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This issue of MPRF publishes works
presented or discussed at the conference

“Perpetual Search: Mathematics, Physics, Life”
devoted to the 85th anniversary of
Vadim Aleksandrovich Malyshev (1938-2022)

a great mathematician and the founder of journal
“Markov Processes and Related Fields”

The conference has highlighted the recent developments in the areas of math-
ematics and mathematical physics where V.A. Malyshev has made major con-
tributions. In particular, these areas include Random walks, Queueing theory,
Gibbs random fields, Non-equilibrium thermodynamics, Random grammars and
random graphs evolution.
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The conference (http://malyshev85.org/) took place on June 26-30, 2023,
at the Moscow State University, where Prof. Vadim Aleksandrovich Malyshev
worked all his life. The diversity of subjects and themes largely discussed in
collaboration with V.A. Malyshev himself, is reflected in the collection of papers
by his colleagues and students presented here.

All conference talks are also available at
https://www.youtube.com/playlist?list=PLI9mbuBZSefQVRTvtjgketT-M3eDT-GUeV

Vadim Aleksandrovich Malyshev is remembered as a remarkable man with
endless energy, courage, inventions, who still inspires us through his works and
also through his own web-page where he has posed new problems, ideas and
projects: http://mech.math.msu.su/~malyshev/.

On behalf of the organizing committee,

Tatyana Turova Schmeling,
Editor
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1. Introduction

The story of this paper is short but remarkable. All the authors of the present
paper participated in the memorial conference dedicated to Dr. V. A. Maly-
shev on the occasion of his 85th birthday (Moscow, June 2023). After the talk
of Stanislav Molchanov on applications of cluster estimates of Wick—Hermite
polynomials (these estimates were developed in the well-known monograph by
V.A. Malyshev and R. A. Minlos, [11]), the second coauthor, Albert Shiryaev,
asked a question about the relation of this activity with the Mehler formula
for the two-dimensional Gaussian densities and its possible generalizations (see
Examples 9 and 10 below). The speaker has not heard about such a formula,
though it was clear that this question is directly related to the topic of the
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talk. The subsequent discussion with involvement of the third coauthor of the
present paper had clarified the matter, and, in particular, the link between
Mehler type formulas with quantum mechanics and perturbation theory for
harmonic oscillator type models. The present paper is addressed to specialists
in probability who are not acquainted with quantum mechanical and general
theory of orthogonal polynomials.

2. General properties of Hermite polynomials

This section provides information on Hermite polynomials that can be found
in any of the books on orthogonal polynomials. These general properties are
given for the sake of completeness, and will be used in the subsequent proofs.

Being a representative of the broad and important class of orthogonal poly-
nomials, the Hermite polynomials seem to be the most widely useful in various
applications. For example, they found their applications in probability for as-
ymptotic expansions in the limit theorems, in quantum mechanics in the model
of harmonic oscillator, in theoretical physics in quantum field theory, etc. In
the nonprobabilistic setting, Hermite polynomials are defined by orthogonaliz-
ing the monomials {1, 2,22, 23,...} in the weighted Hilbert space L?(R,p(z)),
p(r) = exp{—2?} (the space of functions square integrable with the weight
exp{—22}). In probability, the corresponding weight function is slightly differ-

ent: this function is defined as the density of the standard normal distribution

(@) = F=exp(—%):

PRp(e) = {o:R R R/so%w) ds < o0},

A different approach involves the equivalent space of random variables repre-
sentable as a function of the standard Gaussian random variable X ~ N(0,1)
defined on some probability space (2, F, P)

L£2(Q) ={Y = p(X), EY? < 00} .

By H,(x), n > 0, we will denote the corresponding monic orthogonal poly-
nomial in the space L?(R, ¢(z)) with the leading term z™:

Ho(zx) =1, Hi(z)==xz, Hy(x)=2>-1,...Hy(z)=2"+...

2 m 2 g
H,(a) = (1) exp() o exp(— ) = (—D"dx(;::c())

(2.1)

Formula (2.1) is known as the Rodrigues formula.
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Applying the classical Taylor expansion, we obtain the generating function

£ ) )
n=0

Since the right-hand side of (2.2) is analytic, the variables a and = can be made
to be complex, in particular, one can put a = iz, z € R. Now applying the Euler
formula e?** = cos(x2) + i sin(zz) and separating the real and imaginary parts,
we get the generating functions for the even and odd Hermite polynomials:

Z(—l)”% = exp(%) cos(zz), (2.3)
n=0

St T 22n+1 2,2

Z(m% = exp(?) sin(z2). (2.4)
n=0

Taking the derivative -2 of both sides of (2.2), we get

nz:;] w = aexp(ax — %2)

B i H,(z)a™*!

~ n! ’

which gives
H! () =nH, (). (2.5)
Another important relation can be obtained from the expression
2 n 2
exp(—%)Hn(x) = (—1)";1—” exp(—%).

Taking again the derivative 8%’ we get
—xH,(z)+ H),(x) = —H,11(x), n>1,

and hence
H,1(z) = zH,(z) — H)(z), n>0. (2.6)

or, in an equivalent form
$(@) Hnr1(2) = — (¢(2) Ha(x))", n>0. (2.7)
Starting with Ho(x) = 1, we obtain recursively

Hi(z) =z, Ha(z)=a>—-1, Hz(x)=2°—3x, Hy(x)=az"—62"+3.
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In general, an induction argument shows that

Hn(m):x"—(g)~1-mn_2+(z> -3 4

+...(—1)k<2k> 1-3-...-(2k—1)- 2" 2k 4 (2.8)
(/2]

S (Y
k=0

so that the constant term in (2.8) is 0 for odd n, and is
(=1)k@2k —1)I! for n =2k,
Note that H,(x) involves the powers of 2 with the same parity as n, i.e.,
H,(—x)=(-1)"H,(z).

This follows from the general theory of classical orthogonal polynomials (see,
for example, Theorem 1.1.3 in [17]), since the weight function ¢(x) is even, and
since the orthogonality interval is symmetric about the origin.

It is also worth pointing out that all zeros of the Hermite polynomials are real
and distinct (this follows, for example, from the general theory of orthogonal
polynomials; see [17], Theorem 1.1.9); in addition, the zeros of the neighboring
polynomials H, (z) and H,(x) interlace (see [17], Theorem 1.1.10).

The long expression for the nth polynomial (2.8) can be compactly written
in the integral form

oo oo

2
H,(z) = /(x+z’t)"¢(t)dt: /(x—H’t)” exp(—%)dt, (2.9)

—00 —00

where we recall that

1-3-...-(2k—1) =2k -1l = /t%gb(t)dt.
Note that from (2.9), using binomial theorem, one can easily find that

n

n(z+y) = Z()y Hip— (7). (2.10)

=0

[\)

E

m
+
<

Il
(= -
PR
>~ 3

>Hk 2(E n— k(2y) (211)
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It is also easily seen (see above) that the value of the Hermite polynomials at
the origin is given by

(=DRFEk -1, 0= 2k,
Ha(0) = {07 b L (2.12)

Differentiating (2.9) with respect to x, we again arrive at (2.5). Integrating
(2.9) with respect to x, we find that

/ H,(z)dx = H"“(“i J_r 117"“(0) . (2.13)
0

In addition to the integral representation (2.9) one can derive some other
ones (see for example, [17]); in particular, using the Cauchy theorem, or the
representation for the coefficients of the Taylor series for the generating func-
tion (2.2), we have

n! poz2 dZ
H(z) = / et T (2.14)

T 2mi
r
where I' is an arbitrary contour encircling the origin.
Another integral representation will be obtained below (see (2.22), (2.23)
and (2.21)).

Lemma 1. The nth Hermite polynomial H,,(x) is a solution of the differential
equation

y" —zy' +ny =0,
or, in other words,

" ’

H (z) — 2H, (z) + nHy,(z) = 0. (2.15)

For a proof it suffices to differentiate n+ 1 times (using the Leibniz rule) the
equality
¢/(.’I§‘) = —.’1?¢($),

where ¢(z) = \/% exp(—‘”—;), use the substitution

¢! (@) = (=1)"¢(z) Hy(x)

(see (2.1)) and differentiate one more time.

It is worth pointing out that the differential equation from Lemma 1 is closely
related to the one-dimensional Schrodinger equation from quantum mechanics:
the solution of the Schrodinger equation in dimension 1 with quadratic potential
(harmonic oscillator) can be expressed in terms of the Hermite polynomial (see,
for example [17, Chap. V, §6]).
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The recurrent relation for the Hermite polynomials can be obtained by dif-
ferentiating the generating function (2.2) and equating the corresponding coef-
ficients:

Hpt1(x) —xHp(z) + nHp—1(x) = 0. (2.16)

The orthogonality of the Hermite polynomials follows from the expression
for the generating function (2.2)

S Hy(z)a" S Hy, (2)b™ (atb)z— £
(Z m)(zm! =e :

n=0 m=0

_ (atb)?
e(aer)w 5 eab.

Integrating the left- and right-hand sides of the last expression with the weight
function ¢(x), we get

bm
a' ' /H z)¢p(x )dw:eab,
n= Om 0 e s
which implies that
(oo}
/Hn x)op(x )dx—(H,L,H ) =0, m#n,
=nl
(Hus Hin )y, = 110, (2.17)

This means that the functions

=ep(z), n>0 (2.18)

form an orthonormal basis for the space L?(R, ¢(z)).
For any f(x) € L?(R, ¢(x)), consider its Fourier—Hermite series expansion

o0

Zen (fren), = > H’;(,x) /f(y)Hn(y)¢(y)dy- (2.19)

Here, direct evaluation of the coefficients

oo

(fren), /f o(y) dy

is not always convenient; sometimes, it is useful to apply the following tricks.
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We recall the following integral representation (the inversion formula for the

Fourier transform (E(k) = efg):

1 T B2k 17 2
= — ‘dk = — k) dk. 2.20
o= [ — [ e cos(y) (2:20)
—o00 0

n d"

Differentiating this relation n times and using Hy ()¢ (y) = (—=1)" 77 ¢(y) (see
(2.1)), we find that

HA0)ol) = o= [ (@7e 5k, (2.21)

The last formula, when divided by ¢(y), can be looked upon as an integral
representation of Hermite polynomials, or, more precisely,

Hon(y) = D" % 7k2” ~5 cos(ky)dk (2.22)
n F2 i *
: 0
_ (_1)n [ p2nt -
Hopi1(y) = k & sm(k‘y)dk (2.23)

Nora

Using (2.21), changing the integration order, and assuming f(z) € L'(R, dzx),
we have

(f.en), / FW)HAW)o(w) dy = o fﬂk)(ik)"exp (—’;) ak,  (224)

where f f f(z)e?*? dz is the Fourier transform of the function f(x).
Formula (2. 24) can also be obtained differently via the Parseval identity

7f(fv)Hn(ﬂf L /f H9) (k) dk

under the additional assumption that f(x) € L?(R,dx), and with the help of
the formula

(0 = (1" 90 = (30 = @ exo (<5 ) . 229

which easily follows, for example, from (2.1) by integration by parts (see also [4,
Ch. XVI, the end of §1]).
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As a result, we finally have

flz) = i i H”T(,x)z /Oo F(k)k" exp (—’;2) dk. (2.26)

n=0

Another method of evaluation of (f, En)¢ = [ f(y)Ha(y)é(y) dy, under
) and

the assumption f € C*°(R), is based on (2.1) and integration by parts:

[t @ dy = (1) / f(y)j%aﬁ(y)dy
o0 dn
- / 00) 3 ) do
We finally have
=\ H,(x) T dar
fo =3 Zo 6(0) 5 () d. (227)

In some cases, it proves possible to obtain a Fourier series expansion in Her-
mite polynomials (2.19) without having recourse to formulas (2.26) and (2.27)
(see Example 1 below).

Consider some examples.

Example 1. From (2.2), (2.3), (2.4) we have, respectively, the expansions

o2 o= H
e = o "('x) a", (2.28)
—~ nl
oo
nH2 (1’)
cosz =Y (—1) (2’;), , (2.29)
n=0 '
. > nHQTL 1($)
n=0
In view of (2.28) and since coshz = ezgefz, sinhx = 6272671, we have,
respectively,
> Hgn(l’)
coshz = Z 2n) (2.31)
n=0
. o .- Hapy ()
sinhz = Z m (232)

n=0
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Example 2. f(x) = signx.

nHon
31gnx_\/72 2271:_11)')(271 nn

(2.33)
\/>Z n H27l+1( )
(2n + 1)(2n)I!”
Example 3. f(z) = 2V, z € R. Using (2.27), we separately evaluate
oo dn
N
d
[ ot g™ ay
B ﬁ(N—n—l)!!, N—-n=2m, m=0,1,...,[N/2];
- 0, otherwise.
As a result, we have
[N/2] om
N — mzz:o HN_2m(x)(N ) (2m — 1! (2.34)

The last formula can be looked upon as an inversion of (2.8).

3. The Wick exponent. One-dimensional Gaussian distribution

In this section we define the nth Wick power of a random variable X and
show that if X ~ A(0,1) then the nth Wick power coincides the nth Hermite
polynomial.

A different point of view on Hermite polynomials occurs in physics (see, for
example, [11], [14], [5]). The expression :X™:, known as the nth Wick power of
a random variable X (not necessarily Gaussian), is defined inductively by

(XY =1,

d n, n— 1
X X" =n:X n=12,... (3.1)

E:X"=0,n=12...

Using the generating function (the Wick exponent)

o n

cexp(aX): = Z 4 s XM

n!
n=0
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we get

d
ax exp(aX): = a:exp(aX):,

E:exp(aX): =1.
From the point of view of formal powers series

. - exp(aX)
rexp(aX): = Eexp(aX)’

In the case of a Gaussian random variable X ~ N(0, 0?),

o2
cexp(aX): = exp (aX - 2a2> .

Equating the coefficients of a™, we obtain

n! 1 m
:Xn: — 7Xn72m _ -2 .
Z ml(n —2m)! ( 27 >

m=0

In the particular case 02 = 1, this formula was given above (see (2.8)).
Comparing the coefficients of a™ in the expression exp(aX) = :exp(aX):

exp("—;ag), we get

n! 1 "
X" = — . XnTm. 242 .
Z ml(n —2m)! (2(7)

In the particular case 02 = 1, this formula was given above (see (2.34)).
In other words, if X ~ A(0,1), then the Wick power is the Hermite polyno-
mial,
H,(X)=:X":.

Further, according to the above, :X": is the perpendicular from X" € £2(Q)
onto the subspace of polynomials of X of degree < n. In what follows, we will
use both notation for Hermite-Wick polynomials.

Let us consider examples of Fourier series expansions in Hermite—Wick poly-
nomials of functions related to Gaussian distributions.

Example 4.

f(z) . i eR
x) = exp | —=— x ,
V2ro? P22 )
i.e., the density of the normal distribution with zero expectation and variance

o2, N(0,02).
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c
2
=
0]
/‘\>
-
N~—
I
®
>
o]
/N
)
<) nN
nN
N———
o
=
o
~
)
>
N—
=
IS
g
2
@

o n! .
1 > Hy, () on k2(1 + o?)
=5 2 2n)! (-1) / k=" ex 5 dk,

and now using the formula for even moments of the centered normal distribution

k2
E*™ ex ( ) dk = (2n — 1)N1r2"
\/2%72 / P\2r ( )

we obtain
1 x? o Hyp(z) (2n—1)N
Varo? L (‘%2) \/WZ (L+o2)"  (2n)!
o _1\n H2n()
‘m;( VT oy
n_ Honl2) (3.2)

1 oo
~ e 2V B e

The coefficients of the Fourier series can be evaluated directly:

y) dy

T 1
4 f(y)Hn(y)QS(y)dy:\/m_Zo Ho ()

where )
1 T
9r(y) = 2mT P (_ 272 )

. . . . . 2
is the density of the normal distribution A'(0,7%); 7° = I

To evaluate the last integral, we use the formula for the generating function
of the Hermite polynomials (2.2), and integrate the right- and left-hand sides

with the weight function ¢, (y). We have

(2m)! (#4)’” = 2m;
/Hn (rbT dy = m! 2 " m7
0, n=2m+1;
(3.3)

{(2m—1)”(7’ —1) , n=2m;

n=2m+ 1;

)
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i _1ym__@m-DY o
/ f n )d = ( 1) \/ﬂ[1+02]m+1/27 n = 2m,
0 n=2m+ L

Example 5. f(z) = [ ¢(y)dy, x>0, ie.,1/2+ f(x) = ®(z) is a distribution
function of A(0,1) law.

Integrating (3.2) and using (2.13), we have

0/ oy) dy =

H2n+1 ) (271 - 1)”
2n (2n+1)!

n Hang1(2)
(2n + 1)nl22nt1”

Nk

In the following examples, we consider Gaussian mixtures.

Example 6.

i.e., the density of the mixture of the normal distribution with zero expectation
and the mixing density function g(o).

Here, it is worth recalling the following interpretation of the random variable
X with this density function f(x) (see [16, Ch. VI, §9]). On the one hand, we
have (in distribution)
X =&V,

where £ is the standard normal random variable, i.e., £ ~ N(0, 1), 1 is a nonnega-
tive random variable with density function g(-). This result becomes transparent
in the Fourier transform:

7y = / e g(o) do = G(K?/2);

here G(-) is the Laplace transform of the random variable /7.
On the other hand, we have the equality (in distribution)

X =W(n),
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where W(t), t > 0 is the standard Wiener process, 7 is a nonnegative random
variable with density function g(-).
If 7 is an infinitely divisible random variable, then so is X (see [16, Ch. VI,

§9]).

In view of (3.2), we have

g(o)
(1+ 0-2)n+1/2 do.

\

9
NE
T
=

0\8

Consider separately

S N B [ COR———
i+ 02 e / 2L+ o
0

Assume that g(¢) is the density function of a stable law with parameter §/2,
Be(0,2),ie

9(t)
(1+¢)nt1/2 dt.

efc)\/s/2

G\ = /e*“g(t) dt =

(for the canonical representation of the Laplace transform of stable distributions
on the positive half-axis, see, for example, [16, V. Theorem 3.5]).

In this case, the corresponding Gaussian mixture is a symmetric stable law
of distribution with parameter j3:

f(k)—7 * f (2) da 7e-’“2"zg<a>da
—00 0

2\ B/2
= 6_c<%) = efcllklﬁ, B c (O, 2)7

(for the canonical representation of characteristic functions of symmetric stable
distributions, see, for example, [16, V. Theorem 3.5]). This result is well known
(see, for example, [16, VI, Theorem 9.3]).

It is worth pointing out that symmetric stable distributions (with parame-
ter B) are Gaussian mixtures (in variance, i.e., in the scaling parameter) with
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mixing stable distribution (on the half-axis, with parameter 3/2). In particu-
lar, the Cauchy distribution is a Gaussian mixture with mixing density %
(Lévy distribution i.e. stable law with a = 1/2, 8 = 1). This fact is well known
in the literature (see, for example, [8]).

As an example of expansion into a Fourier series in Hermite polynomials,

consider the above particular case of the standard Cauchy distribution:

1 T 22\ e—1/(2t) .
= — = R - - t
1(@) (1 + x2) 0/ vV 2rt P ( 215) V2rt3/2

Let us evaluate the coefficients of the Fourier series (the function is even, and
hence the coefficients of odd powers are zero) using (2.26). We have

_7 f(z)Hap(z) da = (_1)n_7 Flk)k* exp (’;2) dk

x €R.

2w
(=" 7 —|k| .20 k?
=g e "Mk exp 5 dk

_1\n ® 2
= (=1) /kQ"exp (—k —k‘) dk.
T 2
0

Consider separately the integral

/kQ" exp (—2 - k) dk = \/E/(z —1)*exp (—2> dz
0 1

o0
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:%szfl) \}é+(2l3)/22l4exp<222) dz | = ...

l o0
21—1 22
20 — 1)l -
221—23+1 -1 /eXp< 2)dz’

j=1 1

or via formula 3.462(1) in [6], which gives an answer in terms of the value of the
function of parabolic cylinder.

The following example is dual in a sense to the previous one: f(z) =
m =z € R, f(k) = e7I¥l| k € R is the density distribution function and
the characteristic function of the standard Cauchy distribution, respectively,
and f(z) = e I*l z € R, f( ) = 1+k2 = k € R is the density distribution
function and the characteristic function of the standard Laplace distribution.

Example 7. Let f(z) = e~ !*|, 2 € R be the density distribution function of
the standard Laplace distribution, which can also be understood as a mixture
of a Gaussian law (in terms on the accuracy value, i.e., the reciprocal variance):

oo [ vy, R 3.5
eIl e — | ———dt, z€R, )
J b/ Vor xp( 2 ) V2rt3/? (3:5)
- 17 ) em/C)
S SENVE g keRr 3.6
Fo) = 1oz = oo (-5) Sz it e (3.5)
0

Let us evaluate the coefficients of the Fourier series (the function is even, and
hence the coefficients of odd powers are zero) using (2.26). We have
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s exp ’2”) d
14z NS T

Consider separately the integral I\ = =

= Vm(2)TW_y _y (;) ' (3.7)

The integral I, (()1) expresses in terms of the value of the special function Whittaker
(3.383(8) in [6]).

I?gl):/%exp ) / 5) de—IV, n>1. (38)
x
0 0

Let us evaluate the first term in (3.8)

" exp (—2
/ + p XPAT5) 4
0

+x

exp (—%)

Jz
n120(n — 1/2) — 277320 (n — 3/2) 4+ 2%/ (n — 5/2) +
( 1)n 121/21-\(1/2)

. 1
(=1)kon—z2-kp (n -5 k) ,
0

here I'(z) = [;"t*"'e~"dt, 2 € C, Rez > 0, - Gamma function.
Note that

yoiir(n L g) < va GOk} ook —3)n

(n—k —1)12n—k=1

- / ("t —a" P 2" P+ (D)) dx

f
L

b
Il

Thus L
IO =v2r Y ()2 —k) -3 - 1§, n>1.

k=0
Note that asymptotically

I ~ \/ﬂ@n -3)!l, n—oo.
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The following example is a mixture of a Gaussian distributions with the
mixing density of the gamma distribution (with parameters « > 0, 8 > 0). We
again have the gamma distribution but which is symmetric (on the entire axis)
with parameters a, v/ (see for example, [16, VI. Theorem 9.5]).

Example 8.

< 1 IEQ taflefﬂtﬁa
= ———exp (- )7 gt zeR,
0/ V2t P < 2t > T'(«@)

R - [e%s} th ta—le—ﬁtﬁa _ ﬁ «
f(k)_/exp<_2)r(a)dt_(ﬂ+kz/2) , keR.
0

For a = 1, 8 = 1/2 we have the particular case of the Laplace distribution
(see the previous example).

Let us evaluate the coefficients of the Fourier series for the particular case
a=2,08=1/2:

(3.9)

1 22\ te t/?
exp | —— dt, z € R, 3.10
Vort P ( 2t> 4 (3.10)

~ 7 k2t\ te t/? 1
0

The function is even, and hence the coefficients of odd powers are zero by (2.26).
We have

_7 f(2)Hon(2)o(z) da = (;?n]o F(k)k*" exp (-22) dk
e 7(1 e () @
0
- (_;)n O/ (gin:/; p(_g;) de
_ (=" @

Consider separately the integral I fo 1+1)2 CXp\(/;%) dx:

o0

o ex % :\[2/ exp(~y)
/ 1+12)2 J (292 4

0
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e\ 1/4 1
=T (Z Wos s <2> , (3.11)
@) _ VT x ey / Vye
1@ = T 2
/(1+z)2€Xp( 2) de 112y Y
0 0
e\ 1/4 1
=7 (§> Wi s (2> . (3.12)

The integrals Ié2) and I £2) express in terms of the value of the special function
Whittaker (3.383(8) in [6]).

" exp ,Z)
12 = / 22.d 1. 1
N Tt 22 ox x, n#0, (3.13)
0
Let us express (H;)Q as a sum of a polynomial of the (n — 2)-degree and a
irreducible fraction
- [ o),
" J 14+=z)?2 Vzx
0 /n—1
s Lnz+(n—1)) exp (-%)
_ (l)klkn1k+(l)n1 dx
o/ <k_1 (x +1)2 NG
n—1 o0
= (—1)k_1k/x"_k 3/2 exp (—7) dz
k=1 s

+ (=)l + (—0)m1l? ) n#o0.

The integral I(gl) defined in the previous example in (3.7).
Note that asymptotically

I}f) ~ \/%(211 - 5)!!7 n — 00,
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7

ﬁan, n — o0.

Analogously we can consider more general case in (3.9) a =N €N, §=1/2:
1
1)~ 27N (- N 4 5) = V2r(2(n— N) =)l n— oo,

Using integration by parts one could derive the following recurrence:

4. The multivariate case

Consider the d-dimensional nondegenerate Gaussian vector X’ € R?. For
applied problems, it is convenient to work with the standardized vector X,

where
_ X —EX]

i \/ VarX/ .

In other words, we consider X = (X1,..., X4)T ~ N (0,P),

1 pi2 p13 .- pud
p=|Pn I pas ... p2d :
pa1 Pd2  pPdz --- 1

pij <1,1#j, |P| # 0. Here,

1
—XTP_lx) , x = (x1,...,29)T €R? (4.1)

e
eni2 P\ 2

is the density distribution function of the d-dimensional normal vector X ~

N (0,P).
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Let P(x) be an arbitrary homogeneous polynomial of variables x1,...,zq
of degree k. The Wick polynomial :P(X): is the perpendicular (in the space
of random variables with finite second moment and which are representable
as a function of a Gaussian vector X from P(X)) onto the closed subspace
generated by the polynomials of X71,..., X4 of degree < k.

If Xfl o X C’l“d is a monomial, then the Wick monomial is defined by
:X{€1 e X(I;d:.

Similarly to the one-dimensional case, a Wick monomial can be defined re-
currently as follows:

:X?-...~X2::1,
9 v 4.2
8X‘:X{“~...'X§d::ki:Xf1~...Xfl_1...oX§d: (42)
The following multinomial formula holds:
a N
N' k1 k?d k1 k}d
: Z%‘Xi D= Z Wal coeogt XYL X4 (4.3)
i=1 Kt Akg=N LT
We point out the important formula
E[XF X5 = Spplikl, (4.4)

which can be obtained from
rexp(a1X;) : rexp(aeX;): = rexp(a1 X; + apX;) : e*192Pu

by taking expectation and comparing the coefficients in exponent expansions.
As a corollary of (4.3) and (4.4), we have

ELXP o XE XX = Gy - Okgma k! K] (4.5)

In the important particular case, where P =1,

:Xfl-...~X§"’:::X{€1:-...-:Xg”’: (4.6)
the normalized Wick monomials
:X{cl -...~X§d: B :Xicl :-...-:Xsd:

Vkilo o kg Vkil kg

form an orthonormal basis for the space L.

Evaluation of functionals of Gaussian vectors can be facilitated by using the
machinery of diagrams, which, by geometric transparency, does not involve too
many formulas.
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Let us recall the definitions of the mixed joint moment and semi-invariant
(cumulant) of a random vector X (see [10]). Formally, they are defined as the
coefficients in the Maclaurin series expansion of the characteristic function and
its logarithm, respectively:

ikt Fka

k1 k (k1yeeyka)
m@l ...Olddmxl a (47)

Eeizzzl aka = Z
ki4...+ka<n

+o((laaf+... 4 aa))").

ki+...+kg
(kryoka) _ O i Xy
i B N g (49
... 0a
k1. +kq
i S d ? k1,....k
InEe? Zk=1 @ Xe — E ﬁo/fl ...asdsgcl’ ka) (4.9)
o Tkl

+o((Jaa| + ...+ |aa)™) .
g(k1snka) _ k1t tka

iS¢ L a .
K = o B R s (410)
1 .- d

In (4.7), (4.9), the sum 37, . .,  is taken over all nonnegative integers
ki,...,kq whose sum is majorized by n.

In the particular case k; = 1,...,kg = 1, the corresponding moments and
semi-invariants are known as simple ones and are denoted as mx and sx.

Given a subset T' C {1,2,...,d}, we define Xy = H]ET X;.

To formulate the required theorem on diagrams (see [11, Chap. II, §2.2]),
we introduce the following notation. Let a = {Ty,T%, ..., Tk} be a partition of
the set {1,2,...,d}. We define § = (&1,...,&)" € R¥, where §; = X7,, and
n=(m,....m)" € R, where n; = :Xr:.

For odd d , the variables m¢, s¢, my, s, are zero. To verify this, it suffices
to consider the vector X’ = —X, which has the same distribution, but for which
the numerical characteristics differ by the factor (—1)%.

For even d = 2N, consider some partition of the set {1,2,...,2N} into pairs
B8 = {(i1,j1), (i2, J2), ..., (in,jn)}. For each pair (o, ), a = {T1,Ts,..., Tk},
B8 ={(i1,41), (i2,42),-- ., (in,jn)}, we define the graph (diagram) G with vertex
set V' (blocks of partition of ) and edge set E (blocks of partition of 5) so that
the edge (4, j) connects vertices Ty and T if Ty, Ty € a and i € Ty, j € Tjr.
For each diagram G, consider the contribution of G defined by

I(G) = H pijs  pij = EX; Xy, (4.11)
(i,9)€E

where the product is taken over all blocks of partition of 5.
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Theorem 1. In the above notation, the values of 1) m¢, 2) s¢, 3) my, 4) sy
are given by the common formula

> I(G) (4.12)

G

where the sums are taken, respectively, over the set of diagrams with fixed
partition «

1) over all diagrams;

2) over all connected diagrams;

3) over all loop-free diagrams;

4) over all connected loop-free diagrams.

An important particular case mentioned above is formula (4.4):

Kk, k=1

E[:Xf::X]l-:]: {O k£l

We will also require the following estimate (a more accurate estimate was
obtained in Chap. 2, §3, Theorem 4 of [11]).

Theorem 2. For a Gaussian vector with zero expectation and the correlation
matrix

1 p12 p13 ... pua
p—|Pn 1 p23 P2d
Pd1 Pd2 Pd3 1
we set
o = max Z |pil, (4.13)
IRES]
d
N=> k.
j=1
If N is even, then
d
EEXP X520 X5 < oM Vg @r(k; + 1)Y4 (4.14)
j=1
Since
d
Do aiX; k1 kq
[T = ed : x > al' Zdu Xpt Xy Xy
is1 [l Eew® ) S50 M d
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using the Cauchy formula, we have

ELXF X520 Xhe

=ki!. . kg coeﬁ eXp Z Pi; 00

a4 i,5: 75
d 1 PV
I k‘j!% 7{ eXp( 2 g it pwz,z]) p
=7 21 ...dzq
d ki1 kg1 )
(27”) |z1|=r1 |zal=ra le . de

Next, employing the estimate

Z pijzizi| < ozz El

1,j:i#]
a
eXp (227”7{2>
i

Setting 7; = k;/a, and using the estimate v/n! < (lel)n/2 (27 (n + 1))Y4, we
get the required inequality.

The next example is the Mehler formula that is mentioned in the introduc-
tion.

we obtain

E[ Xkl . Xk2 . Xkd

1

Example 9.

(1) 1 ( % 4+ y? — 2pzy
gla,y) = exp(—
2 /1— 2 2(1— %)

is the probability density function of the two-dimensional normal vector

(LY

flz,y) =

), z,y R,

The Fourier transform of the function g(x,y) is given by

k2 + k2 + 2pk 1k B2 4 k2 & "
exp(— - 22 P 2>:exp<— - 9 2)2(_ )" 7'“{1]?2) :

n=0

Note that
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corresponds to the Fourier transform for H, (z)H,(y)é(x)d(y), where ¢(x) =
\/% exp(f%Q) is the density of the standard normal distribution (see (2.25)).

