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ESTIMATES FOR THE INTERACTION POTENTIAL BETWEEN
TWO ATOMS

V. A. Malyshev* and R. A. Minlos’

We consider a quantum system consisting of two electrons in the Coulomb field of two immovable nuclei
spaced at a fixed distance, which is considered the problem parameter. We use spectral theory methods to
obtain estimates of the system ground-state energy as a function of the internuclear distance. We obtain
part of the results under the assumption that the Coulomb interaction constant between different atoms

is small. We discuss the importance of the presented investigation for quantum chemistry.
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1. Introduction

This paper is devoted to a single mathematical problem: obtaining detailed information about the
structure of solutions in the restricted quantum four-body problem. This is the first problem in a circle of
problems connected with the fundamental question in quantum chemistry: What is the interaction between
atoms? Such problems have always been outside the mainstream of the development of the theory and
have not received sufficient attention from mathematicians although these problems are closely related to
the two thoroughly investigated divisions of spectral analysis for Schrodinger operators, scattering theory
and bound state theory.

It is commonly accepted that atoms should be treated exclusively at the quantum level. The bound
states are found for one-electron atoms and ions explicitly, and there are many approximate methods for
estimating them for many-electron atoms. It would seem also natural to treat molecules as purely quantum
systems consisting of several nuclei and electrons. Omne obstacle to this is the calculation complexity,
and there are no explicit calculations of eigenfunctions or eigenvalues even for a hydrogen molecule or
ion. In other words, the situation for molecules differs essentially; it resembles the situation in celestial
mechanics, where the three-body problem also admits no explicit solution. These conditions have led
to a strange mixture of approximate quantum and classical approaches in molecular physics. Moreover,
in parallel with the long existing, entirely computational quantum chemistry, there have appeared new
developing computational sciences such as molecular dynamics or molecular mechanics, which simulate a
large molecule as a system of classical particles with some artificially introduced two-particle potentials.
The question of where these potentials should be taken and also the more general question of where the
various potentials used at the microlevel in statistical physics should be taken (e.g., the Lennard-Jones
potential and the quadratic potential of harmonic oscillators) to investigate the microscopic properties of
a substance remains open at the mathematical level. At the same time, the only fundamental “legitimate”
potential is the Coulomb potential (if the magnetic properties and the spin are neglected). It is natural
to ask whether this multitude of potentials can be derived from the Coulomb potential. Although this
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Fig. 1. Typical form of interaction.

question has undoubtedly been widely discussed in physics, we are unfamiliar with any rigorous results of
this kind.

There are also other similar questions without answers. For example, chemists and also physicists (see,
e.g., [1]) treat atoms as molecular components that nevertheless do not lose their individuality. A natural
question arises: What does it mean that “atoms” are identified in a system of nuclei and electrons? Another
question is whether we can give exact definitions for various kinds of chemical bonds, such as covalent, ion,
and hydrogen bonds.

The approach usually used in physics and quantum chemistry (see, e.g., [2]-[4]) is as follows. For two
neutral atoms with Z; and Z5 electrons, we consider a restricted problem in which the corresponding nuclei
are fixed at a distance x from each other, and we calculate the least eigenvalue E(x) of the system of Z1 425
electrons in the field of the two immovable nuclei. The interaction energy of the two atoms separated by a
distance z is then understood to be

Z1Z262
ol .

where Ey; is the ground state energy of the ith atom, Z;e is the charge of the ith nucleus, and the third

U(z) = E(z) — Eo,1 — Eo2 +

term in the right-hand side corresponds to the Coulomb internuclear interaction. Part of our results relate
to the case Z; = Z3 = 1, and a small constant « is introduced before the Coulomb interaction between
different atoms for the rest.

The primary question is about the reasonability of the definition itself. If this definition (somehow
averaged over z) seems natural for bound states, i.e., for two-atom molecules, then it is a priori totally
unclear how it relates to scattering or, generally, to the relative dynamics of two atoms. The justification
of the latter relation is usually connected with the Born—-Oppenheimer adiabatic approximation. There is
an extensive physical literature on this subject (see, e.g., [5]), but the mathematical justification has been
obtain only in the framework of the semiclassical approximation (see, e.g., [6]-[9]).

