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1. Introduction

Theoretical modeling and computer simulation of transportation systems is a very popular field, see very impressive
review [ 1]. There are two main directions in this research — macro and micro models. Macro approach does not distinguish
individual transportation units and uses analogy with the fluid flow in hydrodynamics, see [2,3]. Stochastic micro models
are most popular and use almost all types of stochastic processes: mean field, queuing type and local interaction models.
We consider here completely deterministic transportation flows. Although not as popular as stochastic traffic, there is also
a big activity in this field, we give short review (with comparative analysis) in the last section.

We consider the one-way road traffic model organized as follows. At any time ¢t > O there is finite or infinite number of
point particles (may be called also cars, units etc.) with coordinates z(t) on the real axis, enumerated as follows

C<zp(t) < -0 < zq(t) < zo(t). (1)

We assume that the rightmost car (the leader) moves “as it wants”, that is the trajectory zo(t) is often assumed to have
non-negative velocity.

Our problem is to find the simplest possible local protocol (control algorithm) which would guarantee both safety (no
collisions), stable (or even maximal) density of the flow or maximal current. Otherwise speaking, we try to find control
mechanism which guarantees that the distance between any pair of neighboring cars is close (on all time interval (0, co0)) to
some (given a priori) fixed number, that defines the density of the flow.
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More exactly, denoting r(t) = z;_1(t) — z(t), and

I = infinfry(t), S = supsupr(t),
k>1t>0 k=1 t=0
we try to get the bounds - lower positive bound on I and upper bound on S - as close as possible. Namely, we want to prove
the following inequalities

0<I<S<o0. (2)

That is by stability we mean that the cars do not become too close to each other, and simultaneously the distances between
neighbor cars do not become too large. As for the general mathematical definitions of stability, we use the following: the
system is stable if the inequalities (2) hold, otherwise it is unstable. Then one could give more detailed definitions, see
Section 5, depending strongly on the class of initial conditions and of allowed motion of the leader.

Locality (of the control) means that the “driver” of the kth car, at any time t, knows only its own velocity vi(t) and the
distance ri(t) from the previous car. Thus, for any k > 1 the trajectory z(t), being deterministic, is uniquely defined by the
trajectory z;_(t) of the previous particle.

Using physical terminology one could say that if, for example, r(t) becomes larger than d, then some virtual force
F increases acceleration of the particle k, and vice-versa. Thus the control mechanism is of the physical nature, like
forces between molecules in crystals but our “forces” are not symmetric. Thus our system is not a Hamiltonian system.
Nevertheless, our results resemble the dynamical phase transition in the model of the molecular chain rapture under the
action of external force, see [4]. However here we do not need the double scaling limit used in [4].

We will see however that for the stability, besides Fy, also friction force —av(t), restraining the growth of the velocity
vi(t), is necessary, where the constant & > 0 should be chosen appropriately. Taking F; to be simplest possible

Fi(t) = 0*(zi-1(t) — z(t) — d) (3)
we get that the trajectories are uniquely defined by the system of equations for k > 1

dzlk de 2 de

— S =FR(t)—a— = () — —d)—a—. 4

i K(t) — o i (Zk—1(t) —z(t) —d) —« i (4)

Note that general “Microscopic follow the leader model” can be defined in various ways. See for example equation (5)
in [1] and also the models listed in the last section. Our goal was to obtain most detailed results for the simplest model (4)
of this kind.

Stability depends not only on the parameters «, w, d but also on the initial conditions and on the movement of the leader
(on its velocity and acceleration). This is easy to understand for the case of N + 1 particles. For example, for N = 1, where
the calculations are completely trivial, assume also the simplest leader movement

Zo(t) = vt, t > 0. (5)

Then, if the initial conditions for the second particle are
2(0)= —a = — (d+ %v) . 2(0) = v,
w

then z;(t) = —a + vt for any d, «, w. However, if we change only the initial velocity z;(0) = w to some w > 0, then for any
o, w there exists w; = w(«, w, d) such that for any w > w collision occurs.

For N = 2, 3, ... the situation becomes more and more complicated, and its study has no much sense. That is why we
study, in the space of two parameters «, w (for fixed d), stability conditions, which are uniform in N and in large class of
reasonable initial conditions and reasonable movement of the leader.

Natural (reasonable) initial conditions are as follows: at time 0 it should be

0 < infry(0) < supr(0) < oo.
k=1 k>1
As for the leader movement, it is sometimes sufficient to assume that the function zo(t) were continuous, but in other cases
it is assumed to twice differentiable and has the following bounds on the velocity and acceleration of the leader:

Sup|20(t)| = VUmax; SUP|20(t)| = Omax- (6)
t>0 t>0
It appears that under these conditions there are 3 sectors in the quarter-plane R2+ = {(o, w)}: 1) @ > 2w, where we can
prove stability, 2) o < V2w, where we can prove instability, and the sector 3) v/2w < & < 2w, where we can prove stability
only for more restricted classes of initial conditions and of the leader motion.
The paper is organized as follows. Section 2 contains definitions and formulation of the main results, Sections 3 and 4
are devoted to the detailed proof of stability and instability conditions correspondingly, Section 5 is a short review of earlier
results in comparison with our model.
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2. Results
2.1. Stability

Here we consider the region o« > 2w, and this is always assumed in this section.

