WUTOTYM HAYKHW U TEXHUKHA

CEPMII

TEOPUSI BEPOSITHOCTEV.
MATEMATHUYECKAS CTATHICTHKA.
TEOPETUYUECKAS KUBEPHETHKA

Tom 13

BLIIIYCKH 11 TOMA CEPIIIY,

AareGpa. Towoaorus. 1962, M., 1964

MaTeMaTHYCCKHIH  @ianH3. TeopHst BepPOsITHO-
creil. Peryninponasuc. 1962, M., 1964

TeomeTphst, 1963, M., 1965

MaTeMaTHYCCKHIT  anajna. j063, M., 1065

Teopstst BeposTHOCTEIL 1963, M., 1865

AnreGpa. 1964, M., 1966

MaTteMaTHUCCKHIT aiaana. 1964, M., 1964

Teopss neposiTHoCT el MaTteMmaTnucckad cra-
THCTHKA, TeopeTnyeckas KHOEPHCTHKAE,
1964, M., 1966

Aare6pa. Tononormus.. TCeomerprs. 1965, M.,
1067

MaTeMaTHUCCKHIT aHanHs3. 1965, M., 19606

AareOpa. Tononords. Feomerpna. 1966, M.,
1968

MateMaTHUeCKHIT  anaJis. 1966, M., 1967

Teopust BOPOSITHOCTUIL MATCMATHYCUKas CTa-
THCTHKA. TeopeTHuecKas KuOCpPHCTHKA,
1966, M., 1967

AnrcGpa. Touoaorns. Ieometpus. 1967, M.,
1969

MaTeMaTHuECKH{T anaaus. 1967, - M., 1969

Teopus pepostHocTell MaTemaTHUECKast ¢1a-
THCTHKA. TecopetrHueckas kuGopHeTHKA.
1967, M., 1969

Anrc6pa. Touonorus. TeomerpHs. 1968, M.,
1970

MaTemarnueckiii ananus. 1968, M., 1969

Teopua peponTHOCTENL. MartemaTHuecKas €1a-
THCTHKA, TeopcTHUECKER kuOepHeTHRA.
1968, M., 1970

Aare6pa. TonoJorus. Feomerpus. 1969, M.,
1970

MartemaTHuccknil anamus. 1969, M., 1971

TeopHs BePORTHOCTEM. MatemaTiyeckas cTa-

ONYBJIHKOBAHHDIE PAHECE:

THCTHKA. TeopeTHueCKas! KHOCPHCTHRA -
1969, M., 1970

Aaretpa. Tonojorus. Ieomerpia. 1970, M.,
1971

MareMaTHUCCKHIT aHaans. 1970, M., 1971

Teophs neposrrnnc’roi‘l. Maremaruueckas cra-
THCTIIK A, Teoperiyeckan KHOCPHCTHRE.
1970, M., 1971

Asire6pa.  Tonosorust. eomerpius.  Tom 10
M., 1972

MartoMaTHuecknit axaana. Towm 10, M.. 1973

TeopHda pepoaTHOCTEIL MaTeMaTHUHCCKAA ¢Ta-
THCTHKA. TeoneTuueckasn KuGepHEeTHRA.
Tom 10, M., 1972

Anveopa. Tolioaorus. Ieometpiin. Tom 11,
M., 1974

AMAaToMaTHICCKHIT QHAAW3. Tos 11, M. 1973

Teopist nepowrnocTeit. MaremaTitucckas cra-
THCTHKE. TeopeTHuccKasn KHOCPHCTHRA,
Tom 11, M., 1974

ConpeMennbie npoGaem matematixi. Tom 1
M., 1973

ConpeMeniible TPOGAEMBI matemarnii. Tom 2,
M., W73 -

ConpeMcipe posneMbs maTemaTaxid. ToMm 3.
M., 1974 .