The next question, about the qualitative behavior of the function U(z), was resolved in the framework
of computer calculations because there are unsolved problems even in the case of immovable nuclei: while
the restricted three-body problem has explicit solutions in celestial mechanics, this is not so in the quantum
case (but see [10] for the case of two electrons in the field of two nuclei).

Here, we consider a system of two hydrogen atoms, i.e., Z; = Zs = 1. We prove several results
confirming the typical form of interaction presented in many monographs on quantum chemistry (see,
e.g., [2]) and shown in Fig. 1. We note that the Lennard-Jones potential

w3 (2)
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where €,0 > 0 are parameters, has the same qualitative behavior. Of course, the above formula cannot be
derived accurately; in particular, such a rapid increase at zero cannot be obtained. Therefore, we can only
speak about the qualitative behavior. Three features are fundamental: the rate of increase at zero, the rate
of decrease at infinity, and the existence of a single minimum.

2. Results

We consider a quantum system consisting of two nuclei (protons) fixed at the points 0 and z in the
space R? and two electrons in the field of these nuclei. Let y be the position of the first electron and x + z
be that of the second. The Hamiltonian of the system in the space H = Ly(R%) = Lo(R?) ® Lo(R3) is

H=H(a,z) =Hoy®14+1® Hp. + aV(y,z),

where ! !
T H07z = _AZ - T
|yl |2

are the Hamiltonians of the hydrogen atoms with nuclei fixed at the respective points 0 and x. The

Hoy=—-A, —

interaction between the particles of different atoms is given by the operator of multiplication by the function

1 1 1 1
R — _|_ s
[z e =yl Jr+z fr—y+2]

V(yv Z) = Vi(yv Z) =

where the proton and electron charges are assumed to be +1 and —1. The parameter o > 0 is equal to
unity in the physical case.

If we let Ey/2 denote the ground-state energy of the hydrogen atom, then H(0,x) also has a single
nondegenerate bound state ¥o with the energy Ey = Ey(x), which is, of course, independent of z. As is
well known [11], the ground state of the hydrogen atom is determined by the wave function (we assume
that the nucleus is located at the point 0)

1 _
oly) = e M € L(RY), (2)
and consequently
1
o = o(y)e(z) = ;e"y"‘z‘- 3)

We note that the term «/|z| in the Hamiltonian is a constant number, and it is convenient to state some
properties in terms of the Hamiltonian with the internuclear interaction excluded,

1
x|’

i.e., the Hamiltonian of a system of two electrons in the field of two nuclei.

Helectron = electron(a7 LC) =H-«a

We first present some known facts about the Hamiltonian Hejectron-

1. The Hamiltonian Hejectron 1S essentially self-adjoint on C§° for all « and all o and is bounded below
and moreover uniformly bounded with respect to x for a given « (see Theorems X.12, X.15, and X.16
in [12] and also [6]).

2. For a > 0, the essential spectrum of Hejectron fills the half-axis [u, 00), where p = p(a,z) < 0,
and the discrete spectrum consists of infinitely many eigenvalues on the half-interval [Eelectron(g) 1)
that converge to u (see [13]), where ES'c*™°n(z), the infimum of the spectrum of the Hamiltonian
Helectron (@, ), is the least eigenvalue of Hejectron and moreover nondegenerate (see [12], [14], [15]).
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We let

1
E., _ Eelectron -
({E) o ta |$|

denote the least eigenvalue of H. It is important for determining the interatomic interaction, which is

defined in accordance with (1) as
U(z) = U™ (z) = Eq(z) — Eo(z) = Eq(x) — Eo.

Because of the spherical symmetry, we have E,(x) = E,(r), i.e., E,(z) depends only on r = |z|, and we
use both notations where it does not lead to misunderstanding.

It can be easily verified that the set of the operators H(«,x) for a fixed x is an entire analytic family
(in the sense of Kato) in the neighborhood of the point oo = 0 (see Theorems X.12, X.15, and X.16 in [12]).
By the Kato—Rellich theorem, for small values of «, there exists a unique nondegenerate eigenvalue E, ()
in some neighborhood of the point Ey(x) (see Vol. 4 of [12]). And it can be expanded in the Rayleigh—

Schrodinger series
E.(r) = Eo + Z aepn (1), (4)
n=1
which converges for small .
Lemma 1. There is an o > 0 such that series (4) converges uniformly in x for |a| < «qg.

