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ERGODICITY OF INFINITE SYSTEMS OF 

STOCHASTIC EQUATIONS 

V. A. Malyshev, V. A. Podorol'skii, 
and T. S. Turova 

We consider the system of random variables st, indexed by the lattice points z ~ Z ~, 

t ~ R+, satisfying the system of Ito stochastic equations: 

d~  ----- [b 0 (~tz) ~- eb~ (~z+D)] dt -~ dWt., ( 1 ) 

t t t where  D = {l i 0, 12, lx} C Z ~, ~+D -+ . . . .  �9 , (~z+~ . . . . . .  ~z+L~) ' w h i l e  t h e  f u n c t i o n s  b0: R R and 

b~: R '~" -~ R s a t i s f y  t h e  c o n d i t i o n s :  

a )  t h e r e  e x i s t  ~0 > 0 ,  Q > 0 s u c h  t h a t  

b0 (u) > ~0, if U < - -O,  
bo(u)< --p0,  i f  u > Q ;  (2) 

b) the function b 0 has continuous derivatives up to and including the third order and 
for some B 0 > 0 one has 

]b 0(u) [, Ib~ ~)(u) I < B 0 ( n  = i ,2 ,3) ,  u ~ m ;  (3) 

c )  t h e  f u n c t i o n  b i h a s  c o n t i n u o u s  p a r t i a l  d e r i v a t i v e s  up t o  and  i n l c u d i n g  t h e  t h i r d  
o r d e r  and f o r  some B i > 0 one  h a s  

I ~ Bi 
$ 

( l<~ ,  1, k<N) .  (4) 

Assume, in addition, that 

~=q~, z~Z ~, (l') 

where qz are random variables such that for some a > O, C > 0 we have 

M e x p  {a([nz,[ + . . .  + I n % D } <  C~ 

f o r  a l l  k ~ N ; z l  . . . . .  z~Z~;z~=/=~,i=g=]. 

The f u n d a m e n t a l  f e a t u r e  o f  t h i s  s y s t e m  i s  i t s  i n v a r i a n c e  w i t h  r e s p e c t  t o  t h e  l a t t i c e  
s h i f t s .  E x i s t e n c e  and  u n i q u e n e s s  t h e o r e m s  f o r  s u c h  s y s t e m s  h a v e  b e e n  c o n s i d e r e d  i n  [ 1 ,  2 ] .  
However ,  e r g o d i c i t y  h a s  b e e n  i n v e s t i g a t e d  o n l y  f o r  l i n e a r  s y s t e m s  [ 3 ] ,  f o r  s y s t e m s  w i t h  
m o n o t o n i c i t y  p r o p e r t i e s  [ 4 ] ,  o r  f o r  s i m i l a r  s y s t e m s  w i t h  d i s c r e t e  t i m e  [ 5 ,  6 ] .  

H e r e  we c o n s i d e r  t h e  c a s e  o f  a s m a l l  p e r t u r b a t i o n  o f  a s y s t e m  w i t h o u t  i n t e r a c t i o n ,  i . e .  
a s y s t e m  o f  p r o c e s s e s ,  i n d e x e d  by  t h e  p o i n t s  z ~ Z  ~ and  i n d e p e n d e n t  f o r  v a r i o u s  t f o r  a n y  
fixed realization n = {qz}" This system (i) admits complete control: an explicit series 
for finite-dimensional limit distributions, exponential convergence, etc. 

The fundamental result of this paper consists in the following theorem. 

THEOREM i. Let ~, z~Z ~, t > 0, be the process defined by the system (i), (i') and 

assume that the conditions (2)-(4) are satisfied. Then there exist e0~O,O>0, t0~0, such 

that for any finite subset X of Z v, any e, le [~e0, any t~to, t'~O, vx~RlXl we have 

I px (t + t', vx) - px (t, v~)l < o (I x I) e-~, 
where 0 (l X [)~0, pX (t, vx) is the probability density of the process (~,z~ X). 
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P (~, d~' ,  t) are singu- We note that for an infinite system the transition probabilities 

lar measures. Therefore, the standard methods for proving ergodicity cannot be applied 
here�9 Our methods combine the methods of Lyapunov functions for chains with transition 
densities, coupling methods, the parametric method, and the method of cluster expansions. 