Aare6pa. Tononorus. Feometpus. ToMm 12,
M., 1974

MaTeMaTHUECKHIT aHaan3. Tom 12, M., 1074

Teopua peposiTHOCTE(l AlareMariueckas ¢ta-
TUCTHKA. TeopeTnueckan KHGOpHETHKAE.
Tom 12, M., 1978

Conpemenuble npoGaeMbi MaTeMaTHKH. ToMm 4,
M., 1975

ConpeMeniibie NpoGaeMbl maTemaTHkid., Tom 5,
M., 1975

MOCKBA 1976

HUTOTH HAYKHM M TEXHHUKU

TEOPHYI BEPOSITHOCTEMN.
MATEMATHYECKAS CTATHMCTHKA.
TEOPETHUYECKASY KMBEPHETHKA

Tom 13

Hayuunlii peaaxrop
npogeccop P. B. I'amrpeaudae

MOCKBA 1976

.
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CEPUA

TEOPHS BEPOSATHOCTEW. !
MATEMATUYECKAST CTATHCTHKA. :
TEOPETUUECKASl KMBEPHETHKA S

FJIABHBIE PEJAKTOP — npodeccop P. B. I'amspeaudse
VUEHBIYI CEKPETAPb — ROKTOp u3.-MarteM. Hayk fi. M. Ocruany
YJIEHB PEJAKLIMOHHOM KOJUJIETWM: axafeMuk [I. C. Anexcandpos,
Kaux. ¢us.-mateM. Hayk M. K. Kepumos, akageMuK A. H. Kosmoeopos,
npogeccop JI. M. Kydpasyes, Kaun. gu3.-MaTeM. Hayk B. H. Jlareuues,
npogeccop A. B. Maasiues, npodeccop M. A. Halinapx,
akagemuk C. M. Huxoasckud, akanemux JI. C. [To Hrpseun, g

Kaui. ¢us.-MmareM. Hayk fl. X. Pogsos,
npodeccop B. K. Cayases, npodeccop A. I'. Ceewrukos e

Cepuss «TEOPUSI BEPOSITHOCTEHW, MATEMATHUECKAA CTATHCTHKA. TEOPE-

THUYECKASI KUBEPHETHKA. Tom 13» comepxur 6 o63opos:

O6sop B. A. Maanmesna, «YpaBHCHUA Bunepa-Xonda ¥ HX NDHMEHCHUS B TEODHH
BepOATHOCTEN», CONEPKHMT 0030p HAefl H_ DPE3yAbTATOB, OTHOCAIIUXCA K yPaBHEHHAM BHHepa-
Xond)a C TOYKH 3peHHA HX npnnomeum‘& B TeOpQTHKO-BCpOﬂTHOCTHle 3apgavyax B 3apzadax
CTATHCTHUECKOH (DH3HKH. . .

B o06sope O. K. Hcaenko, B. I0. Yp6axa, «Pasgerenne cMecedl pacnpenenenuit
BEDOATHOCTEH HA HX COCTABAAIOUIHE», RAKTCH Pe3y/ibTAThl B METOABl, CBA3AHHLIE HENOCpen«
CTBEHHO € Bsajauefi paclleNaeHKs CMECH KOHEYHOl HAH HeMpepbiBHOR NapaMeTpHuecKkoro
ceMeiCcTBa pacipeleneHHs DEposTIoCTEl.

B o6zope B. Jl. 'panosckoro, C. M. Epmakona, sMeron Moure-Kapao»,.

ZEaubl OCHOBHLie HaNpaBiAeHHs DPAasBHTHA MeTOINOB Mom‘e-Kapno, MHOrOYHCJIEHHBIE IPHJOMKE~

HHs 3THX METOAOB B CaMblX p83H006p33HMX oGaacrax.