Theorem. 1. The relation
wm=%+mn,ram

holds for all o > 0.
2. For an arbitrary r, the first coefficient in series (4) has the form

S lmz2\) -z _ - --° ?
e(r) ozli% lo' T T 6 2T+4

1 1 9 81
_ ,=2r( = _ = 2 < =
=e (r 6<T +27’+4>). (5)

The function ¢1(r) has a single (nondegenerate) minimum on the interval (0,00), decreases exponentially

Eo(r)—Ey 1 1—e2 72" <7“2 N 9 g) B

as r — o0, and increases as 1/r as r — 0. Moreover, the full interaction U(r) also has a single minimum
for small c.
3. The second coefficient in the perturbation theory satisfies the inequalities

Dy Dy
Dy <22, ©)

where 0 < D1 < Dy < 00 are some constants.
4. For all a > 0 and sufficiently large r, we have

C
—U(T) < T'_G

for some constant C' = C(a) > 0.

The electron spin is not taken into account in the model we consider here, but similar calculations can
also be performed with the spin included.
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3. Proof of the theorem

3.1. The first statement in the theorem: Small values of |x|. We consider the function
Helectron, 1-€., the Hamiltonian of two electrons in the field of two nuclei fixed at the origin and at the
point z. If these nuclei are at the same point, i.e., x = 0 and a = 1, then this is a helium atom. For small
a, it is natural to take the internuclear distance r as a perturbation parameter. In this case, it is known
that for this problem with two electrons in the field of two centers, the Hamiltonian Helectron(Z) is bounded
below uniformly in z, and the least eigenvalue exists [13], is nondegenerate [14], [15], and depends smoothly
on z [6]. Hence, the only increasing contribution to U(x) at zero is given by the internuclear interaction,
ie., by a/r.

3.2. The second statement in the theorem.

2

3.2.1. Electrostatic interaction. We let p(y) = |o(y)|* denote the probability density for the

ground state to have an electron at the point y € R3. In the corresponding system of units, p(y) is then
the charge density of the “electron cloud,” and by (2), we have

ply) = = e 2. (7)

™

Therefore, the hydrogen atom can be regarded as a charge system, and the interaction between the two
atoms can be treated as the Coulomb interaction between two such charge systems. Namely, let g and po
be two finite measures in the space R? with a zero total charge, i.e.,

/|dui| < 00, /d,ul-:O, 1=1,2.

By the electrostatic interaction (or two-potential) between these measures, we mean the function

1
Ues(z) = —d d , R3. 8
@ =0 [ e @ i), v (8)
In our case, we have

dpr(y) = dpz(y) = 0(y) + pdy,
UCS(ZIJ) = Oé(U()Q($) + U01($) + Ulo(ﬂi) + Ull(ﬂi)),

where the four terms in the above formula are defined as follows: the interaction between the two nuclei

located at the points 0 and z is
1
Uoo(z) = —,
||

the interaction between the nucleus of the first atom and the electrons of the second atom is
1
Unn =~ [ ———p(y)dy,
|z —yl

the interaction between the nucleus of the second atom and the electrons of the first atom is

1
Ui = —/ p(z)dz,

|z + 2|
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and, finally, the interaction between the electrons of different atoms is
= / L (y)p(z) dyd
U z z.
11 iz —y+ 2| py)p Y
A special case of the two-potential is the main definition in potential theory (see [16]): the function
U tential (L H1\y), x )
potentia |$ y| R

is called the potential (or one-potential) of the measure p;. It is obtained from expression (8) if the function
12(z) is taken equal to 6(2), i.e., to the unit measure at the point 0. This coincides with the electric potential
created by the measure 1,

1 1
Upotential(x) = UOO + UOI = m - / |ZIJ — y|p(y) dy

In this case, we have
Ues(z) = / Upotcntial(x) dpy(z) = O[Upotcntial($) -« / Upotcntial(x — z)dp(2).

We also note that as follows from formula (3) and the results in [12], Ues(r) coincides with the first term of
series (4),
Ues(r) = acy(r) = (To, aV (r)¥y).

3.2.2. A crude estimate for the rate of decrease. We first show that Ues(x) decreases faster
than any power of r—! using a simple and visual method, and we then present a less intuitive derivation of
the expression for ¢;(r). We prove the following lemma.

Lemma 2. If both the hydrogen atoms are in the ground state, then Ues(z) decreases faster than any

N

power r— as xr — OQ.