i. The Exponential Convergence of the Density of an "Unperturbed" Process. THEOREM 
2. Let ~ (t), t ~  [0, oz) be a one-dimensional homogeneous Markov process, for which there 
exist densities ptuv of the probabilities of the transition in time t from the point u to 

the point v, and assume that there exist 0 < t I < to, Q > 0 such that for some nonnegative 
function f, monotonically increasing on [0, ~), the following conditions hold: 

A) there exist B, ~ > 0 such that 

T 
p~, < B, u, v ~  R, t~ ~< x ~< t2; (5) 

B) t h e r e  e x i s t  E > O, ~ > 0 s u c h  t h a t  

M { / (  I ~ ( t  + T) ! ) - - / ( [ ~ ( t )  I )  l / ( I ~ ( t )  I )  = u } < - - e ,  ( 6 )  

M {[1( I~ (t + ~ )  I) - - l (  I~ (t) I)1 ' f 1 (  I~ (t) 1) = u } <  E (7)  

f o r  any u > Q, t a < T < t 2 .  

Then  t h e r e  e x i s t  A > 0 ,  6 > 0 ,  0 < h < 6, t o  > 0 s u c h  t h a t  

i t+t' t p ~  - -  p,~ [ < Ae-6teh!(maxID, t, I,'11~, ( 8 ) 

S[x[>lwl ] t+t" dx Ae-gte hU(maxHub Ivll)-t(IwD] P =  -P'=[ < (9)  

f o r  a l l  u, v, w ~ R ,  t ' ~ >  O, t>~ to. 

The  p r o o f  o f  T h e o r e m  2 i s  b a s e d  on t h e  f o l l o w i n g  r e s u l t  w h i c h  i s ,  b a s i c a l l y ,  an  a n a -  
l o g u e  o f  Lemma 1 .1  o f  [7]  ; we g i v e  i t  w i t h o u t  p r o o f .  

LEMMA 1. L e t  ~ (t), t ~  [0, ~c) be  a h o m o g e n e o u s  Markov  p r o c e s s  on a l i n e ,  f o r  w h i c h  t h e r e  
e x i s t  t r a n s i t i o n  p r o b a b i l i t y  d e n s i t i e s  ~ t  v and  s u c h  t h a t  f o r  some 0 < t~  < t 2 one  h a s :  

A) t h e r e  e x i s t  B > O, ~ > 0 s u c h  t h a t  

n ~ < B e ~  ~-~), u, v ~ R ,  t ~ - ~ x - ~  t~; 

B) there exist E > 0, ~ > 0 such that 

M {q ( t -~  x ) - - N  (t) I Vl(t) = u } < - - e ,  
M {[q (t + "O - -  q (0] 2 I'q (t) = u } < E  

f o r  a n y  u ~ R ,  t x ~ T ~ t 2 .  

Then there exist A > 0, a > 0, 0 < h < $ such that 

P {* l ( t )>  v I~l(O) ---- u } < A e  -ateh(u-~), u, v ~ R ,  t > O .  

For the proof of Theorem 2 we consider the process (~z(t), ~2(t)) on R ~, t = 0, tz, 
2t I, ..., defined by the densities of the probabilities of transition in time t I from the 
point (u, v) into the point (u', v'): 

t, 
Puu'~u'v ' ,  if U ~- ~, 

tl t, 
P u u " P t ,  v', if USt~V, (U, u ) ~ [ - - Q ,  Q]2 

1 tt p (q; u, v; u ' ,  v') = X(u, v; u ' ,  v') + ~ _ X (u, v)'(P~u'--X(u' v; u ' ,  u'))- 

�9 (Ptr~r" -- X (U, V, b", U')), if U ~ U, 
(u, v) ~ [ - -  Q, Q]2, 

, tt tl % (U, v; u , v') min {Puu', 

(u, v) = ~a X (u, v; u', u') X du' ,  

where 

=0 if u~v). 6uv is the 6-function on R if one of the variables (u, v) is fixed (6uv 
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We mention some properties of the process (gl(t), $2(t)): 

pu~,, p( t l ;  u, v; u', v ' )du '  t, ( 1 0 )  1) . p (tl; u, v; u' ,  v') dr '  = t, R 

2)  i f  (~ l ( t ) ,~2( t ) )  = (u, v ) ~  [ - Q , Q ] 2 ,  t h e n  

{~1 (t § q) = ~ (t + h) l (~x (t), ~ (t)) = (u, v)} = f~ P (tx; u, v; u', u') du' = X (u, v) > O; ( i i ) P 

3) i f  ~x(t) = ~,( t )  t h e n  ~ ( t +  t~) = ~ ( t +  h). 