OGsop B. O. Bacwokenuva, A IO. Fro6semuca, H. E. 3asHoBO#,
A. A, Kypmura, A. A Jlopenna A. & Mlerpenko, B. Il. Haneuxo,

3. A. AKyGaftiTuca, «Tepus aBTOMaTOB», COJNEDXKHT KDATKHI 0630p B HEKOTOPBIX Ha*

npaBaeHHsX TEODHH AHCKDPETHbIX aBTOMAToOB, @ TAKM(e PACCMATPHBAET BONPOCHl KOAMpPOBAHHS
BHYTPEHHHX COCTOSIHHA TEXHMYECKOH AMATHOCTHKH, MHOTOQPYHKUHOHAALIBIX moayaell, onHo-
POJIHBIX CPea H BepOATHOCTHBIX aBTOMAaToB.

OGaop B. A. 3uHoBbeBa, «AareGpanyeckads Tcopus ON0UYHBIX KOAOB, HCHnpaBAsio-
WHX HE3ABHCHMbie OWKGKH®, NOCBALGEH HanGoJee noONy/aspHOMY M HauGojee paspaGarbiBae«
MOMY pasjedy anreGpaHuecKoil TEODHH KOAHDPOBaHH#A: OJOYHLIM KOAAM, HCTPABJSIOUIHM He-
3aBHCHMbBle OMHGKH.

O6sop M. A. Menbuyka, «HccnenosaHus no AaBTOMATHYECKOMY MEPEBOAY®, MO+
CBAIIEH COBPEMEHHOMY COCTOSIHHIO paGoT HO aBTOMATHYECKOMY NepeBOAy KaK B CCCP, rak
K 3a pyGexoM B paMKaXx GoJjee IIHDOKOR TeMaTHKH — aBTOMAaTHYECKOM 06paGOTKH TeKCTOB.

BHiycKk paccyHTaH Ha PaGOTHHKOB HAyYHO-HCC/AEROBATENLCKHX HHCTHTYTOB, npodeccop«
CKO-NIPENOAABATeAbCKH) COCTaB, aCNHPAHTOB H CTYAGHTOB BBICLIHX YueGHBIX 3aBeleHH.

OT PEAAKLHHU

Cepusi «Teopust BeposTHOcTell. MareMmaTuuecKas CTaTHCTHKA. TeopeTrnueckas
Kku6epHeTHka. Tom 13» oxBaThiBaeT B OCHOBHOM JHTEPATYDY, npopedepHPOBaHHYIO

B PedepaTusHoM XypHaje «MaremaTuka» B 1953—1974 rr. K xaxpoit cratbe :

npuaaraetcst 6uGAHOrPadUA BONPOCA CO CCHUIKOM Ha pedepar.

Pepakuusi ofpallaeTcsi KO BCeM UYHTaTeAsiM ¢ Npochboil IpHCIaTb CBOH OT-
3bIBBl H T0XKeJaHHS B OTHOIIEHMH AaJjbHefiiell (OPMBI H CONEPXKAHUS BHIITYCKOB
«/Torn HaykH H Texnukm» mo ajpecy: Mockea, 125219, Baaruickas ya. 14,
BHHHTH, Orden maremaTuru. )

\ © BUHUTH, 1976 -

YAK 517.948.32:513.884-519.21

. YPABHEHMSI BUHEPA-XON A
M MX NPUMMEHEHUY B TEOPMH BEPOSITHOCTEM

B. A. Maasuues

§ 1. BBEAEHHE

B o63ope npuBomHTCH AOCTAaTOYHO NOJiHas GuOGAHOrpadus Teo-
PETHKO-BEDOATHOCTHEIX PaboT, CBI3aHHBIX C YpaBHEHHSIMH THNA
KJACCHYECKHX YypaBHeHull DBunepa—Xonda u ¢ pasiauyHbiMH HX

0006LIEHUAMH, 3a MOCJAeJHHEe HECKOJbKO JeT 1o 1974 r. BKIIOUH--

Te/bHO. OLHAKO OrPaHMuMTLCA 3[eCh paMKaMH TEOPHH BepOAT-
HOCTeH OblJIO OBl YHCTEHLIHM aHAXPOHW3MOM: 4YHTAaTeJb He CMOT
6Bl [OJYYHTb NPaBHJBHOIO NPEACTaBJIEHHs] O IPAHUIAX H HepCcrek-
THBaX pa3BuTHs Teopud. [losTomMy aBTOp moOCTenOBaTeNbHO TpO-
CJIeXKUBACT HAGH H PE3yJbTaTbl B HeOOXOAUMBIX CMEXHbIX 06JacTaX,
He IpeTeHysl Ha NMOJHOTY 6ubJiaHorpadui B HHX.