Proof. It suffices to prove that for an arbitrary positive integer N > 0, the function Upetential(Z)
decreases faster than »~. For this, we use the asymptotic (multipole) expansion for large r (see, e.g., [17])

00 l
p(z) _ 47 1
e =y X vt 0m

where Yy, (¢, @) are spherical functions and
Qim = /Ylfn(ﬁ, ©)rlp(r) dz, dz = sin® dp di r* dr.

As usual, this expansion means that the finite sum Ei\]:o differs from the left-hand side by O(r~"~1). On
the other hand, by the spherical symmetry of p(r), all coefficients Q,,, are zero except the coefficient Qoo,
which is equal to 1/ V27, Because we also have Yy = 1 / V27, we see that the asymptotic series consists of
a single term 1/r, which proves our assertion about the rate of decrease of Upotential(7)-
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3.2.3. Derivation of formula (5). In what follows, we assume that the point « lies on the positive
part of the first of the axes 1, 2, and 3 in the space R3. The derivation reduces to direct calculations. In
our case, we have

Un(a) 1 / —2|y| 2|v\d dud
11\T) = —& —) - ayauav,
7T2 +utv=x |u|

2 e 21yl
Uo1 +Uip = —— Tyl Y

We consider the Fourier transforms of these two integrals,

L(p) = T (p) = / EPD U (@) de = — G2 (p)h (D).
e 2yl
= ——/ (pz) / dy dz,
|z —y|

) 3 et(p,z)
wl(p)=27f/ P2l gy y(p) =/—dy-
R3 |y|

where

We introduce the spherical coordinates in which —7/2 < ¢ < 7/2 is the angle between the vector x and
the x; axis, and —7 < < 7 is the angle between the vector z and the Ozox3 plane. We then have

e g , 167
p) = 27r/ 7“2/ dg sing erPleosv=2r g — 7
#(P) 0 0 (p? +4)?
i(pw) 4
e T
v = [y
|yl |p|?
Hence,
2107 27
L) = - L) =
WP) = e A e

We now calculate the inverse Fourier transforms. Writing s = |p| and, as usual, » = |z| and also introducing
the spherical coordinates, we obtain

~(Un (@) + Uroe) = 8—; [ nm -

zrs cos

= / S ds/ dv smﬁ )

16 8 —e —irs 16 eirs _ efirs

r /0 § 15(52 +4)2  ar /, 315(52 +4)2

25 1 eirs efirs

= —27 e — - -

Tr2i (24 +Res<s(82 —|—4)2> _y +Res(s(52 +4)2)
B 25 1 N eirs 4 N e—irs 4 B
o\ 2! s(s4+20)%) | o s(s=2i)2) | o)

2571 T _op e 2" I e 2"

s—2i)
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Similarly calculating the other integral, we obtain

1 : 1—e 2 % 9 33
- —i(z,p) - - ° 24 2422
Ui () o /e I(p)dp " 5 (7“ + 27‘-1— 1 >,

whence (5) follows.
In particular, the resulting explicit expression implies that Ues(r) decreases exponentially at infinity.

3.2.4. The proof of Lemma 1. We essentially use the technique related to the famous Kato in-
equality here (see [18], [12]). For the proof, we note that the function 1/|£| can be represented as a sum of
two functions,

1
o $1(§) + ¢2(8),
where ¢1(£) € L2(R3) and ¢2(€) € Loo(R?). Using the method in the proof of Theorem X.16 in [12] (also
see Example 2 in Vol. 2 of [12]), we then obtain

|Gi+=1)7
PARE

for f € Co(R®), where a,b > 0 are some constants and the constant a can be chosen arbitrarily small.

< al(Ay + A2)fl L) + bl Il Loy 9)
L3 (RS)

Similarly,

< aall(Ay + A fll o) + abil|flly@s).  (10)

1 1 1
al — - + f
=yl Jet+zl |z —y+z)7,we

It follows from (9) that the operator

11
Hy=-Ayj— A, — — — —
lyl 12l

satisfies the estimate

| Hofll ooy + all(Ay + A2) fllLamsy + 0l fllLamey > [(Ay + A2) fllLoms),
i.e., the inequality