Movement close to stationary. For any given d > 0 there are special initial conditions (which can be called equilibrium
configuration) when the force acting on any particle is zero:

z(0) = —ka, z(0) =v, k=0,1,2,..., (7)
with
o
a=dlo,w, d,v):d—i——zv. (8)
w
If the leader moves as (5), then for any k > 0 also
zi(t) = z(0) + vt.
Such movement we call stationary. Now consider a perturbation of this situation

Theorem 1. For given d and v assume

|zx(0) + ka| < 6a, |z(0) — v| < Bv, 9)

sup|zo(t) — vt| < 8a (10)

t=0

for0 <68 < 3and6, B > 0such that

0+ 2L
e=2max {8, —* _} < 1. (11)
1- (%)
Then
(1-ea<I<S<(1+é. (12)

Now we want to show that in some cases the sufficient conditions of this theorem are not very far from necessary. For
example, from the theorem follows that the condition

1 (2w>2
<= J1-[=),6=8=0 (13)
2 o

is sufficient for I > 0. This means that the deviations of the particle from the equilibrium (that is the distances between
particles are equal to a) do not exceed %

Remark 1. The movement of any first N particles does not depend on other particles. Thus for any N the system of Egs. (4)
fork = 1,...,N, is finite-dimensional, linear and, for any «, @ > 0, the spectrum of the corresponding linear operator
is inside the left half-plane. One could look at it formally, neglecting possible collisions between particles. In this case it is
asymptotically stationary, that is, as t — oo, its solution converges to stationary for any initial conditions and if zo(t) = vt.
However we do not know whether collisions occur before it becomes stationary. In the following theorem we get such
conditions.

Because of this one could think that the spectrum does not play big role in the stability problems. This is not quite true if
we consider the problems uniform in N, or the corresponding infinite-dimensional operator, see below.

Note also that for the random movement of the leader the same results hold. More exactly, assume that zy(t) is a stationary
process with smooth trajectories, satisfying bounds (6) with probability one. Then the mean velocity of any particle converges
to the mean velocity of the leader.

Theorem 2. (1) Assume (7) and (10). Then forallk = 1, 2, ... we have:
SUP;5gl2k(t) — v| < sup,olZo(t) — v|. If the right hand side is sufficiently small then vi(t) = z(t) > 0 for any k, t.
(2) Assume (5), (9) and that for some parameters 6, § > 0
0+ 2L
[=2—%_ < 1. (14)
1 (%)

o
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Then for all k
Jim (z¢(t) — (vt — ka)) = 0
where a is in (8) and
(1-0a<I<S<(1+¢)a
Non-stationary initial conditions. In Theorems 1 and 2 we considered initial coordinates of the particles close to the fixed

lattice points —ka. Here we consider more natural initial conditions with restrictions only on the distances between particles.
Denote

Omax + ®VUmax

d = 2 (15)
Theorem 3. Let the initial conditions be

(1-0)d <n(0) <(1+6)d, |2-1(0)—2(0)<B, k=1.2,... (16)
forsome B > 0,0 < 6 < 1. Assume moreover that

& 0+
7 = max 370‘21 <1 (17)
1-(2p

Then we have the following stability bounds

(1—n)d<I<S<(1+n)d. (18)
Remark 2. If 8 = 6 = 0, one can prove the same result for the case ¢ = 2w.
Corollary 1. Assume that

1(0) = z,—1(0) — z(0) = d, Z(0) =25(0), k=1,2,.... (19)
If moreover

d* <d
then

d—d" <I<S<d+d. (20)

Remark 3. It is natural to consider the stability problem for more general initial conditions. Assume we know the initial
conditions and the parameters vpmax, Gmax Of the leader. We want to know whether the parameters «, w, d such that
0 < I < S < o0, exist. Namely, we will prove that for any zy(t), satisfying (6) and the initial conditions such that:

min(zg_1(0) — z(0)) =A > 0, max(z_1(0) —z(0)) = B < 0o, max|z_1(0) — 2,(0)] = C < oo,
k=1 k=1 k>1

the parameters o, w, d, suchthat 0 < I < S < o0, always exist.

Theorems 1 and 3 and Corollary 1

(1) guarantee that there are no collisions between particles (by the lower bound),

(2) provide lower bound for the density of the flow (by the upper bound), that is the mean distance between particles
remains bounded.

(3) do not guarantee that the velocities remain positive. Such conditions were obtained above in Theorem 2.

Flow density. Let n(t, I) be the number of units on the interval I C R at time t. Instead of the density (|I| is the length of I)

n(t,I)
t) = liminf
PO Hl—oo |I|
it is more convenient to consider the inverse density, or the mean distance between cars 0, 1, ..., N
N
1 z9(t) — zn(t)
Ine) = & D mle) = ==
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Theorem 4. For any « > 0, w > 0 assume that the initial conditions (16) are such that the following finite limits exist
lim Ly(0) = L(0), lim Lyn(0) = L(0),
N—oo N—oo
Then for any t there exists
lim Ly(t) = L(t),
N—oo

and moreover

L(t) = L(0) + i(] — e *Hi(0).

Note that if moreover dzk(o) are uniformly bounded then ¢ a L(0) = 0, that is the mean length does not change with time.