Kaxapiit 0630p B KaKOH-TO CTeNeHH OTpaKaeT UHTepeckl aBTO-
pa: Tak ¥ 3llecb HauGoJsiee TIOAPOGHO H3JIOKEHBI Pe3yJbTaThl, CBf-
3aHHBle C CYUICCTBCHIO MIOrOMEpPHLIMH (CM. HHXE) ypaBHCHHAMH
Bunepa—Xonda. Caeayer oTMeTHTDL, uTo B 0630p BKJIOUEHA TakK-
2Ke MaJio H3BECTHasi COBETCKHM MaTeMaTHKaM 06JacThb NpHMEHEeHHS

‘TAKHX YDaBHEHHH, Jiexallas Ha NepeceyeHHH TeOPHH BePOSTHOCTEH .
(TOuHee, TEOPHH CAY4YaHHBIX mojiel) H (QH3HKH — TOYHO peliaeMhle’

MOJieJH CTAaTHCTHYECKOH (pHSHKH. :

3ajgav:

1. Knaccuueckas xpaeBas 3a1aya [J/1sl aHAMHTHYECKUX DyHKIHH.

Haiitn anazwTHYecKyio BHYTpH (BHE) eNHHHYHOro Kpyra [) ¢yHK-

. uuo F(2) (F_(2)) v HenpepbiBHYIO B 3aMBIKaHHM 3TOH 06/aCTH, -
~. TaKylo, 4TO NpH 26l ={z:[z|=1} :

f

G @) F4&)=F @)+ H (@),

tae G(2), H (z)—3anannbie HenpepeiBHble (PyHKUMU Ha I
- - OTa sajaua JONMyCKaeT 00OOGLIeHHe Ha -CJyyall NPOM3BOJILHOTO
YHCJIA 7L KOMIJIEKCHBIX IepeMeHHbX. [lpuBeseM Takyio MOCTaHOBKY

g n=2. TpeGyercst maiTn dynxkuun F, (x,y), F,_(x, y),

ST

TR

Haimedi myreBoXHOH HHTBIO GYAYT CJERYIOUIHE TPH [OCTAHOBKH .
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F_(x, ), F_(x, y), yAOBJETBOpSIOWLHE HA ' T={(x, y):|x|=
=|y|=1} ypaBHenuio

G()C, y)F++(x1 y):GlF.p.’*' G,!F_Jr’i_ GSF__"{‘[{ (x, .l/)i (2)

a Takie TakuM Ke, KAK W BLILC, YCJAOBHAM aHAJHTHUHOCTH W HE-
npepLIBHOCTH cooTBercTBenHo mnpu |x}, [y <1 k<1, |y|=1
u 1. n G, G, G, G H—3ananibie HempepuiBHbie (QYHKILHH
Ha I'XT. :
2. Mycts Tenepb ZV={(z, ..., Zy)} —UEJOUHCACHHAA DCLIETKA
B v-MEDHOM CBKJMAOBOM nipocTpaHcTse RY. Bee paccmartpusacubie
paJjee PyHKuud Ha ZV OyayT NpUHAAJiRKaThb NPOCTPAHCTBY VAR
UYepes A, 0603HauMM OMeparop CBePTKH € dyukumeit o:Agf=0of,
a uepes Pr-—oOmncpaTop OPTOTOHA/ILHOrO TPOCKTHPOBAUHA VA
- na nojnpoctpauctso (I(T), rae TCZ.
Ypasreunsimi  Busepa —Xonda B TcZ¥ OGyneM HasLBaTh
ypaBHenus BUAA
4

