3aduxcapyeM OfHY W3 CBABHEIX KOMIOHEHT As
npooGpasa A~ (D | D). Janee npoo6pastr kpueeix u o6xacreit m3 S Ha A, 6y-
AyT obosmavaThes TeMum Oykpamd, uTo M Ha DUD (tar Ty = A, N A~*(TW)).
OuepapasiM obpasomM PysrmEa wt(z) # 7(y) MoryT GEITH MOXHATEL COOTBETCT-
.senHO Ha obnactE D = A, u D < A,. Ilpu atom, nampumep, n(6) = n(hire).
Teopema 2. Pynsyuu n{w) u 7(w), anpuopu anasuruseckue 8 obaa-
craz D<Ay u D < A, cooreercraenno, mozyr 6uite mepomopdro npodosxce-
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HY Ha ecz}g'ynueepca.rzbuym raxprisaiowyyro Q, npukem oKW UMEIOT HO Q nepu~
Oa ®;,. v - ’ s ‘ T
TaxuM 06pasoM, pEMaEoBa MOBEpPXHOCTs PyHKImi 7(z)  5(y) TOmOIOTH-
gecku npefcTasiser coboi GeCKOHEUHEIH MUIMHAD, T. €. darrop C mo {now}.
HarerpaabHEoe HPefCTABIeHHEe DeMeHHUA 'OyERIEE T, Y,
a(z, ¥), §(z, ¥), qs(2, ¥), nomEATHeE Ha £, ABNANTCA BITANTAISCKAME dynr-
musamu, oGosHawaemumu faxee z{(w), y(o), ¢g(0)=g¢(z(v), y(0)) B T. A
Q630HaunM Yepe3 i M Y JI00ble U3 TOUEK BeTBAeHAA (PYHKNAA COOTBETCTBEH-
H0 ¥(z) = z(y), mexamux B eFUHEIHOM Kpyre, W mycTh @ = A™! (B (z)) (¥
NAs, b=~A"h"'(y:)\ A; (BBERY TeOpPeMHE 2 MOKHO IPEAUOJIAraTh, UTO BCE
menaeTca mo mod @y, T. e. B modoce Il = {0: o = po,4+ v, 0 p < 1,
v < o). Beeem aBTOMOp(MaMLI oTpakeHME § H T} OTHOCHTENBHO TOYEK a4 M
b coorBercTBenHo (mopHaTHe aBToMopdmsmoB Iamya () ma Q). §n ecrs
CABHMT Ha ®;— YJBOeHHOe paccrosnme Mexay a u b. Ilycte I(w)-— (-dymx-
nuu BeiiepmTpacca ¢ epuojaME ©; I @s B HAJaJoM KOOPAHHAT B TOUKE 4.
Ilycrs | < G — mpomsBoiNbHAS 3aMKHYTAd KpUBasd, Iyajkaf m Gea camome-
pecedenmit, romotonHasa Iy, mpmieM ¢ =0 B 3aMBIKaEAW 06IaCTH, PACIONO-
mennolt mesxpy ! m ['o Ha Ao, a § 5 0 B saMuikaEmu 00dacTH, PaCcHONOKEHHOM
mexpy L m Iy (kpoMe KoHeUHO TouKHW, rAe r =y = 1). -
-Jlemma 3. Kpueyrw 1, obaadarouyio nepeiuciennblmy vluie CEOLCTEAMU,
MOXKCHO 6I6PaATL TAK, UTOOBL iI}d zq/§=0. - :

ITycrs % — rpynna mpeoGpasoBanumit Q, mopo:xaesnas § u v. Beenem ama-
. AMTHYECKYI0 BCIOAY KPOMe CeTKM KDHMBEIX %/, IBOAKONEPHONHIECKYIO C IEepHO-
AaME ©; 1 03 QYHKINIO

_ [t _ o 2@ 4.
) =exp g {00 =1+ L0 WP ac]
mpEuYeM Ha KaK[oil KpuBO# 3 %/ ompefeianM p(©) Kak IpefieibHOe 3HAUCHAE
p(w) cmesa mpm o6xofie B HAaUpaBIEHNN ;). BBefeM 00IafaONyi0 TAKAMA Ke
CBOICTBAME (PYHKIHIO ] o !
, 1 S z (%) go () 5
= —T — 0 — T)] ——~dt.