Due to convergence to statlonary movement, in the case when zy(t) = vt, the flow current converges, at any point, to the
current of the stationary flow

2
1 v

v = ——
w?d + av

Restricted stability. Here we consider the region /2w < « < 2w, where we can prove stability only for asymptotically
homogeneous initial conditions.

Theorem 5. Let /2w < « < 2w and let zo(t) be such that
o0
wf |zo(t) — vt|dt = 0a < o0
0

for some o > 0. Assume also that the initial conditions are “summable”, that is

o0
Z|zk(0)+ka| <0 Zm —vl <

forsome@ B > 0. Then
I>(1-=2n)a, S<(1+2n))a,

n:2<9+@+0).
aw

It follows from this theorem that the upper bound S < oo holds for all parameters, but the lower (safety) bound I > 0
holds if

where

Bu 1
0+ —+o0 < —.
aw 4

Theorem 6. Assume again that ~/2w < o < 2w, the initial conditions satisfy

Z|rk(o>—d|<ed, Y a0 - 20 < B, k=1,2,...

k=1
for some ﬂ > 0,0 < 0 < 1, and the leader moves as

+00
—/ |Zo(t) + azo(t)|dt = od < 00
w Jo

for some o > 0. Then

I'=d1—-n), S=d1+n),

_ B
n—2<9+wd+o>

It follows that the safety condition I > 0 holds if

9+ﬂ+ !
— 40 < —.
wd 2

where
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2.2. Instability

Here we will prove instability for the region « < +/2w. The first reason for the instability is the absence of dissipation,
that is if @« = 0. The following result shows this even for the most favorable initial conditions.

Theorem 7. Assume that « = 0 and

d
2,0) = —ka, %(0) —v, k>0 1)

zo(t) = tv + sinwpt, v > 0, wy # 0.
Then for any k > 2 we have due to resonance

infr(t) = —oo.

t>0

Now we show that, even under the smallest perturbation of the initial conditions (21) and even simpler leader trajectory,
we get much more general instability condition.

Theorem 8. Assume o < 2w, zo(t) = vt and initial conditions such that:

. v, k>1,
z(0) = —ka, z(0) = {v te. k=1 (22)
where € is some real number. Then for any u > % T =,/0w?— % the following asymptotic formula takes place:
c
Zks1(t) — (vt — (k + 1)a) ~ ﬁe"ﬂ’” sin(2(u)k 4+ ¢o()), whent = uk, k — oo
where
o 2t
=%+ 1-m (25,
2 7o
2
¢o(p) = arctan(v), v = /212 — 1, 2(n) = v — ¢o(u) = v — arctan(v), c = € Ly
TV
The necessary properties of the function f(u) will be obtained in Lemma 6.
Corollary 2. Assume o < /2w and zy(t) = vt. Assume the initial conditions (22). Then
[ =—-00, S=o00.
While proving the theorem we will see that corollary 2 holds even for more general initial conditions:
ml;axlzk(O) + ka| < €1, ml:axlz'k(O) —v| < &,
with some non negative €1, €; > 0.
3. Stability: proofs
3.1. Theorem 3, Corollary 1, Remark 1
It is very convenient to use new variables
Zo(t) 4+ azo(t)
Xo(t) = T a) = zeat) —adt) —d=n(t) —d, k=1.2,.... (23)
Using
Z = 0’x — a2y = WX — alZk_1 — Xi), 2 = Zee1 — K
we get the main equations (4) in terms of these variables:
. . .. . Zo + oz,
X 4 ok + 02X = Feq 4+ 0Zke1 = X1, Xo = % (24)

Lemma 1. Assume that

sup|xo(t)] = Q < oo.
t20
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Let also the initial conditions be such that

sup|x(0)] = A < 00, sup|x(0)] = C < oo.
k=1 k=1

If « > 2w then

A+ 2C
sup|xi(t)] < Q' = max {Q, ot } .
k,t

Voa? — 4e?

Proof. The solution of the linear equation (24) for any fixed k is of course well-known. Namely, if the roots

Ay = —— ./ — —w?
of the characteristic equation

GA)=24ar+w’ =0 (25)
are different, then the solution can be written as

Xi(t) = X () + X, —(£)

where

elit

t
Xex(t) = Gz + G'(rs) / et
0

eli[

t
_ Att 2 —Attq
=C st + 00— e Xp—1(t7)dt;.
£ T Ol/o —1(t1)dty

Using the initial conditions one finds
C ! ((i“+ )a ib) ,/O‘2 2
= — — s = — — ",
k.t 2y ) V) Gk k 14 4
where x,(0) = ai, k € N, %(0) = by, k € N.As A, > A_ we get:

CUZ t
[X(6)] < 1G4l exp(Ait) + |C,—| exp(A_t) + suplx/H(S)IZ/ lexp(Aq(t — t1)) — exp(A_(t — ty))|dt;.
s>0 0

Let us prove that for yx = supq|Xk(s)| the following inequalities hold

oA+ 2C
Vi < max {ym, 2} . (26)
14
Putting t — t; = s and using w® = A, A_ and
(5xy)A+C
Coal < 2——r
2y
we get:
602 t
(6 < 1C.+| exp(Ayt) + |Ck— | exp(A_t) + Sup|xk—1(5)|§ / (exp(As) — exp(A_s))ds
s>0 0
1 a 1 o
< — ((— + y)A +C +yk_1k_) exp(Aqt) + — ((f - y) A+C —yk_m) exp(A_t) + Yr-1. (27)
2y \\2 2y \\2

To finish the proof we need the following simple lemma.