So, we have

or, what is the same,

n

22 2 _9px >
—“’2”) — 6(#)0w) > L @) Ha(). (115)
n=0

1
————————€X
2m\/1 — p2 P ( 2(1 —p?)

Formula (4.15) is known as the Mehler formula, see [12].
The extension to the next dimensions is similar.

Example 10.

9(x)

1
—XTP1X> , x=(z1,...,2q)7 € R?

_ 1
- e (3

is the density distribution function of the d-dimensional normal vector X =
(X1,...,Xa)T ~N(0,P),

1 pi2 p13 .- pud
p_|Pn 1 pos P2d
Pd1 Pd2  Pd3 1
pij <1,i# j, |P| #0. -
g(x
f(x)=

As in the two-dimensional case, the Fourier transform of the function g(x)
is given by

d
exp —%Zk? _Zpijkikj
i=1

1<j
1 d oo _1)n n
= exp<f§ Zl kf) ZO ( n!) (Z Pijkikj)
1= n= 1<)

d m m
1 (—p12kika)™*? (—pi3kiks)™" ™
— - k?)
eXp( 22 ¢ Z mlg! m13!
=1 m1220
m132>0

m(d—”f)dzo
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mMd—1)d

(—pea—1yakaki-1)

X |
md—1)d:

Consider the separate term, i.e., for a fixed my;, ¢ < j,

1 d p'rn12 pml?, pszid—ll))d
2 12 13 - 1 S1(y s ] S
exp<ff E kz) ik1)t (ik2) ... (ika)®?,
2 1 m12! m13' m(dfl)d'( 1) ( 2) ( )

1=

where s; = >, muj + 325 My, § =1,...,d. The factor multiplying

M(d—1)d
mi2 M 13
P12 " P13 Pa(a—1)
maz! mazl mg_1)a!

is the Fourier transform of
d
H ¢(xj)HSj (xj)a
j=1

where ¢(z) = \/% exp (—“”2—2) is the density of the standard normal distribution
(see (2.25)).

So, we have

1 L 11
(2n)i/2 *|P| exp(fix P x)
Ma-1)d d

pm12 pm13 pd d—1
=y A s D T (), (x)) (4.16)

mial mis! T mg_1)g!
mayo Mzl mas (d-1)d' 5
m132>0

m(d:f)dzo

or, what is the same,

1 L 71
Wexp (—2x (P —I)x>

Md-1)d d

miz2 113
= P12~ P13 Pa(d—1)
- Z mio! miz! T mg—1yd! HHSJ‘(:EJ')’ (4.17)
m1220 ’ ’ ( 71) : j=1
m132>0
ma_1ya>0

where s; =3,y + 3 s mps i =1,....d.
Formula (4.16) is known as the inversion of the two-dimensional Mehler
formula (see [9], [15]).
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Example 11. As in the previous Example 10, consider the d-dimensional nor-
mal vector X = (X1,...,X4)T ~ N (0,P), and put

f(x) = / . / _ exp(—fuTP_lu) duy . ..dug,
d/2 2
2 eEmiEVIp]

i.e., the tail of the distribution function of the d-dimensional normal vector X.

We integrate (4.16), taking into account that in view of (2.7)

x
1 L -
/.../7exp(—7u P u)dul...dud
2m)d/2 /|P 2
AN ACRTEN Y
m m M(d—1)d
- ¥ pro” prs”  Pay) (4.18)
o miz! mizl mg_1)q!
mi13>0

m(d:l.)dZO

j=1

X ﬁ [H{Sy‘ > 1yp(xj)Hy;—1 () +1{s; = 0} /oo¢(u) duy

where s; = > smuj + 30 mu, § =1, .d.
In particular, if all x; = h, ¢ =1,2,...,d, then

P{X;>h,i=1,2,....d}

pmlg pm13 p;rzfid—ll))d

d 12 1 -

=¢'h) > - 'm?"...m ;X (4.19)
i Mzt mas! (d—1)d!
m13>0

m(d—“l.)dzo

d o
¢(u) du
X H ]I{Sj > 1}Hsj_1(h) +]I{Sj = O}fh(b(h) )
j=1
where s; =37, g+ 30 s ms =1, d

5. Applications of Wick—Hermite polynomials

5.1. Problems in risk theory

In financial applications, the components of a Gaussian vector can be in-
terpreted as some fundamental quantitative indicators (risk factors, portfolio).
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The values of these factors (like oil price per barrel, production volume of semi-
conductor materials, etc.) are measured in units (dollars, tons). This is why,
as noted above, the vector should be standardized (the indexes should be di-

mensionless). As in the previous section, we will consider X = (X1,..., X4)7 ~
N (0,P), and
I pi2 p13 - pud
p_|prr 1 p2 pra |
pdi Pa2  Pd3 1

pij <1, i# j, |P| #0.

pp(T) = F/(27r)1exp (—;XTP_1X> dx, T e B(R%). (5.1)

P

Consider two Hilbert spaces associated with the vector X ~ A (0,P). The
first space £2(£2,P) is the space of centered (this requirement is not necessary,
and is introduced for convenience) random variables Y with finite moment and
which are representable as some (Borel) function ¥ = ¢(X) of a Gaussian
random variable X ~ A (0,P). The norm on this space is defined by |Y]|32 =
Elg(X)* = [galg(x)|pp(dz).

The following important result holds.

Theorem 3. The spaces L£2(),P) and L*(Q,1), P # I are not topologically
equivalent, i.e., there exist random sequences Yki such that

v, Y,
o Dl D 652)
k—oo [[YT|lp koo ||V, [|p
As the required sequences one can consider Y, = |Z’j:1 Xk Y, =
\Zle & X;|*, where (&F,...,€)) is the eigenvector of the matrix P corre-
sponding to the maximal eigenvalue )\11' > 1, (&,...,&,) is the eigenvector

of the matrix P corresponding to the minimal eigenvalue Ay < 1. Now since
1YEN2 = (26 — DI, |YE2 = (2k — 1)!(AF)2, we have (5.2).

The second space £2(Q,P) C £2(Q,P) is the space of random variables of
the form Y = Z?:l 9i(X;), where Borel functions g;:R — R satisfy Eg;(X;) = 0,
Eg?(X;) < oo (i = 1,...,d). The space £3(Q, P) is the direct sum of the sub-
spaces introduced in the first section. If P = I, then these spaces are orthogonal.

The following important result holds.

Theorem 4. The spaces L2(Q,P) and L£2(Q,1) are topologically equivalent,
ie.,

Yl <¥lp < e [[Y]r, (5:3)
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where the constants c_, c4 correspond to the minimal and maximal eigenvalue
of the covariance matrix P (see [7]).

The scheme of the proof is as follows. We expand each function g;(X;),
1=1,2,...,d in the orthonormal basis of Wick—Hermite polynomials:

d oo d Xk
_ i
d o d
Do lgXollp =" ab
=1 k=11i=1

Formula (4.4) shows that the spaces
L} =span{X;:i=1,...,d}, L3 :span{:X?: i= 1,...,d},

- 5.4
£§:span{:Xf’:i:1,...,d}7... (5.4)

are orthogonal. So, it suffices to show that, for any £k =1,2,...,

c- ) a < ik —7=
=1 i=1 \/H

Another appeal to (4.4) shows that

ia‘ :Xik:
i=1 "tV

The last expression lies between the smallest and the largest eigenvalues of the
matrix Ry = (pfj)ij multiplied by Zle a%.. All the eigenvalues of the matrix
Ry, k = 1,2,..., lie between the smallest and the largest eigenvalues of the
matrix Ry (see [7]).

We interpret this result as follows (see [2], [3]). Let X;, i = 1,2,....d, be
values of various risk factors. Our aim is to estimate the random variable X
(the portfolio risk) from X;, i = 1,2,....d. It is assumed that all variables
are already standardized (dimensional-free). It is also assumed that there are
functions (obtained by the nonlinear regression method)

2

d
<cqt E az,.
P i=1

2

d d
§ : § : k
aikajkpij.

P i=1k=1

However, due to the insufficient amount of data, we cannot use multiple regres-
sion with X estimated as E[X|X1,..., Xq] = argming,e 220 p) Ep?(X1,...,Xaq)-
Instead, we replace the space £2(£2, P) by the space £2(, P).
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Theorem 5. Let X = (X1,...,X4)T ~ N (0,P),

1 pi2 pi3 P1d
p— | P2 1 pos P24 7
Pd1 Pd2  Pd3 1

where p;; < 1,4 # j, |P| # 0. Then the unique solution of the constrained
optimization problem

min ESD2(X1a"'7Xd)
peL2(P) (5.5)
E[@(Xlade)IXl] :gz(Xl)a 121527ad

is a random variable representable as the Lo-convergent series

> U XFE
Zzbikﬁa (5.6)

k=11i=1
where the vectors (b1 k,...,bax), k = 1,2,..., are found by solving the linear
system of equations with matrix Ry = (pfj)m:ld and the free vector composed

of the coefficients of the expansion of the functions g;(X;) in Hermite-Wick
. Xk
polynomials: g;(X;) =Y pey iy, Le.,

(b1ges - ba) = (Q1ks - - - aar) Ry

In view of Theorem 4, estimate (5.6) is robust (stable) if the components of
the risk factor depend weakly relative to the mean-square loss function.

5.2. Some site percolation problems

Originally, the term percolation was used in hydrology to mean water soak
through the soil —this occurs only when the critical soil water capacity is ex-
ceeded.

Consider one of the most simple (but still baseline) model, see [13], which
was introduced by Hammersley. This is a model of nodes on the two-dimensional
integer lattice Z2. Let £(x) be a random Bernoulli function on the lattice as-
suming the values +1 and —1 with probabilities p and ¢ = 1 — p, respectively.
This version is called site percolation in contrast to the other version which is
called bond percolation (we do not consider here). The entire lattice is split into
two disjoint sets

D* = {a:£(x) = +1},
D™ = {r:¢(x) = -1},
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each of which, in turn, is split into connected components relative to the stan-
dard (edge) connection

Dt =uy,D}, D™ =u;D;.

One says that +1 percolates (takes place) at infinity if there is an infinite
component among Dj . The definition for —1 is similar. By the Kolmogorov’s
“0-1 law”, these events occur with probability 0 and 1. Since the two fields
€D (z), €@ (x), = € Z?, corresponding to different values of the Bernoulli pa-
rameter p; > p2 can be implemented on a common probability space so that
D®* ¢ DM+ and that the picture is statistically reproducible if +1 is replaced
by —1 (or if ¢ is substituted for p), it follows that on [0, 1] one can identify two
points p.; and g., such that, for p > p.r, +1 percolates a.s., there is no percola-
tion for p < per a.s.; for ¢ > ¢, —1 percolate a.s., and for ¢ < g, there is no
percolation a.s.

Following Hammersley, we will demonstrate on this example that 0 < g.; < 1
and 0 < g < 1. So, a variation of p results, for pe; = ¢er = 1/2, in one
qualitative change in the levels sets of the field £(x) (there are even two changes
if per # gor = 1/2). In physical applications, such changes are interpreted as
phase transitions.

We claim that pe, > 0. Assume that +1 percolates to infinity. Since the
model is homogeneous and the number of lattice nodes is countable, we have

P(B) > 0,

where B is the event that the lattice point 0 belongs to the infinite class +1.
Then there exists an infinite path (which can be assumed to be non-self-inter-
secting) consists in +1 which goes off from 0 to infinity. For each n = 1,2,.. .,
let B, be the event that there exists a connected non-self-intersecting path of
length n from +1 which emanates from 0. However, we have

P(B,) < 4p™3" L.

From the Borel-Cantelli lemma it follows that, for p < 1/3, only a finite number
of events B,, occur a.s., i.e., P(B) =0 . So, per > 1/3.

We claim that p., < 1. Assume that 4+1 does not percolate to infinity. Then
there exists an infinite system of “locking” (i.e., consisting of —1’s) hypersur-
faces (which, in our simplest case of a two-dimensional lattices, are contours
of v/2-connections without self-intersections, i.e., they are formed by edges and
diagonals of unit squares). Let C, be the event that there exists a contour
consists in —1 of length n which encircles the origin 0. It easily follows that

P(C,) < n8q"7" 1

because each such “locking” contours (with v/2-connections) of length n contains
a point on the x-axis at a distance from the original less then n and the number
of such contours is less then 8n7"1.
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According to the Borel-Cantelli lemma, for ¢ < 1/7, only a finite number of
events C), occur a.s., i.e., +1 percolates to infinity. So, per < 6/7.
Thus in this model of site percolation on the two-dimensional lattice
1 6
g g Der § ?
Let us complicate the above model by assuming now that &(z), € Z2, is
a homogeneous Gaussian field with zero expectation and the correlation function
E¢(z)é(y) = B(x — y) normalized by B(0) = 1.
Given a fixed level h, we split, as above, the lattice into the random sets

DY (h) = {z:6() = h}, D~ (h) = {z:&(x) < h}.

Theorem 6. Assume that a =} _|B(z)| < co. Then there exists a critical
level he, (depending on the correlation function, and, in general, on the dimen-
sion), so that, for h > he, D™ (h) percolates to infinity, and the set D" (h) has
only finite connected components, and the size of a typical connected component
(say, which contains the origin) has exponential moments.

In order to follow the above scheme of the proof, it suffices to verify that,

for any d =1,2,... and for each set of points of the lattice x1,xs, ..., x4,
P{&(x1) > by ... E(xa) > h} < er fii(h), (5.7)
P{&(x1) < h,...,E(xq) < h} < cafd(h), (5.8)
where f1(h), f2(h) are some functions satisfying
lim f1(h) =0, (5.9)
h—o00
lim fo(h) =0, (5.10)
h——o0

and ¢y, ¢y are positive constants. Next,

P{&(x1) > h,... &(xa) > h}

I
Q
=
Q
ra
a
=
A
—
8
[y
~—
o
Iy
—
8
U
~—
Pl
B

k120,....,kq>0

where ai; = ay, (h) = E [I{&(z;) > h}: &(x;)k:].
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An appeal to estimate (4.14) from Theorem 2 gives

|a'k1" |a/€d| k

< — < |E: o d:

< E Tl |E:&(x E(wq)*:|
k1>0,...,kqg>0

d

|ak, |- - - lak,| 1500 4 4

< Z WaQZ]Zl 7 H k]'(Qﬂ'(kJ + 1))1/
k1>0,....kg>0 j=1

— (Z lael w2 (27 k+1))1/4)d.

In view of (2.7), we have

ay = /Hk(z)gb(x) de = ¢(h)Hg—1(h), k>1,

a0 = / o(x) de < $(h)/h,
h
and

Z‘a—’“" R2 (7 (k +1))1/4
k=0 k!

1/4 S ‘H —1(h)| 2 1/4
= ¢(h)(2m)"/* + ¢(h) ; kTak/ @2n(k+ 1))

Hy(
< ¢(h)(277)1/4+¢(h)f(47r)1/4+¢ 1/42‘ k k/g.
The last sum is roughly estimated as follows:

I;J| \l;%ﬂak/ Skz_olkk(!)ak/ — exp(v/ah — a/2).

P{&(z1) > b, &(za) = R}
d
< [¢(h)(27r)1/4 (1 + \/075+ \/aeﬁh—mﬂ . (5.11)

So, the function f; in inequality (5.7)
fr(h) = G(h)(Cy + Cae¥™™) (5.12)



Wick-Fourier-Hermite series and its applications 491

satisfies the required limit (5.9).
Note that all calculations take place for the function f5 in inequality (5.8).
Because of (2.7), in this case we have

ar = / Hy(2)6(x) dx = —¢(h) Hy_y (h),

The second method of the proof of this result depends on an application of
the Mehler formula in the multidimensional case. Namely, using formula (4.19),
we have

P{¢(z1) 2 hy. . E(xa) = D}
B(z1 — x2)™2 B(x1 —x3)™*  B(zg — ®g—1)"@- 14
_ ¢d(h) Z ( — ) ( ' ) o ( '
12° mi3: M(d—-1)d-

m122>0
mi13>0

m(d—ul.)dZO

d oS
Sy o(w)du
X H [H{sj > 1}H,, _1(h) +{s; = O}W , (5.13)

_ . ; : |Hn(R)| _
where s; = Zl:lq my; + Zl:bj mji, j = 1,...,d. Since limj_, =5~ = 1,

we have, as h — 00,

P{¢(z1) = h, ..., E(wn) = R}
o(h) —~ (h|B(x -—xj
2) I Z | I)

1§:4<g m;; =0

(¢
- (Qﬁ(hh) exp(h Y 1Blri—a)) ) (5.14)

1,j:1<J

It is now clear that the required property (5.7), (5.9) holds.
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1. Introduction

Vadim Malyshev was a very talented and versatile mathematician. He owns
significant results in the field of probability theory and Gibbs fields, Markov
processes and Euclidean quantum field theory. He also possessed outstand-
ing organizational skills, in particular, he founded the successful and respected
mathematical journal “Markov Processes and Related Fields”.

In 1970, V. Malyshev invented the method of automorphic functions [36],
and applied to random walks on the lattice in the quarter of plane. Later on,
he applied the method to queueing systems and analytic combinatorics [16]. In
1972-2022, the method was extended to boundary value problems for partial
differential equations in angles [22,32] and to diffraction by wedges [30]. The
main steps of Malyshev’s method are as follows:

I. Undetermined algebraic equation on the Riemann surface and analytic
continuation.

IT. Elimination of one unknown function using covering automorphisms.
ITI. The reduction to the Riemann—Hilbert problem.

Malyshev’s method played the crucial role in the progress in the theory
of diffraction by wedges with general boundary conditions since 1972. The
problem was stated by M.I. Vishik in the Summer of 1967. In 1969-1971,
one of the authors (AK) tried to solve this problem while preparing his PhD
Thesis. As the result of these three-year efforts, the problem has been reduced
to an undetermined algebraic equation on the Riemann surface [23], though
next steps remained obscure. Fortunately, at the end of 1971, AK received the
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impetus from his friend Alexander Shnirelman who noticed something similar in
Malyshev’s book [36], which he had recently reviewed by request of M.I. Vishik.
AK did not understand this book completely, but discovered two pages which
could have contained a creative idea. The book, opened on these pages, lied on
his desk for about two or three months, when AK pinned down two lines with
the key idea of automorphicity. The remaining work took about six months...

The extension of the research to diffraction problems was done in an intensive
collaboration of both authors, and took about 50 years. The main results of
the collaboration were the limiting absorption principle [44,45], proof of the
completeness of Ursell’s trapping modes [31] , the extension to the nonconvex
angles [25,30], and the Sommerfeld representation [24]. Moreover, our general
methods [30] allowed us to reproduce the formulas obtained by Sommerfeld,
Sobolev and Keller [28,29,47]. The identifications justify these formulas as the
limiting amplitudes in diffraction.

In the present, we give a concise survey of the development of Malyshev’s
method of automorphic functions since 1972 in the context of i) boundary value
problems in angles for elliptic partial differential equations, and ii) theory of
stationary and time-dependent diffraction by wedges. We focus on principal
ideas omitting nonessential technical details. All the details can be found in [30].

2. Diffraction by wedges and radar/sonar detection

The radar or sonar emits the incident wave, which generates the reflected
and diffracted waves (the latter in green color) as shown in Fig. 1. Here W
denotes a conducting wedge (for example, the edge of an airplane wing), and
Q= R2%\ W is an angle of magnitude ®. The incident wave reaches the wedge
and generates the reflected and diffracted waves. The diffracted wave is defined
as the total wave minus the incident and reflected waves.

The reflected wave is defined by geometric optics, and is absorbed by the
ground. On the other hand, the diffracted wave spreads in all directions, and
only this part of radiation returns to the radar which allows to detect the
airplane location.

3. Stationary diffraction and boundary value problems in angles

The stationary diffraction by wedge is described by the boundary value prob-
lem for the Helmholz equation in an angle @ C R? of magnitude ® € (0, 27

{(A—l—wQ)u(m) = 0, zeEQR

, 3.1
Bu(x) = filx), zeIy, 1=1,2

where I'; and I's denote the sides of the angle, the functions f; are defined by the
incident wave, and w € R is its frequency, see Fig. 1 and (7.9). The operators B
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T

Figure 1. Incident, reflected, and diffracted waves (the latter in green color).

in the boundary conditions correspond to the material properties of the wedge
(conductor, insulator, ferromagnetic, etc).

The relation of stationary problem (3.1) to time-dependent diffraction is
highly nontrivial. The key issue is that for w € R, the problem admits an
infinite number of linearly independent solutions. We discuss this issue in detail
in Section 7.

The stationary diffraction problem (3.1) with the Dirichlet and Neumann
boundary conditions (B; = 1 or B; = %) was solved in 1896-1912 for & =
27, by A. Sommerfeld [61]- [66] (the detailed exposition and comments can
be found in [49]). The extension to all ® € (0,27) was obtained in 1920 by
H.S. Carslaw [8], in 1932-1937 by V.I. Smirnov and S.L. Sobolev [56-60], and
in 1951 by J.B. Keller and A. Blank [21]. In 1958, G.D. Malujinetz solved the

problem for all ® € (0, 27) with the impedance (Leontovich) boundary condition
% +ibu(z) = fi(z), = € Ty; see [34,35]. The detailed exposition of all these
results can be found in [2] and [30].

The mized boundary value problems of type

Au(z) = 0, S
() Q | o)
Biu(z) = filx), zeIy, 1=1,2
A= > a,0% Bi= Y bad®
la]<m [a]<n,

were considered in 1958 by S.L. Sobolev [60] and in 1960-1961 by G.E. Shilov
[54,55] in the quadrant 1 > 0, x5 > 0 for the case of hyperbolic operator A in
the variable o5 and with the Cauchy initial conditions at x5 = 0.
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For strongly-elliptic second order operators A and general differential bound-
ary operators By, the problem (3.2) was solved in 1972 in convex angles @ of
magnitude ® € (0,7), see [22,23]. Strong ellipticity means that

|A(2)] > =(]2> +1), zeR? (3.3)

where the symbol

A(z) = Z ao(—iz)®

o] <2

and > > 0. In particular, the operator A = —A+1 with the symbol A(z) =22+1
is strongly elliptic, and also the Helmholtz operator H = A + w? from (3.1) is
strongly elliptic for Imw # 0. The method [22,23] relies on the Malyshev’s ideas
of automorphic functions [36] which is presented in the next section.

The extension of this result to nonconvex angles of magnitudes ® € (7, 27),
was done in 1992 by the authors [25].

Let us note that the Helmholtz operator

A=A+uw?

is not strongly elliptic if w € R since its symbol has the form

A(z) = =22 + W2

Problem (3.2) for the Helmholtz operator in convex angles was solved in 1972—
1977 by A.E. Merzon [44,45], who proved that for real w € R, the problem
admits only a finite number of solutions satisfying the limiting absorption
principle:

Uy (z) = lHm uypie (), T € Q, (3.4)

e—0+

where u,4;. denotes suitable solution to (3.1) with w + e instead of w.

The application of these results to time-dependent diffraction by wedges was
done in 20062019 by the authors [26,27,30], where, in particular, the limiting
amplitude principle (7.3) was established as well as (3.4).

Another approach to the construction of solutions to (3.2) has been sug-
gested by Maz’ya and Plamenevskii [37,38]. This approach is applicable only
to equations with real coefficients that is not sufficient for application to the
diffraction problems.

Many works published since 1980’ concern a wide spectrum of properties of
solutions to the boundary problems of type (3.2) in different regions with angles,
see Grisvard [18], Costabel and Stephan [10], Dauge [12], Bernard [3,4], Nazarov
and Plamenevskii [50], Bonnet-Ben Dhia and Joly [6], Bonnet-Ben Dhia, Dauge
and Ramdani [5], Meister with collaborators [39]— [43], Penzel and Teixeira [51],
Castro and Kapanadze [9], and others. The detailed survey can be found in [30].
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Note that Malyshev’s method plays an important role in the theory of Queue-
ing Systems and Analytic Combinatorics [16].

Another important area of application of Malyshev’s method is the linear
theory of water waves. In particular, the method was applied in 1996-2002
by the authors together with P.N. Zhevandrov to trapped modes on a sloping
beach. As the result, the long-standing problem of the completeness of the
Ursell’s modes has been solved [31,46], (see also [48,68] where this method was
used). This progress is due to the fact that the method allows one to obtain all
solutions of the boundary value problems in angles.

We expect that the method can give a valuable progress in diffraction by
ferromagnetic wedges which is a challenging open problem of radar detection.
In this case, the operators B; in (3.2) are nonlocal pseudodifferential operators.

4. Malyshev’s method of automorphic functions

In this section, we present basic steps of the method [22] which relies on
Malyshev’s ideas of automorphic functions [36].

Note that in the case of rational angles ® = 7/n and the Dirichlet and
Neumann boundary conditions, the boundary value problem (3.1) can be easily
solved by reflections in the sides of the angle. This method was well known at
least since the Gauss theory of electrostatics [17]. For ® # 7 /n the reflections do
not give a solution, and for irrational ®/7, the method suggested the reflections
on a “Riemann surface” formed by the reflected angles. This was the original
step of the Sommerfeld approach which leaded him to the famous “Sommerfeld
integral representation” for solutions [61]. The reflection on the Riemann surface
and the theory of branching solutions to the wave equation have been developed
later by Sobolev [58] and [59, Chapter XII].

Very surprisingly, the method of automorphic functions [22,36] also relies on
the reflections on a suitable Riemann surface V. However, in this approach, V'
is the surface in the Fourier space, contrary to the original ideas of Sommerfeld.
Namely, V is the Riemann surface of complex characteristics of the elliptic
operator A:

V={zeC?: A(z) = 0}. (4.1)

Remark 4.1. The main idea of the Malyshev approach is the invariance of the
Cauchy data of solutions under covering maps of the Riemann surface V', see
Remark 4.7.

In [22], the problem (3.2) with strongly—elliptic operators A in convex an-
gles Q is solved in the following steps:

1. Reduction to an undetermined algebraic equation with two unknown func-
tions on the Riemann surface V.

2. Elimination of one unknown function using its invariance with respect to the
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covering map of the Riemann surface.

3. Reduction of the obtained equation with one unknown function to the
Riemann—Hilbert problem on V.

Below in this section, we describe some details.
4.1. Reduction to undetermined algebraic equation on the Riemann
surface

As an example, we consider the Dirichlet boundary value problem in the
quadrant Q@ = RT x RT :

Au(z, o =0
{ ( ' 2) s z1 >0, 9 > 0. (42)

u(z1,0) = fi(z1), w(0,22) = fa(x2)

4.1.1. Fourier—Laplace transform

We assume that the solution u(z) € C?(Q) and is bounded by a polynomial:
lu(z)] + |[Vu(z)| < C(1+ |z|)P, r € R2. (4.3)

Denote Ct = {¢ € C:Im(¢ > 0} and Z* = C* x C", and consider the complex
Fourier—Laplace transform of solution

(z) = / / e u(x)drdrs, 2= (21,20) € Z7. (4.4)
o Jo

By (4.3), this integral is absolutely convergent and hence it is an analytic func-
tion of two complex variables (this is a particular case of the Paley—Wiener
Theorem). Let us denote the Neumann data of the solution as

p1(x1) = dau(z1,0), x1 > 0; pa(x9) = O1u(0,22), x9 > 0. (4.5)

It is well known that the solution u(z) can be expressed via the Dirichlet and
Neumann data f1, fa2,p1,92 by the Green integral formula [11]. In our case,
it is useful to obtain this formula in the Fourier transform. For this purpose,
multiply the first equation in (3.2) by ¢** and integrate over Q. Integrating by
parts, we immediately obtain

0= /0 /0 e Au(z)dzdzy = A(2)u(z) + F(2), zeZT, (4.6)

where

F(2) = Pi(2) fi(z:1) + Pa(2) fa22) + S1(2)@1(21) + S2(2)pa(22), 2 € Z7,
(4.7)
and the functions P, and S; are polynomials.
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4.1.2. Undetermined algebraic equation on the Riemann surface

Rewrite (4.6) as

A(z)u(z) = —F(z), zeZt. (4.8)
Now (4.1) implies the identity

F(z)=0, zeVh=vVnz* (4.9)
since all the functions A(z),4(z), F(z) are analytic in the domain Zt!

Remark 4.2. Note that the set of complex characteristics V' is nonempty even
for strongly elliptic operators (3.3), though its intersection with the real plane
R? is empty; see Example 4.5 below.

The identity (4.9) can be rewritten as undetermined linear algebraic equa-
tion
S1(2)p1(z1) + Sa(2)pa(22) = G(2),  ze VT (4.10)

with two unknown functions ¢1(z1), p2(22), and with known right-hand side:
G(2) :i= —Py(2) fi(z1) — Pa(2) fa(z2), zeVT. (4.11)
Remark 4.3. The identity (4.8) implies the formula for the solution

u(z) = — [f-lig] (r), z€Q, (4.12)

where F~! denotes the inverse to the Fourier-Laplace transform (4.4), and
the right hand side is well defined due to (3.3). The formula (4.12) can be
transformed into the well known Green formula which expresses the solution
u(z) via its Cauchy data.

4.2. Method of automorphic functions

4.2.1. Covering maps

Denote

U1(2) = p1(z1), a(2) = ¢2(22), §1(2) = fi(z1), §2(2) = fa(z2).  (4.13)
Now (4.10) becomes
S1(2)1(2) + Sa(2)1ha(2) = G(2), zeVt, (4.14)

where
G(z) == —P1(2)91(2) — P2(2)32(2). (4.15)
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Of course, this equation is not equivalent to (4.10). To keep the equivalence,
we need an additional characterisation of the functions v;(z). This is the key
observation of Malyshev that the functions are automorphic with respect to an
appropriate groups of transformation of the Riemann surface V.

First, consider the coordinate projections p; : V' — C defined by

P1(Z17 Zz) = Z1, pz(zh 22) = 22. (4-16)

These projections are two-sheeted since, fgr example, p1(z1, 22) = z1 means that
29 is the root of the quadratic equation A(z1, 23) = 0. Accordingly, the inverse
maps pl_1 : C — V are double-valued: for z1, 25 € C,

prie) =G p () = GG (4.17)
and at the branching points of pl_l, the two points Cli € V coincide.

Definition 4.4. Covering maps hy,hy : V — V are defined as follows: for
any zi,z2 € C,
(e = ¢ haly =G5 (4.18)

Example 4.5. For the strongly-elliptic operator A = —A+1, the corresponding
Riemann surface V: 22 + 22 + 1 = 0 is shown in Fig. 2 in projection onto the
plane Im z1,Im z5. It is easy to see that this projection does not cover the circle
[Tm 21|?+|Im 22|? < 1, and it covers twice each point with [Im 21 |2 +|Im 25]? > 1.
The surface consists of two sheets shown in Fig. 2, and glued along the cuts.

Thus, h; permutes the points Cli € V with the identical projections z; =
pleE7 and similarly, he permutes the points Qi € V with the identical projec-
tions 2y = polS (see Fig. 2):

p1halE = pi(F = 21, p2haly = palf = 2. (4.19)

The maps h; : V — V with [ = 1,2 define the corresponding automorphisms of
the ring of (meromorphic) functions ¢ (z) on the Riemann surface V:

$(z) = (), zEV. (4.20)
Figure 2 shows that
nG =z =pi(, so () = er(z1) = ¥a(¢r),

P2l =22 = paly, s0 ¥2(() = pa(z2) = Ya((y).