1
1Ay + A2 fllzamey < 7= (IHofllLoe) + bl 2cze))

holds. Substituting this inequality in (10), we obtain
1 1 1
()
o=yl lz+z[  |r—y+2

aa aa
= b b = .
1T—q T 271,

For small a, we have aa/(1 —a) < 1, and the two constants as and by are independent of z. It follows

< az||Hof | pors) + b2 fll Lows), (11)
La(RS)

where

ba

from inequality (11) that the operator Hejectron 18 self-adjoint and is bounded below. In this case, the
Rayleigh—Schrédinger series for the lower eigenvalue of this operator differs from the corresponding series
for the eigenvalue of the operator H(a,z) only in the constant a/|x|, and these series consequently have
the same convergence radius Ry. Using Theorem XII.11 in [12], we obtain the estimate

RO Z [aQ + eal[bQ + CL2(|E()| + 60)]} - = Rlowcr;

where ¢ is the half-distance from the minimal eigenvalue to the remaining spectrum. The right-hand side
of this inequality is independent of z. Because the convergence rate of a power series converging inside some
circle is determined by the radius of the circle, we conclude that the series in question converges uniformly
in . The lemma is proved.
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3.2.5. The end of the proof of the second statement in the theorem. As previously noted,
the first term in expansion (4) has the form

acy(r) = Ues = (¥, V) (12)

and coincides with the electrostatic (classical) interatomic interaction Ues(r) introduced above. We see
that the function Ues(r) is of the order of a/r as r — 0 and that the absolute value of Uj(r) decreases
exponentially as r — oco. Because the expression in the parentheses in the right-hand side of the formula

1 1 9 81
_ —2r( - _ - 2 e it
Ues(z) = e (r 6(7" —|—2r+ 4)>

is the difference between a decreasing function and an increasing function and Ugs has different signs in the
neighborhood of zero and at infinity, the function Ues() has a single zero for > 0. As can be shown by a
simple calculation, the derivative U/ (x) can also be represented similarly and hence also has a single zero
at some point Zuyin > 0. Therefore Ues(z) has a single minimum Ues(Zmin)) < 0. It can be shown that this
minimum is nondegenerate.

It was proved in [6] that the least eigenvalue E,(z) of the operator H is twice differentiable with
respect to r and the first and second derivatives FE! (z) and E’(z) can be expanded in power series in
a that are obtained by differentiating series (4) with respect to 7. This and the uniform convergence of
series (4) imply that the full interaction has a single minimum for sufficiently small «.

3.3. The third statement in the theorem.

3.3.1. The lower estimate for the second coefficient in the perturbation theory. For large
r, the “small parameter” is 3 = r~!. Although the operator V formally disappears at 3 = 0, the parameter
[ is involved in the perturbation nonlinearly, which leads to some difficulties.

For small a, the second coefficient in the perturbation theory has the form (see Sec. XII.2 in [12])

Cy = —/ (/\ - Eo)il d(VXo, PAVX()) =
‘A*Eo‘>€0

_— (VXO,/ (A= FEp)~ ! dP,\VXO) -
[A—=Eo|>eo

—(VXo,(A— Ho) (1 = Py))V Xy), (13)

where we set Xo = ¥y. This implies
2| < [[(Ho — Eo) ™' (1 = Po)|l [V Xoll* < CollV-Xoll?,
where Cj is the norm of the operator (Hy — Eo)_1 on the subspace orthogonal to Xj.
We estimate the asymptotic expression for the norm of V X at small 3, for which we split the range
of each variable y and z into two regions. For example, in the case of y, we split the range as
§ §

lyl <z Jyl > |2°,

where ¢ > 0 is sufficiently small, and we then write
A ={(y,2): [yl < 2|2 < 2°Y A ={(y,2): [yl < |2 |2] > |2},
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and so on. In this case, the function ¢(y) is represented in the form

oY) =e1(y) +v2(y), 1Y) =Wy <z, P2(Y) = W)Ly 5|l

and a similar representation is obtained for (). In this case, ||V Xo||? splits into 16 summands,

IVXol? = (VX0,VXo) = > aijrt, i = (VXij, VX)), .5,k 1=1,2
i,7,k,l

where X;; = ¢;(y)p;(z). Here, only the terms a;;r with (¢,7) = (k,1) turn out to be nonzero. We first
consider the term a11,11 corresponding to the region Aq;. If the coordinates x;, 22, x3 are chosen such that
the vector z lies on the x7 axis, then it is convenient to represent V in the form

1 1
— — +
\/1—2y15+ﬂ2|y|2 \/1+2215+52|Z|2
1
+
V1+2(z1 —y1)B + 3%z — yf?