LE~4A 2.  L e t  X be  t h e  moment when t h e  p r o c e s s  ( 5 ~ ( t ) ,  ~ z ( t ) )  h i t s  f o r  t h e  f i r s t  t i m e  
t h e  s e t  q = {(u, v ) ~ R 2 :  u - -  v}. T h e n  t h e r e  e x i s t  F, "r h > 0 s u c h  t h a t  

e {~ > t, 1 ~1 (t) I > U, I ~ (t) l > V l(~x (0), ~, (0)) = (u, v)} 
re-Vt eh[f(max{lul, lvD) -I(maxffy,V})], V U ,  V ~  0, u, v ~  R.  ( 1 2 )  

P r o o f .  L e t  t = n t z .  We s e t  

(t; uo, vo; u~, v~; T1 . . . .  , T~) 
~ - - 1  

--,==.~ 

where 

We show that for 

G~ = (R 2 ~ [ - Q ,  QP) ~ q, i f  it I ~ {T 1 . . . . .  T~}, 

G~ = [ - Q ,  Q]~ ~ q, i f  it1 ~ {T 1 . . . . .  rk}; 

n 

/5 (t; Uo, Vo; u~, v~) = ~=i ~'o<r,<...<r~<t/5 (t; uo, Vo, u~, v,,; 
T i , . - . ,  T~); 

/5(t; uo, vo; G; Tx, �9 �9 T~) = !o \q f i ( t ;  Uo, vo; u, v; T~, �9 �9 l '~ )dudv;  

/5(t; u o, Vo; G) =~'*~=1 ~'o<T,<...<W~<t/5(t' u~ v~ G; T 1 . . . .  , T~). 

(13) 

(Uo, Vo) ~ I - q ,  QP, Q = I - Q ,  p]o, ~ (t; Uo, Vo; Q) < r~e-~,~, 

re, 71 > 0. (14) 

Applying Lemma i, it is easy to show that 

P {(~x (~), ~2 (T)) EE q ,  x = tl, 2q  . . . . .  t, 

I ~x (t)l > U, I ~= (t)l > V 1(~i (0), ~= (0)) = (u, v)} -.< Ae-CLte ~U(max{lul' IvlD-t(maxte, v})], ( 1 5 )  

V u ,  v E R ;  U, V > O .  

From here, in particular, we obtain: for some A, ~ > 0 we have 

/5 (t; u o, Vo; Q, t) ~ ~ e  -gt , (Uo, Vo) ~ ~ .  ( 16 ) 

From the positive recurrence of the process (~1(t), ~2(t)) and (ii) there follows 

~ = 1  fi(ntl; uo' Vo; Q; ntl) ~ t - -  el,whoree , > O. ( 1 7 )  

From (16) and (17) there follows the existence z 0 > i, ~2 > 0 such that 

~,n=lzop(nQ; u o, Vo; Q; n t l ) <  t - e2" ( 1 8 )  

T a k i n g  i n t o  a c c o u n t  ( 1 3 )  and  m a k i n g  u s e  o f  ( 1 8 )  one  can  show t h a t  

~_.=~v~ ~"~0,. (nq: Uo, ~'o; q) -< -Y,T=I (1 - ~.,)~ < ~ ,  

which proves (14). 
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Now, from (14), (15), and (16) it is easy to derive 

fSI~I>u, lyl>V ~ (t; u o, Vo: x ,  b') dx dy -.~< Foe-V,te-'~'(m~x. ,at. v>  (19) 

for some F2, ye > 0, (u0, v0)~ Q. From here and from (15) we obtain the estimate (12). 