Now it is clear that the functions ¢;(z) := ¢;(z;) with [ = 1,2 are invariant
with respect to the automorphisms h;:

1 (2) = t(2), zeV™. (4.21)

In other words, the functions 1); are automorphic, and the automorphisms
defined by h; belong to the corresponding Galois groups of extensions of the
ring of functions of z;.
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Im z,

Imz;

Figure 2. Riemann surface V: 27 + 23 + 1 = 0 in projection onto the plane
Im 21, Im 2.

4.2.2. Shift equation

Applying formally h; to (4.14), and using (4.21) with [ = 1, we get a new
equation for the same unknown functions:

S (21 (2) + S5 ()05 (2) = G (2). (4.22)

The problem is that ¢ (z) = 1py(h12) and G™ (z) = G(hyz) are not defined
generally for z € VT since VT is not invariant with respect to the covering map
hi. In particular, we have by (4.15),

G" (2) = —P"(2)d1(2) — Py (2)d5" (2), (4.23)

where §0'(z) = §o(hiz) is not defined generally for z € V*. To save the
situation, consider the case fo = 0. Then gy = 0, and now the right hand side
of equation (4.22) is well defined for z € V*. It is important that in this case
YI1(2) is also well defined [30, Ch. 14]. The case f; = 0 can be considered
similarly.

Remark 4.6. The function t5(z) admits an analytic continuation outside the
region V;* := {2 € V : Im 2y > 0} on the Riemann surface V, see [30, Ch. 14].
Let us stress that this is analytic continuation along the surface V.

Now we can eliminate the function ¥; from (4.14) and (4.22). As a result,
we obtain an algebraic equation with a shift for one unknown function

Ri(2)Y8 (2) = Ro(2)9a(2) = H(2), ze V™. (4.24)
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Finally, using (4.21) with 1=2, we get
Ri(2)¥h(2) — Ro(2)9a(2) = H(2), 2€V™;  h=hyhi. (4.25)

Remark 4.7. The elimination of unknown functions using their invariance with
respect to suitable “reflections” is the main idea of Malyshev’s method.

4.3. Reduction to the Riemann—Hilbert problem

Let us illustrate the reduction of equation (4.24) to the Riemann—Hilbert
problem for a particular case of strongly-elliptic operator A = —A + 1. TIts
symbol is A(z) = 22 41,50 V = {(21,22) € C?: 22 + 23 = —1} and the covering
maps are

hl(Zl, 22) = (Zl, —22), hg(zh 2:2) = (—Zl, 22). (426)

Introduce the coordinate w on the universal covering V = C of the surface V
by
z1 = icosw, zo = isinw. (4.27)

The maps (4.26) can be lifted to V as
hiw = —w, how = —w + 7. (4.28)

Now h = w4+ m, so (4.25) becomes

Ry(w)iha(w + 1) = Ro(w)iha(w) = H(w). (4.29)

where R;, etc, denote the liftings of the corresponding functions to the univer-
sal covering. The equation (4.29) holds for an appropriate region of w € C.
Restricted to the strip Rew € [0, 7], this equation is the Riemann—Hilbert prob-
lem which can be solved in quadratures [30, Chs 17 and 18]. Let us recall some
details.

The function z = ¢ analytically transforms the strip to the plane with
the cut [0,00). Denote the function 9y (t) = ¥ (w), H(t) = H(w) and Ry (t) =
Ry.(w) for k = 1,2. Then relation (4.29) becomes

2iw

Ry (t)io(t —i0) — Ro(t)io(t +i0) = H(t),  t> 0. (4.30)

As the first step of the Riemann—Hilbert method, one must solve the corre-
sponding homogeneous problem:

Ri(t)T(t —i0) — Ro(t)T(t +i0) =0,  t>0. (4.31)

Equivalently,

m =q(t) := Boll)’ t>0. (4.32)



504 A.I. Komech and A.E. Merzon

The solution to this equation depends on zeros of the functions Ry (t) and Ry (t)
for t > 0. Let us consider the simplest case when such zeros do not exist, and
moreover,

q(0) = ¢g(c0) = 1. (4.33)
Then the equation is equivalent to

log T'(t +i0) — log T'(t — i0) = log q(?), t>0. (4.34)

The solution is given by the Cauchy-type integral

1 1
log T(1) = 5 /O %?ds, teC\[0,5). (4.35)

It is important that T'(¢) is analytic and nonvanishing in the region C \ [0, c0).
Now the nonhomogeneous problem (4.30) can be solved as follows. First, (4.30)
and (4.31) imply

Po(t —i0)  a(t+i0) H(t)

T(t—i0) T(t+i0)  Ri()T(t —i0)’ t>0. (4.36)
Therefore, similarly to (4.34),
dat) 1 [ H(s) . N
T()  2mi /o Ry(s)T(s —i0)(t — s)d » tECA\[0,00) (4.37)

since the function ’Z}Q((tt)) is analytic in C\ [0, 00).

Thus, we have calculated the function 15(#). Now )(z) can be obtained
from the relation (4.22). Hence, the functions ¢1(z1) and @a(z2) are known.
It remains to substitute the obtained functions into the formula (4.7) for the
function F. Then the solution to (3.2) is expressed by (4.12), which can be
reduced to the integral of Sommerfeld type [24].

Remark 4.8. Equation (4.24) is obtained using the invariance (4.21) with [ = 1,
while (4.25) uses also [ = 2. Note that the equation (4.24) reads now

Ty(w)ih2(~w) — Ta(w)dha(w) = H(w), (4.38)

which provisionally cannot be reduced to a nonsingular Riemann-Hilbert prob-
lem, see [33]. Thus, both invariance conditions (4.21) are necessary for the
reduction.

Remark 4.9. For the random walks studied in [16, 36], the corresponding Rie-
mann surface and the covering maps h; can be more complicated than for 2-nd
order elliptic operators which requires more sophisticated methods of the Galois
theory.
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5. Nonconvex angles of magnitude ® > =«

The extension of the theory outlined above to the case of nonconvex angle
Q differs drastically from the convex one. As an example, consider the Dirichlet
boundary value problem in the angle Q@ = R? \ Rt x R :

Au(z) = 0, r€eQ
w(z1,0) = fi(x1), 1 >0; u(0,22) = fo(xa), x2 > 0.

Note that the relations (4.6) and (4.8), (4.12) remain true in this case, but now
the function (4.7) is changed to its negative:

F(2) = =P1(2) fi(21) = Pa(2) fa(22) = S1(2) @1 (21) = 82 (2)P2(22), 2z € R®. (5.2)

On the other hand, the key relation (4.9) is not well defined in contrast to the
case when the support of u belongs to a convex angle. This is due to the fact
that the Fourier—Laplace transform (4.4) of the function u with the support in a
nonconvex angle generally does not admit an analytical continuation to a region
of C2. Nevertheless, the function (5.2) in this case is analytic in the same region
7T = CT x C* as the function (4.7).

The answer to this riddle was found in [25]. First, the function (5.2) admits
the splitting

(5.1)

F(z) =7(z) + 72(2), (5.3)
n(2) = =Pi(2) fi(z1) = S1(2)¢1(=0),
—Pa(z )f( 2) — S2(2)P2(22),

where the functions 7;(z) are analytic in the regions

-2
[\v)
—~
N
~—
Il

t={zeV:Imz >0}, 1=1,2. (5.4)

Second, as shown in [25] (see also [30, Theorem 20.1]), each function 7; admits an
analytic continuation from VZJr to the region V=~ :={2z €V :Imz <0, Imzs <
0}, and the following identity holds:

71(2) +72(2) =0, zeV™. (5.5)

This identity formally coincides with the undetermined equation (4.10), and it
allows us to calculate both unknown functions ¢; by methods of Sections 4.2
and 4.3.

6. Time-dependent diffraction by wedge

The time-dependent diffraction by a wedge W is described by the solution
of the wave equation in the plane angle = R?\ W with appropriate boundary
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conditions. For example, consider the Dirichlet boundary conditions

{ii(amt) = Au(z,t), z€Q

, teR. (6.1)
u(z,t) = 0, xzel Uy

The incident wave is defined by the initial condition
u(z,t) = u™(x,t), u'(z,t) := f(kx — wot)e'ke—wot) t<0, (6.2

where the frequency wo € R and k € R? is the wave vector. The incident wave
u*™(x, t) must be a solution to (6.1) for ¢ < 0:

{ilm(amt) = Au(x,t), x€Q

. ) (6.3)
u™(z,t) = 0, xzel1UTly

The wave equation in (6.3) holds for any function f(s) for all ¢t € R if |k| = |wo|.
The boundary condition in (6.3) can be satisfied only in the case of nonconvex
angle @ of magnitude ® > 7 and the wave vector k satisfying the inequalities
k-2 >0forz € W=R?\Q. Then for wy > 0 the boundary condition holds if

f(s)=0, s> 0. (6.4)

7. Limiting amplitude principle

Let us assume that there exists the limit
f(~o0):= lim_f(s), (7.1)

and the convergence is sufficiently fast, for example, f(s) = 8(—s). Then the
incident wave (6.2) admits the long-time asymptotics

u(z,t) ~ f(—oo)eik‘”e_i“"t, t — 0o (7.2)

which suggests similar asymptotics of solution

—iwot

w(z,t) ~ ag,(z)e t — 0. (7.3)

Such asymptotics are called as limiting amplitude principle.

Determination of the limiting amplitudes a,,,(z) for different diffraction
processes is the main goal of the theory of diffraction [7,66] (see also [30]).
The proof of the asymptotics is the main goal of the mathematical theory of
diffraction. For diffraction by wedges, this asymptotics has been established for
the first time in [26]. Formal substitution of the asymptotics (7.3) into (6.1)
gives a problem of type (3.1):

{w%awo(x) = Aay,(z), z€@Q

(7.4)
agy(x) = 0, zelUTly
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However, this boundary problem is ill-posed since it admits an infinite number
of linearly independent solutions for real wy € R. Thus, this problem does not
allow us to find the limiting amplitude. This fact is the main peculiarity of the
diffraction theory. This can be easily checked in the case ® = m when the angle
@ is the half-plane, so all solutions can be calculated by the Fourier transform
along the boundary 9. For the problems of type (7.4) in convex angles of
magnitude ® < 7, this nonuniqueness was discovered in 1973 by one of the
authors [45].

Let us recall how to prove the asymptotics (7.3) and how to calculate the
limiting amplitudes a, (z). First, note that for the incident wave u‘"(z,t) the
asymptotics of type (7.3) holds by (7.1):

u™(x,t) ~ f(—o0)eFTemiwol t — oo. (7.5)

The reflected wave is defined by geometric optics, and its main properties are
as follows:

u”(z,t) = —u'™(z,t), x€0Q; u”(z,t) ~ a"(x)e” 0t t—oco. (7.6)
The diffracted wave u?(z,t) is defined by the splitting the total solution as
u(z,t) = u™(x,t) + u"(x,t) + ul(z,t). (7.7)

Hence, it remains to calculate the corresponding asymptotics for the diffracted
wave _
(z)e ot t — o0, (7.8)

ul(z,t) ~ aio

Substituting (7.7) into (6.1), using (7.6) and the fact that the wave equation in
(6.3) holds for all t € R, we get the boundary problem for the diffracted wave

it(z,t) = Aul(z,t)+ F(a,t), r€Q
ul(z,t) = 0, ze€l Uy ’
F(x,t) := (0} — A" (z,t) ~ b(x)e”“°! t — . (7.9)

Formal substitution of the asymptotics (7.8) into (7.9), gives the boundary
problem

—w2ad T = ad X T xT
{ 0 wo( 7t) A (.d[)( )+b( ); EQ ) (710)

al(x) = 0, wel Ul

For wy € R, this system also admits an infinite number of linearly independent
solutions, as well as (7.4). Similar problem of nonuniqueness arises in every
diffraction problem in unbounded regions. The problem of nonunigeness was
resolved by the discovery of additional features of the limiting amplitude aZ_(z).
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The key discovery was the limiting absorption principle (3.4) for the
limiting amplitude of the diffracted wave. In application to problem (7.10), we
have

d — T od
awg(‘r) - 61_1}61_’_ a‘w0+is(x)7 x e Q7 (711)
where al ;. denotes a solution to (7.10) with wy + ie instead of wy.

Remark 7.1. The convergence (7.11) holds for the limiting amplitude a? (x) of
the diffracted wave ul_(z,t) (formal proof can be found in [30, Section 4.1]).
However, it does not hold for the limiting amplitude a(x) of the total solution
u(z, t) although these amplitudes satisfy quite similar equations (7.10) and (7.4).
The difference is that the initial state of the diffracted wave ul (z,0) is of
finite energy (in our case zero), while for the total solution the initial state
(u(z,0),u(x,0)) is the plane wave (6.2) and its derivative in time at ¢t = 0.

The limiting absorption principle has been introduced for the first time in
1905 by W. Ignatovsky [19]. Rigorous proofs of this principle for limiting am-
plitudes of solutions with finite energy initial states were achieved much later.
The results for the wave and Schrodinger equations in the entire space and for
diffraction problems with smooth boundaries were obtained by Agmon [1], Ei-
dus [13-15], Jensen and Kato [20], A.Ya. Povzner [52], B.R. Vainberg [67] and
others.

The convergence (7.11) for stationary diffraction problems has been
established for the first time in 1977 by one of the authors [45]: it was proven
that stationary problem (7.10) and problems (3.2) with A = A +w? and general
boundary conditions in convex angles of magnitude ¢ < m,

i) for complex w ¢ R admit only a finite number of linearly independent solutions
in appropriate class of functions;

ii) for real w € R admit an infinite number of linearly independent solutions,

iii) for real w € R admit only a finite number of linearly independent solutions
satisfying (7.11).

For the time-dependent diffraction problem (6.1), (6.2), the limiting ab-
sorption principle (7.11) and the limiting amplitude principle (7.3) were justified
in 2006 by the authors [26]. The proofs rely on the analysis of the Fourier-
Laplace transform in time:

iz, w) = / e“tu(z, t)dt, weCt. (7.12)
0

The function @(z,w) satisfies a boundary value problem of type (7.10) with
complex w ¢ R. In this case the Helmholtz operator A = A + w? is strongly
elliptic. Hence, @(x,w) can be calculated and analysed by the methods described
in previous sections. The limiting amplitude is calculated in [26] using the limit
(7.11).
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Remark 7.2. In 1912, A. Sommerfeld discovered the Sommerfeld radiation
condition [63] (see also [53]), which provides the uniqueness of solution to the
boundary problem of type (7.10) in the case when @ is the exterior of a bounded
region in R3. This condition is more practical for numerical calculation of the
limiting amplitudes than (7.11).

8. The Sommerfeld diffraction theory and related results

For the angle ® = 27, A. Sommerfeld constructed in 1896 a solution a(z) to
stationary diffraction problem of type (7.4) with Dirichlet and Neumann
boundary conditions. In this case the wedge is the half-plane, which is rep-
resented by the semi-axis [0,00) in the corresponding 2D problem. The main
ideas were 1) to treat the semi-axis as the cut on an appropriate Riemann sur-
face, and ii) to extend the known method of reflections to Riemann surfaces.
As a result, A. Sommerfeld constructed a universal integral representation of a
class of branching solutions of the Helmholtz equation on the Riemann sur-
face in the form of the Sommerfeld integral with a fixed integral kernel and a
with a suitable density function. Further, A. Sommerfeld chose an appropriate
densities to satisfy the boundary conditions.

Sommerfeld’s strategy of constructing the solution remains a mysterious rid-
dle to this day. This approach is reproduced with some comments in [30, Ch.
5], see also [49]. However, the Sommerfeld integral representation turned out to
be extremely fruitful, and in particular, was used by G.D. Malujinetz to solve
the problem with the Leontovich boundary condition [34,35], see also [2].

For any angles ® € (0,27) the stationary diffraction problem (7.4) for
the Dirichlet and Neumannn boundary conditions in the angles of this mag-
nitude was solved by other methods in 1920 by H.S. Carslaw [8], in 1932-
1937 by V.I. Smirnov and S.L. Sobolev [56-60], and in 1951 by J.B. Keller and
A. Blank [21].

Remark 8.1.

i) In all the works, cited above, the limiting amplitude principle was not
established, and the choice of suitable solution of the ill-posed problem
(7.4) was not rigorously clarified. Nevertheless, as shown in [28,29,47], all
the obtained solutions coincide with the limiting amplitudes calculated
in [26] and admit the Sommerfeld representation.

ii) S.L. Sobolev mentions, in the articles cited above, that the functions of
type (6.2) must be solutions to the wave equation even if the amplitude
a(s) is a discontinuous function. These remarks later inspired the the-
ory of weak derivatives of S.L. Sobolev and the theory of distributions of
L. Schwartz.
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Introduction

Usually equations for gravitational and electromagnetic fields are proposed
without deriving the functions on the right-hand sides (see [1-4]). This can
be done within the Vlasov equations [5-11]. The accelerated expansion of the
Universe, which is awarded the Nobel Prize in Physics in 2011 is in focus of con-
temporary research. The generally accepted explanation of this phenomenon is
the addition of the Einstein lambda-term to the relativistic action, which in turn
corresponds to adding a repulsive quadratic potential in non-relativistic theory
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[41-43]. Here we propose a derivation and an investigation of the correspond-
ing relativistic and weakly relativistic equations in the general case and for the
Lorentz metric. We also study the Lagrange points in the non-relativistic case
with Einstein lambda-term.

1. Action in general relativity and equations for fields and particles

Let us consider the classical action for electrodynamics and gravitation [1-4].

S = —cm/\/gﬂ,,(agt)u“u’/ dt — E/Au(ac,t)u”dt
c
+ ki /(R+A)\/—gd4x+k2 /(FWF“”)\/—gd‘la:. (1.1)

Here c is the speed of light, u’ = ¢ and u’ = v* (i = 1,2, 3) is three-dimensional
speed, t is time, 2 = ct,2?, i =1,2,3, are coordinates, g, (x,t) is a metric,
(n,v=0,1,2,3), A, (x,t) [1-4] is the electromagnetic field potential, F},,,(x,t) =
0A,(x,t)/0xY — 0AL(x,t)/0xt are electromagnetic fields, R is the total curva-
ture, A is the Einstein lambda-term, k; = —c3/16my and ko = —1/167c are
constants [1-4], g is the metric determinant g,,,,, v is the gravitational constant,
the repeated indices are summed up. Action (1.1) is classical and fundamental,
the 2-nd and 4-th terms belong to Maxwell, 1-st — to Einstein, when he intro-
duced geometry into the theory of gravitation in general relativity, 3-rd — to
Hilbert, all together was collected by Poincare, Born, Schwarzschild, Pauli and
others (see [1-4]). Equations for particles and fields are derived from this action,
but equations without right-hand parts are derived for fields [1-4]. This gap is
covered in papers [5-11] by the following rather natural and simple method.
To derive the equations for gravitational and electromagnetic fields, let us first
rewrite action (1.1) by introducing a distribution function, Then we passing
from the Lagrangian coordinates in the first two terms of action (1.1) to the
Eulerian ones. Let f (¢,x,v,m,e) be the distribution function of particles in
space x € R3, velocities v € R3, masses m € RT and charge e € R at the time
t € R. This means that the number of particles in the volume dxdvdmde is
equal to f (t,z,v,m,e)dx dvdmde. We obtain the following action:

S = —c/mf(t,x,v,m,e)\/gwuﬂu”d?’x d% dm de dt
1

- E/ef(t,x,v,m,e)AHu“dgxdgydmdedt

+ k1 /(R+A)\/—gd4x—|—k‘2/FWF"”\/—gd‘Lx. (1.2)

The type of action (1.2) is already suitable for deriving the Einstein and Maxwell
equations when varying by fields g,,, and A,. This way of deriving the Vlasov—-
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Maxwell and Vlasov — Einstein equations was used in [5-11]. When varying (1.1)
by g, we obtain the Einstein equation:

(R’“’ 1 W(R+A>> Ne

t
/ fltz,v,m e) utu’ v dm de
gwul‘u

1
— ko(—2F" F"P g5 + §Fa,3FaBg””)\/—g. (1.3)

The first term of the right-hand side of this equation is the energy-momentum
tensor by Hilbert’s definition. It was first presented in [9-11] but in a less general
form without the distribution of masses and charges. Attempts to write down
the energy-momentum tensor via the distribution function were made, as far as
we know, only in the relativistic kinetic theory in the framework of the Vlasov —
Einstein equation [5-15]. However, the major difficulties were not resolved,
as we will show below. The equation of electromagnetic fields is obtained by
varying (1.1) by A, it leads to the Maxwell equation:

RN 2
=3 /eu”f(t,x,l/,m,e)d v dm de. (1.4)

Let us show that the action form (1.1) is more general than (1) in [1-4].
To obtain the standard action form, let us take the distribution function as a
d-function for one particle.

flx,v,myet) =6 (x—2'(t) (v — V' (t))d (m —m') d(e — €). (1.5)

Substituting (1.4) into action (1.2) and omitting the sign of ('), we obtain action
(1) in [1-4].

Electrons and ions in plasma, planets in galaxies, galaxies in supergalaxies,
cluster of galaxies in the universe can play the role of particles. In equality (1.4)
we can take the sum of delta functions and obtain usual action [1-4] for finite
system of particles. This justifies the action (1.2) and the meaning of Eulerian
and Lagrangian coordinate relations in kinetic theory. Thus we have obtained
the equations for fields, and we need to derive the equations for particles for the
distribution function. This is Vlasov’s approach. The derivation of equations
for particles has been done in [5-11], where the equations for the distribution
function in velocities were derived. Next we will derive equation in momenta
using the Hamiltonian approach, having in mind the aim to obtain the Hamilton-
Jacobi equations for the case of the Vlasov—Maxwell - Einstein equation.

A historical remark should be made here. The equation appears under dif-
ferent names, as Vlasov —Poisson, Vlasov — Maxwell, Vlasov — Einstein, and even
Vlasov—Yang —Mills, see particular the work of Choquet—Bruhat [13]. The
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name Vlasov—Poisson equations is used for for gravity and plasma, Vlasov—
Maxwell equations for electrodynamics and Vlasov— Einstein equations for rel-
ativistic gravity. In the case of Vlasov—Einstein equation, however, (mostly
European) scientists worked in velocities [12-14], and correct corresponding
equations were proved difficult to obtain.

The only author who set the task of deriving the Vlasov— Einstein equations
from the principle of least action was Philip Morrison [15-17]. He worked in
momentum, and using Hamiltonian dynamics he obtained correct equations
for particles and the Liouville equation [16]. The equations for fields he got,
however, by other (more difficult) methods [15-17].

Morrison’s approach appear to be most natural: it is necessary to pass to
momenta in equations for fields (1.2)—(1.3), but at first it is necessary to write
down a relation of velocities and momenta according to the standard scheme
of Hamiltonian mechanics. Hence, to obtain the equation of motion of a single
particle in the given fields we begin to consider the first two terms of the action

(1.1)
S = —cm/ VGuuturdt — E/Auu”dt,
c
L = —cmy/guutu’ — EAuu“7 S = /Ldt
c

and introduce the momenta

L al®
Pu = 87 = 7777,079# Y - EA# (16)

ouM R /gngunuﬁ c

Here the expression for pg is obtained formally by differentiating by uy = ¢,
up = ¢,u = (¢,v). The equation of motion for particles we obtain already in
the Hamiltonian form, where the Hamiltonian function is the zero-point compo-
nent of the momentum expressed in terms of the mass relations. This is based
on the fact that the Lagrangian is a first degree function on the four velocity
components and the Euler formula: wu, gﬁ — L =0, where H = /! gfi — L or
c% + H = 0. Here the summation over ¢ is three-dimensional, and over u is
four-dimensional. Thus, we obtain a simple formula for the Hamiltonian where
the zero-point component of the momentum pg(x, p,t) should be expressed as
the solution of the quadratic mass ratio equation through the three-dimensional

momenta e e
a 2
(P = 4a) (ps = S45) 9°7 = (mo)’, (1.7)
and then oL
_ 0 —
H=—u 900 —cpo(w, p,t). (1.8)
This gives us an expression for both the velocities, v* = ng = vi(p) = fcg%,

and the forces —c%. We can write down now the Liouville equations in the
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usual form

of

5 TULHY =0, (1.9)
where {f,H} = gg gwf,; — gﬁaan is the Poisson bracket. We have to rewrite

Einstein’s equations (1.2) using the distribution function in momentum to close
the equations for gravitation and electrodynamics in momentum. We shall take
advantage of the fact that the invariant is the number of particles

ft, z,v,m, e)dzdvdmde = f(t,z,p, m, e)dedpdmde,

and we shall express velocities through impulses. This leads to

k1 <RW - %gw(R + A)) V=g

f(tv)(apam, e) (pu - g14;1)(]?1, - gAl,> 3
= . < dpdmd
C/m 2 (0 — €A% (me)2 P

1
= ka(=2F"*F"Pgap + S Fas F*’g") V=g, (1.10)

and Maxwell’s equation (1.3)

oF,”
ox?

ko V=g = %/e(pu - ZAH)f(t,x,p,m,e)dB’pdm de. (1.11)
The system of equations (1.9)—(1.11) with the Hamiltonian (1.8) is the system
of the Vlasov —Maxwell - Einstein equations.

Let us derive some other forms of the equations of gravitation and elec-
trodynamics, namely the hydrodynamic and Hamilton—Jacobi equation. The
hydrodynamic form is obtained by means of the hydrodynamic substitution
ft,z,p,m) = p(t,x,m,e) é(p — Q(t,x,m,e)), which is a limiting case of the
Maxwell distribution at temperature tending to zero. Following the general

scheme [5-11,22-26] we get the straightforward consequence of equations (1.9)—
(1.11):

ap (pcg%f(%Q))

A Rl (112
0 0 0 0
(gtk - Caiz(x’Q)) - )

1
kl <R/LIJ - 2g/l.l/(R + A)) V=g

_ C/mp(t,X7m7e) (Qu - %Au)(Qu - %Ay)

— dm d
2 9 (Qu — EA)(me)z
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1
— ingagF”‘BgW\/— , (1.14)

v = [ e(Qu-SA) ltoxom dmde. (119
Here (1.12) is the continuity equation, and the system (1.12)—(1.15) describes
the gas dynamics of a self-gravitating charged gas. To obtain the Hamilton—
Jacobi consequence, we must, according to the general scheme for Hamiltonian
systems [18-26] by E. Madelung, V.V. Kozlov and ours, substitute Q@ = VWV in
equation (1.12)—(1.15). This substitution suits exactly the Hamiltonian systems
[18-26], allowing us to obtain one Hamilton—Jacobi equation instead of three

equations (1.13)
ow e ow e o
(&w—c&o(&ﬁ—c%)gﬁzm@? (1.16)

Combining equations (1.12), (1.14), (1.15), where we also have to replace @,
with gx—“{” together with equation (1.16), we get the Hamilton-Jacobi conse-
quence of the Vlasov—Maxwell — Einstein equations.

Hence, we have obtained three forms of the Maxwell — Einstein — Vlasov equa-
tions. Using momentum, we avoided the appearance of Christopher symbols.
The meaning of Vlasov-type equations becomes clear: this is the only form of
equations that provides a closed system of equations of gravitation and electro-
dynamics. Furthermore, this is derived solely from the principle of least action
— a cherished dream of Euler, Lagrange, Newton, Maxwell and Einstein. Thus,
gravity and electrodynamics became rigorous mathematics. Other consequences
we will discuss elsewhere, but here we shall provide a few examples.

k

2. Lorentz metric and Einstein’s lambda

Let us consider the following action

S = —c/m{ Juutu’ + %}f(t,x,v,m) dx dvdmdt

1 2 02A
—— [ (VU dzdt+ — [ Udxdt, (2.1)
8y 8y
where g, = diag(1,—1,—1,—1) is the Lorentz metric. Here f (¢, z,v,m) is the
distribution function of particles (galaxies, super-galaxies) in space z, velocities
v, masses m at time ¢, U is a gravitational field potential, «y is the gravitational
constant, A is the Einstein lambda-term. Varying by U, we obtain the following
equations for fields:

AU = 477"//mf (t,z,v,m)dvdm — %C2A. (2.2)



Minimal action principle for gravity and electrodynamics and Lagrange points 521

Let us pass to the action for one particle. As it is usually done in the derivation
of equation for particles in given fields [1-15], we substitute f (¢, X,V, M) =
0(x — X)o(v—V)é(m — M),

S = —Cm/ { 2 —u?+ Z] dt. (2.3)

For this action, the Lagrangian and the Hamiltonian are given by

L (z,v) = —mey/c? —u? —mU, (2.4)

p2

Thus, we can obtain the equation of motion and the Liouville equation for the
Hamiltonian system

)

af OH Of O0H Of
or in our case
or, 1 (p 8f>_m(aU 8f>:o. (2.6)
P

ot 1+ o m’ Ox Oz’ Op

The system of the following equations is the Vlasov—Poisson system for our
action with the Lorentz metric

af 1 <p 8f> (3U af)
74’7 — 5] M\ 557" :07
ot 14 -2 m’ Ox Oox’ Op

(me)?
Ly
AU =4ny [ mf (t,x,p,m)dpdm — ¢ A.

Let us proceed to the hydrodynamic consequences of this system. For this
purpose we substitute f (¢,2,p,m) = § (p — Q (¢, z)), where @ is the macroscopic
momentum. For an arbitrary system Z—f =v(x,t), % = g (x,p) we obtain the

following consequence of the Liouville equation:

ot oxt

0
825 — 9k (%Q)) =0.

=0,

+v; (I7Q)

<3Qk
P\ "ot
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Also, if we consider a Hamiltonian system, a further substitution takes place
@ = VW [16-26], and we obtain the following relations:
Op n Opv; (z, AW)
ot ox?
o [OW
— | —=— + H(z,AWW) ) =0.
P oen ( o T )>

Substituting the Hamiltonian of our system

=0,

2
H (x,p) = mc? 1—}—1)72 +mU
(me)
we obtain a hydrodynamic-Hamilton —Jacobian consequence of our weakly rel-

ativistic system of Vlasov—Poisson equations:
dp  Opvi (x, VW) _ 0
ot Ozt o

%¥+c0mf+WWf+mW@:& (2.7)

1
AU = 47T’y/mpdm — 502/\,
where

p

P
m4/1+ o)

v(z,p) =

2

Let us now consider the equations in the isotropic case, i.e. when U =
Ur,t), W=W (t,r,m), r = /2% + 22 + 22.
0 0 W'x;
5w () =0
Ty (mc)2 + (W’)2

aa—vl/ + e/ (me)®> + (W2 +mU (z) = 0,

! AN
1
3 <U> +7r <U> = 47r’y/mp dm — =c®A.
r r 2

We denote by W/, U’ ... the differentiation over r. From the third equation in
the cosmological case, i.e. when the density does not depend on the coordinate
p (z,m,t) = p(m,t) the following form of the potential follows:

r?B(t) D(t)

=20 2
6 ro’
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where B (t) = 47y [ mpdm — 3c2A. Considering the cosmological case, one can
also transform the first two equations:

%Z+paai( W >=g’t)+3Hp=0,
TNy (mc)2 + (VV’)2

H is Hubble constant, from the definition of which it follows that

r
H=p+ ¢
©+ 3<P )
where ¢ satisfies
cW’
v 2 2
ry/(me)” + (W)

The solution to the last equation is the function ¢ = H + ﬁ(; ). Thus we have

obtained a system of equations for cosmological solution of Vlasov—Poisson
system with Lorentz metric:

ap
ot
dp  Opv; (z, VW)

e 7.:0
ot + ot ’

w _ 1 <TH+ A(Qt)) , (2.8)
(mc)Q + (W’)Q C r

%/ + c\/ (me)? + (W)? +mU (z) = 0.