Teopema 3. B obaacru A, = D, seasoyeiica ceasnoil xKounonentol QN
\ {®!}, samvikanue koTOpOiL CODepHUT TOUKY W, 20 T =Y =1, U TOUKY
Ewo, uMeer mecTo : : o

“w(e)=p(0)[ct+x(0)]/z(e), (4)

20e KoncranTa c onpedeasercs Tak, urobur 8 Touke z(w)=.0 nucaiureav (4)
obpawyancs 6 Hysb. :

3aMeuanme. B ocranbabix TOUKax ;(®) MOKHO HalTH, ACHONL3YA TEO-
pemy 2 m tor (axr, aro uncanreds II(w) mpaBoi wactm (4) mMeeT caexyio-
IAe CKAYKK HA KPUBHIX [ ’

I (o) — L9 1) = — 29 s =14

7(0) 7@
oM - -2 ecunh

(amecy II. u II- — mpemenscmsie sHauenua [1(w) caeBa ¥ cIpasa COOTBETCT-
BEHHO, 4 CKAYKH HA OCTANLHBIX KPUBLIX hl, h € ¥, HAXOJATCA 13 YCIAOBHA JBO-
axonepuopmanocrn Qyarmun II(w)). CobGerBerHo, cBefeHme K 3afade Pmma-
Ha (D) ¥ ABIAETCS OCHOBHEIM B I0KA3aTEILCTBE TEOPEMH 3. :

Ecmm ¢ (o) / §(0) = const, aro uMeeT MecTo, HANPUMED, IS CIyIaifHOrO
Gy;KmaHUA ¢ KOCHIM OTpayKeHHeM (®), TO pelieHHe BEIpa)kaeTcd B BHAe OOHIT-
HOTO JLIMOTHIECKOTO WHTErpaja. :

MosgHO TmONYYHTH HHTErpajbHOE LpPENCTABICHAE HEIMOCPeHCTBEHHO IS
CTaOUOHADPHBIX BeposATHOcTedl. Mel cdopmyampyeM ero sxech Ha TpHEMep
Gy xpaHni ¢ TPYNIOH YeTBEPTOro NOPAAKA aBTOMOpHH3MOB S. .
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Eemx Q(z, y)= a(z)y* + b(z)y+ c(z), 10 BBENen aberen mupdepenmm-
az mepBoro pofa Ha S , ’ o -
e do = —dz[[2a(z)y +b(z)]. - _

- PacemorpmMaoGaacts R, mesamyso mexpy I's m (§n) Ty = Dy 4 2ws. Mom-
HO cumTaTh, yTo R <= 8. ,
Teopema 4. /s npocrozo cayuaiinozo 6AYwOAHUS UMEST MecTO

on = 757 \ i (ffo — () LI +p1do+

T
+ D\ Res, [q—?n(—? dm] v
s8R 7y
‘ede

a Res, 0sHauaer euiuer @ TOWKe S Y CTOAWe20 5 CKobkax mepomopdrozo dug-

gepenyuasa rna S. IIpu stom T'y opuenTuposana Tax, urober A npu o6xode oc-
7A8AAACDH CAEEA.

AHaJOTHIHOE COOTHOIICHMe MMeeT MeCTO W AIfA ciydaitHoro OmyskpmaHusa ¢
npomsponbHoi Tpymmoit. Eemm mopma Nefe(f) = ffs =1, 410 MMeeT MecTo,
HAIPAMeED, [ CIyYaiHOTO GIYK[EeHHA ¢ KOCEHIM OTpayKeHHMeM, TO IOJLIHTEr-
pamsHOe Bhipaxkenme B (opMyine (5) He comepKHT 7t(z). TeopeMa 4 FOKa3H-
BaeTcA ¢ moMmomipio Teopud Jlepe (°) m ABIAeTCA OCHOBHOW NI HOXYIeHHA
PaBHOTO POJia ACHMIITOTHYECKAX NPe/CTaBIeHNH.

MockoBcKuil TOCYlaPCTBEHHEI YHUBEPCHTET IMocTynmro
" @M. M. B. JlomoHOCOBaA 13 V 1970

IMUTUPOBAHHAS JINTEPATYPA

1B. A, Manumes, YMH, 26, 1 (1971). 2 B. A. Maammes, Tp. Copercko-
SIIOHCKOTO CAMIO3MyMa IO TEODHH BEPOATHOCTEI, Xaﬁgponcx, 1969, crp. 176. 3 M. Je-
pe, [npdepernnaisaoe N HATErPalbAOe KCUHCICHWe HA KOMINIOKCHOM aHATHTHIECKOM
MHEoroodpasum, M., 1961. .
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POSITIVE RANDOM WALKS AND

GENERALIZED ELLIPTIC INTEGRALS
UDC 519.21
V. A. MALYSEV

Consider a homogeneous Markov chain with discrete time with set of states
fa=(, j): i, j> 0 are integers}. Let Pqp be transition probabilities. Now if
a=(k D, B=(k+i,l+]), then Pag=";; for k, 1> 1; Pag= pi'j for k> 1,1=0;
Pap= p;'] for k=0,1> 1 and Pag= p?j for k=1=0. We always assume that i, |
are equal to zero if either |i| > 2 or |j| > 2, and, finally, pL.']. has index j> 0, p:]
has index ¢ > 0, etc.