Lemma 2. Let us consider the function
f(t) = aexp(ryt)+bexp(A_t)+c
for some constants b, ¢ > 0,a € R, ._ < A < 0. Forevery t > O the following statement is true:

If(t)] < max{c, a+ b+ c}.
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Proof. There are two cases:
1.a > 0, then it is obvious that sup,lf(s)| = f(0) =a+ b +c.
2.a < 0, in this case the set of such t, that the derivative of the function is positive, is:

1 aai
t>—In[—-2F).
Ao — Ay ba_

The point ty = A% n(—%ii) is the minimum point. If ty < 0, then sup.,|f(s)| tops in the point 400 and is equal to c. If

|
——X —
to > 0, then sup; Lfr(s)l tops in the point O or in the point +o0.
Having applied this lemma to (27) we get (26) and
x(t)] < max{Q, B} = Q'
oA+

where B = TZC Lemma 1 is thus proved.

To prove theorem 3 it is sufficient to put A = 6d, C = 8, Q = d*. To prove Corollary 1 we canputf = g = 0.

Remark 3. We use here Theorem 3 and the notation therein. From
(1-60)d=A, (1+0)d=B, pB=C, (28)
we find first the parameters d, 0,
A+B B—A B-—A
q=258 54 _P-4
2 2d A+B
Then we find &, w such that @ > 2w and n < 1. Namely, we choose « sufficiently large and take any w so that

1 o

ﬁ\/ Omax T @Vmax < 0 < 5

Then the inequality (17) evidently holds.
3.2. Theorem 1
Note that the functions q(t), k = 1, 2. . ., defined by

z(t) = vt — ka + qu(t), (29)
satisfy the system of Eqs. (24) with the initial conditions:

qo(t) = zo(t) — vt, qi(0) = z(0) + ka, §i(0) = 2(0) —v, k=1,2...
Then

siplqk(o)l < 0a, 51;13|"]k(0)| < B, suplqo(t)] = da.

t

Using Lemma 1 one has the lower bound

1(t) = ze1(t) — zi(t) = a + Ge1 — qi(t) > a — 2 S]SPWI(UN =a(1—e).
The upper bound for ri(t) can be obtained similarly.
3.3. Theorem 2

Differentiating the system (24) we get the equations for velocities vy (t) = z(t).

ik = @ (Veer — o) — oy, (30)
with initial conditions:

vr(0) = v, 7(0) = 0.
Soforeveryk=0,1,2,...:

v(t) = v + w(t),

where u; satisfy equations (30) with zero initial conditions ug(t) = vo(t) — v, ux(0) = 14;(0) = 0, k > 1.So from Lemma 1
for u, we get that foranyk =1,2,...andt > 0

[ug(t)] < suplug(t)| = suplzo(t) — vl.

t=0 t=0

This proves assertion (1) of the Theorem.
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Let us prove now assertion (2). The functions g,(t) defined in (29) satisfy the system (24) with initial conditions:
ak(0) = z(0) + ka,  qk(0) = 2(0) — v.

Moreover qo(t) = zo(t) — vt = O for all t > 0. By induction we get:

dz d k
(E +Ola +CU2> qk = 0,

which gives
qQult) = e P(t) + 2 Qu(t),

where Py, Qi are the polynomials of degree k — 1 and A1, A, are the roots of Eq. (25). Note that, for any w, @ > 0, the real
parts of A1, A, are negative.
The last statement follows if we put § = 0in (11), which gives (14).

3.4, Theorems 5 and 6
Before proving them, we need new notation. Introduce the Banach space
X={y =(a,p), 9 ={ak=12... P = {Pik=12.. : llqll = SIIJplqkl < oo, [pll = SLI:plka <00, Gk, px € R} (31)
K

with the norm

¥l = max{liqll, llpll}.
Define also the bounded (non-selfadjoint) linear operator in X

Ay =y, ¥ =(qp). v =(d.p) (32)
where

q =p, pp=0"(Q1— Q) — P, Go=0.

Then the dynamics (24), if g = xi, pr = Xk, k > 1 and x¢(t) = 0, can be written as

¥ =AY = ¥(t) = e y(0). (33)

Proof of Theorems 5 and 6 is similar to the proof of Theorem 1 and 3, but one should use, instead of Lemma 1, the following
lemma.