Let us denote a(r,t) = L(rH + A(t)/r?), S = W’. Then from the second
equation we obtain

+3Hp=0,

meo . mede mea’
S=—rnreee, S=—— o, = —————.
V1-a? (1—a2)*? (1—a2)*?

We denote by S the differentiation with respect to t. Let us differentiate the
last equation (2.8) with respect to 7:

! . !/
%—ercLerU'(z):O, mca§+c mcaa§+mU’(x):0,
(me)® + S2 (1-a?)? (I-a?)?
or

(c+ 020/a)2 — (U (2))° (1- a2)3 =0.
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Thus, if we substitute

a(rt) =

G (rt) = - (rH (n.t) + A(t)),

o (r,t) = %(H(m,t)— )

into this equation, we obtain the following expression

. A A 2A\\2 (B D\?2 AN2\3
i g (e 5)(1-5)) - (T ) (- (e 5) ) =0
( tTET T 73 3 T
Opening the brackets in this equation, on the left we get an expression which
is rational in r. Therefore, the coefficients for all degrees of r in this expression
have to be zero. Let us consider the coefficient at r®. After opening the first
term, the degree of r is not greater than 2, when opening the second, we get the

only term with the degree TS%GBQ, and therefore, H°B% = 0. Assuming that
B(t) = 4wy [ mp (m,t) dm — £c?A # 0, we obtain H = 0.

(-2 (2 B - ()

r2 b 3 2 r2 N

We conclude that B = 0 considering the coefficient atr?. Assuming now that
B(t) = 4y [ mp (m,t)dm — A = 0, we have the following

. A A 2A\\2 /D\?2 A\2\3
(rh+ S+ (ru+ 5)(H-25)) = (%) (1-(rH+5) ) =0
r r r r r
Then the coefficient atr( — 16) is equal to A°D2?/3. Therefore, either D =
0, U(z) =0,0or A=0, (T‘H+7’H2)2 . (%)2(1 - (7"H)2)3 = 0 which still implies
that D =0, U(z) = 0. Thus, a cosmological solution for a relativistic action in

the Lorentz metric exists only when U(z) = 0. We also obtained the equation
for H:

H+H*=0 (2.9)
Let us collect our results in the following theorem.

Theorem. For the action (2.1) the equation for fields (2.2) and the equation
of motion with Lagrangian (2.3) and Hamiltonian (2.5) hold. The equation
of motion yields the proper Liouville equation (2.6) and a system of Vlasov—
Poisson equations (2.2), (2.6) for Minkowski metric. The latter system implies
Hamilton — Jacobi consequence (2.7), from which one gets its cosmological ver-
sion (2.8). System of equations (2.8) have the only non-trivial solution (2.9) for
Hubble constant with exact expressions for W and U.
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m, [0] m;
X C X2

Figure 1.

We obtained in [38,39] a non-relativistic analogue of the Friedman equa-
tions generalizing the Milne — McCree solution [33,34] in various directions. In
particular, we introduced the lambda term, we introduced the repulsion of sub-
stance by analogy with Coulomb, and moved to the Hamilton — Jacobi equation.
We also raised the question of the dependence of the Hubble constant on the
mass and charge of the substance. Here we have obtained an analogue of such
solutions for Lorentz metric.
c2A

5 r2 and features

2.1. Lagrange points in the potential U(r) = —7 —
of motion

Let us consider the features of Lagrange points in the potential that takes
into account the lambda term [35-43].

Triangular libration point in the interaction of masses under the ac-
tion of an central force Let us consider the circular problem of two bodies
(Fig. 1). Two masses m; and mg are located at the distance a = r1 + 7o
from each other, they are attracted by the central force according to the law
F = mymaf(a), and rotate with angular velocity w relative to the point C.
From the balance equation of gravitational and centrifugal forces

miw’ry =mimaf (@), mow’ry =mimaf(a), a=ry+ro. (2.10)

We find that mqr1 = marsy that is, the point is the center of mass. Thus, when
rotating around its center of mass the masses my, ms will be stationary. A small
mass which is stationary in this coordinate system, is called a libration point.

Figure 2.

Lagrange [44] in 1772 showed that a small mass m located at the vertex of
an equilateral triangle is a libration point (Fig. 2). This libration point is called
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triangular. The most general result in the problem under consideration was
obtained by Lyapunov [45,46]. For a function f(r) inversely proportional to the
n degree of distance, the triangular libration point is also a libration point, and
it is stable in linear approximation at

(mo + my + mz)? >3<1+n)2
momi + moms + mims 3—n/ "’

For n = 2,mg = 0 the classical Gasho stability condition, obtained in 1843,
follows from this
0<2Tu(l—p) <1, p=—"2 = 0<u<0.03852. (2.11)
my + ma
To solve the problem of the influence of linear force on the stability of equi-
librium positions of triangular libration points, we prove the following general
result.
Theorem. A triangular point is a libration point at any central force F' =
mymaf (r).
Proof. From the balance equation for the attraction forces and centrifugal forces
(2.10) it follows
maf (a) = w?ry, mif(a) = w?rs. (2.12)

Now consider an equilateral triangle ABD. The masses m and mq are located
at the points A, B and the small mass is located at the point D (Fig. 2). The
forces of attraction mm; f(a) and mms f(a), directed along the unit vectors ey
and e, act on the small mass m from the side of the masses m; and my. The
total force of attraction using (2.1) is reduced to the following

Fi+F,=m(mif(a)er + maf (a)es)

27’261 + szleg) = mw2 (r2e1 —+ Tleg) .

=m (w
From the parallelogram rule in Fig. 2 we get roe; + rieq = D? =+ F =
mw?DC'. Thus, the sum of the forces of attraction acting on the mass is directed
opposite to the vector of centrifugal force, with the same magnitude. The sum
of the centrifugal force and the forces of attraction is zero. Hence, the mass m
located at the vertex D of the right triangle is in equilibrium, and thus is the
libration point.

2.2. Interactions according to Newton’s law of gravitation with the
addition of a linear force
Let us consider the case of masses interaction, in which the interaction force
has the following form

F=mmaf(r), f(r)=-""=-1420
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Figure 3.

This law differs from the classical one in the presence of a linear repulsive force.
According to the theorem proved above, the point D in Fig. 2 and the symmetric
point My in Fig. 3 are libration points. Let us construct a Lagrange function for
the perturbed motion of a mass m located at a point M in Fig. 3. An equilateral
triangle AMyB has sides of a length. At the apex of the equilateral triangle
AMyB, the small mass is in equilibrium at the apex of M. In the vicinity of
equilibrium at the M point, the motion of the small mass is described by the
Lagrange equations, with the Lagrange function

1,5, . L w?
L= 5( 2+y2) +w(xy—y:c)+7 (a:2+y2) -V,

2 2 2
2:m<1_2) V—_ (1_22)_ (1_22)
w a a? 6 ’ m r1 121 2 r9 12 2)
For A = 0 we obtain the classical case. The dimensionless form of the equations

is obtained by the following substitution:

r=aX, y=aY, i =aXw, y:an,
A

6 :%)" ri=aRy, 712=aR;.

This transforms the equilateral triangle AMyB into a triangle with unit sides.
The dimensionless Lagrange function has the following form

%()’@ +Y?) + (XY -YX)+ %(X2 +Y?) -1,

v, :_(1];1“ + L) _K[(E“ £ 4o) + (L= ) B+ o).

o A - mo
1= ) uiml—i—mg'
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The coordinates of the apex of an equilateral triangle X = % —uY = @

determine the equilibrium point of the system. We make the substitution as
follows X = % —u+q,Y = @ + ¢o and find the Hamiltonian of motion of
the system in the vicinity of the equilibrium point. The Hamiltonian function
of the linear approximation is

1
H=g (41912 +8p1ga +4p2” — 8paqi + @1” + 6v3(2p — 1)q1gz — 5qu)

1
+ gK (—3q12 +6V3(2u — 1)qrg2 — 96122) . (2.13)
Hamilton’s linear equations
. _OH . OH
q; = i’ bi = 9g;
have two pairs of eigenvalues Iy = —l;, l4 = —I3, differing in sign. Their squares
can be reduced to the following form, convenient for analysis:

L2 = % (- 3K —20M (1 + K)? — (1-3K)),

5% = % (VIU=3K)? —2TM(1+ K)? - (1 - 3K)),

A c2Aa?
K=-—"_ M=p—u% \=
- =K, 6y

where )\ is dimensionless lambda term. Under the condition

1 (1-3K\" 1
M<M*(K)27(1+K> - K<y
the eigenvalues are purely imaginary and the equilibrium is stable in the linear
approximation. At K = 0 = A = 0 we obtain the classical result (2.11) of
Gascheau G. — 1843, (see [46]) on the stability of the libration point in the linear
approximation. The stability conditions are given in terms of initial parameters
as follows

1< (\) = (9 — /19202 + 961 + 69)

2(1 —4))?
- , A<
3 (V—192X2 + 96\ + 69 + 9)

1
e (2.14)

The () relationship is shown in the graph.

If this condition is not met, then one of the eigenvalues has a positive real
part, whence follows the exponential instability. From the instability in linear
approximation by Lyapunov theorem follows the instability of the exact non-
linear problem. Under condition (2.13) the stability of the nonlinear problem
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is possible and, as studies of the classical case show, the stability of nonlinear
problem follows, except for a finite number of values of parameters p, A.

We summarize our results in the following theorem.

Theorem. For any potential dependent only on distance the Lagrangian
points are the same as in classical case. For Lagrange points in the potential
U(r)=—-%— 012—2/\7’2 all deviations are ruled by Hamiltonian (2.12). The con-
ditions of stability of those points have the form (2.13). For A = 0 we obtain
the classical result of Gascheau G. 1843 [46] on the stability of libration point

in the linear approximation.

Conclusion

We have demonstrated a way to obtain the equations of gravitation from
the principle of least action in the closed form, and this is the form of Vlasov’s
equation (cf. [5-15]). This tells us the Vlasov type equations is the only way
to obtain both the gravitation equation and the equations of electrodynamics
from the principle of least action. It is also the only way so far to close the
system of equations of gravitation and electrodynamics using the principle of
least action, using the distribution function of objects (as e.g., electrons, ions,
stars in galaxies, galaxies in supergalaxies or in the universe) by velocity and
space. The corresponding hydrodynamic level equations (e.g. magnetic hydro-
dynamics equations) are also naturally obtained from the Vlasov-type equations
by hydrodynamic substitution (so far the only way to relate the latter equations
to the classical action).

It is of considerable interest to investigate different classes of solutions to the
equations obtained, as was done in [27-31]. Of particular interest should be the
asymptotic behavior of the solutions to the Vlasov equations, and its analogy
with the Liouville equation [30-32] might help. We have also shown that the
obtained Vlasov-type equations should be applied to explain the evolution of
the Universe, because it is from the Vlasov —Poisson equation that the nonrela-
tivistic analogues of Friedmann solutions, the Milne—McCree solutions [33,34]
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follow. Moreover, they are an exact consequence of the Vlasov—Poisson equa-
tion, so they are obtained without the heuristic assumptions of the papers [33,34]
and justify and generalize them. These solutions made it possible to clarify the
role of the Lambda term, its equivalence to the potential U (r) = —% — %7‘2
and the equivalence of this to any homogeneous substance associated with the
solution of the Poisson equation [38-39]. The right-hand side of the Einstein
equation gives hope for an explanation of the accelerated expansion of the Uni-
verse without these additional assumptions.

Finally, the dependence of the boundary of stable equilibrium positions of a
small mass at the triangular point of libration is obtained. The parameter for
the stable positions varies within certain limits. It would be useful to extend

the results about libration points to the relativistic case.
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Abstract. Can a local disaster lead to extinction? We answer this question in
this work. In the paper [19] we considered contact processes on locally compact
metric spaces with state dependent birth and death rates and formulated suf-
ficient conditions on the rates that ensure the existence of invariant measures.
One of the crucial conditions in [19] was the critical regime condition, which
meant the existence of a balance between birth and death rates in average. In
the present work, we reject the criticality condition and suppose that the bal-
ance condition is violated. This implies that the evolution of the correlation
functions of the contact model under consideration is determined by a nonlocal
convolution type operator perturbed by a (negative) potential. We show that
local peaks in mortality do not typically lead to extinction. We prove that a
family of invariant measures exists even without the criticality condition and
these measures can be described using the Feynman-Kac formula.
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1. Introduction

The contact processes on the lattice have been introduced in the pioneer pa-
pers of Harris [4], Holley and Liggett [5], see also the monograph of Liggett [14].
In recent years, the study of contact processes running in continuous spaces has
attracted great interest, see e.g. [6,7,10]. This class of processes is a particular
case of continuous time birth and death processes, and particle configurations
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in continuum appeared to be more adapted to modeling evolutions in various
biological systems and models of population dynamics.

Taking into account applications of the contact processes as models describ-
ing a spread of epidemic diseases or a population growth, one of the main prob-
lem under consideration is to determine the parameters of the model providing
stationary regime and to prove the existence of invariant measures. The appear-
ance of limiting invariant states was proved only in the so-called critical regime,
see e.g. [18,19], that is, when there is a certain stochastic balance between birth
and death. As was shown in [6], there exists a continuum of invariant measures
for the contact processes in R%, d > 3, in the critical regime with a constant
death rates. In small dimensions d = 1, 2, the existence of the stationary regime
depends on the behavior of the dispersal kernel at infinity. It was proved in [7]
that for the contact processes in R¢, d = 1,2, invariant measures exist only if
the dispersal kernel has a heavy tail at infinity. In the case of light tails the pair
correlation function grows to infinity as ¢t — oo, and hence invariant measures
do not exist. Thus heavy tails of dispersal kernels appear to make the critical
regime more stable contrary to light tails.

The existence of invariant measures in the marked contact model in R¢, d >
3, with a compact spin space and for constant death rates was proved in [9]. Such
models are used, in particular, to describe evolution in quasi-species populations
with mutations, see [15].

A more general framework has been investigated in [18], where we have for-
mulated conditions providing the existence of a one-parameter family of invari-
ant measures in contact processes on general locally compact separable metric
spaces. One of the conditions, the so-called transience condition, was formu-
lated in terms of the associated Markov jump process. It means that any pair
of independent trajectories of this jump process run away from each other. The
transience condition is not needed for a special class of contact processes - the
contact processes with immigration. For such processes a unique invariant mea-
sure exists in any dimension, see [3], [17].

In the present work, we consider contact processes without the assumption
of criticality. We will show that local violation of criticality due to excess mor-
tality does not destroy invariant measures, but only perturbs them. A similar
phenomenon exists in the theory of Schrodinger operators, when local positive
potentials do not change a spectrum of Laplacian, see e.g. [20, Chapter 13]. In
our study of the contact model, we need not only to solve the equation for the
first correlation function specified by a Schrédinger type operator, but also to
explore an infinite chain of hierarchical equations for all correlation functions
of the model. Thus, the first step of our research is to construct the first cor-
relation function of the stationary system using the Feynman-Kac formula, and
then we find the solution of the whole chain by the inductive procedure.
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The case studied here is unlike to the case from [1], [2], [8], where local neg-
ative fluctuations of the mortality can lead to an exponential popultion growth
in any compact region.

In proving the main results of this work, we adapt the arguments from
[6,9,18] developed for contact models in the critical regime to the analysis of
contact models in the absence of the critical regime condition. The remainder
of this paper is organised as follows. In Section 2, we introduce the model and
formulate assumptions on the model. We formulate the main result in Section
3. In Section 4, we give the proof of the main theorem.

2. The model

Let X be a locally compact separable metric space, B(X) be its Borel o-
algebra, and m will denote a locally finite Borel measure on B(%), i.e. m is finite
on compact sets. Denote by M(X) the space of locally finite Borel measures on
B(X) and by By, (X) the system of all compact sets from B(%).

A configuration v € T'(X) on X is a finite or countably infinite locally finite
unordered set of points in X, and some of them can be multiple, i.e. repeti-
tions are permitted. If the measure m € M(X) is atomic then I'(X) contains
configurations with multiple points. This case is realized on graphs with a
counting measure m. For the continuous contact models, when m is non-atomic
(see e.g. [6,7,10]), as the phase space I' one can take the set of locally finite
configurations in X with distinct elements:

T, =T,(X) == {’yC%’ Iy N A| < oo, for auAeBb(ae)}, (2.1)

where | - | denotes the number of elements of a set.

We can identify each v € T" with an integer-valued measure Za:E’y 0, €
M(X), where J, is the Dirac measure with unit mass, and the sum is taken
considering the multiplicity of elements in the configuration 7. For any A €
By (%) we denote by |y N Al the value v(A) of the measure v on A.

The contact model is a continuous time Markov process on I'(X) which is a
particular case of a general birth-and-death process. The model is given by a
heuristic generator defined on a proper class of functions F' : I' — R as follows:

(LF)(7) = > _ Ulx) (F(\\z) - F(7))

ey

+ [ S atwa)F uy) - F)midy)
x %€

(2.2)

Notations v\« and v Uz in (2.2) stand for removing and adding one particle
at position z € X. Similarly, x € « refers to any particle in the configuration
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~. The first term in (2.2) corresponds to the death of a particle at position z:
each element x € v of the configuration v € I" can die with the death rate

Ulx) =V(x) + W(x),

where the critical regime condition (see (2.6) below) is valid for V(z) > 0, and
W(x) > 0 is a non-negative local perturbation of V(z), see condition (2.11)
below. The second term of (2.2) describes the birth of a new particle in a
neighborhood dy of the point y with the birth density A(y,v) := erv a(y, x).
It worth noting that this form of the birth rates suggests that it is not known who
is the parent of the new particle, since the birth of a new particle at position ¥y
has a cumulative rate >____a(y,x). Function a(x,y) is also called the dispersal
kernel.

Trey

We formulate now assumptions on the birth and death rates that provide
the existence of invariant measures.

1. Measurability condition. Let a : X x X — [0,00), W : X — [0,00) be
non-negative bounded measurable functions, and V : X — (0,00) is a strictly
positive bounded measurable function:

0 < Viin =i V(@) < V(@) < supV(@) = Vinax < 00i  (23)
X

0 < Whin = iIalef W) < W(z) < supW(z) = Whax < 0. (2.4)
x
2. Regularity condition. There exists a constant C' > 0, such that
sup /a(y,x) m(dy) < C. (2.5)
reX

x

3. Critical regime condition for V. There exists a strictly positive bounded
measurable function ¥(z), ¥(z) > py > 0 such that

/a(amy) U(y)m(dy) = V(z)¥(z) forallz € X. (2.6)
x

Critical regime condition is a balance condition between birth and death rates
for the unperturbed system if particles are distributed according the measure
U(y) m(dy). Define the new measure m and the new intensity of birth b(x,y)
as follows

wldy) = Vpmldy),  ba) = gt (2.7
then relation (2.6) is rewritten as
/b(a:, yym(dy) = V(z) forallx € X. (2.8)

x
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4. Transience condition. Let us consider the continuous time jump Markov
process with generator

Cf(x) = / b ) (£ () — F(x))(dy)- (2.9)

x

Then we assume that for two independent copies X (¢) and Y (¢) of this process
starting with X (0) = z and Y (0) = y the following condition holds

o]
sup / E, ,b(X(t),Y(t))dt < H (2.10)
zy Jo
with a constant H > 0. Moreover, we assume that the integral in (2.10) con-
verges uniformly in x, y.

5. W-integrability condition. The perturbation W(z) is non-negative, bounded
and satisfies estimate -

sup/ E,W(X(8))dt < L (2.11)
z Jo

with some L > 0, and the integral converges uniformly in z. Here as above X ()
is the trajectory of the process with generator (2.9) starting at x.

Remark 2.1. Tt worth noting that the form of the generator in (2.9) as well as
the transience condition (2.10) do not depend on the function W(z).

Remark 2.2. The sufficient condition for (2.10) together with required uniform

convergence reads
00

/sup E.b(X(t),y)dt < H (2.12)

z,Y

Proof. Denote by p(x,dy,t) the transition function of the Markov jump process
with generator (2.9) at time ¢t. Then we get
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su supsup E b(X(t),y") )ply, dy’,t)dt
0/ p/ p p Y )py Y

X

- / sup ELb(X(8),y)dt.
0

’
z,y

Therefore, condition (2.12) implies the uniform convergence in (2.10). a

Remark 2.3. The sufficient condition for (2.11) reads
/sup E,W(X(t))dt < L. (2.13)
s x

It is easy to see that both estimates (2.12) and (2.13) are valid if X = R¢, d >
3, a(z,y) = a(x — y) is a bounded probability density, V(z) = 1, ¥(x) = 1,
and W (z) € L'(R?) N L>(R?). The proof of this fact follows from the standard
(Polya-type) arguments on the transience of non-degenerate homogeneous ran-
dom walks in R%, d > 3, see e.g. [11], [16], [19]. In the case of small dimensions
d = 1,2, estimates (2.12) and (2.13) hold if the density a(z,y) = a(x — y) has
heavy enough tails, see [7].

3. Time evolution of correlation functions. Main results

Denote by My, (T") the set of all probability measures p which have finite
local moments of all orders, i.e.

/FIWWAI" p(dy) < oo

for all A € By(X) and n € N.

Together with the conﬁguration space I we define the space I’y of finite con-
figurations, and let F( = {n C A: |n| = n} be the set of n-point configurations
in A € Bp(X). If a measure € My (T) is locally absolutely continuous with
respect to the Lebesque-Poisson measure

> z" _ Q7 . n 2" (ﬁl(A))n
A = Z | m®" e )\Z’ﬁ(r(()’/)&) = — n=0,1,..
n=0

*

where m(A) = [, m A , then there exists the corresponding system of the
correlation functlons ie. dens1tles of the correlation measure with respect to the
Lebesque-Poisson measure. The terminology originates in statistical mechanics,
see, for instance, [21, Ch. 4]. Denote by M.cu(I') the subclass of the class
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M 5 (T') consisting of probability measures on I' for which correlation functions
exists.

The evolution equation for the system of n-point correlation functions cor-
responding to the continuous contact model in X has the following recurrent
forms, see e.g. [6,18]:

oK™
ot

= DR Wk 4 () a1 K0 =1, (31)

where

LE (@, 1) = f(iv (z; )k(") 1. Tn) (3.2)

1=1
n
+Z/b xlay (xlau s Lj— 17y’xl+1a"'7xn)ﬁl(dy)’
x

=1

and W, is the operator of multiplication

Wk( )(xl,..., (ZW 3:2> (T1,...,Zn)- (3.3)

Denote R
S, =1L —W,. (3.4)
Then (3.1) is rewritten as
oky" w

Here ft(n) are functions on X" defined for n > 2 by

) = SR @) Y b, ), (3.6)

i=1 j#i

and ft(l) = 0. The notation 2; means that this coordinate is excluded.

Note that the operator S,, = ﬁ;‘L — W, is similar to the n-particle Schrodinger
operator with the potential W,, taken with a minus sign.

Let X,, = B(X™) be the Banach space of all measurable real-valued bounded
functions on X" with the sup-norm. Consider the operator .S,, as an operator
on the Banach space X,, for any n > 1. Then it is a bounded linear operator
in X,,, and the arguments based on the variation of parameters formula yields

that
t

kgn) _ ets’nk(()n) + /e(tfs)SnfS(n) ds, (37)
0
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where f{" is expressed through k("% by (3.6). Thus, the solution to the
Cauchy problem (3.1) in X,, with arbitrary initial values k:(()n) € X, exists and

is unique provided ft(") is constructed recurrently via the solution to the same
Cauchy problem (3.1) for n — 1.

The goal of this paper is to prove the existence of a family of invariant mea-
sures for the contact processes that are out of critical regime. These measures
are described in terms of the corresponding correlation functions {k(™},>¢ as
solutions to the following system:

Suk™ 4+ fM =0, n>1, kO =1, (38)

where S,,, (™ were defined by (3.2)(3.6). In the sequel, we say that k : Ty —
R solves the system (3.8) in the Banach spaces (X,,),>1 if the corresponding
k(™ e X,,, n>1 solve (3.8).

The main result of the paper is the following theorem.

Theorem 3.1. Assume that all the above conditions (2.3)—(2.11) are fulfilled.
Then the following assertions hold.

(i) There exists a one-parameter set of probability measures (12 € Mo (I')
on I' depending on the parameter ¢ > 0 such that the correlation functions
k, : To — R4 solve (3.8) in the Banach spaces (X,,)n,>1. Moreover, the following
bounds hold for all (x1,...,x,) € X"

kén)(xh o xn) < DH™(n!)? with D = i (Q({f)rz)n (3.9)

where H is the same constant as in (2.10).
(ii) Let {kt(n)}nzl be the solution to the Cauchy problem (3.1) with initial
data ko = {k:(()n)} corresponding to the Poisson measure T, with intensity o:

KO =1, (a1, 20) = 0" n> 1 (3.10)

Then
k™ — kM|, — 0, t—o00, Yn>1 (3.11)

The main strategy of the proof follows the same line as in [18]. However, in
the present paper we should modify the previous proof, considering the operator
Sy, for any n as a sum of the “unperturbed” generator ﬁ:‘b corresponding to the
contact process in the critical regime and the “perturbation” W,,.

Theorem 3.1 states that even in the “perturbed case”, when U(x) = V(z) +
W (z), the invariant measures exist, and consequently local positive fluctuations
W (z) of mortality (with respect to the level of mortality V (z) corresponding to
the critical regime) does not lead to the extinction.
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4. The proof of Theorem 3.1

The proof of the first statement of Theorem 3.1 we start with construction
of the first correlation function k") and then using the induction in n € N we
obtain the solution {k(™},>; of the full system (3.8) recurrently.

For the first correlation function k(') we get from (3.2), (3.4) and (3.8) the
following equation

U@ () + [ bk (g)m(dy) =0, (@.1)
x
that can be written using the critical regime condition (2.8) as
[ W) (9 w) = kO @)ty - WD) 0. (42
x

To find a solution of (4.2) we first study the corresponding evolution problem:

0

a—? = Lu— Wu, u(z,0) =p, 0> 0, (4.3)
where L is the generator (2.9) of the Markov jump process in X. Equation (4.3)
is a variant of a non-local heat equation with absorption. The solution of (4.3)
at time t is given by the Feynman-Kac formula

up(x,t) = QEI[GXP(—/W(X(S))dS)], (4.4)
0

see e.g. [22, Chapter III], [23, Chapter II]. Here X (t) is the trajectory of the
process with generator (2.9) starting at x.
It worth noting that the solution w,(z,t) to (4.3) is the same as the solution

kY (2) of (3.1).
We define the stationary solution k(1) = kél) as the limit

t—o0

k() = lim up(z,t) = gEm[exp(—/W(X(s))ds)] (4.5)
0

We use the notation kél) to emphasize the dependence of the stationary solu-
tion on the parameter ¢ > 0. It follows from condition (2.11) and the Jensen
inequality that the limit (4.5) exists and strictly positive:

cet < oBafexp (~ [ WX(@))] <o (4.6)
0
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We denote this limit by
Py(z) = 0y [exp (— /W(X(t))dt)]. (4.7
0

Thus formula (4.5) defines a positive bounded function kél)(x) = ®,(z), and
$1®o(x) = (L — W1)®,(x) = 0.

Clearly kél)(x) is an element of X; and it solves (4.2) (and (4.1)). We notice
that this function can be interpreted as the spatial density of particles of the
stationary distribution, and formulas (4.4)—(4.5) mean that

kY (@) = e kD (@) = e't0 = @,(2) = K ().

Example. If X = R?% d >3, and W € Cy(R?), i.e. W has a compact support,
then formula (4.5) implies that k() (z) — o as |z| — oco.

Next we will construct a solution to the system (3.8) satisfying estimates
(3.9). Further we need the following lemma.

Lemma 4.1. The operators e'n and e'S», where L* and S,, were defined in

(3.2) and (3.4) correspondingly, are positive, i.e. it maps non-negative functions
to non-negative functions, and

e < eti;f (4.8)
for all f > 0.

Proof. For the operator et“n see the proof in Lemma 4.1, [19]. We will prove

the lemma for e*>». The operator

Aik(")(xl, cey ) = /b(xi, y)k(”) (T1, -y Tim1, Y, Tit1, - - -, Tp)M(dY)
x

is positive and bounded on X, for any 1 < ¢ < n. Set

Sik(”)(xl, ceyTp) = / b(z;, y)k(")(ycl7 e T 1, Yy Tig 1y - - T )W(dY)
x (4.9)

- U(J?Z)k(n) (xl, ‘e ,xn).
Using the Trotter formula for the sum A 4+ B of two bounded operators:

. ta tB\T
etA+B) — im (e nen )
n—oo
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we conclude that

¢S f = lim (et%e_t%) f2etUnex gt A f > 0 (4.10)

n—o0

for any non-negative function f. Here U is the operator of multiplication on the
positive bounded function U(x), and Unax = sup(V(x) + W(z)).
zeX

Representations (3.2), (3.3)—(3.4) yield
etS" _ ®?:1 et Si.
Then taking into account that

RN, et Umux ot A' (4.11)

is a positive operator, we get the desired conclusion.
Relation L = S, + W,, with W,, > 0 immediately implies estimate (4.8).
O

As follows from (3.6), the function f(™) is the sum of functions of the form
fii(@e, . wn) =k (@, E e w)b(as x), 0 G (4.12)
We suppose by induction that
k:(”_l)(xl, coiyTpo1) < Kpoq, forall (zq,...,2,-1) € X"t on>2,
where K,, = DC™(n!)2, and D, C are some constants. Consequently,
fii(x, . xn) < Kpo1b(xg, x5), (21,...,2,) € X", (4.13)
Using (4.13), the positivity of the operator e*>» and estimate (4.8) we have

(etsnfi,j)(xlv e axn) S anl (et‘%:b(“ 'j))(xla cee axn) (414)
S Kn—l (Et "b(7, 'j))(xh e ,In).

Denote

Lk (X1, .y Tp) = / b(x;, y)k(")(a:l, S L1, Yy T, - - - T )W(dY)
J (4.15)

—V(z)k™ (21,...,22).

Using the critical regime condition (2.8) we conclude that L'l = 1, Vi =
1, ...,n, where 1(z) = 1. Thus we get

(b)) (@) = (fEH0(5 ) (@ wa). (416)
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Note that the latter function depends only on variables z; and x;.