We assume that the random walk is nondegenerate [ 1] and has a unique essential
class of states. If the stationary distribution exists, then we denote the stationary

probabilities by 7 = e

This work further develops the work of [1]. In the latter, methods of Galois theory
were used to investigate the case in which the generating functions of the stationary
probabilities are rational and, in particular, it was shown that rationality holds only
on certain algebraic submanifolds of the space of parameters P pL.']., p;.']., p?}.. In
the present paper we find an integral representation for the stationary probabilities in
the general case and also find conditions for existence of a stationary distribution.

We introduce the following generating functions for stationary probabilities in a

quadrant of the plane and on the boundaries, defined, at least, for ||, |y| < I:

00 [« o) (o]
Mz, y)= 2 myTyil, w(@) = D meatl, T(y) = iyl
1, j=1 =1 =1

If we have found 7 (x), 7 (y) and 740, then 7(x, ¥) can be expressed in terms of
these as follows:

n(z, y) = [a(z, y)n(z) + (2, y)A(y) + Moo (z, y)1/ Q(, y), (1)

where the polynomials (J, g, ¥ and g, are generating functions of the transition prob-
abilities (somewhat transformed)

Q(z,y)=xy(1— 2 pa;x’yj)’ Q(x,y)=x( 2 p;,-x‘y"-1),

i, J=—1 i, J=1

1
q@n=y( 2 FaY—1), a0 =ty —1.

Py 7
s j=—1

Copyright ® 1971, American Mathematical Society
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The existence of a stationary distribution is determined by the mean transitions
on one step in the direction of each of the axes inside and on the boundaries of the
quadrant:

Mﬁ:zpﬁ_zp_l,jl My=z-pi1'—§pi.—1!
F 7 i

M;:=2|P'1, —Zp:-l, j? M;,=2P;1—'§p;,_1,
i i i

etc. For the sake of brevity of statement we assume that Mx <0, My < 0.
Theorem 1. A stationary distribution exists if and only if
MM — MM, <0, MM —MM"<O0. )
Furthermore, we shall discuss only the function #(x); the formulation for 7 (y) is
obtained symmetrically, and #{x, y) can be expressed rationally in terms of the others
via formula (1).

Lemma 1. The algebraic function y(x), defined by the equation
Q(z, y)=0, 3)

has precisely two branch points situated strictly outside the unit circle. These branch
points are real, and the one which is smaller in modulus (denoted by x,)is always
positive. Two other branch points, also real, lie in the unit circle.

Analytic behavior of the solution. Many interesting properties (for example,
asymptotics) are determined by the possibility of analytic extension of the correspond-
ing generating functions. It turns out that #{x), a priori analytic in the unit circle, can
be meromorphically continued into the disk |x| < X3, and furthermore, in the nonrational
case it begins to branch, all branch points are of an algebraic nature and there are an

infinite number of them. A precise statement is given in Theorem 2.
Let S denote the Riemann surface of the field of algebraic functions defined by

equation (3), and let (0 denote its universal covering with some fixed cover A: { — S.

We have the following diagram of coverings

o
Q— S\
hg\P
Here hl and h, are the natural coverings by the Riemann surface S of the complex
projective line P corresponding to the realization S as the Riemann surface of alge-
braic functions y{(x) and x(y) respectively.

Let D and D be regions on S where |x(s)| <1 and |y(s)| <1, s € 5, respective-
ly.

Lemma 2. The Riemann surface S is always of type 1. The boundary of D con-
sists of two simple analytic nonintersecting closed curves: T", where Iz(s)l < 1,
and T' |, where |y(s)| > 1. Analogous assertions hold for the boundary T'y U T'} of
the region . The curves Ly Ty ’f‘o, ,I\J“l are homotopic, and their class of homologies
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is one of the elements of the normal homology base on the torus. The intersection
=DN D is nonempty and bounded by the curves Iy and FO.