Lemma 3. Consider the system of equations
d*qp dqy

F"‘Cfﬁ"‘wz(h(:wzq;(_l,k:1,2,... (34)

that is the same as (24), where qo(t) is continuous and absolutely integrable on R.:

+o0
/ qo(Dldt = Q < oc.
0

Assume the following initial conditions
o0 o0
D la0) =a < oo, > Gu0) = b < oo.
k=1 k=1

If V2 <« < 2w then

2b
sup|q(t)] < Q' = 2a+ — + 2wQ.
kt ®

Proof. The system (34) can be written in the operator form, as in

=AY + &’qo(t)gr, ¥(0) =, (35)
where g; = (0, e;)! € X, ey is the vector (1, 0,0, 0. . .). Then the solution of (35) is quite standard, see [5],

wmzwwm+d/qme%Mx

0
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and
1
e = ——,/ ¢ R(z) dz, (36)
271 Jp
where I is a closed contour around the spectrum of A, and R(z) is the resolvent of A, see (45). Using Lemma 5 we get
a(t) = g (6) + a0 (0), (37)
where
0e) = (Y (0))(g) Z / P 2)e dz, (38)
() = & / Y@ ooz, it = f e =97 go(s)ds (39)
i T omi 2ozt ’ B A fo '

Then change of variables gives

‘ SZ - Zk ‘ k
Q(t,z):/0 e qo(t—s)ds:zgfo s“qo(t — s)ds.

k=0
Asforanyt >0

t
/ skqo(t — s)ds
0

the Q(t, z) is entire for any t > 0. Note that the integrands in the formulas (38)-(39) are meromorphic functions in the
complex plane, having exactly two poles zy, z,, corresponding to the multiplicity of the roots of the polynomial G(z). By
Theorem 9, the points z;, z, belong to the spectrum of A, and by the same theorem, we can to choose the contour I" so that
the following 3 conditions hold

1. ifz € " thenRe(z) < 0
2. o(A)NT = {0};
3. the points z1, z; lie inside the domain bounded by I".

<thq,

Using formulas (38)-(39) for the chosen I" , we will get estimates of the functions qgf), q - M It is clear that |p(z)] < 1 for
allz € I'. Then

W0l < o Z/Wz)nlk] )1l e dz] < cja -+ b,

where the constants
'l 1
27 w?

Ll max|a +z|, ¢ =
a 2 a)2 zel’ 4

Similarly we get estimate for q(N ),

™) < Q@

We want to estimate the length of the contour I, satisfying the conditions 1-3. Assuming that @ < 2w, let the points z1, z;
are enumerated so that
a?

a+, o . )
Zi=——+ir, zp=———ir, 1r=,/0w*— —.
2 ’ 2 ’ 4

Then z? + az + w? = (z — z;)(z — ), and if z € o(A), then at least one of the inequalities |z — z;| < w or |z — z;| < w holds,
see Theorem 9 below. It follows that o (A) belongs to the union of two circles

Ki={zeC: z—zi|<w}, Kb={z€C: |z—2] < w).

Note that both circles intersect the real axis at the points —« and 0. That is why I" can be presented as the union of a part of
the circle bounding K7, segment of the imaginary axis and a part of the circle bounding K>. Then

|| < 4rw, max|z +a| = 2w.
zell
and finally

2b
lgP(0)] < 2a + = 14M(t)] < 20Q.
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The proof of Theorem 6 is similar to the proof of Theorem 5, only instead of the variables q(t), introduced therein, one
should use variables x;(t), introduced in (23).

3.5. Theorem 4

Rewriting Ly in terms of x;,

L(e) = 20 ;ZN“) _ Zfz;vxk(t)

and using Egs. (24), we get the linear equation for Ly

+d, t>0 (40)

2 N N
.[:N-l-Oll.,N-l-a)zLN:aI:IZXk]"l‘dwz:a)z( )1{\;<+d+XONXN):a)2LN+a)2xONXN
k=1 k=1
or
2X0 — XN
N
It is easy to see that the solution of this equation is

zN + Oli,N =fN(f) =w (41)

L(©) = Lu(0) + (1 — e “)(0) + (1)

where
t K
an(t) = / eIy (s)ds, hy(s) = / ful(s')ds'.
0 0

Lemma 4. There exists smooth function c(t) on R, such that forany k > 1and anyt > 0

[xk(E)] < c(£).
Proof. The solution can be written as in (37)

x(t) = (1) + ¢ (0).
We can use formula (37), choosing any contour I", which does not intersect the spectrum of A. It is clear that for any
z € I we have |¢(z)| < q < 1 for some q. Then
|’ 6dc+ B 1
2T 1-— q ?

“l,

|q§<L)(t)| < u(t), u(t)= max|e ¢ = max|z + «|.
zel’ zel’

Similarly one can get the bound for qg(N)(t).
It follows from this lemma that forany 0 < T < oo the sequence fy(t) — 0,as N — oo, uniformly int € [0, T]. Thus for
anyt >0
lim gy(t) =0
N—oo

and the theorem follows.

4. Instability: proofs
4.1. Theorem 7

This is just an exercise to see that the reason for this is the resonance effect: already x;(t) obtains harmonic components
with frequencies w, wp, that implies resonance for the particle 2 as its proper frequency is w. Here
d?x4(t) 5 1 d?z(t)
+ wx1(t) =f(t) = — 42
i 1(8) = f(t) (ool di? (42)
with x1(0) = %;(0) = 0. In case w = wy the proper frequency coincides with the frequency of the external force, and already
the first particle will have resonance behavior that is sup,..q |x1(t)| = oo. Consider now the case when w # wy. The Eq. (42)
has the solution

1 w
x(t) = —— (sin(wot) _ % sin(a)t)). (43)
w? — w§ w
That is why already for the particle 2 the resonance occurs. Note however, that the first collision can occur between particles
kandk — 1 fork > 2.
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4.2. Spectrum, Theorem 8 and Corollary 2
Remarks concerning spectrum.
Theorem 9. The spectrum o (A) of A is the set

o(A)={zeC: |22 +az + ?| < ).