Notice that etLn fi; is integrable with respect to ¢ on R,. Indeed, estimate
(4.12), condition (2.10) and the identity

e Fub(z,y) = By, b(X (), Y (2)) (4.17)
imply that
o0 7 ox
/ elofi (21, mp) dt < K,y H, (4.18)
0

where H is the same constant as in (2.10). Define

UZ(Z) = / etS" fi,j dt, (419)
0

then (4.14) and (4.18) yield
o < K, | H. (4.20)

,J

Starting from now, the proof of the main result completely repeats the rea-
soning given in the proof of Theorem 3.1 from [18]. We briefly present next
steps of the proof here for the reader’s convenience. Denote

o0
o™ = 3 / S fMdr, =37 f (4.21)
i#] 0 i#

where f; ; was defined by (4.12). Next we prove that function v is a solution to
(3.8) in X,,. It is easily seen from (4.19) and induction procedure that v(") € X,.
Since e'S" is a strongly continuous semigroup we have

t
etSn fln) _ p0) 4 g / esSn () gg. (4.22)
0

It was proved, see e.g. [18], that the following limit holds in X,:

etlnf™ 50, ¢ 0. (4.23)
Consequently, using (4.8) we conclude that

S 50, t— 0. (4.24)

A passage to the limit in (4.22) as t — oo together with (4.24) shows that v(™)
defined in (4.21) can be taken as a solution k(™ to (3.8).
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Since the function £ is the sum of functions fij, 1 # j we deduce from
(4.19) that v(™ is bounded by n2K,,_1 H. Thus we get the recurrence inequality

K, < n’K,_1H, (4.25)
and by induction it follows that
K, < H"(n)? kW, (4.26)
Thus this solution (™ = (™ with v(") defined in (4.21) satisfies estimate
o™ (x1, .. xn) < H™ (n)?EW, (4.27)

Moreover for (4.7) being a solution to the system (3.8), any family of function
of the form

Y =d,, kM= /etS"f(”) dt+ 71, n>2,
0
is a solution to the system (3.8), if Tén)(:vh ..., &) is an arbitrary function such

that S, T = 0. Taking

Tg") (T1,...,2n) = H D, (x;)

we conclude that

k’gl) = @y,
(4.28)

k;g”) = E)fetsnf(")dt + ]I[ B, (2;) = v™ + 1;[‘1’@(%')7 n>2,

is the desired solution to the stationary problem (3.8) in the Banach spaces
(X,)n>1. To emphasize the dependence of f(™ on o (see (4.12)), we will use
further notation fén) for ().

It follows from estimate (4.6) and formula (4.28) that for {kén)}nzl the
following recurrence inequality holds

K, < n’K, H + o". (4.29)
Taking L,, = % we get from (4.29)

Ye3

4 _ . _
LnSLn—1+WSD Vn=12,...; Lo =0.
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This yields

K, < DH'n)?  withD=Y (i/l {1)’2)” (4.30)

To be certain that the constructed system {ké")}nzl is a system of corre-
lation functions, i.e. it corresponds to a probability measure u¢ on the config-
uration space I', we will prove below that {k‘én)}nzl can be constructed as the

limit when ¢ — oo of the system of correlation functions {kt(”)}nzl associated
with the solution to the Cauchy problem (3.1) with the initial data (3.10).

We recall that by the variation of parameters formula we have relation (3.7)
for the solution to the Cauchy problem (3.1). On the other hand, we proved

above the existence of the solution {kén)}nzl of the stationary problem:
Spk{m = —fim), (4.31)
with
én)(ﬂj‘l, e ,[l)n) = Z kénil)(l‘l, e ,[EZ‘, e ,l‘n) b(xz,x])
ij: i#j
This solution is given by formula (4.28), and (4.31) implies the following relation

t

t

d ,

(etS" — 1) k:é”) = —/$e(t_é)5”ké")ds = —/e(t_s)s"fé") ds.  (4.32)
0 0

Therefore from (3.7) and (4.32) we obtain
¢

7 = S k) [ S gy ds

[ e
0

We will prove now that both terms in the right-hand side of (4.33) converge to
0 in the norm of X,, as t — oo.

Formula (4.28) and equality S,, [[ ®,(z;) = 0 yield
1

etSn (kKM — k) = —etSny() 4 (etsn K -T1 q>g(:ci)). (4.34)
1

The second term in (4.34) tends to 0 as t — co because by (4.7) we get

eIk (2) = 0 = @, (@),
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n
and kén)(xl, ey X)) = Hkél)(xi) = 0" (see (3.10)). According (4.21) the first
1

term in the r.h.s. of (4.34) can be rewritten as

e8] oo o0 .
etSn ,U(n) — / e(t—&-s)Sn,fé()n) ds = / erSn fén) dr < / e'r‘L,*Lfé()n) dr.
0 t t

Due to the structure (4.12) of the function fé") and the uniform convergence of
the integral in (2.10) we conclude that

letSn v™||x, =0, t— oo. (4.35)

The second term in the r.h.s. of (4.33) also tends to 0, and it can be proved in
the same way as in our previous works, see e.g. [9].

Thus we proved the strong convergence (3.11), and the proof of the second
part of Theorem 3.1 is completed.

Now we go back to the first part of the Theorem 3.1, and the final step of the
proof is to show that the system of correlation functions {kén)}nzl corresponds
to a probability measure u? on the configuration space I'. For this we have

constructed above ké”) as the limit when ¢ — oo of solution kt(n) of the Cauchy
problem (3.1) with initial data (3.10):

kY = lim k™. (4.36)
Then one can prove that solution kin) of the Cauchy problem satisfies the Lenard
positivity and the moment growth conditions, see [12]- [13]. The detailed proof
of this fact can be found in [7]. Finally, these conditions imply that for any ¢ > 0
there exists a unique probability measure p? € Mo (I'), whose correlation
functions are {k:g,n)}nzl. This complets the proof of Theorem 3.1.
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Abstract. We prove a uniform exponential localization of eigenfunctions and
simplicity of spectrum for a class of limit-periodic lattice Schrédinger operators.
An important ingredient of the proof is a generalized variant of the well-known
Minami estimates (correlation inequalities for the eigenvalues) to the case where
the spectral intervals can be arbitrarily placed in the real line. The new corre-
lation inequalities allow us to substantially simplify and make more transparent
the application of the KAM (Kolmogorov-Arnold-Moser) techniques.
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1. Introduction. The model

We study a particular class of finite-difference operators H. = ¢A + V|
usually called lattice Schrédinger operators, acting in the Hilbert space 7 =
2(Z):

(H(0)f)(2) = (eAf) () + V(2,0)f(2), x € Z, € >0,

AN@) = > fw). (1.1)

y: ly—z|=1
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Here, 6 is an element of an auxiliary parameter space © endowed with the
structure of a probability space (©,8°,P®) where

T,—1
=X Xo1], T,=2", (1.2)
n>1 k=0

B° is the cylinder sigma-algebra, and P® is the product measure generated by
the Lebesgue measures on the Cartesian factors [0, 1]. We restrict our analysis
to the dimension d = 1 only to make some notations and arguments shorter, but
as the reader will see, our techniques apply to the lattice Z? of any dimension
d>1.

Below we often use a fairly standard notation [a,b] := [a, b] N Z.

The potentials V' (z, 6) have the form

Viz,0) = Z an, Z Onke Xnk(x), ap= e7”2,

n>1 ke[0T, —1]

(1.3)
X,k (T) = Z 1o, (2) = xne(z+ 1))
ez
Equivalently, we can write
V(z,0) = Z an On,(z] > [z],, =2 mod T,. (1.4)

n>1

It is to be stressed that, as in our earlier works [3-5], using the parameter
space O, equipped with the structure of a probability space for convenience, does
not change the nature of the potential which remains limit-periodic. Moreover,
if the introduction of the space (0, 8B°,P®) ever rendered the potential V more
stochastic, so that the standard techniques of “random” operators could apply
and prove localization with no difficulty, the resulting localization could never
be uniform.

Our analysis is perturbative, and it requires the amplitude ¢ > 0 of the
kinetic energy operator A to be small.

Historically, the linear variant of the Kolmogorov—Arnold—Moser (KAM)
approach to the Anderson localization pre-dates the multi-scale analysis (MSA)
and the fractional-moments method (FMM) which became quite popular in the
spectral theory of random operators; see [2] where the eigenbasis of a quasi-
periodic Hamiltonian was constructed recursively, by unitary transformations.

A direct application of the MSA and FMM techniques, efficiently used for
the ergodic potentials with a fully developed randomness, to almost-periodic
operators where the randomness is severely restricted, stumbles on the problem
of assessing the regularity of the probability distribution of the random eigen-
values. The KAM-type approach alone does not completely solve this hard
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technical problem, which explains why KAM analysis presented in [5] was sub-
stantially more elaborate than in [2]. Exploiting an idea proposed originally
in [11], we worked in [5] with a sequence of approximate eigenbases which are
only approximately orthogonal, with accuracy rapidly improving in the course
of the inductive procedure.

In the present paper, we assess the regularity of the random approximate
eigenvalues (AEV) appearing in the KAM inductive scheme in a new way, with
the help of the correlation inequalities generalizing the well-known Minami es-
timate [10]. This results in a considerable simplification of the KAM inductive
procedure as compared to the one used in [5].

Specifically, we address the problem of regularity of joint probability mea-
sures of a finite family of eigenvalues A\ (w), ... Ag(w), K > 1, numbered in
some measurable way. The original Minami estimate [10] for K = 2 eigenvalues
was extended to any K > 2 in [1, 8] and refined in several subsequent works.
A particularity of the aforementioned works consists in the fact that the regu-
larity of the the two-point correlation measure, depending of course upon the
regularity of the IID random potential, was proved for the squares I x I C R
and not for arbitrary rectangles I x I. It is to be noted that a weaker result
was proved in [7] for rectangles I; X I, assuming the random potential is IID
with continuity modulus g(-) of the common marginal measure:

E [ (tr PI/} (H(w))) tr PI/; (H(w)) — min [tr PI/} (H(w)) ,tr PI/; (H(w))] ]
< 2|APga (1)) ga(|12)) (1.5)

while a more efficient estimate
E[(tr PAHW))) tr PAH)] < [APaa(LDaa(L)  (1.6)

was proved only in the case where Iy C I5. See further references in [7].

A different situation was studied in [9] where I and I were assumed to be
disjoint. Nevertheless, the general case where the positions of the intervals Iy
and Iy can be arbitrary is known to be more difficult.

In this, relatively short paper we do not discuss prior papers on the uniform
localization of eigenfunctions nor on limit-periodic Schrodinger operators.
1.1. Main results

The results on localization in our model are as follows.

Theorem 1. Consider the parametric family of limit-periodic lattice Schrodin-
ger operators defined in (1.1). There exists €, € (0,400) such that, for any
e € (0,¢.), there exists a subset ©®(¢) C © with P® {©>(¢) } 1 1 as e | 0 such
that, for all € ©> (), the following holds true.

(A) H.(0) has pure point spectrum.
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(B) For every x € Z, there is exactly one eigenfunction y — ¢, (y,0) such that

1
|901($79)|2 > 5 ’

ie., @, Is unimodal with the “localization center” x, and so there is a
natural bijection between the elements of the eigenbasis {¢,(-,0)} and the
lattice Z.

@y leature a uniform exponential decay away from their localization centers:
C f ifc ial d fi heir localizati
VyeZ loe(y,0)] < e ™v=el m =m(e) — T (1.7)
E—r
(D) The spectrum of H.(0) is simple.

In Section 7, we prove explicit lower bounds (2.16) on the spacings |\, (6)

—Ay(0)].
Theorem 2. Let K € N\ {0} and 2 = {21,...,2x} C ZX with z; <

o - < xg. Under the assumptions and with notations of Theorem 1, for
any bounded intervals Ir,... ,Ix C R, the following bound holds for some
¢ € (0,400):

PO {Vk e [1,K] Ao (0) € I} < KW am(Z)  TTp )

(1.8)
1<k<K

2. The inductive hypotheses

For each N > 1, consider an approximant of the potential  — V (z, 0),

VN (:TJ, 9) = Z Qn Z gn,k Xn,k(w)a

1<n<N 1<k<K,
and the truncated Hamiltonian HE(N) = e/ + V. Observe that

IV -Vnll< D e
n>N+1
I~
< -e Tapn. (2.1)
2
It is important that the right-hand side of (2.1) is much smaller than the am-
plitude an of the distribution of random coeflicients anOn 5, 0 < k < Tx. This
is why a,, have to decay faster that exponentially.
Consider a formal parameter vector t = (¢.).cz and introduce a parametric
family of the potentials

zV(z, it) = V(w, )+ > t.1.() (2.2)
z€ZL
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To prove the crucial measure-theoretic bounds on the small denominators ap-
pearing in the KAM induction, we shall establish derivability of various objects
appearing in our inductive scheme, starting with the spacings 5{531 =\ — )\i be-
tween the approximate eigenvalues (AEV) A} constructed on each induction step
7. Moreover, we shall prove some explicit bounds on the respective derivatives
0. (1) = 9()/0t-.

As in [5], it is convenient to use the norms defined for the functions on Z
and for the matrices A, , with entries indexed by z,y € Z (cf. [2]): with m >0
fixed, let

11, =D e~ fy)], =€z, (2.3)
yEL

Al = supd~emlv=el|A,, | (24)
TEZL yeZ

Note that with m = 0, || -, is the conventional norm in ¢*(Z), but for any
m >0, || f]l, < +oo implies an exponential decay of f.

Introduce an integer sequence (L;), . (the length scales) given by
j 3
Ly :=Lo¢’ ¢q= 97 (255)
and let
- 5InL; 5ilnq . o 5
;1= g > L2 > T, .
N { ™) —‘ { ) —‘ , ©>0, hence 2" >1Lj (2.6)

Introduce also the sequences (€;)jen, (0j)jen, (Bj)jen of the form

€ = (), eole) =4, (2.7)
(5j = aﬁjﬂj 5 ﬁj = e_ﬁ" . (28)
Below we often use for brevity the notations like “egi " as shortcuts for

“efic with ¢ > 0 that can be chosen (before the induction starts) as small as

necessary or convenient”.
It is readily seen that, for any fixed A > 0,

—AnZ(14a;! - 2(L, Lj/Lo\0" +
6;4 —e An(1+n;7) —e AC(1+0(1)) In*(L;) _ (603/ 0) _ 6(; ,

where o (1) is relative to j — +o00. In particular, for k = 1,2, one has

5 ke <) (2.9)



554 V. Chulaevsky and Yu. Suhov

The relation (2.9) will be used on a number of occasions. One can take 1 <
k < K with any K € N, but then £ would have to be chosen smaller than some
e« (K).

In some situations where b > 0 can be arbitrarily large, e.g., b = k =
the induction step number, we write “b1~” to distinguish between an additive
“loss” in the value b, viz. b ~» b — ¢ with 0 < ¢ < 1, and a multiplicative one,
b~ b(1—c¢) = b—bc, where be may or might be large despite a small value of c.
Inductive hypothesis K(L;): For all 0 < ¢ < j, there exists a measurable
subset ©! C © with P@{éi} >1- 51-1/2 such that for all § € ©7 := ﬂ{zoéi the
following objects are well-defined:

(K1) The matrices H'(#), A%(#), K(f) with entries indexed by (x,y) € Z% and
such that H*(9) = A%(0) + K*(#). Here A%(6) is diagonal,

Ay (8) = X5(0) 8ya (2.10)
and K*(6) is off-diagonal: for all z € Z, K¢_(6) = 0.

Uniformly in § € @7, the following conditions are fulfilled:

(K2) The matrices M* = M¥(0), #% = .#"(0) satisfying the identities

i
. 1 i 1
///’:HeM =M M
1=1

(2.11)
H' = Ad i [H] = (4 " H. ' = N + K,
admit the norm bounds
IK' O, < e o IMO, <€, (2.12)
i 1] <eZioer 3 e (2.13)

1<I<i

(K3) For i = 0, one has
Np(0) =V (x,0),

KZI(Q) 9 Z l{y} . (2'14)

y: ly—z|=1

(K4) There exist C' > 0 and a function j : Z x Z — N such that, for all z,y € Z
with 1 < |y —z < L7

si(z,y;0) == |N(0) — /\2(9)\ > 46; . (2.15)
Moreover, there exist some C,Cy € (0,+00) such that

¥i>Cilnlz—y|  |s(z,y0)] > e O leul, (2.16)
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(K5) For all 0 <4 < j—1, one has

sup [ASL(0) = AL(0)] < €2 (2.17)

(K6) For all 0 < i < j — 1, one has:

sup sup |9, AL(0)| < 1+ Z €, (2.18)
= 0<i<j
sup sup |9, K7, (6)] < ey. (2.19)
z  zFy

%

ya » Will often

For brevity, the #-dependence of various objects, e.g., K, M, s
be dropped from notation.

3. The base of induction

The Hamiltonian H. is a second-order lattice Schrédinger operator on Z, so
its matrix in the standard delta-basis has the structure H, = K° + A%, with K°
and A° described above (cf. (2.14)).

From this point on, we assume that 0 < ¢ < i, and set

1/C

m(e) :=Ine” — +00,

e—0

Recall that we have introduced in (2.7) the sequence ¢; = egi7 g=3/2,i>0.
Further, recalling L; = Log?, let

i 50l 4
Nj1 i= {ln;r-‘ (3.1)

so that 27i+1 > L?—s-l‘
Among the implicit exponents, like in €?+ etc., the one figuring in (2.15)
is quite important, so we denote it by v to make explicit some preliminary

calculations. Assume that
e < ef&)’lﬁz — 678v’11n4(L0)’

then (cf. (2.8))
Z 7 1 _
50(5) _ e—n2(Lo)—n(L0) > ge_gnz >

‘We have

mKOm = Z em\y\ — 2™ = 2d€1/2 _em51/2 <1- 6_1/4+1/2 _ 61/4.

y:ly|=1
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Taking € > 0 small enough, one can have both an arbitrary small ¢y > 0 and an
arbitrarily large decay exponent m > 0.

To perform the first induction step (cf. (4.1) in Section 4), we need some
bounds on the spectral spacings

50, = A0 — A (3.3)
We defer this task to Section 4.3, assuming the bound (2.15), and focus now on

the functional analytic arguments.

4. The first induction step

4.1. Norm estimates

Assuming that [A?(w,0) — A2_,(w,0)| > &, for any 6 € ©° with ©° yet to
be constructed, the matrix M*(6) with the only nonzero entries

K%, . (w,0)
Ml 0 r—1,2\* 4.1
x—l,x(w ) )\O(UJ 9) )\271(0%9) ( )
is well-defined and admits the norm-bound
IMY| < 85 KO < 65 tes” < e (4.2)
Let ¢! := Adyp [A°] + Adyn [K°] — A°. Since [AO,Ml} = —KO, we get
A= Z o adin [A%] + Z dypy,
k>1 k>0 !
= Z adyp " [[A%M]] + 3 =7 s’ (K] (4.3)
k>l 1>1
1
_ k 0 ._ _
= teadyu KO, = (k—1)/k < =k
E>1
Now, define the operators A' and K! by their matrix elements:
A=A+ 6.
v ve - (4.4)
Kym = (1 )%za
so that . )
Adyn[H]=A"+K",
e (45)
max [[|A" = A% K] < 27
where

k
2741 < D el adan (KO < IKOI D 2 e
k>1 k>1 (4.6)

1
= 2JK I e < 4O M)
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Since [[M'[| < eb" (cf. (4.1)), we have

_ 2 +
Il < 465 KO < e, (4.7)
whence
sup [K'(0)]l < € (4.8)
sup [A3(0) — A0(0)| < |A° =AY < €. (4.9)

In particular, that, for any y # x, one has
A2 (8) = Ay (0)] = [X2(8) = A5(0)] —€F (4.10)
so for all pairs (z,y) obeying [A(6) — )\2(9)| > 44,
|AL(0) = AL (0)| > 460 — g > 400(1 — €5 ). (4.11)

The matrix with column-vectors ¢ (6) given by those of the transformed basis
is

' 1
ol =M = 1+kZ (MY, (4.12)
>1

thus letting ®° = 1, one has
1 k 1 _ + +
ot — 2% < L I T < 2 MY < 265 e <€ s (413)
k>1

yielding the perturbation bounds on the basis vectors

sup |4 (0) — LSO, <€ - (4.14)

4.2. Parametric smoothness estimates

Consider a formal parameter vector t = (t,).ez and introduce a parametric
family of the potentials

x =V (x, ) = V(z, )+ th 1.(x) (4.15)
z€7Z

Now we shall establish derivability of various objects appearing in our inductive
scheme and prove uniform bounds on their derivatives d;_ (-) = 9(-)/0t,. We
start with the AEV \2(+); it is readily seen that

O N() =0V (x, 5t) = ps . (4.16)
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Recalling 55, = (A — )\2)_1, we have M}, = K{_ ,,, thus

9. K% =0, (eA) =0, (4.17)
8tzleﬂ = 8tz (€K215y;ﬂ)
=eK), Lcfay) (00 X) — 00 X)) (s5,)° (4.18)

Using the recursion in £ > 1,
9. adsp [K°) = 0y (adb i [KOIM?Y) — 9, (M adl 1 [K?)), (4.19)

the iterated commutator ad’lf/p [KY] is expanded in the sum of 2% products of the
form Y®) =y - - Yi+1 where one of the factors Y; is K°, with 9;, K" = 0, and
k factors are equal to M'. For example,

adi [KO] = [KO, MYM*E — MYKO, MY
=KM'M! - M'K'M' — M'KOM' + M'M'KO.

Expanding by Leibniz rule the derivative 8th(k) of one of these products Y *),
we get k + 1 new products; each of them differs from Y*) in exactly one
position ¢ € {1,2,...,k+ 1} where Y; is replaced with 9, Y;. The product
with 9;.K° vanishes, so we have k (possibly) nonzero products of the form
Z®) = 7, - Zy+1 where exactly one factor Z;, = 0,.Y;, and for all the other
positions I # i, Z; =Y. Since §y = (eo)m, we have:

sled <€, fZ =Y
7 < 0 0 = %0 » ! Ly 420
HI 1|\| > { 50—26(1; < 6(1;7 it Z;=0.Y. ( )

Since 8;, ady [K°] is the sum of k2* products of the form Z®*), we conclude
that
100, adi [l < e - (e )" <" (4.21)

By convergence of the series

1 o
St o e K] < 32 ettt <@

the derivative 9;_.#! exists, and one has
lon. ) < 5 - (4.23)
This implies the 9;_-derivability of A' = A® + (Al — AO), with

swp 01, (A'( ) =A% )l < (4.24)
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Hence, by [0; AL| < |A2] + [0 (AL — A9)],

sup |8tz/\:lz(-, )| <1+ €3+,
4
(4.25)
sup sup |(9tz)\i,(~7 Il <o+ e?f = e?.
z  x#z
It is readily seen that the bound (4.24), efficient for z = z, can be substantially
improved for |z — z| > 1, particularly when r := |z — z| > 1.

First, assume that r = | — z| > 2; the remaining case r = 1 is simpler and
will be treated a bit later. Consider the diagonal matrix elements (adllf/p K]z
contributing to AL — \Y. Fix some x € Z, pick a product Z*) = Z, --- Z;,; and
expand the derivatives of its diagonal matrix elements as follows:

0. 2%) = > Z(v), Z() =210 Zia(y),  (4.26)
Y=(T0, T1, s, Thp1)
Zi(y) € {KS | ... 0.ML .} (vecall ;. K°=0) , (4.27)
Zi(7)| < max [sup [KS, |, [0, M}, ] (4.28)
y#T
< 2sup [0, N[ 65 %eh < b, (cf (4.18)) (4.29)
u
where v = (xg,x1,... ,2Zkt1), With g = zr41 = x, is a path over the edges

of the graph Z, because (Z;)y,_,,»; = 0 unless |x; —x;,_1] = 1. Clearly, any

product Z(v) containing a factor of the form (cf. (4.18))

6tz M;ifl, T = 126{ LTi—1,Tq } ' 6K2},‘717 xT; (8tz )\SZL - 8tz A(Z)i71> (’sgiw¢71 )2 (4'30)
vanishes, if z € {x;_1,x; }. Therefore, if v & z, then 2(7) = 0. We conclude
that, for any = with r = |z — 2| > 2, the nonzero contributions to 9; A\ =
;. (AL — AY) are made only by the paths v 3 z, thus containing at least two
sub-paths of length at least r each: the one starting at x and arriving at z for
the first time, and another one leaving z for the last time and coming back to

x. Let |y| := k + 1 = the path’s length (the number of steps). Then any path
~ providing a nonzero contribution has length |y| > 2r = 2|z — z|, and so by

(4.28), one has ‘Zl e Z}c+1

S k((k-1) k2R <@t

k=2r>2

+ .
< egrl . The convergence of the series

implies that, for z such that |z — z| > 2, one has

|0 AL = [0r, (adln [K°)), | < ™", (4.31)
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Now let |z — z| = 1. Here, the main contribution to 9;, (AL — A2) is due to
;. (adyit [K*]) o = (8, (K'M') — 8, (M'K?))
= (Koatle))xm - ((atle)KO)m
= ng atz Mi’m - (atzM:];z) ng

and the bounds on |ng| and |8tzMiZ‘ used above show that, in the case r =

|z — z| = 1, the bound of the form (4.31) still applies: |9, AL| < €g|z—z\ 1+, thus
V2€Z Va#z ’atz)\l‘ < 621«1+ = g\w,zu\ < e—2+m\z—z\7
= 1(eo) :=4In"/? 5t (4.32)
For any 0 < a < a(ep) := 2In(ey ),
9e—(a(e0)—a)
alz—2] 1 ~(a(eo)—a) Jo—z| o _2°
> e [Or.2s] <23 et S 1o Gea (4.33)
TH#z r>1
Assuming, for example, that a € (0, a(ep)], one obtains a simpler bound
5 el g < de b = s b Sad

T#z

The roles of z and = can be exchanged, since the above bounds depend only on
|z — x| = |z — 2|, thus

sup Z e®le=2l |00, (AL — A2)] <4€1/2,
z€EZ
7 (4.35)
sup Z e®le=2l |00, (AL — A2)] <4el/2.
T€EZ oy

It is to be stressed that the above estimates hold under the condition
inf |50 . 1| =inf [A) =) ;| =inf [V(2,0) = V(z—1,0)| > b0, (4.36)

so we turn now to assessing the probability of the subset of ©® on which the
above condition holds true.

4.3. Measure-theoretic estimates for the spacings 59
Recalling that the integer 7ip was defined in (2.6), decompose 52 (6) as follows:
s52(0) = A2(0) = A1 (0) = V(2,0) = V(2 —1,0)
= Vpo (2,0) — vy (x — 1,0) +15,(0),
]

rag(0) = > an ((On([2]n) = Onl(fz = 1]))) -

n>ngo

(4.37)
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Note that =
ra O <2 3 an <™ an,. (4.38)

n>ng

and focus now on Vi, (,60) and Vi, (x —1,6). Let BE, (x) C B be the sigma-
algebra generated by

{an([x}n)a ne [[17&0 - 1]] ) gn([y]n)a y e [[0’271 - ]-H \ {LC},TL € [[]-»ﬁ()]] }7
(4.39)
so that we have a decomposition

U;LO(:E,Q) — Unq (x -1, 0) = gﬁo + Cﬁo (9) )
gﬁo (0) = aﬁoeﬁo(['r]ﬁo)'

Here, (g, is B, -measurable, and &, (f) has the uniform distribution Unif ([0,
a7,]). Consider the event

(4.40)

0% = {|€, + Gyl <500} C O (4.41)

and assess its probability using conditioning on %gﬁo (2):

PO {02} =E® [P® {|Ca, + Giol <500 |85, }] (4.42)

Conditional on %gﬁo’ the sum &, + (i, has the probability density admitting
the same bound as &, ~ Unif([0, az,]), thus

PO {00} < 5a;'do = 10a;" - Basan, = 10 Bz, (4.43)
P® is translation-invariant and z — va, (z,0)is 2™ -periodic, thus, setting
o=o\Je; (4.44)
TEL
we get an upper bound

1-PO{e’t< | ©Y<10e ™ =e i < /2,

4.45
z€f0,270-1] ( )

The above bounds have been proved for the AEV relative to the truncated
potential Vi, but making use to (4.37) and (4.38), we infer for the full, non-
truncated potential V' a slightly weaker but satisfactory bound:

Voece® VacZ |82 o_1] = 580 — 0 (60) > 460 . (4.46)

r,x—1

Finally, note that, since (s, and &, are %gﬁo—measurable, so is ©°.
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4.4. Conclusion

We have shown that there exists a set 0 € EB?% such that

PO {00} > 14},

(4.47)
VOe®® VaeZ |s), ((0)]>45.
5. General induction step
Assume the inductive hypotheses K1 — K5 of a step j > 1.
5.1. The orthogonal rotation generator MJ+1
By the hypothesis K4,
inf inf ML(0) — N ()] > 465
jnf 1S\93_11111|§L?+1 [\L(0) — N (0)] = 49; (5.1)

and ||K7|| < 6}+ . Thus, for all § € ©U), the operator M7*+1(#) with the matrix

. _ K. _ . j .
MIFL(0) = { 0N 0) 1< o —yl< Ly and K, #0; (5.2)
0, otherwise,
is well-defined and admits the bound
IV @) < 67 KA O)| < 671 e) <€) (5.3)

j+1 . ; . . .
so the operators e’ are well-defined and unitary, as M?*! is anti-symmetric.

5.2. Transformation of the basis. The new AEV

Let %j—’_l = Ade+1 [AJ] + Ade+1 [KJ} - Aj. By [Aj,Mj+1] = —Kj, we
get

. 1 - 1 ;
AT = Z T adyp e [A] + Z %l ad’li/{jv“ [K7]

E>1 k>0
1 _ . . 1 B 4
= > g adiut [A W] + 3 g adil (K]
k21 1>1
-ty 9, o
E>1
A b
FETR S -
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Therefore, we come to a new decomposition of the Hamiltonian:
Adyp o [H7] = AT KITE = I
A 1= 6,000,
N =N (5.5)
KiE = (1 8,045
A direct analog of (4.5) is
ma [[JAT — A7), K]
< 7
<3 bl adyn [K7]]

k>1

SIKI D 2k (5.6)
k>1

= K7 || M7 ]| 2N
< AR M
By (5.3), M/ *Y < ey, whence
e <as e < <t <oy, (5.7)

and so the perturbations of the AEV can be uniformly bounded as follows:

sup [MH(6) = M(60)] <IN — A < 2 < el (5.8)
Furthermore,
i+l _ N +
e =1 < Y2t (07K < € (5.9)
E>1

For the unitary transformation of the initial, canonical basis,

Jj+1 ) )
MY = HeMl =M M (5.10)
i=1

we thus have both the inductive and a global (uniform in j) upper bound

j+

1
. +
Lt =1 s e 3o < e (511
i=1
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5.3. Parametric smoothness estimates

As in Section 4.2, consider the parameters t = (t.),cz and the parametric
family of potentials

x»—>1~/($, ot) = V(a, ~,-)+thlz(x)
2€L

We have Mﬂl KJ where K7 fulfills (2.19) and &/ := (M — )\.{;)_1 with

] yx ym
A3 satisfying (2.18). Therefore, there exists the derivative

8,52 M;—;l = 8tz (Kézséz) = ((“)tz K]y:v) 5‘;1, + Kg/z (8152 )\; — atz )\‘;) (E;I)Q . (512)
Using the recursion
Or. adygi+ [K7] = 0y (adyy, 1 [KIIMIH) — 9, (M7 Hh ady L, [KP)) (5.13)

the iterated commutator adyy;+: [K’] is expanded in the sum of 2¥ products of
the form Y®) =v; - Y} +1 where one of the factors Y; is K7, and k factors are
equal to M7 +1,

Expanding by the Leibniz rule the derivative 9;, Y %), we get k+1 new prod-
ucts; each of them differs from Y *) in exactly one position i € {L,2,....k+1}
where Y is replaced with Z; := 9;_Y;. Therefore, 0;_ adlﬁ/[j«{»l [K7] is expanded in
the sum of k2 products of the form Z*), where

5l <l itz =Y
71 < j ) ) 5.14
Iz _{ 67 2 1+ < 1*7 if Z,=0,.Y,. ( )

Thus | Z*)] < €§k+1) 1+, and so by convergence of the series

. 1 + ¥
St b £ X gt s )

k>1 k>1

the derivative 9, #77! exists, and one has
0, 27+ < €. (5.16)
This implies the &;_-derivability of A" = A7 4+ (A" — A7), and we have
up 10, (A, )~ A, < (5.17)

Hence, by [0, 1] < M 10087 = 2,

sup |8t AT < 14+ Z ; +€?11 <1+ Z 6?' (5.18)
0<i<y 0<i<j+1
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Further, recall that

VzeZ Va#z |9 M| <e 2 Mozl (5.19)
hence _ L )
sup sup (9, 2371 )] < e oA ey (5.20)

To improve the above general bound for |z — z|, we need a more accurate esti-
mate. Arguing as in Section (4.2), we obtain first

Z(y) < e~2mlemmil L g2 RO g s (5.21)

Further, recall that, by (5.2), MJf! = 0 whenever |y —z| > Lj, and fix any
z € 2.