We proceed to the proof of Theorem 2. From the properties of the process ($i(t), $2(t) 
we have 

S ' ' SS P,.x [ dx 9 Irl})-t(lu~/)]. p,~x ~ (t: u, u; x, y)dx dy .~ 2Fe-Vteh[r 
lxl>lwt I -- ~" Ixl>0, Pd>lwl 

Then, for t , ~ < T ~ < t ~  we have 

ll=l>l..I I 
= pu,tp:lxdg--  p~.,p,.~dg dx 

pux -- �9 Ixl>l,:l R " " 

~ fa p~,'" 2Fe-vt exp {h [I (max {I Y 1, I v I}) - -  / (I w I)1) dy. (20) 

Making use of condition (5), it is easy to derive 

t+~  t 
flxl>twl I p~x - -  P,,~ I dx .~< Fe -rt exp {h [/(max {t u }, t ~ I}) - - / ( I  w I)]} (21) 

for tt-~< x ~< t2 and for some F~ O. 

�9 ( [ ] )  [ ]  If t' > to, where t o satisfies:tlJt0 to -~ t' ~ ~-I <t~,T---- ~ ~-i, then 

I I r _t+kt,;r j+(~-~)t,/r ,~,>,.i I Pt~7' - -  P'~* I dx < I~,>,~, ~ = ~  I p,= - -  u =  [ dx 

< a~e-V t exp {h [ / (max {I U l, I v 1}) - - / ( I  w I)]},where A~ > O. 

In  a s i m i l a r  m a n n e r ,  f o r  t ' ,  t "  > t o we o b t a i n  

ilxl>lwl I Puxt+*" __ Pvxt+t' [ dx < A=e -vt exp {h [i (max {[ u I, 1 v ]}) " / ( I  w I)]}, 

from where there follows the validity of (9). 

Statement (8) follows from the boundedness of PuTv for t1-<~ T~<. tz 

t+t" t I [ tet '-~ t -x  x Pux pvx  ] d x .  - -  - -  pXW 

and from the inequality 

The theorem is proved. 

2. Properties of the Density of the Transition Probability of the "Unperturbed" Process. 

We consider the equation 

d~t = bo (~t) dt + dWt ,  ( 2 2 )  

where the function bo(u),  u ~ R  satisfies the conditions (2), (3). It is known (see, for 
example, [8]) that under the indicated restrictions on b 0 the process ~t has transition den- 
sity po(t, u, ~, t>O, u, v~R such that there exist (O/Ot)po(t, u,v),(O/Ou)po(t, u, v), (OVOu2)po(t, 

u, v),t~O, u, v~R, and p0(t, u, v) is bounded on any segment [tz, t2], 0 < t I < t 2 < ~. 

LEMMA 3. There exist oi, o 2 > 0 such that 

(t, u, v) < e a,t % e -(u-~w2t'~ ( 23 ) Po 

for all t>11 0, u, v~R. 

LEMMA 4. There exist h > 0, 6, 0 3 > 0, T > 0 such that 
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for 

that 

Po (t, u, v) < a~, 
I 

Po (t, u, v) [ < c~3e-6tehlul 
t ~  T, u , v ~ R .  

LE~4A 5. Le t  T be t h e  q u a n t i t y  d e f i n e d  by Lemma 4. Then there exist ~, h, A > 0 such 

fapo(t, u, v)ehl~'ldv< Ae hlul, t > 0 ;  (25)  

1 
l a [  0 t u) eht'Idv<A~-~ - (26)  Po(,U', ehlut, 0 < t < T ;  

~ 
Po (t, u, v) ] ehM dv < Ae-ate hlul, t > T. 

(27) 

The proofs of these lemmas carry a purely technical character and we omit them. 