The Riemann surface S is a factor of ) on the lattice of periods {n )+ mwz}
(we further assume, without loss of generality, that A([0, w ]) is homologxc to I')).
We fix one of the components A of the inverse image A~ 1 (D @] D) Further inverse
1mage\’s of curves and regions of S on AO are denoted by the same letters as on
D U D (thus Co=8,N A" 1 (T'y))- The functions 7(x) and 7(y) can be lifted on the
regions D C A, and ife AO in the obvious manner. Here, for example, #{w) =

wh )\w)

Theorem 2. The functions w(w) and 7 (), a priori analytic in the regions DcA,

and DC A, respectively, can be meromorphically extended onto the whole universal

Rt S

covering Q, and on Q) they have period .
Thus the Riemann surface of the functions 7(x) and 7 (y) is topologically an
infinite cylinder, i.e., a factor C in {no }.
Integral representation of the solution. The functions %, y, ¢(x, ), 7 (, y),
9, (%, y), lifted onto {, are elliptic functions, further denoted by x(w), ¥(w), ¢(w)=
g(x(w), y(w)), etc. Let %, and ¥4 denote any of the branch points of the functions
y(x) and x(y), respectlvely, lying in the unit circle, and let a = A~ (%7 1(x NN Ay
b=A"1hz l(y 1) N A, (in view of Theorem 2 we may assume that all thlS is done
mod  ,, i.e., in the strip Il = {w: w = Ho | + V@ ,, 0 < <1, v <oof). We introduce
automorphisms of the mappings & and 7 relative to the points a and b respectively
(lifting of Galois automorphisms [ 1] onto Q). §77 is a shift by W — the doubled dis-
tance between a@ and b. Let {(w) be the Weierstrass {-function w1th periods ®

CH and origin at the point a.

, and

Suppose I C G is an arbitrary closed curve, smooth and without self-intersections,
homotoplc to I, where q £ 0 is in the closed region situated between ! and 'y on
AO, and q # 0 is in the closed region situated between [ and I‘O (except of course
for the point x = y = 1).

Lemma 3. The curve [, having the properties noted above, can be chosen so that
ind, xq/q = 0.

Let « be the group of transformations of  generated by & and 7. We introduce
the function

p(a) =exp| o G0 — ) +§(—w—r))lnMdr]
2m‘l q(7)

which is analytic everywhere except for the grid of curves ki doubly periodic with
periods @, and w;, and on each curve k! we define p(w) as the limiting value of 1

p(w) from the left in the direction of . We introduce the function

-
x(w)—-z—mg[;@—m;( ~ 7] 2000 g

with these same properties.
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Theorem 3. In the region A; C D, which is a component of O\« !}, whose

closure contains the point o _, where x =y = 1, and the point é—wo’ we have

0
m(0)=p(o)[c+x(0)]/z(e), (4)
where the constant ¢ is chosen so that the numerator of (4) vanishes at the point
2 (w)=0
Remark. At the remaining points, 7{w) can be found by using Theorem 2 and the
fact that the numerator (w) of the right side of (4) has the following jumps on the

curves K l!

I, (0) — 2O 1) = — 28 ocind;
I_(e) — qq(é"j,)) I, () = — 283 o cynh

(here 11, and TI_ are the limiting values of T1(w) from the left and right respectively,
and the jumps on the remaining curves hl, & €, are found from the condition of double
periodicity of the function II(w)). Actually, reduction of (5) to a Riemann problem is
fundamental to the proof of Theorem 3.

If q(co)/rf}’ (o) = const, which is the case, for example, for random walk with
oblique reflection [2], then the solution can be expressed in the form of an ordinary
elliptic integral.

We can obtain an integral representation directly for stationary probabilities. We

present it here in an example of walk with a group of fourth order of automorphisms

of S.

I Q(x, y) = a(x)y? + b(x)y + ¢ (x), then we introduce the abelian differential of
first kind on S

do = —dz [[2a(z)y + b(z)].

Consider the region R lying between I"; and (fn)zl‘l =T", + 20;. We can
assume that R C S.

Theorem 4. For simple random walk we have

nmn=z—i;S A0l = m(a) + 19 + pldo+ 3 Res,[f“”d }

m,.n
s8R
1
where

99, G (a0 %
f==—, \P=—m<—:,°—-—-—"— ’

q a9y

and Res_ denotes the remainder at the point s for the meromorphic differential on S
in the parentheses.

The analogous relationship also holds for random walk with an arbitrary group.
If the norm Ngg (f) = ffs = 1, which is the case, for example, for random walk with
oblique reflection, then the expression under the integral in formula (5) does not

contain 7{x). Theorem 4 can be proved with the aid of Leray’s theory [3] and is
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fundamental for obtaining various kinds of asymptotic representations.
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