Assume first that k + 1 < |z — z| /L;, and consider the matrix elements

(ad¥;+1[K7))ge contributing to A+ — M. Fix some z € Z, pick a product

Z"*) = 7, ... Z;,1 and expand the derivatives of its diagonal matrix elements
as follows:

0, Z") = > Z(v), Z(y) =217 Zpa(7), (5.22)
Y=(20 ,&1 ... s Tht1)
Zi(v) € {KS, 00 0K o s MITE G 0L MY LY (5.23)

Z('y)‘ < sup | MIEY| < 2sup [0, N[ 572 < b, (cf (5.12))  (5.24)
y#z ' u '

where v = (o, 21,... ,Tks1), To = Tp+1 = T, is a path with step lengths ¢; :=
|z; — x;—1| < Lj;. By the triangle inequality and the assumption £+ 1 < IIL—_jZ‘7

k+1 —
s — 2| > |z — | — |p— @i > |2 —a| ; Lj>|”32z| (5.25)
forall 0 <i <k +1, thus ’6,52 )\%J < e~2 mlz=zil  Therefore, by (5.24)
7 —2m|z—a;| | s—2 k _ —2m|z—x;| -2 k/2 _k/2
Z(y) <e o;ej=e 05 €’ €
S €§/2 e—Qﬁﬂz—mi\—%;zilqj lneg1
~ B — 2
< 6?/2 e—2m\z—xi\—%q Ine, L (5 6)
1" Ine;t
< 65/2 exp (—27?1 <|z — x| + |z — x4 212;2)) .
On the other hand, we have by (4.32)
—1 -1 1/2 _—1
Iney™ Ine, _In / € S 9. (5.27)

2L0m_2L01H1/260_ 2LO
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hence

Z(’)’) < 6?/2 e—2m(\z—wi\+|w—zi\) < e—2'rh|z—:z\ 6?/2 (528)

Next, assume that k + 1 > |z — x| /L;. Then we obtain a similar bound:

1 _ . In 551 N
< M2 2Tl 672mr6§/2 . (5.29)

~ k/2 efl’ﬂ—;qj Iney
J - J

Z(y) < 54_265? <e
where the last right-hand side inequality is due to (5.27). By convergence of the
series ) A

ST k(- 1)) k2 el
E>2

for all z such that |z — z| > 2, we have

0. X = 8 M| = |3tz(ad1]f/u[K0]) | < 972m|kz‘65/4’ (5.30)

T

On account of |9, M| < |0, M| + |0, (M — M), we thus get:

sup |9 A < (14 0(ey/?) ) o2, (5.31)

5.4. From t-dependence to 0-dependence

Now we are going to apply rather abstract parametric regularity estimates
of the approximate eigenvalues (AEV) to the analysis 0, ; -dependence of the
AEV.

By the construction of the potential V'(-,8) (cf. (1.3) and (1.4)),

V(@,0) =Y an > Onixnk(®)

n>1  ke[0,T,—1]

=Y an Y Our Y lo(w—(k+ITy)).

n>1  1<k<T, €T,

(5.32)

For all = € [[0,2T,, — 1], the last sum over ! is reduced to the term with
1 =0, and, for each n > 1, the sum over k € [0,7,, — 1] is reduced to the term

with k = x:
V(z,0) = Za,ﬁn([x]n). (5.33)
n>1
Representing 6 € © as an infinite word (01,02,...,0,,...) where, for each
n>1,0,:=0nk,k € [0,T, —1]), we shall use the notations like
QSTL = (al yoe e agn) ’ 9>n = (§n+1 a9n+2 ye ) ) (534)

to work with sub-words of § where only 6, with [ in a subset of N\ {0}, clearly
specified by the relations like “I < n” etc., are kept while the others are removed.
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Note that, equivalently, one can set the “unwanted” components ; to the
sub-words with zero values, e.g., setting 6; = (0,0) in 0+ = ((O7 0),02,05,.. )
where 0,, ;, remain unchanged.

We shall focus first on the AEV

MNFYO) == N (0<s, ) (5.35)

and assess the modified spectral spacings §7%'(6) := PV AR 5\%“‘1 for <z, €
©7+! where ©71! is a suitably chosen subset of ©. In the next subsection 5.4.1,
the lower bounds on 871! (#) will be extended to all  of the form (0<s,., ,04,.,
with f<;, ., € ©/1 and any 05, .

Next, given any # € ©U) | truncate it to O<si, ., Pick any z € [[0, L?-&-l — 1],
and let ‘BgﬁHl (x) C B® be the sigma-algebra generated by

{0na],) ne 1] FU{0all),): v € 10,2 =10\ {o}, n € [Liga]
(5.36)
Conditional on BY; (), MHL(9) is a function of exactly one ©-random vari-
able a0, +1[:v]nj+1, so we can identify the latter with the parameter ¢, .
Set temporarily for brevity 0, = = 0a,,, (7] 1 then by the previously obtained
bounds on 9;, Mt!, y, z € Z, we get:

8%21 9 (j\jﬂ _ §\j+1>

90, 5‘(a_1 ts)

41

=z, (1+0(e) = O(e0)) > a5, /2. (5:37)

Therefore, there exists a differentiable function Fy;— 1] such that
st = FURg,), ARV /At > ag,,, /2. (5.38)

Since 0, = 0, [z Ji,., ~ Unif([0,1]), the probability measure of s71(0,) has

a density p with respect to the Lebesgue measure on [0, 1] with ||p]| , < 2a;
Let

”J+1

1
ot = 1{0: i1} (5.39)
Then, recalling that 5ﬁj+1 = aﬁj+1ﬂﬁj+l, we get:
PO {@i—;l } <2a;! 80;11 <1605, - (5.40)
Let i i~ i
= J ®©,, &t=0\0"".
oy (5.41)

2
0<z,y<Li i,
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Then we have

]p@ {@j'i‘l} <16 L?+1 Bﬁj+1 < 16€—ﬁj+1+21nLj+1

12 (5.42)
< 16edmbanrinbinn < gER o (cf. (2.6)).
Therefore, B
Vo e e neitt ,‘g‘;;:l‘ > 55j+1 R
~ 5.43)
o 1 1/2 (
PO{&/t =153
5.4.1. Non-truncated AEV
To assess the approximation error
ML) = AL O)] = [NHO) — N (i, )| (5.44)

we start with the identity (1.4) and apply it to the sample 67, , considered as
a sample 0 in which all the components 6, , with 1 <n’ <7,y and any k are
replaced by 0:

V(y0on) = 3, an b, (5.45)
n>Mnj41
whence
(s 2
sup |V(y7 9<’7lj+1) - V(y,0<ﬁj+l)’ S Z an 977,, ["/]n S 29 ( _7+1+1) .
! n2Mnj41
(5.46)

Now it follows from the smoothness bounds establ}shed in the previous subsec-
tion (see in particular (5.37)) and ;41 = ag,,,e” "7+
INFHO) — M (O<ryy )] < de” D’ = 0(8744) . (5.47)

j+1

Summarizing, we have constructed the set Qitt figuring in the inductive hy-
pothesis (K4) on the next step j + 1: for all § € 6/ NI +L,

NTFL(6) = 20| = |3t 8) = g7 (6)] — dem )

. , (5.48)
> 5(5]‘_;,_1 — 46_("j+1+1) > 46j+1 .
To prove the inductive bound (2.16), viz.
s'(x,y;0) > e CM ol (5.49)

observe that the spacing between the AEV labeled by (z,y), with @ # y, is
never treated before the step

Jle—y) =min{j>0: L; <|r—y| <Ly},
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2 ~ 2 ~2 -~
and on the step j = j(|z —yl), it is proved that s/(z,y;0) > 46; = e "i ", Since
n; ~ClnL;, i > 1, we get
55 > e—ﬁ?—ﬁj > o= O/ Li—C"In* Ly 5 (—2C"In"L; 5 (~Cln' |z—y| (5.50)

with suitable constants C’, C”,C' > 0. Therefore, |5j(x7y; 0)| > 4e=Cn*lo—yl,

Finally, the uniform perturbation estimates ’/\JZ"|r1 — )\;‘ < €2 show that,
on all steps j > j + 1, a similar but slightly weaker uniform lower bound is
guaranteed: uniformly in j > j+ 1, |8)(x,y; 0)| > 2e~Cn* lz—vl,

6. Proof of Theorem 1

By construction, we have .#3+t1 =M™ 3 (cf. (5.10)), we have .#° = 1
and the recursion, for all 7 > 1,

1 ; Jj+1 P ; ; + ;
a7t — )| <N =1 a7 < 2N A7) < €5y A7
(6.1)
whence the bound uniform in j > 0 (cf. (5.11)) [|.Z7]| <1+ €} < 2, yielding

_ ‘ ‘
I+t — ) < €y (6.2)

. + + . . ;
By convergence of the series Y5 €j1q < € , the unitary transformations .2
converge in norm to a unitary transformation .# such that

|2 <1+ejy Nl —1] <€y (6.3)
Furthermore, the diagonal entries A, of the diagonal matrices A7 obey (cf. (5.8))

- , ot
eselé)poo ilelg EYAREDTARS € (6.4)

hence, for all 8 € ©>° and z € Z, there exist the limits

Ae(0) == lim MN.(6).
J—+oo
Conclusions.
e Taking the norm-limit in the equation (.#7) " 'H..#7 = AV +KJ and using
IK/|| <€; — 0 as j — +o0, we see that

VO e O® A (O)H-(0)4(0) = AO), Ayul) = 6,070 (0). (6.5)

Since . () is unitary, its column-vectors ¢, (0) form an orthonormal eigenbasis
of H.(0) with the associated eigenvalues \,;(#). This proves the assertion (A):
for any 6 € ©>°, H.(0) has pure point spectrum.
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e The assertion (B), viz. unimodality of each eigenfunction ¢, (-,8), follows
from the norm bound |¢, — 1,|| < .4 — 1] < € < 1/2.

o The assertion (C) (uniform exponential decay of all eigenfunctions ¢;) is
a direct consequence of the || - [-bounds of the transformation operators .#7.
In fact, this is exactly why these norms have been used, as in [2], instead of the
conventional Hilbert norm.

e The assertion (D), stating the minimal guaranteed spacings |A\; — Ay in
terms of [z — y|, follow directly from the estimates on ‘)\; — )\{/| for all j > 0
combined with the perturbation estimates (6.4).

Theorem 1 is proved.

7. Non-local Minami-type estimates. Proof of Theorem 2

We need the following variant of the inverse function theorem (cf. [6]).

Proposition 1. Consider finite-dimensional real normed spaces (X, ||-||x) and
(Y, |Illy), and a mapping f : X — Y differentiable in a ball %,(0) C X, £ > 0.
Assume that there is an invertible linear mapping <7 : X — Y such that

K
sup [|f'(x) — || <<, KE(03).
NP A (e 2

Denote % (0) :=={y € Y: ||& 'y|x <R}, R > 0. Then { admits a differen-
tiable inverse {1 : %%(0) — %,(0), and for all y € %%(0) one has

i) =y +0(v), o)k < 20l [l yllx.  (7.1)

Furthermore, for any rectangle of the form A(a,€) = I x --- x Ix C By4(0),
with I, = [ — €k, ag + €x], 0 < e < %E, one has

LA e) € X af = (14O (ex))er, af + (140 (ex))ex -
1<k<K

Proof of Theorem 2. Tt suffices to consider a set 2~ = (x1,...,7x) € NV with
0 =21 < 29--- < zy =t R=diamZ, Let h = FH(RH)W, so that 2 C

In2
[[O, 20 — 1]]. Conditional on the sigma-algebra

Bin ={On,n#0,l€[0,2" -1]} (7.2)
the mappings 6 — X;, (), & = 1... N, are Borel functions of 0;,, lx =
(1], . We also “freeze” all 0;; with [ & {l;,...,Ix}, i.e. condition on an
even larger sigma-algebra B/ . Further, identify (an6a,, , ... ,aaba, ) with the

formal real parameters (¢1,...,tny) = t considered as the standard coordinates
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in RV endowed with the scaled Lebesgue measure a; N 1{9,q,)~ (t) dt on the cube
[0,a4]N. It follows from the results of Section 5.3 that the mapping f : t
(A, (8) .., Aay (t)) is differentiable, and its derivative can be represented as
follows:

f'(t) =1+D(t), [D(t)[| <n:=co.
For all €y(¢) small enough, '(t) is invertible, and [|(f'(t)) '] < 1+ O () < 3.
Now we can apply Proposition 1 with &/ = §(0) and

IF(6) — 1] <y < e/, 2= 1.

With 7 < 1/16, we thus have [[§~(t) — &/ ~'t| < 3||t||, and so the inverse image
§71(I] x - - -x Iy) is covered by a rectangle I7 x - - - x I¥; with |I}/| < 2|I}| < 4|I],
k € [1, N]. Concluding,

P@{Vke [L,N] Az, 6112]’5“5(]1\{3) [a - [In]

with asry > e_CIHZ(R), so the claim follows. O
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1. Introduction

This survey is concerned with probabilistic models motivated by cooperative
sequential adsorption (CSA) models. Adsorption is a real life phenomenon which
can be thought of as follows. Consider particles (e.g. molecules) diffusing around
a surface of a material. When a particle hits the surface, it can be retained
(adsorbed) by the latter. CSA describes adsorption process in which adsorption
rates depend on the spatial configuration of existing particles. In other words,
particles adsorb to a surface subject to interaction with previously adsorbed
particles. For example, adsorbed particles can either attract, or repel subsequent
arrivals. These types of interactions are common for many physical, chemical
and biological processes.

In physics and chemistry cooperative effects in adsorption are usually stud-
ied by experiments and by computer simulations of an appropriate CSA model.
CSA model is a probabilistic model for random sequential deposition of par-
ticles (e.g. points or objects of various shape) either in a bounded region of
a continuous space, or at vertices (sites) of a graph (e.g. lattice). In such a
model a particle is placed at location z with the probability that is propor-
tional to a specified function of the current configuration of existing particles in
a neighbourhood of . Such a construction is technically flexible for modelling
both attractive and repulsive interaction between a new particle and previously
adsorbed particles, and can be used in modelling CSA like processes in many
real-life applications.
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The paper is organised as follows. In Section 2 we introduce a model for
random sequential deposition of particles (points) in a bounded subset of Eu-
clidean space. This continuous model can be naturally interpreted as a model
for time series of spatial locations. Fitting the model to data requires estimation
of model parameters. We show that statistical inference for the model parame-
ters can be based on maximum likelihood estimation. In particular, we describe
the corresponding estimation procedure and discuss asymptotic properties of
maximum likelihood estimators. In Section 3 we consider a discrete model ran-
dom sequential deposition of particles at vertices of a graph (a growth process
with graph based interaction). A probabilistic model obtained from the growth
process by allowing deposited particles to depart is considered in Section 4. This
model is motivated by adsorption processes in which adsorbed particles can be
released from the adsorbing substrate. The model is described in terms of a
reversible Markov chain and can be regarded as an interacting spin model and
closely related to such well known models of statistical physics and interacting
particle systems as the contact process and the Ising model. Finally, in Section 5
we consider a point process motivated by the CSA model. The point process is
a probability measure given by a density with respect to Poisson point process
(in finite dimensional Euclidean space) and belongs to a class of point processes
used in spatial statistics for modelling point patterns.

2. Continuous CSA model

In this section we consider a probabilistic model for sequential deposition
of points in a bounded domain of Euclidean space. This model is a continuous
analogue of the lattice CSA known as monomer filling with nearest neighbour
cooperative effects (see [2] and references therein). This lattice model describes a
random sequential deposition of particles on the lattice, where only one particle
can be allocated at a site. The probability of allocating a particle at an empty
site is proportional to the allocation rate, which depends on the number of
existing particles in a neighbourhood of the site. For example, the model on
the one-dimensional lattice is specified by parameters ¢;, i = 1,2,3. Namely,
a particle is placed at an empty site k& with the rate ¢;, if the total number of
existing particles at its nearest neighbours £ — 1 and k + 1 is equal to 7. In
the continuous analogue of the lattice CSA model particles (points) are placed
sequentially at random into a bounded region of R as follows. Given the current
configuration of points, the probability of the event that a particle is placed at
location z is proportional to a parameter B; > 0 (called the growth rate),
where k is the number of existing points within a given distance R of x. This
continuous CSA model was proposed in [21] and was further studied as a model
for time series of spatial locations in [18] and [19].

In the rest of this section we formally define the model and discuss statistical
inference for the model parameters.
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2.1. The model definition

Start with some notations. Let N be the set of all positive integers and Z =
NU{0}. Let R = (—o0,00) and Ry = [0,00). By 14 we denote the indicator
function of a set or an event A. We assume that all random variables under
consideration are defined on a certain probability space with the probability
measure P. The expectation with respect to P will be denoted by E.

Given points z,y € R? we denote by ||z —y| the Euclidean distance between
x and y. Given a positive number R points =,y € R? are called neighbours,
if ||z — y|| < R, in which case we write  ~ y. Given a finite set (ordered or
unordered) X of points in R?, define

viz,X) = Z 1jz—y|<ry for z€ R, (2.1)
yex

in other words, v(x,X) is the number of neighbours of z in the set X. By
definition v(z, ) = 0.

The continuous CSA model with the interaction radius R > 0 and parame-
ters (B > 0, k € Z.) is the probabilistic model for random sequential deposition
of points in R? defined as follows. Consider a compact convex set D C R? (called
the target region, or the observation window). Let X (k) = (X1,...,Xg), k > 0,
be the sequence of locations of first k& points allocated in D according to the
model. By definition, X(0) = . Given that X (k) = z(k) = (z1,...,3)) for
k > 0 the conditional probability density function of the next point X1 is

ﬁu T,
Bror1 ()2 (k) = ﬁ, zeD. (2.2)
D Fvly,x

The joint density of (X1,...,Xy), £ > 1 is given by

14
pf,ﬁ,D(xla e ,II?[) = H ¢k($k‘x(k - 1))
k=1

¢
v(zg,z(k—1)) .
= , x; €D, i=1,... 4 2.3

kl;[l Jp Bouan—1y)du (23)

The described CSA can be regarded as a discrete time spatial birth process
with birth rates 8,z 2(k)), © € D, provided that the state of the process at time
kis xz(k) = (z1,...,zk).

Alternatively, the model can be described as the acceptance-rejection sam-
pling described below. Namely, let (Y;, ¢ > 1) be a sequence of independent
random points uniformly distributed in D, and construct another sequence of
random points by accepting each point of the original sequence with a cer-
tain probability to be described below, otherwise rejecting that point. Let
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X (k) = (X1,..., X)) be the sequence of k = k,, accepted points from the finite
sequence Y;, i = 1,...,n. By definition X(0) = 0. The point Y, is accepted
with probability B,y ., x())/C, where C' is an arbitrary constant such that
maxo<i<k 3i < C. Regardless of the particular choice of C, the next accepted
point X1 has the probability density tx11(2| X (k)) given by (2.2) In other
words, given the sequence X (¢) of the first £ accepted points, the next accepted
point X, 1 is sampled from a distribution which is specified by the probability
density proportional to the function £, (, x(r)), * € D (the value of C' influences
only the number of discarded points Y; until the next acceptance).

Remark 2.1. The defined above continuous CSA model was introduced in [21].
In that paper the asymptotic structure of the model point pattern was studied
under the assumption that the sequence (5, > 0, n > 0) converges to a positive
limit as n — oco. This assumption can be interpreted as if “adsorption rates
stabilize at saturation”.

Remark 2.2. A special case of the model, when 3; = 0 for ¢ > 1, is called random
sequential adsorption (RSA) model. RSA is also known as the car parking
model. In the latter cars are modelled by balls of radius R. Cars sequentially
arrive to the target region D and choose a location to park at random. A new
arrival is discarded with probability 1, if it overlaps any of previously parked
cars. Otherwise it is parked (accepted) with probability 1.

2.2. CSA as a model for time series of spatial locations

It has been noted by physicists (e.g. [2]) that CSA model can be used for
modelling sequential point patterns in disciplines such as geophysics, biology and
ecology in situations, where a data set is presented by a sequential point pattern,
i.e., a collection of spatial events which appear sequentially. In other words,
CSA can be used as an approximation of spatial spread dynamics in various
applications. This idea was explored in [18] and [19], where the continuous CSA
was regarded as a model for time series of spatial locations, which is flexible for
modelling both regular and clustered point patterns (e.g. see Figure 1). Note
that models for clustered point patterns are of a particular interest in spatial
statistics.

Fitting a parametric statistical model to real-life data requires estimation
of the model parameters. Statistical inference based on maximum likelihood
estimation was developed in [18] and [19] for CSA with a finite number of
parameters (’, which means that there exists a fixed positive integer N such
that

Br,>0 for 0<k<N and B,=0 for k>N+1. (2.4)

It is easy to see that the density (2.2) (and hence (2.3)) is unaffected by mul-
tiplication of all parameters 8 by a constant. Therefore, for identifiability of
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Figure 1. CSA simulations in D = [0,1]% Left: 1000 points,
R = 0.01, (Bi)i>0 = (1,1000,10000,0,0,...) Right: 500 points, R = 0.03,
(Bi)io = (1,0,0,...), i.e. this is RSA model.

the model we also assume that 5y = 1, so that the model is parameterised by
parameters 8 = (f1,...,0n).

In general, both number N and the interaction radius R are also regarded
as the model parameters and have to be estimated. The parameter N can be
easily estimated by the maximal number of neighbours that a point has in an
observed pattern (formal definition is given below). In contrast, estimation of
the interaction radius in the general case is an open problem. If N =0, i.e. in
the case of RSA model, the natural estimator of the interaction radius is the
minimal distance between an observed point and those points in the pattern
that arrived earlier. In what follows, we assume that the interaction radius R
is assumed to be a fixed and known constant.

2.3. MLE for CSA

In this section we explain how to develop statistical inference for parame-
ters of the CSA model by using the method of maximum likelihood estimation

(MLE).

Start with considering the model likelihood. Recall that 14 stands for the
indicator of a set A. Given an observation z(¢) = (x1,...,2¢) € D, where
£ > 2, define

Ljx= /l{u:u(u,x(k))zj}du for 0<j<k<{¢{-1,57=0,...,N, (2.5)
D
Ijr=0 for k<jj=1,...,N, and Tyo=|D|. (2.6)
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Observe that

k N
/ Buuwatendu =Y BTk =Tox+ Y BTk
D ; -
Jj=0 Jj=1

Further, define

L
the = tr(xz(f)) == Z Lo (ei,a(i—1)=k} for k=0,...,N. (2.7)

=1

In terms of statistics (2.5) and (2.7) we have the following equation for the
model likelihood

H;‘V:1 /B;j(w(f))
[zt Jp Butusa(e—1yydu
B H;V=1 5;“
IT—1 (Fo,k—l +3 ﬁjfj,k—l) '
The log likelihood function is therefore given by

Lp(z(¢),8) == log(peﬁ p(T1,...,20))
_thék)g Bj) ZIOg(FOk 1+Zﬁj ke 1) (2.9)

Remark 2.3. Note that since X (0) = () the first point X is uniformly distributed
in D, and, also, the first term in the sum Zi:l ... in the preceding display is
just a constant log(|D|).

Peg,D(T1,. .., T0) =

Maximum likelihood estimators (MLEs) are defined as usual, i.e. as max-
imizers of the model likelihood and can be found by solving MLE equations
obtained by equating to zero the log-likelihood derivatives.

If N is unknown, then it has to be estimated before estimating 8’s. Given
X(0) = (Xy,...Xs), where, as before, we assume that ¢ > 2, we estimate N by

N =N(X(0)) = e, v(X;, X (i — 1)) = max{j : t; ¢ > 0}. (2.10)

It is easy to see N is the maximum likelihood estimator of the parameter N.
Having estimated N by N we have that

Lp Ztgelog (B;) ZlOg<F0k 1+Zﬁg k= 1)
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The maximum likelihood estimator B(X(K)) = (31, . ,Bﬁ, 0,0,...) of the true
parameter vector ( %0), cee BE\?)) is defined as the maximizer of the log likelihood

Lp(X(¢),p) over vectors of the form (f1,...,85,0,0...). Since Lp(X(£),)

depends smoothly on (31, ...,Bg); the (B, ... ,Bﬁ) is a solution to the system
of MLE equations

=0, j=1,...,N, 2.11
8, J (2.11)

or, equivalently,

¢
F - R
tie—> & = -0, j=1,...,N, (2.12)
k=2 Lok—1+ Y ;0q Bilik—1

where note that the sum ), _, in the rlght hand side starts from k& = 2 because
of Remark 2.3. It is obvious that N < N almost surely. If N < N, then
tje=0for N+1<j < N. It is also possible that ¢;, = 0 for some j < N.
Therefore, if an observed point pattern is not a “typical” model pattern, then
we might not_have sufficient information to estimate the full set of parameters.
However, if N = N _and all t-statistics are positive, then there exists a unique
positive solution (fi,...,8n) of the likelihood equations. It turns out that
these conditions hold with probability tending to 1, as the amount of observed
information increases in a certain natural sense (to be explained).

Example 2.1. Suppose that N =1, i.e., there is one unknown parameter g =
B1. Assume that an observed sequence of points z(¢) = (x1,...,2¢), £ > 2 is
such that N = 1 and the statistic t1¢ > 0 (the number of points having 1
neighbour). There is a a single MLE equation in this case,that is

T
t f§ =0. 2.1
M Ty + BTk =0 (2.13)

If 0 < t; ¢ < £—1, then existence and uniqueness of the solution of the MLE
equation follows from the fact that the left hand side of equation (2.13) is a
strictly monotonic function of 5. If ¢;, = ¢ — 1, then this suggests that the
observed pattern is generated by the model obtained by setting formally B\ = 0.
In the corresponding limit model a new point is allocated with probability one
in the neighbourhood of existing points subject to the constraint that it cannot
have more than one neighbour among those points.

Remark 2.4. Tt should be noted that the model log-likelihood, and, hence, MLEs
for the CSA model, can be effectively computed numerically by the classical
Monte-Carlo (required to compute I'-statistics that are given by integrals). We
refer to [18] for numerical examples.
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2.4. Asymptotic properties of MLE estimators

In this section we briefly discuss asymptotic properties of MLE estimators
for CSA in the situation, when the amount of observed information increases. In
the classic case of i.i.d. observations this limit regime means that the number of
observations tends to infinity. The analogue of this in spatial statistics is known
as the increasing domain asymptotic framework, which means the number of
observed points tends to infinity, as the target region (observation window)
expands to the whole space. We describe below this limit regime in relation
to CSA model with a finite number of non-zero parameters 3, where there are
natural restrictions on the number of observed points in a given target region.

Let Dy denote the unit cube centred at the origin (or any compact convex set
D, C Rd). Consider a sequence of rescaled domains D,,, = ml/le, m € Zy.
Given m, consider the CSA process as the acceptance/rejection sampling with
target region D = D,,. Denote by A,,(n) the (random) number of points
accepted out of the first n incoming points. If N < oo, then no particle can be
placed at any location x with more than N existing particles within distance R
of . Therefore, the limit 6, = lim,_ . A,(n) exists almost surely, and is a
finite random variable. Further, there exists a finite limit lim,, o 0, =: 0o,
known as the jamming density (see [18] for more details of this quantity).

The increasing domain asymptotic framework in the case of the CSA model
can be now defined as follows.

Assumption 2.1. The number ¢,, of observed points in the domain D,, is
asymptotically linear in m with coefficient below the jamming density 0., =
0o (R, B1,-..,8nN), that is

lim (ém> =pu € (0,0).
m—oo \ M

Note that the above limit is known as the thermodynamic limit in the statistical
physics literature.

Assume in the rest of the section that Assumption 2.1 holds. It turns out
that under this assumption the log-likelihood derivatives in the case of CSA
model behave asymptotically very similar to those in the i.i.d. case. This fact
allows to combine methods of the classic MLE theory for i.i.d. observations (e.g.,
see [11]) with the modern theory for sums of locally determined functionals
(to be explained) to establish consistency and asymptotic normality of MLE
estimators for CSA model under assumption 2.1.

Given parameters N and 8 = (f31,...,Sn) consider the probability measure
P, on finite point sequences of length ¢, in D, specified by the probability
density pg s p with £ = ¢,, and D = D,,. Denote 3(0) = (/3’%0), e ,ﬁ](\(,))) the

true parameter and let ng) :=P,, go. Given observation X (b)) € Dy, define
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the maximum likelihood estimators

~

B(m) = B(X(tm)) = Brums- -, Br.m)
of parameters 30 = (Bio),..., ](\(,J)) as those values that maximize the log
likelihood function L,,(8) := Lp, (X (¢m), ), as explained in Section 2.3.

It was shown in [18, Corollary 2.1] that

X1, X
P Pt 4.0y K em)>1 — 1, asm — oo,
Pl ,8,0, (X155 Xe,,)

for 8 = (B1,...,0n) # B0 = (5%0),..., ](\?)). This result is analogous to
the well known result for the case of i.i.d. observations (e.g., see [11, Chapter,
Theorem 2.1]) and justifies why statistical inference for the CSA model can be
based on MLE. Furthermore, it was shown in [18, Theorem 2.2 and Lemma 5.2]

that with ng)-probability tending to 1, as m — oo, the estimator Nis equal to
N and there exists a unique positive solution (81 s, ..., Bn,m) of the system of
MLEs, such that Ei,m — ﬂi(o) fori=1,...,N,in Pg,?)—probability, as m — oo.
Asymptotic normality of MLE estimator 3 was established in [19]. Specif-
ically, it was shown that \/ﬁ(g(m) — BOY — &(p) in P _distribution, as
m — 0o, where £(u) is the Gaussian vector with zero mean and covariance
matrix given by the inverse matrix of the model limit information matrix. The
latter is defined as the limit (in PS,?)-probability, as m — oo) of the observed

. . 1 (L)Y 0
information matrix — - (W) evaluated at the true parameter 3(9). A
005 )=

detailed study of the structure of the information matrix can be found [19] to
which we refer for further details.

Usefulness of showing asymptotic normality of a parameter estimator pro-
vides asymptotic justification for creating confidence intervals based on the nor-
mal distribution, when a sufficiently large number of points is observed in a
sufficiently large region relative to the interaction radius R (see [19] for exam-
ples of creation of confidence intervals).

2.5. MLE for CSA and the theory of locally determined functionals

The asymptotic analysis of MLEs is based on the fact that the model statis-
tics have special structure. Namely, these statistics are sums of so called locally
determined functionals over a finite set of points. Below we briefly explain the
idea.