As a corollary we have:
(1)if o > ~/2w then for any z € o (A) we have Re(z) < 0 and the equality takes place only if z = 0.
(2)if & < /2w then o(A) contains some segment of the imaginary axis together with a neighborhood.

Proof. Let
Rz)=(A—zE) !, zeC

be the resolvent of A. We use the following Lemma.

Lemmas5. Let v =(q,p) € X, ¥' = (¢, p’) € X and

Rz =y’
Then foranyk =1, 2, ...
k=1
G =) ¢y b= +2q
j=0
where
#(2) w? RN Gkl el .

Z2tazta?
Proof. From the definition
Vv =A-zEy"
Then q = p’ — zq' and p’ = q + zq'. Moreover, we have the system of equations
i = 0@y — @) — (@ + 2)p} = *(G_y — qi0) — (@ + 2)(qk + 2q3)
which, using (46), can be rewritten as

’ wz ’ (Ol + Z)Qk ~+ Dk

qk:zz—i—az—l—a)zqk_l_ 72 4+ oz + w?

= ¢(Z)q;<_1 + lk(2).
Finally

k—1
G=_ ?Dhe.
j=0

Proof of Theorem 9. Let us consider two cases. Let |¢(z)| = g < 1. Note that for any k
(x+2z)+1

¥l =c.

zZ-t+az+w

It follows that for any k

Ih(z)] < |

1—gk c
gl < c— < .
1-q 1-—¢q
Then the operator R(z) is bounded and z ¢ o (A). Another possibility is |¢(z)| > 1. Consider the sequence v, = (¢", p")
where
q"=0
a1, k<n
P = 0, k> n.

Denote ¥, = R(z)¥m, ¥, = (4", p"
1 1—¢"(z)
224 az+w? 1—¢(2)°

. From formula (47) we get

—~ —

An
qn_

€X,
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That is why for |¢(z)| > 1

1 1—¢"(2)
IRZ)¢Ymll = — 5 — 00,1 = 0.
22 +az+w?| | 1—¢(2)
However, it is evident that ||v,,|| = 1 and thus R(z) is not bounded. We conclude then that z € o(A). As the spectrum is a

closed subset, we get the proof of the first part of the theorem. Now let us prove the two other assertions.
Forz =a+ib, a, b € R we have

22 +az+ o =a — b+ aa+ o? +i(2ab + ab).

Then the inequality |z> 4+ az + w?| < «? is equivalent to the inequality
(@ +aa+ o® — *P? +b*2a+a) < o?

or

4

b* + b2 ((2a + o) — 2(a® + aa + »?)) + (@* + aa + ©*)* — w* < 0. (48)

If we denote
A=Qa+a) —2a® + aa+ »?) = 2a* + 2aa + o — 20?
B=(a*>+ aa+ o?)? — o* = a(a + a)(@® + aa + 20?).

the inequality (48) can be rewritten as
h(a, b) = b* + Ab”> + B < 0.

Consider the case & > +/2w. Then for any a > 0 and b € R we have evidently h(a, b) > 0, that is z ¢ o(A).If a = 0 then
B =0andA > 0. It follows that the unique b such that h(0, b) < 0is b = 0. Thus the first assertion is proved.

Let now o < +/2w. Fora = 0 we have A = o2 — 2w? < 0, B = 0. It follows that there exists b € [—+/—A, v/—A] such
that h(0, b) < 0. From continuity of h it follows that there is some interval of the imaginary axis around this b, belonging to
the spectrum.

Remark 4. Stability problems, considered here, cannot be completely treated by spectral methods. In fact, the stability
concern the value of sup,.||q(t)||. This question was studied by many authors, in particular, by Scottsdale and Rein, see [5].
Their results concern the case of e-dichotomous operators, i.e. when the spectrum of the operator A is the union of two
subsets o, o_ of the complex plane, such that o, belongs to the open right half-plane and o_ belongs to the open left
half-plane. We have shown that for any parameters the spectrum contain the point 0 and thus A is not e-dichotomous
operator.

Proof of Theorem 8. Using formula (36), Lemma 5 and the theorem assumptions one gets:
€
Qi1(t) = _7./ e ¢ (z)dz.
27i Jr

The integrand has two poles (roots of the characteristic equation). Because of @ < +/2w the roots are:

A oz +it, A ¢ it, T 2 o
= —— y = —— — y = wc — —.
T2 2T 2 4
By Jordan lemma, for any a > —5
€ a+ioo
Qer1(t) = —=— A pX(2)dz.
2mi a—ioco
For t = wk we can rewrite this as
€ a+ioco
Q1 (pk) = F(p, k) = —— / exp (k(uz — In(z* + az + »*) + Inw?)) dz (49)
2mi a—ioco
€ a+ioo
=—— exp(kS(z))dz, S(z) = uz — In(z> + az + »?) + In w?. (50)
2mi a—ioo

The mapping z2 + az + w? transforms the line a + ib, b € R to parabola. Thus one can select holomorphic branch of the
o

logarithm on any such line witha > —5

In(z? + 0z + ©?) = In|z? + az + ©?| + iarg(z? + ez + w?).
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Now we use the saddle point method. Saddle points are found out from the equation:

22+«
S(2)=p— "™ =0,
(@) =u 22+ oz + w?

or from the quadratic equation

uz> + (ap —2)z2 + 0?1 —a = 0. (51)
The discriminant

D=(apu—2?—4u(e’n —a)=ao’n? +4— 4p20? = —4u1% + 4.

and we assume that

1
w> —.
T

Then D < 0 and there are two complex saddle points:

2 —auxiv-D o
Zi=zi(ﬂ)=u— —f—i- j: ‘/szz

21 2
To check that z..(u) are simple saddle points, we should find the second derivative
2 (2z 4+ «)? 21
S// 7z — _ _ ___ =" 2
(2+(1)) 22 +az+a? (22 +az+ o2 W 272+ +« T

“w ) , [ Eivurt?—1
STl mao M 1+i/p2rr—1)°
w T uVvH w
This shows that S”(z+(u)) # 0. We shall puta = a(u) = -5 + i in the formula (50) for F(u, k)
€ a(p)+ioco
F(u, k)= —— exp(kS(z))dz.
2mi a(p)—ioo

To use the line a() + ib, b € R as the contour for the saddle point method one should check two following conditions

(1) The function
H(y) = Re(S(a + iy))
reaches its maximum only at two points: Im(zy ) = +1 LV 1. In fact

1
H(y) = pa — 3 In((@® —y* + aa+ &*P + ((2a + a)y)’) + Inw?

) 1 2 2 2442 2
=ua+Inw —ilnh(y ), h(s)=(s—(a"4+aa+ o))+ (2a+ a)s
And it is sufficient to check that the graph of h(s) is the parabola with the vertex:

o _ata) -2 taato?) i i S o)
0= — = -
2 2

2 42 207 1

— _ .2 _ 2

= — =1 — — =Im(zy)".

2 u?

(2) In some neighborhoods of the saddle point z. the contour goes through two different sectors where Re(S(z)) <
Re(S(z+)). To prove this put

v=+puit2 -1

and rewrite the expression for S”(z.):

=

+iv vitiv v
S//z = 2 = 2 = — :l:l. 52
@) =i =i = L) (52)

Further on we agree that the arguments of complex numbers take values in the interval (—, 7r]. Using (52) we obtain:

arg(S"(zy)) € (0, %) , arg(S"(z ) e (—% 0) )
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The argument of the axis of the saddle point (p. 84 [6]) z.. is

1
b = % — Sarg(s'(z:)).

It follows that

b, < (7‘[ b4 ) b < T 3w
*=\a 2/ T2 4 )
In both cases the angle between the integration contour (i.e. the line a(x) + ib) and the saddle point axis is less then 7.

That means that the line a(x) + ib can be used as the saddle point method contour (see for example, p. 89 of[6]).
So by formula (5.7.2), p. 88 of [6], we have the asymptotic formula

F(u, k) ~ —% (a1€®) +a_e5E)) ask — oo, (53)

where the constants

a — S S e pl¢
= = ex .
+ k|S”( )| =+ + +

We choose the signs of the constants s.. so that the angle between the saddle point axis (this angle is determined with an
accuracy to ) and the contour of integration were acute (see [6]).
One can rewrite the right part of the formula (53)

2z 2
S(z1) = pze — ln< £ +a> +Inw® = uze —In (—2(1 +ivu?t? — 1)) + Inw?.
%

"

Obviously,

exp(kS(z_)) = exp(kS(z.)),
and arg(S"(z_)) = —arg(S"(z,.)). Then

5= = exp(—ig-) = exp (i (5 +arg(s"(z:))) ) = exp(—ir) expligs) = —s...
Here using (52) we get

’ v viL
1S"(z)] = 1S"(z-)| = ;\/ﬁ =

and

Flu. k) ~ =5 (a: exp(kS(z+) — @ explkS(z,))) = ——Im(a, exp(kS(z)) (54)

Re(S(z1)) = na(p) —In

2 2
ﬁ(l +ivu2t2 — 1) +Inw? = pa(n) — In (;t) +Inw?® = f(u)

arg (1 + lm) =argS"(z_)+ % =¢,
Im(S(z4)) = Vp2t2 =1 -y =v — .

Substituting this to formula (54), we get

2 ; 2t
F(u, k) ~ —e v ekf(u)]m(el(¢++k(V—¢+))) —¢ | 2= M) sin(2(p)k + do())
kv wkop
where

do(p) = ¢4 = arctan(v), 2(u)=v — ¢, = v — arctan(v).
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Corollary 2. We need the following

Lemma 6.

1. If @ < V2w then.
sup f(u) >0

.
2. If V2w < o < 2w then
sup f(u) <O0.

1
n>z

Proof. We have:

It follows that on the interval (0, +) the function f(u) is increasing, and for & > < it is decreasing. Thus the function f
2 2
1.