3. Existence of the Densities of the Transition Probabilities for ~,z~Z ~. Let A 

be a bounded subset of Z ~, and let D c A. We consider the system 

~i = O, z ~EA; 

d~i = [b o (~) + b 1 (~i+D)] dt + dWi, z ~ A; ( 28 ) 

~ = ~ ;  

where luz [ < C  , z @  A.. This system defines a process on RIAI. whose transition function has 

density pA (L U, V), U = (uz, z~A), v= (uz, z~A), satisfying the inverse Kolmogorov equation 

(the proof of this fact for IAI < = is similar to the proof in the one-dimensional case (see, 
for example, [8]). Thus, 

"~P0 A (t, u, v) = (H o+8H1)  PA(Lu ,v ) ,  (29)  

Z 0 A_ i E Oz Z z  ab~(Uz+D) o~z where H0 = z~Ab~ 0uz ' -2- z=A_ 0u~' HI = _= . The density of the "unperturbed" 

process, satisfying the equation (~ = 0) 

A - ~  p (t, u, v) = Hop A (t, u, v), 

will be denoted by p0 A. Since each solution of the equation 

p~ = po ~ + ~ r  ( 3 o )  

'L where  ( O i ~ ) ( t , u , v ) = I .  iAl p~ (t --  s, u, ul) H d ~ ( s ,  ul, v) dulds, i s  a s o l u t i o n  o f  e q u a t i o n  ( 2 9 ) ,  i t  

f o l l o w s  t h a t  t h e  s o l u t i o n  o f  (30)  i s  u n i q u e  ( s e e ,  f o r  example ,  [ 9 ] ) .  I t  i s  c l e a r  t h a t  in  
the case of the convergence of the series 

~=~e  P o ,  (31) 

where r176 = p0 A, qb~p A = O(1)~-Ip0A (k ----- I, 2 .... ), this solution has the form 

pA " ~  ~krh~ ~A 
" /  k-----'O r " ~  F O  ~ 

LEMMA 6. The s e r i e s  (31)  c o n v e r g e s  a b s o l u t e l y  f o r  each  e,  [A[ < ~ and u n i f o r m l y  w i t h  
r e s p e c t  t o  u , v ~ R t A I  f o r  a l l  t , > 0 ,  t ~  to. 

P r o o f .  By d e f i n i t i o n ,  

r  (t, u, v) = ~ "~" "~ .,o po A ( S o - -  s~; u ~ u ' ) -  ;=(~ ...... ~.,_~A~ Io " I ~-~ 

k [ i 0 u~, u,+l)]dul. .dukd~, (32)  �9 b, (%§ ~--~., p.~ (~ - ~+~, Hi=l 
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w h e r e  s o -~  t, s~+x ~__. O, u ~ ~-  u,  u ~§ -~  v, d~ = &su . . . d s v  

From ( 3 2 )  i t  i s  e a s y  t o  o b t a i n  

< 2 . .  I : -  , ,  �9 

I 1 t{ B ~ ' G +') [ I , :~ ,~  . . . . .  
�9 [ I i :  zi=e OUy 

From here and from (25)-(27) we find 

�9 t Cs~-, , iAl_llz,, ..., zh.} I 
i (p~po~ (t, u, v)l < Z ~ A ,  !o . . .  ~o A,,, 

(Uy-V~,) t , ._~ oj 
�9 [I~. . . . . . .  .,,A~*"(II,,.,-~ B'a~("~-~'+')A)~ V~ / a~' ( 3 3 )  

where A l > O, 

=I 111r[, , < r ;  
F (x) I e - ~ ,  ~7 > j  T;  

therefore, 

[ ~ A e~hCS~o~Al t ~/~ cp po (t, u, v) I < I A ]~ 

for some S = S(t0)" > O, from where we obtain the assertion of the lemma. 
proved. 

Assume further that X = {x I ..... Xm}. We consider 

pA (t, u, v) I -L_A\  x pA,  X (t, uA, Vx) = I~l~.l_, ~ dr . ,  

/)X ~ R]XI, UA ~ R IAI- 

LEMMA 7. There exists 

Proof. 

lira pA, X (t, UA, VX) =-- pX (t, U, VX), 
AtZ v 

U=(Uz, Z ~ Z $ ,  I ~ , I < C ,  z ~ Z  ~. 

The lemma is 

By virtue of Lemma 6 we have 

IalA,_,~ pA (t, u,  v ) I I z ~ A k x d V z  = ~,:=oek ~RIA,_,~ E)~p0 A (t, u, v). 