Start with some definitions. A set of points X C R? is called locally finite,
if its intersection with any ball of a finite radius consists of a finite number of
points. A locally determined functional with a given range r > 0 is a measurable
real-valued function ¢(Y, X) defined for all pairs (Y, X), where Y € R¢ and
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X C R? is locally finite, with the property that £(Y,X) is determined only
by those points of X that are within distance r of Y. A locally determined
functional £(Y, X)) is translation invariant if (Y, X) = &(Y + a, X + a) for any
a € R?. For example, the functional

E(x, X) = 1y(a,x)=5} (2.14)

where the quantity v(z, X) is defined by (2.1), is a bounded, translation-invari-
ant, locally determined functional with the range equal to the interaction radius
R.

Given a locally determined functional £, the corresponding additive func-
tional H® on finite sequences X (¢) = (X1, ..., X/) € (R?)* is defined as follows

‘
HE(X(0) =Y &(X:, X (i — 1)), (2.15)
i=1
Observe now that both I-statistics (2.5) and ¢-statistics (2.7) are sums of locally
determined functionals. Indeed, in the case of t-statistics

¢
tje = Z 1o(x, x(-1)=43» 0<Jj<N, (2.16)
i=1
we have that the statistic t;, is the additive functional corresponding to the
locally determined functional (2.14). Representation of I'-statistics as sums of
locally determined functionals is more technically involved and we refer to [18]
for further details.
The general limit theory developed in [17]) for additive functionals (2.15)
implies that, under Assumption 2.1, there exist strictly positive and continuous
in g functions (p; (¢, 8), 1 <j < N and v; (i, 3), 1 < j < N, such that

it Ly, :
L %p_](.u?/B) and i’ HFYJ(:U‘MB)v ]:05"'aNa (217)
m m
in P,,-probability, as m — 0o, and that are related by the system of equations
o

(1, 8) = dr, j=1..N.
p; (1, B) 0/70(A76)+Z£\115i7i(/\’ﬁ) !

Further, let 'yj(o)(A) = (A, 8©)) and pgo)(u) = pj(p, BO) for j = 1,...,N.

Given g € (0,0), where 9 = 0, (R, 650), el ](\(,))), the vector of true pa-
rameters 30 = ([350), cel, ](\(,))) is a solution of the system of equations

K (0)
(0) Bi; (A) .
’ L)+ 2 B0

which is the infinite-volume limit of the MLE (2.12).

N, (2.18)
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Example 2.2. Assume, as in Example 2.1, that N = 1. In this case the true
single parameter 50 = ﬁ§0) is the unique solution of the limit equation

1 (0)
e / Wm0

Existence and uniqueness of the solution of this equation follows, similarly to
the case of MLE equation in Example 2.1, from monotonicity of the integrand
in the parameter 5.

3. CSA growth model on graphs

In this section we consider a probabilistic model for random sequential de-
position of particles at vertices of a graph. The model can be regarded as a
discrete version of the continuous CSA model considered in the previous sec-
tion. Recall that in the continuous model the probability of the event that a
particle is placed at location x is proportional to the growth rate 8 > 0, where
k is the number of existing points in the neighbourhood of x. In the discrete
model we assume that the growth rate at a vertex v is equal to e®*+#™ where
k is the number of existing particles at the vertex v, m is the total number of
existing particles in vertices adjacent to v, and «, 8 are given constants. Thus,
in general, we distinguish particles at the vertex itself and in its neighbours.

This growth model can be interpreted as an interacting urn model with a
graph based log-linear interaction. Similarly to urn models, we are interested
in the long term behaviour of the growth process. In particular, we would like
to establish in which cases all vertices receive infinitely many particles and in
which cases all but finitely particles are allocated at a certain subset of vertices
(e.g. at a single vertex).

3.1. The model definition

The model set up is as follows. Consider an arbitrary finite graph G = (V, E)
with the set of vertices V' and the set of edge E. If vertices v,u € V are adjacent,
we call them neighbours and write v ~ w. If vertices v and u are not adjacent,
then we write v « u. By definition, vertex is not a neighbour of itself, i.e. v = v.

The growth process with parameters («, 3) € R? on the graph G = (V, E) is
a discrete time Markov chain X (n) = (X,(n), v € V) € ZY with the following
transition probabilities

az,+8 Zqu Ty
P(X(n+1) = X(n)+e,|X(n) =x) = BW x = (zy, w e V) € ZY,
(3.1)
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where I'(x) = >, oy TP Yu~v®u and e, € RY is the v-th unit vector, i.e.
the vector, the v-th coordinate of which is equal to 1, and all other coordinates
are zero.

Figure 2. Deposition model on a linear graph {1 ~ ... ~ N}.

The growth process X (n) = (X,(n), v € V) describes a random sequential
allocation of particles on the graph, where X, (n) is interpreted as the number
of particles at vertex v at time n. If 5 = 0, then the structure of the underlying
graph is irrelevant, and the growth process is a special case of the generalised
Pélya urn (GPU) model. Recall that GPU model is a model for random se-
quential allocation of particles at a finite number of urns, in which a particle is
allocated at an urn v with z, existing particles with probability proportional
to the growth rate f(z,), where f is a given positive function. The growth
process with parameter § = 0 is the GPU model with the exponential growth
rate f(k) = e, If B # 0, then the growth process can be regarded as an
interacting urn model obtained by adding graph based interaction. Observe
that the growth rate e®*v+8 2w~y Tu (i.e. the function determining the alloca-
tion probability (3.1)) is a monotonically increasing function of the parameter
B. Therefore, if § > 0, then interaction between components of the growth
process is cooperative in the sense that particles in a neighbourhood of a vertex
accelerate the growth rate at the vertex. In contrast, if 5 < 0, then the inter-
action between process’s components is competitive in the sense that particles
in a neighbourhood of a vertex the growth rate slow down the growth at the
vertex.

Remark 3.1. The growth process on arbitrary graph was introduced in [14].
The growth process a single parameter A := o = 5 € R on a cycle graph was
introduced and studied in [22] (Recall that a cycle graph with N > 2 vertices
is the graph G = {1 ~2 ~ ... ~ N —1 ~ N ~ 1}). The limit cases of the
growth process on a cycle graph obtained by setting A = co and A = —oo (with
convention co - 0 = 0) were studied in [23] (see an open problem at the end of
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Section 3.2 for more details). A version of the growth process on a cycle graph,
where the parameter A depends on a vertex (i.e. a, = 8, = A, > 0, v € V), was
studied in [1].

3.2. Localisation in the growth model with attractive interaction

Recall some known results for GPU models. Consider a GPU model with the
growth rate determined by a function f, as described in the preceding section.
Assume that f is such that Zzozl % < 00. It is known that in this case, with
probability one, all but a finite number of particles are allocated at a single
random urn. In other words, the allocation process localises at a single urn.
This result immediately implies the eventual localisation at a single vertex for
the growth process with parameters o« > 0 and 5 = 0 (as it is just a special case
of the aforementioned GPU model).

It was shown in [14] that a similar localisation effect occurs in the growth
process with attractive interaction introduced by a positive parameter 5. It
turns out that in this case the growth process localises at special subsets of
vertices rather than at a single vertex.

Recall some definitions from graph theory necessary to state the result. Let
G = (V,E) be a finite graph. Then, given a subset of vertices V! C V the
corresponding induced subgraph is a graph G’ = (V' E’) whose edge set E’
consists of all of the edges in E that have both endpoints in V’. The induced
subgraph G’ is also known as a subgraph induced by the set of vertices V'. A
complete induced subgraph is called a clique, and a maximal clique is a clique
that is not an induced subgraph of another clique.

The localisation result in [14, Theorem 1] is as follows. Consider the growth
process X (n) = (Xu(n), v € V) € ZY with parameters (a,3) on a finite con-
nected graph G = (V, E), and let 0 < o < . Then for every initial state
X(0) € ZK with probability one there exists a random maximal clique with a
vertex set U C V such that

X
lim X,(n) = oo if and only if v € U, and lim o(n) =% forv,u € U,

n—00 n—oo X, (n)

Cou = )\nlinolo Z Xw(n)[l{wfvv,woéu} - l{wwu,woav}L H0<A:=a=p,

and Cypy =0,if 0 < a < .

The above localisation effect was first shown in [22, Theorem 3] (see also [1,
Theorem 1]) in the case when o = 8 > 0 and the underlying graph is a cyclic
graph. In the special case of the cyclic graph any clique is just a pair of neigh-
bouring vertices (assuming that the graph consists of at least three vertices).
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The proof is based on the following key fact. Namely, given an arbitrary
initial configuration the process localises at one of the graph’s clique with prob-
ability that is bounded away from zero. This implies that with probability one
the process eventually localises at one of the graph’s cliques (the final clique).

Conditioned that particles are allocated only at vertices of a given clique,
the numbers of allocated particles at these vertices grow according to a multi-
nomial model in the case when o = 3. The allocation probabilities of this
multinomial model are determined by the configuration of existing particles in
the neighbourhood of the clique which remains unchanged since the start of the
localisation. In other words, the multinomial model is determined by the limit
quantities C, that depend on the state of the process at the time moment,
when localisation starts at the final clique. In the case a < (8 these quantities
irrelevant, and the numbers of particles at vertices of the final clique grow in the
same way as in the case of the complete graph described in the example below.

Example 3.1 (Complete graph). Consider the growth process X(n)=(X1(n),

..y Xm(n)) with parameters 0 < o < 8 on a complete graph with m > 2 vertices
labeled by 1,...,m. Let Z;(n) = X;(n) — X;n(n), i = 1,...,m — 1. By [14,
Lemma 3.3] the process of differences Z(n) = (Z1(n),..., Zm_1(n)) € Z™ 1 is
an irreducible positive recurrent Markov chain. Positive recurrence was shown
by applying Foster’s criterion (e.g. see [12, Theorem 2.6.4]) with the Lyapunov
function given by

m—1

g(Z) = Z 21-27 7 = (le--,qu) c Zm—l.

i=1

It should be noted that exactly the same fact (see [22, ]) is true for the process
of differences in the GPU model with the growth rate f(k) = e ** k € Z,,
where A > 0.

Remark 3.2. Localisation also occurs if 0 < 5 < «. In this case with probability
one the growth process localises at a single vertex, which is similar to the GPU

model with the growth rate give by the function f(k) = e®*.

Open problem: repulsive interaction The long term behaviour of the
growth process in the case when A := a = § < 0 is largely unknown. In this
case the interaction between the process’s components is repulsive, which greatly
complicates the study of the process’s behaviour. Below we briefly describe some
known results and state an open problem.

Consider the growth process on a cycle graph G = {1l ~2 ~ ... ~m ~ 1}
(i.e. with m vertices labelled by 1,...,m) with parameters A\ := a = 8 < 0.
Start with a special semi-deterministic case of the process obtained by formally
setting A = —oo. Namely, in this case given the process’s state x = (21, ...,Zm)
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(where z; denotes, as before, the number of particles at vertex i) a next particle
is allocated to a vertex x; for which the quantity w; = x;—1 + z; + z;41 (with
convention 1 — 1 = m and m + 1 = 1) is minimal. If there is more than one
such vertex, then one of them is chosen at random. In this semi-deterministic
model if the number of vertices of the graph is m = 4, then, given any initial
configuration particles will be placed with probability one only at a pair of non-
adjacent vertices (i.e. either at vertices {1, 3}, or at vertices {2,4}). Moreover,
after a finite number of steps the numbers of particles at the vertices of the
final pair differ by no more than 1 and equal to each other every other step.
Similar but much more complicated limit behaviour is observed in the case of
the cycle graph with arbitrary number of vertices. We refer to [23] for further
details, where complete classification of the long term behaviour of the model
with A = —oo on the cycle graph is given.

In the case —oco < A < 0 only a partial result is known in the case of the cycle
graph with even number of vertices. Namely, it is shown in [22] that if initially
there are no particles, then with a positive probability particles can be allocated
either only at even, or only at odd vertices. The complete classification of the
limit behaviour of the model in the case —oo < A < 0 is an open problem.

4. The reversible model

4.1. The model definition

In this section we consider a probabilistic model which is a version of the
growth process (defined in Section 3.1) obtained by allowing deposited particles
to depart from the graph.

It is convenient to define the model in terms of a continuous time Markov
chain (CTMC). The model set up is as follows. Let, as before, G = (V| E) be
a finite graph with the set of vertices V' and the set of edges E. Recall that
e, € RV is the vector, the v-th coordinate of which is equal to 1, and all other
coordinates are zero. Consider a CTMC X (t) = (X,(t), v € V) € ZY and the
transition rates ro s(x,y), X,y € ZY given by

et unv e fory =x+ e, and x = (z,, v € V),
ra.s(x,y) =<1, fory=x—e,and x=(z,, ve V) : 2, >0,
0, otherwise.
(4.1)
where a, 8 € R are given constants.

Note that if the death rate was zero, then the CTMC X (¢) would be a
continuous time version of the growth process. If § = 0, then CTMC X () is
a collection of independent processes labelled by the vertices of graph G. In
this case a component of the Markov chain is a continuous time birth-and-death
process on Z, (or, equivalently, a nearest neighbour random walk on Z. ) that
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evolves as follows. Given state k € Z it jumps to k + 1 with the rate e** and
jumps to k — 1 (if £ > 0) with the unit rate. Such a process is a special case
of the birth-and-death (BD) process on the set on non-negative integers. The
long term behaviour of an integer valued BD process is well known. Namely,
given a set of transition characteristics one can, in principle, determine whether
the corresponding Markov chain MC is (positive) recurrent or (explosive, if
the time is continuous) transient, and compute various other characteristics of
the process. In particular, the general theory implies the following long term
behaviour of the CTMC X (¢) in the independent case (i.e. when 8 = 0).

e If o < 0, then each component of X (¢) is positive recurrent, and, hence,
X (t) is positive recurrent.

e If « = 0, then each component of X (t) is a reflected symmetric simple
random walk on Z, which is null recurrent. The CTMC X(t) is null
recurrent if the number of components is either 1, or 2, and it is transient
if the number of components is 3 or more.

e If @ > 0, then each component of X (t) is explosive transient, and, hence,
the CTMC X () is explosive transient.

If B # 0, then the CTMC X(t) can be regarded as a system of interacting
birth-and-death processes that are labelled by vertices of the graph and evolve
subject to interaction determined by the parameter 5. Note that the presence
of interaction can significantly affect the collective behaviour of a system and
produce effects that might be of interest in modelling the evolution of multi-
component random systems. The model provides a flexible and mathematically
tractable choice for modelling various types of interaction. For example, if
B > 0, then the interaction between components is cooperative meaning that a
positive component accelerates growth of its neighbours. In the case § < 0 the
interaction is competitive, since components suppress growth of each other.

The CTMC £(t) was introduced in [24], where its long term behaviour was
studied in some special cases. In full generality the long term behaviour of
process was studied in [10]. Main results and research methods of these works
are explained below.

4.2. Long term behaviour of the model

In this section we review the main results of [10] concerning the long term
behaviour of the countable CTMC X (¢). Recall countable CTMCs can be non-
explosive transient, explosive transient, null recurrent and positive recurrent. It
turns out that all these limit behaviours are realised in the case of the CTMC
X (t) depending on parameters a, 8 and on the structure of the underlying graph.
In addition, the long term behaviour of the Markov chain is largely determined



590 V. Shcherbakov

by a relationship between parameters «, 3 and the largest eigenvalue of the
graph.

Let us give some definitions. Let A = (ayu, v,u € V) be the adjacency
matrix of the graph G = (V, E), i.e. A is a symmetric matrix such that a,, =
Qyy = 0 for u » v and ayy = ayy = 1 for u ~ v. Since A is symmetric, its
eigenvalues are real. Denote them by A1 (G) > X2(G) > -+ > A\, (G), so that
A1 = A (G) is the largest eigenvalue (Perron-Frobenius eigenvalue). It is well
known that A1 (G) > 0 (except the case when the graph has no edges). Not that
in terms of the adjacency matrix A the birth rate in (4.9) can be written as
follows

ewﬁ_ﬁ 2= = @@ TA(AX)w (4.2)
Further, an independent set of vertices in a graph G is a set of the vertices such
that no two vertices in the set are adjacent. The independence number k = k(G)
of a graph G is the cardinality of the largest independent set of vertices.

Theorem 4.1 below is an extract of [10, Theorem 2.3] that distinguishes
between recurrence and transience.

Theorem 4.1. Suppose that the graph G is connected and 3 # 0.
1. The CTMC X (t) is recurrent in the following two cases
(a) a <0 and a+ A (G) < 0;
(b) =0, <0 andk(G) < 2.
2. The CTMC X (t) is transient in all the cases below
(a) a>0;
(b) @« =0 and > 0;
(¢c) =0, <0 and k(G) > 3;
(d) a<0and o+ BA(G) > 0.

The proof of the above result is greatly facilitated by the fact that the CTMC
X (t) is reversible, which in turn, allows to apply the method of electric networks.
This is explained in the next section.

4.3. Reversibility of the model

Let I be the unit V x V matrix, let e € RV be the vector all components of
which are equal to 1, and let (+,-) denote the Euclidean scalar product. Define
the following functions

Qx) = —%((aI—i—ﬁA)X,X) = —% ZxQ - 6§xxu x=(z,,veV)eRY

(4.3)



Probabilistic models motivated by cooperative sequential adsorption 591

Sx)=(x,€) =Y z,, x=(z,,vEV)ERY, (4.4)
W(x)=-Q(x) — %S(x), x = (z,,veEV)eR". (4.5)
We claim that the CTMC X (¢) is reversible with respect to the invariant measure

)~ exp{-Q(x) - $5(x)}
:exp{%qu(xu—l)—i—ﬁwaxu}, XEZK, (4.6)

w~u

Indeed, given v € V and x € ZY we have that
a a
—Q(x) — §S(x) + ax, + f(AX), = —Q(x+e,) — §S(x +ey).
Therefore,

" explaw, + 83 2.} = exp{-Q() ~ 5560 | explaz, + B(Ax), )

= exp{—Q(x +e,) — %S(x + ev)}
=exp{W(x+e,)}
which, recalling (4.1), means that the detailed balance equation

eW(x)Ta,/i(xa y) = BW(Y)T(X,B(Yv X) for X,y € ZV? (47)

holds for CTMC X (t) and the invariant measure (4.6).

Remark 4.1. Tt should be noted that rewriting equation (4.8) as follows

0T W) =By mu W letes) (4.8)

shows that the measure eV ®), x € ZY is also invariant for the CTMC Y (¢) =
(Yy(t), v € V) with the transition rates 7o g(x,y), X,y € ZY given by

ey, fory =x+e,, and x = (z,, v € V),
Fap(X,y) =< e Pruw®  fory=x—e, and x = (z,, v € V) : 2, >0,
0, otherwise.
(4.9)
It is shown in [10] that the long term behaviour of CTMC Y (¢) is largely the
same as the long term behaviour of the CTMC X ().
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Reversibility of a Markov chain allows to apply the method of electric net-
works for determining whether the Markov chain is recurrent or transient. The
idea is that recurrence/transience of the reversible Markov chain can be estab-
lished by analysing the so called effective resistance of a certain electric network.
In the case of the CTMC X (¢) the corresponding electric network is defined as
follows.

The CTMC X (¢) can be interpreted as a nearest neighbour random walk on
the lattice graph ZK, i.e. the graph with vertices x = (2, v € V : z, € Z),
where vertices x,y € ZK are connected by an edge if the Euclidean distance
Ix —y| =1 (ie. x and y are nearest neighbours on the lattice).

The electric network on this graph is obtained by assigning conductance
(vesistance™!) to each edge, which is done as follows. Given x € ZY and v € V
assign the conductance eV ) where the function U is defined in (4.5) for each
edge (x — e,, x) with x,, > 1. In other words, the edge conductance is equal to
the value of the invariant measure of the CTMC X (¢) at the state x. The edge
(0,e,)v € V, where 0 is the origin, is assigned the unit conductance. Resistance
of an edge is defined the reciprocal of conductance.

By the general method, the CTMC X (¢) is recurrent (transient), if the so
called effective resistance of the described electric network on the graph ZK is
infinite (finite). The effective resistance in this case if defined, loosely speaking,
as the resistance between the origin 0 and “infinite” vertex (see [9] for details).
It turns out that in the case of the CTMC X (t) the effective resistance of the
electric network is relatively easy to estimate (see [10] for further details).

Further, the detailed balance equation can be solved for the model provid-
ing analytically tractable equation for the invariant measure. This allows to
distinguish between null and positive recurrence.

4.4. Recurrent cases

The fact that the invariant measure of the Markov chain is known allows
to distinguish between the null and positive recurrence in the recurrent cases
of Theorem 4.1. This is done by analysing whether the invariant measure can
be normalised to define the stationary distribution. A direct computation gives
that in the case 1(a) of the theorem, i.e. when « < 0 and o+ 8A1(G) < 0, the
invariant measure is summable, that is

ZQ,B’G = Z €W(x) < 0. (410)

XEZK

Recalling that an irreducible CTMC is positive recurrent if and only if it has a
stationary distribution and is non-explosive. Since a recurrent CTMC is non-
explosive we immediately obtain that if & < 0 and o + SA1(G) < 0, then X (¢)
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is positive recurrent with the stationary distribution given by

1
papc(X) =~ ﬁGeW(’” for x=(z,,veV)eZY. (4.11)

In contrast, the Markov chain is null recurrent in the case 1(b) of the theorem.
Indeed, if o = 0, then

Zopo= Y x>>zeW<kev>—z ~ .

xEZV k=0

where v € V is any given vertex, i.e. the stationary distribution does not exist
in this case (regardless of other characteristics of the model). Therefore, in the
case a = 0 the Markov chain cannot be positive recurrent, and, hence, in the
recurrent case when 8 < 0 and x(G) < 2 the Markov chain is just null recurrent.

Remark 4.2. In addition, note in [24] positive recurrence of the CTMC X (t)
was shown by using the Foster’s criterion for positive recurrence in the case
when o < 0,8 > 0 and a 4+ fmax,cy dy,(G) < 0, where d,(G) is the number
of neighbours of the vertex v € V, i.e. the number of vertices that are adjacent
to v (the degree of the vertex v). The criterion was applied with the Lyapunov
function f(x) = (Q(x),x), where @ is the quadratic function defined in (4.3).

4.5. Transient cases

In the case of a transient CTMC it is natural to ask whether the CTMC is
explosive. Note first that in the transient case 2(c) of Theorem 4.1 (i.e. when
a=0,8 <0and k(G) > 3) the CTMC X (t) is non-explosive. Indeed, it is easy
to see that if & = 0,8 < 0, then the transition rates are uniformly bounded by
1, and, hence, the process cannot be explosive. In addition, note that in general
there are only two possible long term behaviours of the Markov chain if o = 0
and S < 0. Namely, by the results above CTMC £(¢) is either non-explosive
transient or null recurrent, and this depends only on the independence number
of the graph G.

Further, it was shown in [10, Lemma 6.3] that in the transient case o < 0
and = y7&y the CTMC X(¢ (t) is not explosive. Although the transition rates
are unbounded in this transient case, the process tends to infinity by staying
in a domain where the rates are bounded, which prevents the explosion. This
effect is rather easy to understand in the case when the graph consists of just two
adjacent vertices (see [24, Theorems 1 and 4]), when the process is a special case
of non-homogeneous random walks in the quarter plane. In this case, if @ < 0
and 8 = —a, then the process is pushed away from the boundaries (where
the rates can be arbitrarily large) towards the diagonal of the quarter plane,
where the rates are bounded (see Figure 3). The same effect of non-explosion
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takes place in the general case, although its proof is not straightforward (see [10,
Lemma 6.3]). It should be noted that the diagonal here is the line determined by

the vector (1,1)T, which is the eigenvector of the adjacency matrix A = {O 1}

1 0
of the graph G = {1 ~ 2}, that corresponds to the principle eigenvalue 1. If
a < 0 and B = —a, then the rates around the diagonal are unbounded and the

process becomes explosive (see an open problem below concerning explosion in
the general case).

Further, recall that d,(G) denotes the number of neighbours of a vertex v.
It was shown in [24, Theorems 1 and 2] that the Markov chain is explosive in
the following cases:

(i) >0, <0

(i) o+ Bnéi‘r} d,(G) > 0 including subcases

—a>0and g > 0;
—a=0and g >0;
—a<0and g >

o]
min, ey dy (G)

In particular, in the cases 2(a), 2(b) of Theorem 4.1 the CTMC X (¢) is explosive.

Open problem: explosion Recall that in general min,cy d,(G) < A\ (G),
i.e. the maximal eigenvalue of a graph G is not less than the minimal vertex
degree of the graph. The above results concerning explosions do not include the
transient case when

> B < .«
A(G) T mingey dy(G)’

a<0 and —

which remains unsolved. It was conjectured in [10] that in this case the CTMC
X (t) is explosive. The conjecture is based on the intuition explained in the two-
dimensional case above. Namely, that in this transient case the process escapes
to infinity by “following” the line {sv; : s € R}, where v is the eigenvector
corresponding to the largest eigenvalue A1(G), and the transition rates grow
exponentially along this line.

4.6. Phase transition

There is a phase transition phenomenon in the long term behaviour of CTMC
X (t) in the case v < 0. Indeed, in this case we have the following classification
of the process’s behaviour

e Let a < 0.
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(i) B < — () then X (t) is positive recurrent. This includes the case
when 8 =0, i.e. when X(¢) is formed by a collection of independent
positive recurrent reflected random walks on Z, and is thus positive

recurrent.

(ii) If g = —x(ay then X (t) is non-explosive transient.

(iii) If —5@ <P < —mmoraG then X (t) is transient. It is conjec-
tured that X (t) is explosive transient (see the open problem in the

preceding section).

(iv) If B> — =gy then X (¢) is explosive transient.

If B < 0, then interaction in this case is competitive, as neighbours obstruct the
growth of each other. The competition implies positive recurrence of the process
(which is positive recurrent even without interaction). Suppose now that § is
positive. One could intuitively expect that if 5 is not large, i.e. the cooperative
interaction is not strong, so that the Markov chain is still positive recurrent.
On the other hand, if 8 > 0 is sufficiently large, then the intuition suggests that
the Markov chain might become transient. It turns out, that 5., = % is
the critical value at which the phase transition occurs. Precisely at this value
of 8 the Markov chain is non-explosive transient. Moreover, it is conjectured
that given o < 0 the corresponding critical value (., is the only value of the
parameter S when the Markov chain is non-explosive transient.

4.7. Examples

The largest eigenvalue of the adjacent matrix of the underlying graph plays
essential role is determining the long term behaviour of the CTMC X (¢t). Es-
timation of this eigenvalue, and more generally, graph eigenvalues, is a very
important problem in many applications. There are well known bounds for the
largest eigenvalue A1, although its explicit value is known only in some special
cases. Below we give several simple examples where the largest eigenvalue A\; can
be computed explicitly, which allows to rewrite the conditions of Theorem 4.1
in the case o < 0 in more explicit form.

Example 4.1. If G = (V, E) is with constant vertex degrees d, then A\;(G) =
min,cy d,(G) = d. For example, d = 1 for a graph consisting of two adjacent
vertices, and d = 2 in for a cycle graph with at least three vertices. In this case
the Markov chain is positive recurrent if and only if @ < 0 and a+8d < 0. If a <
0 and o + Bd = 0, then the Markov chain is non-explosive transient, and if o +
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Bd > 0, then it is explosive transient. Figures 3 and 4 sketch directions of mean
jumps of the process in the simplest case of just two interacting components.

Figure 3. G = {1~ 2}, a <0, f> 0. Left: a+ 8 < 0; Right: « + 3 > 0.

Figure 4. G = {1~ 2}, a >0, § < 0. Left: o+ 5 < 0; Right: o + 8 > 0.

Example 4.2. Assume that the graph G is a star Ky ,,, with m = n — 1 non-
central vertices, where m > 1. A direct computation gives that A\ = /m.
Hence, the Markov chain is positive recurrent if and only if o < 0 and a+8+y/m <
0. If @ < 0 and a + By/m > 0, then the Markov chain is transient.

Example 4.3. Consider a linear graph with n + 2 vertices, where n € Z,, that
is a graph whose vertices can be enumerated by natural numbers 1,...,n + 2,
and such that 1 ~2 ~ .- ~n+1~n+2. Ifn =0, then this is the simplest
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case of a constant degree graph, and if n = 1, then this is the simplest case
of a star graph. If n > 2, then the adjacency matrix A of this graph is the
tridiagonal matrix given below

[0 1 O
1 0 1
1
A=
o1
_O 1 O_ (n+2) % (n+2)

This is the tridiagonal symmetric Toeplitz matrix which eigenvalues are given
by

k
)\k:2cos<7r>,k:1,...,n+2.
n+3

The maximal eigenvalue is A\; = 2 cos (HLH) Thus, the CTMC X (t) is positive

recurrent if and only if @ < 0 and a + 25 cos (nLer) < 0. If «a < 0 and

« + 2/ cos (HLH) > 0, then the Markov chain is transient.

Two next examples (from [10]) are the cases when the process is null recur-
rent, and this essentially is determined by the independence number x(G).

Example 4.4. Let, as in Example 4.2, G be a star Ky ,,, where m > 1. Then
k(G) =m =n —1. Assume that & = 0 and 8 < 0. Then, the Markov chain is
null recurrent if n < 3, and transient if n > 4.

Example 4.5. Let G be a cycle C,,, where n > 3. Then k(G) = [n/2]. Assume
that « = 0 and S < 0. Then, the Markov chain is null recurrent if n < 5, and
transient if n > 6.

4.8. The model with finite components

In this section we consider a version of the reversible model obtained by
limiting the maximum number of particles at a vertex.

As before, let G = (V, E) be a finite connected graph with the adjacency
matrix A. Let Ay = {0,..., N}V, where N > 1 is a given natural num-
ber. Consider a CTMC X (t) = (X,(t), v € V) € Ay with transition rates
Fa,5(X,¥y), X,y € ZY given by

et 2w fory =x+e, and x = (2, v € V) : x, < N,
Fa,8(X,y) = {1, fory=x—e, and x = (2,,vEV):2, >0,

0, otherwise.
(4.12)
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where a, 8 € R are given constants. In other words, the CTMC X (t) evolves
precisely as the CTMC X (¢) transition rates (4.1) subject to the constraint that
at most N particles can be placed at a vertex.

Similarly to the CTMC X (t), the finite CTMC X (t) is irreducible and re-

versible with the stationary distribution ugNﬁ) ~(X), x € Ay, given by

1
,LL((XNB)G(X) =——— "™ for x=(z,,veV)eAk, (4.13)
. Za,5,G,N

where the function U is defined in (4.5), and

ZaﬁllN:: 2: 6W“XX

%
xEAY

By the ergodic theorem for finite irreducible CTMC’s the distribution of X (t)
converges to the stationary distribution (4.13), as t — oo.

Remark 4.3. Note that if N =1 (in which case the parameter « is redundant)
the measure (4.13) is equivalent to a special case of the celebrated Ising model on
the graph G. Indeed, the change of variables vy, = 2z, — 1 induces a probability

measure on {—1,1}V that is proportional to exp (% O YolYu +2>°, yv))

The latter corresponds to the Ising model with the inverse temperature /4
and the external field h = /2 on the graph G.

In the rest of this section we show that, under certain assumptions, the
probability measure (4.13) possesses monotonicity properties that are similar to
those of the ferromagnetic Ising model.