V=V - ﬂ(l

) = B18 + B2f? + B33* + R3(B)

with the integral expression

B
Ri(®) =5 [ G-V Ow i

for the remaining terms. It is easy to show that

1
By =By =0, 33=Bs(y72)=—§(y72)—6y121-

Therefore, we can write the interaction as
V = B3 + R3(f3). (14)

Some simple calculations show that for 0 < t < 8 and (y,2) € Ay, the expression V® (t;y, 2) admits the
estimate
[V (t;,2)| < const - (Jyl* + |2]*).

It follows that
|R3(B;y,2)| < const - 3*([y[*> + |2[*).

Because we have the estimates

0< /A 8°Bs(y, )01 (4)r (2)]2 dy dz <

C
< 66/ B3(y,2)¢* (y)¢?(2) dy dz = —,
R3 JR3 T

where C71 > 0 is a constant, and

/A 16° B (4, 2) Ra(y. 2)|[e2 (0)on (2)]2 dy dz = O(-™7),
/A Rs(y, 2) Plor ()1 (2)]2 dy dz = O(r—),
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we obtain o
(VXH,VXH) < %

The other terms a;; x; contain at least one function ¢, with an estimate e 1=I° in the integrand. For
example, we consider the term

aan= [ VA2 dydz,
Ag2,12
which in turn consists of nine integrals appearing as V is squared. Three of them, for example, the term

1
Ji = //W‘P%(Q)ng@) dydz,

involve the square of the interaction. This term is estimated as

1
[J1| < Cl/ — e 2yl dy/ e 21F gy <
s |7 =yl 2> 2|

1
<Oy [(/ +/ ) el dy} / e 2 dz < Coell”,
lz—y|<1 lz—y|>1 |!E - y| |z|>|x]®

where we use the summability of the function 1/|x — y|? in the neighborhood of the point 2. The other six

integrals involve crossterms, for example,

1 1 ) )
- e —ullz — 2| dydz = I, I
2 // |z — y| |x_z|@1(y)902(2) ydz 11,

where

1 1
12:/ 02 (2)dz = </ +/ ) ©3(2)dz <
|z — 2| ? lz—z|<1 |z—z|>1 |z — 2| ?

< Cze= 2ol +/g0§(z)dz < Cze2el” 4 04/ e 2%l gz,

|2[>]x[®

1 1
I =/—<p2(y)dy= </ +/ )—wz(y)dy<
! |$ - y| ! lz—y|<1 lz—y|>1 |!E - y| !

< Cge2lal’ +/ga§(y) dy < Cge 2171’ 4 06/ e~ gy < Oy
R3

There are finitely many constants C;; they can be easily estimated but are unimportant for our further
aims. The other integrals are estimated similarly. The resulting estimates imply that

1
a12,;12 = ol —= |.
r6

We thus find similar estimates for ass 20 and a21,21. Finally, all these estimates and formulas (13) imply

that there is a constant Dy such that
Dy

Cy > ———.
76
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3.3.2. The upper estimate. We split the interval (Ey + €g, 00) into the half-intervals
ir = (ak,ant1),  k=1,2,..., a1 = Ey+e.

We can then write ¢ in the form
Cy = — E / (/\ — EO)_l d(VXQ, PAVX()), (15)
g Y1k

and each term in the sum is positive. Therefore, to find a lower estimate for this sum, it suffices to consider
only the interval I;, where as is equal to the second eigenvalue of Hy. The second eigenvalue Fy has the
multiplicity eight, but in view of the same positivity, we can restrict ourself to one of the eigenvectors, for
example, to W1 = p(y)¢1(2), where the function ¢(y) is defined in (7) and the function ¢1(x) has the form
(see [3])

p1(2) = ﬁe*\z\ (1 - %')

We let Py, denote the projection operator onto ¥; and consider
(VXo, Py, VXo) = (VXo, (V1,VXo)U1).

It can then be shown in the same way as above that for sufficiently large r, this expression admits the

estimate o
(VXo, (01, VX)) > —2

with some constant Cys > 0, whence it follows that

D,

co < —T—G,

where By > 0.