-
2

f(u*)=—ln<;u2t> =i (2/1-8). x= 2 <,
L0}

2w

obtains its maximum at the point ©* =

As for all x € (0, 1) we have x*(1 — x?) < 1, with equality only for x = % we get
f(u*)=0
where the equality is obtained only for & = +/2w. Consider two cases:

1. u* > % This is equivalent to the inequality & < +/2w, from where the first assertion of the Lemma follows.
2. u* < % This is equivalent to the inequality v/2w < a. As f is decreasing for . > u*, then

1
Sugf(u) =f (T)
Kn>z

We have:

1 o 72 b o 1
—=———-In({— 1—-In2=1-In2— ——— —In(1—-x*)=h{x), x= — > —
f(f) 2t <w2)+ = ™ )= ) 20° /2
W = 1 X L% T+ 2xV1-x

V1= (-1 -x 1-x¥  (1-x)W/1-x

o (x =1 —x2p 0 ;

__(1—x2)—1«/—7x2< ,asx < 1.

It follows that the function h is monotone decreasing on [0, 1). Also, it follows that
1 1
() r(5) -
T V2
This gives the second assertion of the Lemma.

Fort = uk, k — oo we have:

Rk = 1ip1(pk) = z(t) — Ziq1(t) = a + G — G

~a+ Ff— : ell 1) (sin(Q(M)(k — D+ ¢o) - el ; L0 sin(@2(u)k + ¢o)> :

We chose p so that f(u) > 0 and $£2(u) is irrational. There exists a sub-sequence k,,n = 1,2..., such that k, — oo as
n — ooand

liminfsin(£2k, + ¢o) = —1, limsupsin(2k, + ¢o) = 1.
n—oo

n—oo
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Obviously then:
liminfRy, = —oo, limsupRy, = +oo.
n—00 n—o0o

Corollary 2 is proved.

5. Related results and possible perspective

Deterministic chains of cars were considered in many papers where interesting wide range results were obtained for
sufficiently general control protocols. We give here a short review of some of these results and explain important difference
between these results and our estimates. Speaking shortly, we consider the simplest model of the infinite chain of cars, with
two control parameters only but with general initial conditions and general motion of the leader. We obtain for this case very
detailed results and, in particular, the complete phase diagram. Moreover, with rigorous proofs of necessary and sufficient
conditions for two definitions of stability.

In the following review we use mostly the notation of our paper. General overview one can find in the book [7].

Integral functionals. In [8,9] and in references therein, the following model is considered
Zntoazp=u,, n=1,...,.M,

where o > 0, z, = z,(t) is the coordinate of the nth car on the real axis, u;(t), uy(t), ..., uy(t) — control functions, which
should be chosen to minimize the functional

00 M+1

J= % /0 Z a(Za—_1(t) = za(t) — d)? + b(Za(t) — v)? + c(ua(t) — v)?dt, Uyl = QU
n=1

where a, b, c are some-positive constants, v is the safe velocity and d is the safe distance between cars. Moreover, it is
assumed that

Zo(f) = t, Z[\/H_](t) = vt — (M + 1)(1

This functional has an integral character, and does not guaranty that cars will not collide.
On the contrary, in our paper we consider local conditions under which that following inequalities hold

I = inflza-1(6) = 2a(1)) > 0, S < 00 (55)

which guaranty the absence of collisions and everywhere positive density.

String stability. Another cluster of papers deals with the so called “string stability” [ 10-27]. Common definition of the string
stability one can find, for example in [10,11] and reviews in [ 12,13]. In some cases the string stability and our conditions (55)
seem to be equivalent. Most papers consider zero initial conditions for separation distance errors: as our conditions (19),
but also, see for example [ 14], the analog of our stationary conditions.

Among the papers where non-zero initial conditions are studied, we discuss in more detail the results of the papers [10,
11,15,16].In [10,11] a general model was considered. The equations for this model are the following (in our notation)

1
1+4+a

Mz, = (Zk—1 + azo + (b + A)Zk—1 — zi) + (c + ra)(Zo — zk) + Zi(t))

where
Zi(t) = Ab(zj—1 — z) + Ac(zo — z + Dy),

a,b,c > 0, A, My, Dy are fixed constants. Under some conditions on the movement zy(t) of the leader, some bounds from
above, uniform in k, t, for |ry(t)] = |zx—1(t) — zx(t)| were obtained. From these formulas it is clear that our model is not a
particular case of this one.

In [16] the chain, infinite to both sides, is considered. The control for the car k assumes the knowledge of coordinates and
velocities of some number of other cars. The author defines “practical string stability” and obtains sufficient condition for
string stability and for this kind of stability which is similar to our “restricted stability”.

In [15] one-side infinite chain of cars is considered under the initial conditions where only one distance between cars is
deviated from zero condition.

It is important obviously to consider more general control protocols, for arbitrary “information graph”, see [17,18].

Now we want to explain why the zero initial conditions case is technically easier to study (one does not need recurrent
procedures). We will use our model as an example. Let 1, ()) denote the Laplace transform of x;(t) = z;_1(t) — zx(t) — d

400
mes! :/ e Mx(t)dt, A € C.
0
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Zero initial conditions give the following simple formula

w2

A2+ ah+w?’
From this it is easy to get the stability conditions as

[H(is)l < 1, h(t) = 0

u(A) = HMue—1(2),  H(A) =

forall s € R, t > 0, where h(t) is the inverse Laplace transform of H, see [7,19]. This implies our condition & > 2w, that can
be seen from Theorem 9. Note that there are similar results for more general protocols in [20-23].

Model similar to ours is [14], however, it is assumed that zy(t) = zy(t), that is the system is considered on the circle.
In [14] for zero initial conditions the sufficiency of the stability condition « > 2w was rigorously proven.
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