(34) 

(35) 

(36) 

where 

(s, L k, u, v) ---- p~ (t - -  s,, u, u 1) bl (Uq+D) O---7-- "P~ (Si - -  S~+I, U ~, U ~+1 du1" "" du~" 
R I A I . ~  

ters, 
(see 

Definition. By a cluster of power k with vertex X we shall mean any vector z = (z I, 

z k) such that ~ Z  ~'~ and 

i) zk~X, 

2) z,~{U~=~+ t{zj +D)} U X (g--1 ..... k-- I). 

Clearly, the summation in (36) is carried out in fact only over those z which are clus- 

the number of which does not exceed M k, M being a constant that depends on m, ~, N 
[Z0]). 
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Thus, taking into account (34), we obtain 

- - - k ~ k  m h C k  $k-1/2 
..... *~p'o'(t ,u,v)rL~A\xdv= <,',l~,~rae [~_]l  (37) 

for some S~ > 0, i.e., the series (36) converges uniformly with respect to IAI > 0. From 

here there follows the possibility of taking the limit lim under the summation sign of the 

series (36); further, from the fact that 

IRI.I_,, ~ O~So h (t, u, v) H:E,~\  x dr: ~ ..-u X (t, u, = 3RIX I .... tJ~ So V) Hz~x\x  dr:, (38) 

for all sufficiently large IAI, I~1, we obtain the assertion of the lemma. 

4. The Exponential Convergence of Px(t, u, vx) for t + ~. 

THEOREM 3. There exist e,>0, @>0, such that for any finite subset X of Z v and any 
~, lel < e0, there exist t0~0, O = @ (I X ])~0, such that 

]pX (t + t', u, V x ) - - p  x (t, U, Vx)l-<Oe -~ 

where pX(t, u, v X) is the density of the finite-dimensional distribution of the process ~, 

z~ X, satisfying the system of equations (i) with initial conditions ~ = uz, Uz I<C, z~-Zv. 

By virtue of the absolute convergence of the series (36) and the equality (38), Proof. 
we have 

-5 ~,:=1 e '  [IRla~l_m (O'P.a~ ( t "-}-t', u, v) -- *~pAo ~ (t, u, v))1-I.~Ak\X dvz [ , 

where A~ ---- U7 (U~=I {zi + D}}, while z is a cluster of power k with vertex X. Now we estimate 

the difference 

I a ~ i+ld] �9 ( l i ~ ] p o ( t + t ' - - s x ,  uv, u~)--lOo(t--svuv,  ulv) l .{IIi:q.= B , - ~ u ~  po(Si--si+vu v,u v )['f. 

. { rL .q , vpo ( s f_ s ,+vuv ,  uv , f d u v . . . d u v  d'd+ . . . ~  v~,~ at ,~l_, ,po(t-{-t ' --svuv,  u~). 
�9 " , I t  ~ 0  

With the use of the previous estimates we obtain 

~lA~,-. .(  po (t + t'. u, 

r (II F �9 . r  S : + " . . . , o  , ,= ,  {I'o -.o 
where  S 2 > 0 i s  some c o n s t a n t ,  wh ich ,  in t u r n ,  does no t  exceed  

r. t-( (k+l )  3,= ) 
M E (exp {hCk}) oa 83 e -~'t + if-------'- ~ T~'I= for k > + $3 > O, e ,  > O, 

and 

M e j'c 08 S3e -9't for 
1 

z~}UX 

where T is defined in Lemma 4. 
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From here 

__ o3Ae- , I P'~ (t _.L_ t', U, VX) pX (t, U, VX)[< Amo3 "-le-Otehc -~- ..... #'t 

A, A' ,  ~" > O, 

which concludes the proof of Theorem 3. 

Proof of Theorem i. We note that 

px (t, vx) = MT, Px (t, ~o, Vx). 

Further, from the assertion of Lemma i we find that the constant h can be selected so that 
0 < h < a. Now it is easy to obtain the assertion of the theorem: for this it is suffi- 
cient to consider the system (i) with an arbitrary fixed initial condition ~' and then to 
repeat the proof of Theorem 3, making use, instead of the estimates 

Hz=z. .... z~ ehluzl ~ ehC~ 

in the formulas (33), (34), and (37), the estimates 

The theorem is proved. 
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