3.4. The fourth statement in the theorem. The eigenvector X = Xg, which we do not assume
to be normalized but do require that the condition

(X0, Xpg) =1 (16)

be satisfied, corresponds to the eigenvalue E,(x), which is denoted by E = Eg here. We recall that
Xo =Yy = ¢(y)e(z) is a normalized eigenvector of Hy, i.e.,

Hy Xy = FEoXo, I Xoll = 1.
We introduce the projection operator Py onto Xy,
PyF = (Xo, F)X,. (17)
We take the inner product of the obvious relation

(Eg — Eo)Xg = (HQ — EQ)Xﬁ +aVXg
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with Xo. By condition (16), this gives
e =5 =Ey— Ey = (Xo,aVXg). (18)

In what follows, we assume that o = 1, and we seek a “perturbed” eigenvector X = Xg with the eigenvalue
Eg for the Hamiltonian H = Hy + V,
HXg = EgXg. (19)

It follows from the results in [6] on the convergence of the spectrum of Hg to the spectrum of Hy as § — 0
that for every sufficiently small neighborhood O(Ep) of the point Ey, there exists 5y such that for 8 < o,
the intersection of the spectrum of H(o = 1, x) with O(Ey) consists of the single eigenvalue Eg.

To estimate F, we now use the technique presented in [19]. As noted, € can be taken sufficiently small.
In this case, the operators Hy — F'+ cFPy and H — E + cPy have the same domain and have inverse operators
for a fixed ¢ and sufficiently small e. Indeed, we introduce the spaces PoH and (1 — Py)H. The operator
Hy — E+ c¢Py acts as Hy — F on (1 — Py)H and as multiplication by ¢ — ¢ on Xj; therefore,

(Hy — E+cPy)~' = (Hy — E)™! (1 _ < P0>.

C— €

Hence, for sufficiently small 3, the norm ||(Hy — E + ¢Py) ™| is bounded by a constant independent of (3.
Therefore, the results in [6] again imply that the operator (H — E + cPy) ™" exists and that for sufficiently
small 3, its norm is bounded by a constant independent of (.

Consequently, we can write

H—E+cPy= (Hy— E+cPy)(1+ (Hy — E +cPy)~'V),
(H—E+cPy) ' =1+ (Hy— E+cPy)"'V)"Y(Hy — E + cPy) . (20)
Furthermore, the eigenvector X (by (17)) satisfies the equation
(H — E + cPy)X = cXo,

ie.,
X =c¢(H — E +¢cPy) "' Xo.

Taking the scalar product of this equation by X, we obtain
1= ¢(Xo,(H — E + cPy)™' Xy).
Using formula (20) and the relation
(Ho — E+ cPy) ' Xo = (By — E +¢) ' Xy,

we rewrite the equation for E in the form

C
1=——"  (Xo, (14 (Hy— E+cP) " 'V)71X,).
c—E—i—Eo( 0, (14 (Ho +cPy)” V) Xo)

Multiplying by ¢ — E + Ey and subtracting the identity
c=c(Xo,(1+ (Hy—E+¢c)'V)(1 + (Hy — E+cPo) V)1 Xy),
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we finally obtain
c

€= C_6(1/)(0,(1+(HO—EO—eJrcPO)*V)*XO). (21)
We write
A= (H() —Fy—€e+ CPO)_l.
Then
(1+AV) P =1- (14 AV) AV,
and we can rewrite (21) as
€= - < ~(VXo. (14 AV) "' X0) = i[(VXO,XO) — (VXo, (1+ AV) LAV X,)]. (22)

We can estimate the second term in the right-hand side in the same way as for co if we note that (20)
implies the boundedness of the norm of (1 + AV)~1A,

|(V X0, (1+AV)TAV X0)| < [V Xol| (1 + AV) LA ||V Xo|| < C(V Xo, VXp).

The first term in the right-hand side of (18) decreases faster than any power of 1/r. Hence, the resulting
estimates give

BBy =U@)>-S

76

with some constant C' > 0. The theorem is proved.

Remark. It seems that statements 3 and 4 in the theorem describe the exact asymptotic behavior of
C/r®. We see two possible approaches for proving this. The first approach is to take the whole spectrum, for
which there are some explicit but rather cumbersome formulas, into account in expansion (15). The second
approach is to use the Weinberg—van Winter cluster expansions for the resolvent or expansions similar to
them.
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