We start with recalling some necessary definitions by adopting those from [6].
Let G = (V,E) be an arbitrary graph (not necessarily finite), and let, as be-
fore, Ay = {0,...,N}V. Let Fg n be a standard o-algebra of subsets of Ay
generated by cylinder sets (if the graph G = (V, E) is finite, then Fg n is
just a set of all subsets of Ayn). Define a partial order on the set Ay. Given
x=(xy,veEV)€E Ay and X' = (2, v € V) € Ay we write x < ¥/, if x, < z),
for all v € G. A probability measure p on (Ay, Fe,n) is said to be monotone if

w(xy, > klx =z off v) < p(x, > klx =y off v), (4.14)

forall v € V, k € {0,...,N} and z,y € Ay\(y),v such that z <y, pu(x =
z off v) > 0 and p(x =y off v) > 0.

Theorem 4.2. Let 8 > 0. Then the probability measure :“(aj,\g,a is monotone.

Proof of Theorem 4.2. Start with an auxiliary statement (which generalises Lem-
ma 3.1 in [25]).
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Proposition 4.1. Let P = (p,k € Zy) and Q = (qi, k € Z4) be discrete
probability measures on Z. If p,q; < pjq; for all 0 < j < ¢, then P({i : i >
k}) < Q({i:i>k}) for k > 1, i.e. the measure Q stochastically dominates the
measure P.

Proof. A direct computation gives that

P{i:i>k}) - Q({i:i>k}) =

S () (5e)

e 1

k—1 %) —
=3P G- a Z P
i=k  j=0 i=k  j=0
k—1 oo
= (pig; — piqi) <0,
7=0i=k
for k > 1, as required. O

Given a vertex v € V and configurations y,z€ Ay v\ (1 =10,1,.. ., N}V
such that y < z, define probability distributions

P:(pk:ug?gc(xv:k\xzyoﬁ"v,k:07...,N)

and
Q = (qx :ug’\g’c(mv =klx=zoffv,k=0,...,N)
and show that

P({k,N}) < Q({k,N}) for kec{0,...,N}. (4.15)
A direct computation gives that
e F L HRB(AY)., ¢ T kB (Az),
PSS Sy, M SN S, (4.16)
Therefore
po == iB( Ay, +i(Az)., (1 — el=DB(AE=Y)
Piq; —Pijqi =

ai(i—1) | . ai(i—1) | .
Zil\i() ef+zl3(¢4y)v:| [Zi\io ef"!‘lﬁ(v‘\z)v}

Since z, — 4, > 0, we have that
(Az = y))0 = Y (e —92) 2 0,

which gives 1 — e=98(AE=Y))v < 0 and, hence, p;q; < p;jq; for 0 < j < i.

Equation (4.15) is now follows from Proposition 4.1. Consequently, the measure

ufl ﬁ) ¢ is monotone, as claimed. a
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By [6, Theorem 4.11], a monotone probability measure on (Ay,Fg, n) has
positive correlations, that is MS?Q,G(A NB) > MS?Q,G(A)MS?Q,G(B) for any in-
creasing events A, B € Fg n (an event A € Fg n is said to be increasing if
lixeay < Lixeay for x <x’). It is well known (e.g. see [5], [6]) that positivity
of correlations implies existence of the limit for the probability measure (4.13)
in the large graph limit, i.e. as the underlying graph G indefinitely expands
in an appropriate sense. For example, consider a sequence of graphs G,, given
by d-dimensional cubes of volume n centered at the origin. If 8 > 0, then
the sequence of corresponding model distributions uSXB),Gn converges to a limit
distribution, as n tends to infinity (convergence is understood in the sense of
the weak convergence of finite-dimensional distributions). This limit measure
corresponds, in terminology of statistical physics, to the so-called empty (zero)
boundary conditions. Existence of a limit measure in the case of other fized
boundary conditions (e.g. when all spins on the boundary of a graph G,, are
equal to N) can be shown similarly. Uniqueness of the limit measure, i.e. that
the limit measure does not depend on the boundary conditions, is an open
problem.

We are now going to show that the measure ,ufx]’vﬁ)’G possesses a monotonicity
property in the parameter 5. Recall that given probability measures p and
' on (An,Fg n) the measure p is said to be dominated by p' (u < p'), if
w(A) < p'(A) for every increasing event A € Fg .

Theorem 4.3. If 1 < B, then Mg,\;@)hg < ug,\gz’c;.

Proof. Givenx € Ay let py, = po, g, N (20 = k|x) and i = pia g, N (2, = k|x) for

k=0,...,N, and consider probability distributions P = (pg,k =0,...,N) and

Q= (¢, k=0,...,N) on {0,...,N}. By the Holley theorem (e.g. Theorem

4.8 in [6]), it suffices to show that P < Q, i.e. Pk, N}) < Q({k,N}) for

k=0,...,N — 1. Using equation (4.16), as in the proof of Theorem 4.2, we
ak(k—1) ak(k—1)

obtain that py ~ e~ 2z TFALAX)w and ¢ ~ ez tRB(AXw L= . . N.

Since B2 — B1 > 0 we have that Sa(Ax), — B1(Ax)y = (B2 — B1) Xoyev Tu = 0,
and, hence,

PiGj — Djdi ~ eXp{ai(i —1 ;j(j — } exp{if1(Ax), + jPB2(Ax), }

x (1= exp{(i — j)[B2(Ax), — B1(Ax),]}) <0, if 0 < j <.

By Proposition 4.1, P < Q, and the theorem follows. o

5. CSA point process

In this section we consider a point process motivated by the CSA model.
We call this process by the CSA point process. The construction of the CSA
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point process is reminiscent to the CSA time series model in Section 2. The
key difference between the two models is that the CSA point process is a model
for unordered point patterns, while the CSA time series model is a model for
sequential point patterns.

The CSA point process is defined, similarly to other point processes, as
a probability measure on the set of finite point configurations of a subset of
Fuclidean space. Such a measure is usually specified by a density with respect
to the Poisson point process with the unit intensity.

Start with some notations and definitions. Let D be a compact convex
subset of R% that has a positive Lebesgue measure. For n > 1 define n-point
configuration in D as unordered set of points x = {x1,...,2,}, ©; € D, i =
1,...,n, such that ; # x; i # j. Let F be a set of all finite point configurations
in D including the empty set () (the empty set corresponds to n = 0). Let F be
a o-algebra of subsets of F'| such that all maps x — |x N B|, where B C D and
| - | is the cardinality of a discrete set, are measurable with respect to F.

Let P be the distribution of Poisson point process with the unit intensity
on the set D, i.e. it is the probability measure on (F,F) given by

- — 1
Pn(A)=e |D] (1{Q)€A} + Z ] / 1{{11’”_,%/}6,4}6&)31 - dl‘n), AeF, (5.1)
n=1 .Dn

where 1 denotes the indicator function of set B.

The CSA point process with the interaction radius R > 0 and parameters
(Bm >0, m € Z,) is a probability measure on (F, F) specified by the following
density (with respect to measure (5.1))

F&) =2 1] Buwros (5.2)

TREX

where v(zg,x) is the number of neighbours of a point z in a finite point con-
figuration x = {z1,...,} (defined in (2.1)),

7 = e IPI (1 + Z % / H Bu(zy,x)dT1 - - - dzn), (5.3)
n=1 .Lﬂrkzl

i.e. Z is the normalising constant.

The process is well defined if Z < co. It was shown in [8, Lemma 1] that, if
there exists a constant C' > 0, such that 5, < Cm® for all m with some a < 1,
then the CSA point process (5.2) is well-defined.

It turns out that the CSA point process is a special case of the class of
interacting neighbours (INP) point process (introduced in [7]). An INP process
is specified by a density (with respect to the Poisson point process with the unit

intensity) proportional to a function of the form [] g(zx,x), where, in turn,
TEEX
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g: D x F — R, is a non-negative measurable function. The density (5.2) is
obtained by setting
9(x,z) = Z Bm1{|z|=m}-

m>0

It is easy to see that the construction of the CSA point process is reminiscent
to the construction of CSA model for time series of spatial locations in Section 2.
By this similarity the CSA point process is also useful for modelling a wide
spectrum of point configurations from regular ones to various clustered point
patterns.

Some special cases of the CSA point process are the well known in spatial
statistics point processes. Consider several examples.

1. A Poisson point process in the domain D with the intensity 5 > 0 is
obtained for 5; = 3,7 > 0.

2. Assume that 5y = g and 3; = 0 for i« > 1. The corresponding process is
the well known process with hard core interaction of intensity S and the
interaction radius R. Realisations of a hard processes are point patterns, in
which the distance between any two points is not less than the interaction
radius R, i.e. a point has no neighbours.

3. A natural generalisation of the process with the hard core interaction is
the CSA process with a finite number of non zero parameters, that is
Bi >0for0<i< N and g; =0 fori> N, where N > 0 is a given integer
(if N = 0, then we obtain the process with the hard core interaction).
Realisations of such a process are point patterns, in which a point can
have no more than N neighbours.

4. The famous in spatial statistics Strauss point process with the parame-
ters & > 0 and 0 < v < 1 is obtained by setting 8; = av"/?, i > 0.
Traditionally, its distribution is specified by a density (with respect to
Poisson point process with the unit intensity) proportional to the func-
tion aly**) where s(x) is the number of pairs of neighbours in the
configuration x. It is easy to see that s(x) =1/23_ ., v(zk,x), i.e. the
density (5.2) is the density of the Strauss process for the indicated choice
of the parameters.

Consider the CSA point process with a finite number of non zero [-para-
meters, i.e. the process in the item 3 above. Parameters of this process can
be estimated by adopting the estimation procedure described in the case of
the CSA time series model in Section 2.3. Namely, assume, as in Section 2.3
that the interaction radius R is known (or, somehow estimated). Then, given
an observation x = {x1,...,x,} the parameter N (the number of non-zero S-
parameters) can be estimated by N= max,ecx V(x,x). Non-zero parameters /3
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can be estimated by using MLE. However, unlike the CSA time series model, the
computation of MLE estimators here is not so straightforward. The difficulty
is that the computation of the model likelihood in the case of the CSA point
process requires the computation of the normalising constant (5.3) which is
not analytically tractable. This is the well-known common problem in MLE
estimation of parameters of a point process given by a density with respect to the
Poisson point process. The normalising constant can be computed/estimated
numerically by using the Markov chain Monte-Carlo method. Implementation
of the latter is not straightforward for point processes and requires advanced
simulation techniques (e.g. the method of perfect simulation). This is in contrast
to the case of the CSA time series model, where the classic Monte-Carlo is rather
effective (see Remark 2.4).
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Abstract. The symmetric birth and death stochastic process on the non-nega-
tive integers x € Z, with polynomial rates x®, « € [1,2],z # 0, is studied. The
process moves slowly and spends more time in the neighborhood of the state
0. We prove the convergence of the scaled process to a solution of stochastic
differential equation without drift. Sticking phenomenon appears at the limiting
process: trajectories, starting from any state, take finite time to reach 0 and
remain there indefinitely.
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1. Introduction

A birth-and-death process is a continuous-time Markov process with states
x € Zy :={0,1,2,...} (representing the population size) and with transitions
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occurring between neighboring states: from a given state x € Z, the process
jumps to a neighbouring state z+1 with a rate A(z), and to z—1 with a rate u(x).
Such simple processes are commonly accessible for analytical studies and they
serve as valuable tools for modelling a wide range of phenomena, encompassing
various fields, owing to their versatility and simplicity.

Mathematically, birth-death processes offer a foundational framework for in-
vestigating diverse facets of limiting theorems within non-homogeneous spatial
settings. Our previous studies [1-4] on large deviations of birth-death pro-
cesses have been dedicated to the case of polynomial transition rates A(z) =
Azl pu(z) = pr™. In all these papers we used the technique (changes of mea-
sures) introduced in [4]. Curiously, this technique encounters limitations when
dealing with the symmetric case where A(x) = u(x).

Recently, in our work [5], we achieved significant progress by studying the
case A\(z) = u(zx) = z € {1,2,..., N}, employing a large deviation technique
described in [6]. The model is symmetric in transition rates and spatially inho-
mogeneous, resulting in a deceleration of the process dynamics near the state
x = 1. The scaling employed (with respect to N) leads to a concentration of
the process around the initial point. However, it is important to note that the
invariant measure tends to localize at zero. Consequently, we hypothesized that
utilizing the diffusion scaling, (2.2) (see, (2.1) for the generator of the scaled
process) could be a promising approach to achieve a limiting process capable of
localizing or exhibiting “sticking” behavior at zero.

Here we develop this idea. Furthermore, we extend the model by considering
polynomial transition rates of the form A(z) = p(x) = 2%, where a@ > 0. The
case @ = 1 corresponds to the model discussed in [5]. Our primary objective is
to examine the limiting behaviour of the process near zero, depending on the
parameter «. To facilitate this analysis, we have expanded the state space of
the birth-death process to include all non-negative integers on a half-line Z, .
We are constrained to the case where « falls within the interval [1, 2].

Utilizing the martingale techniques [7] we establish that under the scaling
(2.2) the limit of this process is a solution to the stochastic differential equation
(SDE) (2.4). The solution is proven to be unique when « lies within the inter-
val [1,2]. Notably, for all « € [1,2), this unique solution possesses a remarkable
property: once the process reaches the boundary at 0, it remains there indefi-
nitely. On the other hand, if o = 2 the (well-known) solution of (2.4) will never
reach zero, when starting from a positive initial state.

Another motivation for our study of this process comes from the field of
physics. The study [5] offers a perspective on the famous matter-antimatter
imbalance problem. The matter-antimatter imbalance, an intriguing and un-
solved problem in Physics, continues to captivate attention. We propose that
the observed imbalance originates from the inhomogeneity within stochastic
competition between matter and antimatter.
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To model this competition, in [5] we employ a birth-death process, where
the rescaled states
{ 1 2 N-1 1}

NNUTN
represent the relative amount of antimatter with respect to the total matter
in the Universe of size N. More precisely, if the relative amount of antimatter
is %, then the absoulut amount of the antimatter and matter are NLMN and
NLMN , respectively, and the transition rate in each neighbour state is k. When
the scaled process is close to 1, it signifies an almost equal amount of matter
and antimatter, leading to high-frequency transitions between nearest states,
typically of order N. Conversely, when the relative amount of antimatter is
low, corresponding to a small states (near 0) in the scaled process, the transition
frequency slows down.

Here we extend the modelling of (relative) antimatter processes originally
considered in [5]. The state space of the resulting process is the set of non-
negative real numbers R, unlike the process in [5] with the states in interval
[0,1]. However, the behaviour near zero for both processes remains to be the
same. When a = 1, this extension retains the interpretation provided previ-
ously. Furthermore, in the context of matter-antimatter balance, the resulting
diffusion process reveals that when the antimatter proportion approaches zero,
it will persist at that level indefinitely. This may explain the scarcity of anti-
matter in the Universe.

The rest of the paper consists of three sections. In Section 2, we formulate
and prove the main results for « € [1,2]. In Section 3 we briefly discuss the case
when « ¢ [1,2]. Auxiliary results are in Section 4.

2. Definition and main results

Consider a homogeneous in time Markov process £(t), ¢ > 0 (continuous
time), with state space F := {0} UN, whose transition probabilities satisfy the
following system of equalities for A — 0
Az*A+0o(A), y=xz+1, z#£0,
bA+o(A), y=1, 2 =0,

1 -2 %A+ 0(A), y=1, z #£0,
1-bA+o0(A), y=0, z =0,

PEE+A)=y[&(t) =2) =

where A > 0,b > 0 and a > 0 are parameters of the process. In order to find a
proper scaling, we choose the space scaling N € N, and find suitable time-scaling
by calculating generator. Let N7 > 0 be the time-scaling which corresponds to
the space-scaling N. Consider the process

§(N"t)

En(t) = TN te 0,7,



608 A. Logachov, O. Logachova, E. Pechersky, E. Presman, A. Yambartsev

with its generator G on the state space Ey = %E, such that for a given
ry € En we have

G flarn) = lim + (EGEx(A)) ~ fan)
= lim < ((f(o + %)~ FEn) MNax) NTA

+ (flon = ) = F@n)ANan)*NTA + o(N7A))
=N?*(f(zn + %) — 2f(#n) + f(zn — %)) AN *(Nay)*N7.

Here f is a twice differentiable function with compact support. Observe that if
a+v—2=0,and xny — x, then

Jim G flan) = A (2). (2.1)
This tells us that the correct time scaling should be

y=2-a.
Further, we deal with the scaled process

E(V2)
§N<t) \AN , te [OvT]v (2'2)
where N € N is increasing to infinity scaling parameter, T > 0 is a fixed positive
constant. We are interested in limiting distribution for this sequence of scaled
processes. To not overload the notation, we will omit the symbol « in the scaled
process (2.2). However, it will be evident in each case that « is considered.
Assume the sequence of initial states x5 (0) = zn satisfies

lim zy =z, (2.3)
N—o00
where x non-negative real number.
The main result here concerns convergence of the scaled process (2.2) under
the condition (2.3). For a given positive T', let D[0,T] denote the set of cadlag

functions on the time interval [0, 7], equipped with the Skorokhod metric. We
prove the following theorem.

Theorem 2.1. Let « € [1,2], and suppose that the condition (2.3) holds. Then
the sequence & (t) weakly converges (when N — oo) in D[0,T] to the solution
of the following stochastic equation

X(t)=xz+ \/§/t X2(s)dw(s), tel0,T]. (2.4)
0
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Note that the equation (2.4) has the unique strong solution with finite second
moment only if & € [1,2] or a« = 0 (see, for example, [8, Chapter 4, Theorem
2.4, Theorem 3.2]). Indeed, [8, Theorem 2.4, Chapter 4], when applied to one-
dimensional SDE of the form:

dX (t) = b(X (1))dt + o(X (t))dw(t),

establishes the finiteness of the second moment of the solution for any ¢ > 0
and ensures that the explosion time is infinite, provided the following condition
holds:
b(@)? + lo(@)[2 < K(1+ [2f2),

for some constant K. Notably, in our case, with b(z) = 0, o(z) = v/22%/2, this
condition is satisfied when o < 2. This essentially establishes the existence of
the solution of (2.4).

The uniqueness condition is provided by [8, Theorem 3.2, Chapter 4], which
asserts that if there exists a strictly increasing function p(u) on [0, 00) such that
p(0) = 0 and for a small € > 0, the integral

and
lo(z) —a(y)l < p(lz —yl),

for all x,y, then pathwise uniqueness of solutions is guaranteed. These con-
ditions hold when we choose p(u) = v/2u®/?, providing a lower bound for the
parameter o > 1.

Note that if = 0 and « > 1, there exists a unique solution X (t) = 0 for all
t > 0, meaning that once the process reaches the state of zero, it will remain at
zero indefinitely.

Proof of Theorem 2.1

Consider an auxiliary random process £(t) extending the original process on
Z. The transition probabilities satisfiy the following system:

AMz|*A+0o(A), y=x£1, z#0,
b
i i ZA+o(A), y==+1, 2 =0,
P+ )=y & =) = 27 T BN
1=2X\z|*A+0o(A), y==2, ©#0,

1—-bA+0(A), y=0, 2=0.

It is easy to see that thanks to the symmetry &(+) &4 |€(-)|. Thus, if the sequence
of random processes
: E(NZ°)
t) = . tel0,T 2.5
) VAN 0,7} (2:5)



610 A. Logachov, O. Logachova, E. Pechersky, E. Presman, A. Yambartsev

converges to some process X(-) as N — oo in the space D[0,T], then the
sequence £y (+) converges to | X(-)].

Thus, we will show that the sequence & ~ () weakly converges in D0, 7] to
the solution of the stochastic equation

X(t)=z+ ﬁ/t | X (s)|*%dw(s), te][0,T). (2.6)
0

In order to prove this, we use the following alternative representation 7(-) for

the £(-):

o(t) = Z/ (=) = k)w(ds) — Z/ (s—) = k) (ds),

k=—o0 k=—oc0
(2.7)
where the Poisson processes vg, ug, k € Z with rates

Evi(1) = Eug(1) = X\k*, ke Z\ {0},
and .
EVo(l) = E,UO(I) = 5,
are independent. Lemma 4.1 proves that indeed
sy d
() =n():

Thus, if the limit of the sequence (2.5) exists, then it should coincide with the
limit of the sequence of processes

n(N2~t)
=" Y o1,
where 7(-) is defined by (2.7).
Remark 2.2. 1t is easy to see that
o0 t
§j /“ D) = > [ 1) = b,
_ k=—00”0

where
P (ds) = vi(ds) — A[k[ds,  fix(ds) = pi(ds) — A|k|*ds, k€ Z,
Fods) = vo(ds) — Vs, fo(ds) = puo(ds) — s,

Thus, the random process 7)(t) is a martingale with respect to the generated
filtration.
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Further, without loss of generality, we will assume A = 1. According to
Remark 2.2, we obtain

N2t

_ n(N*e) I(n(s—) = k)ok(ds)

() = T =+

|M8
S~

e t (2.8)
oyt ; /0 I (nN(s—) - N) P (AN?25)
- ;kioo/tl (771\/(5) = N) ik (AN?~%s).

Let us find the quadratic characteristic of martingale nx(-). Using Itd’s
formula (see, for example, [7, Chapter 2, §3, Theorem 1]) and (2.8), we obtain

om0 =+ 3 j((nN<s>+W)2 -

— 277N(5)I (77]\7(8) = §)>N2_o{|k‘|ad8

N
— 2N (s) (nN(Jf]):O))NQ_a;dS
SN TTAPNE (UNOES AR
+k=z_oo0/((w<> ) ke
+ o (o) ) = ) (”N(j\)f - 1@)>N2a|k|ads

O))z—nms)

_|_
—
/N
/N

3

2

o

|
(=
=
Z2
z|=
Il

+
)
=
z
—
@
S~—
=
z
—
2w
S~—
Il
o
S~—
N———
21\\7
Q
N |
QL
Va)

+ i /t<<mv(s) + W)Q 7712\/(5)) 7p(dN?"%s)
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S / (o~ PO CDZRY (o)) ucan=m

k:—ooo
2 = / k
~ Na Z /I (nN(S) = N) |k|*ds
k=—co(
b t
tNe /I(UN(S) =0)ds + My(t),
0

where the martingale My (t) is

My (t) = o
+ kioo 0/<(mv(s—) + W) T 7712\/(5_)) 7, (AN2~%s)
" ki;(j((mv(s_) - W)Z - 7712V(3_)>ﬂk(d]\]20‘5).

Thus, the martingale ny(-) has the following quadratic characteristic

ov(0) = X [ T(mwle) = ) s+ g [ Tl = 0)as.
k=—o00

(2.9)
According to [7, Chapter 8, §3, Theorem 1] it is sufficient to show that
lim zy == (2.10)
N —oc0
and for any € > 0
lim P ( sup [nn(t) —nn(t—)[ =) =0, (2.11)
N—o0 te[O,T]
t
lim P( sup |(nn (1)) — 2/ I (s)|%ds| > 5) —0. (2.12)
N—=oo  \¢elo,1] 0

Statement (2.10) is exactly the condition (2.3), while (2.11) holds thanks to the
fact that a value of any increments of the process ny(-) is equal to % Let us
show that the equality (2.12) holds too. Let us transform the first term on the

right in (2.9):

S /Otl(mv(s);) k{ds

k=—o00
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S [xfmo ) (5
5 () u(femarmo )

_9 /O I (5)|ds, (2.13)

)

I
B

where L(-) Lebesgue measure.
Using (2.9) and (2.13), for any € > 0, « € [1,2) we obtain

lim P | sup
N—oo te[0,T)

= ]\}i_I)nOOP (]\If)a/o I(nn(s) =0)ds > E)

bT

(nx () — 2 / I (s)|ds| >
T

Thus, the conditions (2.10)—(2.12) hold and the sequences & (- +) and {n(-) con-
verge weakly in the space D[0,7] to the random processes X(-) and |X(-)],
correspondingly. Moreover, the limiting process X (-) allows for the representa-
tion (2.6)

t
() =+ \/5/ X ()| 2dw(s), € [0,T].
0
It remains to show that |X(-)] 4 X(-) (recall, X(-) is the solution of the
equation (2.4)).

Applying the Tanaka’s formula (see, for example, [10, Chapter 9, Proposition
9.2]), we obtain

| X ()| —x—i—\f/ sign(X )|X( )|a/2dw(s)+L§(t), (2.14)

where Lg((t) is the local time at zero of the process X (-), and

. 1, ify >0,
SenW) =3 1 ¢y, <0

We will prove that Lg( (t) = 0. To prove this, according to [11, Chapter 9, §3,
Lemma 3.3|, we must to provide a Borel function p from (0, c0) into itself such
that for any small € > 0

/OE p(y)dy = oo, (2.15)
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and for any t € (0,71, the following condition should holds

/0 I(X(s) € (0,£)p(X (s))d(X (s)) < o0,

where (X (-)) is the quadratic characteristic of the martingale X (-).
Indeed, choosing p(y) = 1/|y|* the condition (2.15) holds for all « € [1,2],
and we will have

/0 I(X(s) € (0,¢))p(X(s))d(X(s)) = 2/0 I(X(s) € (0,¢))ds < o0 a.s., (2.16)

where in our case d(X (s)) = 2|X(s)|*ds. Thus, from [11, Chapter 9, §3, Lemma
3.3] and (2.16), (2.15) it follows that L{ (t) = 0 and

|X(t)] =z + \@/O sign(X ()| X (s)|*/2dw(s). (2.17)

It is easy to see that the random process

w(t):/o sign(X (s))dw(s) (2.18)

is Wiener process. From (2.17), (2.18) it follows that
t
X(t)| =2+ \/5/ | X (s)[*/2da(s).
0

Thus, the random process | X (-)| has the same distribution as the solution of
the equation (2.4). O

Remark 2.3. In the case when « € (0, 1) we assume that the limit process for the
sequence &y (+) will satisfy the equation (2.4). However, for such « the solution
of this equation will not be unique even in a weak sense (see, for example, [9,
Chapter 1, §3, Example 1.22]). Therefore, we cannot apply Theorem 1 [7,
Chapter 8, §3] which requires that the limit equation has a unique solution.
Apparently, in this case there will be a weak convergence to one of the solutions.

Remark 2.4. Note that the proposed method of the proof of Theorem 2.1 can
also consider the case @ = 0 (essentially, this will be a generalized Poisson
process with reflection at zero, built on a classical random walk). In this case,
the limiting process will be the solution to the stochastic equation

X(t) =z +V2w(t) + L (t), te]0,T],

where L (t) is the local time at zero of the process X(-).
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Remark 2.5. Let
T=inf{t > 0: X(¢t) =0}

and
k=1inf{t > 0: X(t) = oo}.

The condition (3) of [8, Theorem 3.2, Chapter 6, §3] holds. It implies that for
any initial z > 0 the probability P(7 A k < co0) = 1. Moreover, we observe that
the condition (2) [8, Theorem 3.1, Chapter 6, §3] is also satisfied, that implies
P(7 < k) = 1. Thus, when « € [1,2), a trajectory reaches 0 within a finite time.

3. Discussion

Let us briefly discuss the case when « ¢ [1,2]. The method we employed
for the proof, specifically [7, Chapter 8, §3, Theorem 1], allowed us to establish
convergence for all a < 2. Therefore, when a € (0,1), the existence of a
solution of the equation (2.4) can be confirmed by [8, Theorem 2.4, Chapter
4], for example. However, we have not been able to prove its uniqueness (see
for more detail [9, Chapter 1, §3, Example 1.22]). It’s worth noting that the
absence of uniqueness is also a well-known phenomenon.

Simultaneously, the diffusion coefficient is locally Lipschitz outside the bound-
ary even in the case @ € (0,1). This property enables us to establish uniqueness
up to the hitting time at zero. We hypothesize that the resulting limiting pro-
cess “extracts” from the set of solutions one that reflects at zero and it is unique.
It would indicate the absence of a localization phenomenon at zero. Proof of
this we leave for a future work.

We do not have a proof of convergence when a > 2. This limitation may
attributed to the absence of the finiteness of the second moment. If the second
moment is infinite, the quadratic characteristic is infinite as well. Nevertheless,
we can establish that the solution of the equation (2.4) does not explode, it is
unique, and never reaches zero when starting from a positive number. It is also
the focus of our future research.

The matter-antimatter imbalance, an intriguing and unsolved problem in
physics, continues to captivate the attention of researchers. We also address
the matter-antimatter imbalance in the Universe in [5]. We believe the same
martingale techniques can be applied to the birth-death process restricted to
the set 0,1,..., N. One may expect the same diffusion equations without drift
will hold on the space interval [0,1]. However, this should be a subject of a
separate study.

4. Auxiliary results

Recall that the process 7 is defined by (2.7)
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Lemma 4.1. The following holds true £(-) < n().

Proof. Define recursively the jump instances:

t1 := min {t € [0,00) : max (l/n(o)(t) — Un(0)(t=), ko) (1) — tiy(0) (t—)) = 1} ,
and for k£ > 2

ty = min{t € (tg—1,00) :
max (Ve ) (1) = Vy(ee_ ) (E)s e (8) = g (t-)) = 1}

Denote by 7, k € N the time when the process £(-) makes the kth jump.
It is sufficient to show that for any &k € N

(tl,tg — tl, e ,tk — tkfl,n(tl), e ,T](tk)) (41)

L, =T e — Tho1, €(11), . E(TR)).

Let us prove (4.1) by mathematical induction. Using (2.7), we obtain

n(t) = &(0) + vg ) (t) — kg (1), if ¢ € [0,44].

By definition ¢; has the exponential distribution with rate 2X(0), when £(0) #
0; and with the rate b, if £(0) = 0 (the minimum of two independent random
variables with exponential distribution). At time ¢; the state of process 7(:)
increases or decreases by 1 depending on which process 1/5(0)(-) or Né(o)(') has
the jump at the time t;, therefore

Pln(t) =£(0) ~ 1) = Pln(tr) =&(0) + 1) = 3.

Thus, (t1,7(t1) £ (71,€(r0)).
Suppose for fixed k € N the following equality holds

(tl,tz — tl, P ,tk — tk,l,n(t1)7 e 717(tk))

i (T17T2 —Tlye Tk — Tk—1a6(71)7 e 7£(Tk))'
We will show that the equality holds also for k + 1.
Using (2.7), we obtain
n(t) =n(te) + Wy, (8) = Vo) (te)) = (e () = tncen) (te)), AT E [t tega].

By definition t511 — t; has the exponential distribution with rate 2An®(ty), if
n(ty) # 0, with rate b, if n(t;) = 0. At time tr41 the process n(-) changes its
state by 1 or —1 depending on which process vy, )(+) Or fin(s,)(-) made a jump

P(n(trs1) = ntx) — 1) = P(nte) = nlts) + 1) = %
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Thus, we proved that if n(tx) = x, then thee joint distribution of random vari-
ables t 11—t and 1(t41) depends on only the value of  and coincides with the
joint distribution of random variables 7441 — 7 and (7g+1) under the condition

&(1r) = z. Using this fact by induction for any reals y1,...,Yk+1,01,- .-, Vg1
we will have

Pty <yi,ta—t1 <yo,. sty — te <yrp1,n(t) <vi,.oo,n(tesr) < vkgr)

vk
= Z P(tes1 =t < yrt1,n(tes1) < vrs | n(te) = )
T=—00
X P(tl <Yty tpgr —t < yk+1,77(t1) < Ul,...,n(tk) = 33)
v
= > P (Tk+1 =Tk < Ykt1,€(Tht1) < vk | €(T0) = x)
r=—00
x P (7'1 < Ylyeo oy Tht1 — Tk < yk+lyé(7-1) < ’Uh...,g(Tk) = 1‘)
= P(T1 <Y1, To—T1 <Y2s- oy Thp1 = Th <Y1, E(T1) < V14w, E(Thp1) <Vkg1)-
O
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