N

rie f u [ paBHBl HyJIO BHe T M BLINOJIHEHDL YC/IOBH: Y:EHTI;:@
npu i<k, T ;N Tyw=1 TpH JFk, UT5=F, EJTU.——I. Kaxnasn

u3 obaacreit 7, u T,;; npeanosaracrcs onpejleaeHHol KOHEUHBIM

-
Ha0opoOM HepaBeHCTB BHJLA @y < Z ¢2; <@y TAE ¢;—IeJabie Uicaa,

4 @ i @, —HPOH3BOABILIC, BO3MOIIO PABIBIC o 0w (CCJH BMCCTO
Zv paccmatpuBaercst RY, TO yCJOBHE L@JIOUHC/ICHHOCTH ¢; MOMKHO
OTOPOCHUTD). )

CrauaapTHO# 0612CTBIO s Hac Oy et AR AR E ADCAPLE
rae V —npou3BoJbHOE KOHCUHOE MHOKCCTBO, A Z, =={i:i>0, icZ.
V3 MHOMMX cOOGpaxKeHHil B HACTOSIICC BPEMsi MOXKHO CKa3aTh,
YTO OCHOBHOH XapaKTEPUCTHKOH CJOKHOCTH PELICHHS ypaBHeHuit (3)
B «OBILEM CJyuae» sBAAETCs MAKCHMAAbHAs KOPAa3MepPHOCTL GecKo-
Heunnix rpaueii obaacreit Ty, T C

Tax, B craiaapTHOH CHTyaiHH, KOrAa Imxlt =T,=T;=T,
©;;=¢, U ypaBHCHUA (3), cJesoBaTE/BHO, HMEIT BUI

Prof=1, “)

CJIOJKHOCTD MX pelleHHst XapaKTepu3yercs NPeKAe BCCro YHC/IOM /-
HauGosiee mM0APOGHO MBI PACCMOTPHM CJayuai € n>2.

3. PaccMoTpuM Tefepb CHeTHYIO OJHOPOIHYIO ILelb Mapkosa
C JIUCKPETHBIM BpeMeHeM H MHOXKCCTBOM COCTOSIHAM TcZ. Mu
Gy/AcM NpPEANOAaraTh, UTO BEPOATHOCTH CKAYKOB 33 OJAHMA wWar
33 gafoTca croxactuueckum onepatopom Q:NT)—INT), nmeromum
Bujl (3). )

B nasbHeillieM Mbl uacTo OyacM paceMaTpuBaTh CaAydad, Koraa
T=1", a ypaBuenne (3) 0OLHOPOAHO H MMEET BUJ

Pr,9iiPr,; f="M 3)
1

1

T

6

“T—PTE‘?.\PTAT‘=0, (5)
A .

TAC A-—IpOH3BOJILHOC TOAMHOXKECTBO MHOXecTBa (I, ..., n)s

Tal(s + vy 2h)iz; =0, iGA, 2;>>0, iGA}, *— BCKTOp CTALHONAPHLIX
‘BCPOATHOCTCH.

Ecaun siBuoe pewenne ypasueuuii (4) B cayuae n=0 u npous-
BOJIbLHOrO /11 HaXOMUTCH NPOCThiM npcodpasoBanvem Pypbe, TO yxe
B ciyuae n=1, m=0, npeoGpasoBanne Pypbe ncpeBodHT Ypasile-
uie (4) B kpacesyio 3apauy (1). Taxkas uecoanopofiias Kpaepasl
3anaua Oblia, 10 CYULeCTBY, BilepBbie peulena B 1931 r. B 3naMeui-
Toil paGore Bunepa u Xonga [163], xorsi Gosice wactible cayyau
paccmarpupaauch pauec [lnemennn, Kapaemanom u Ap. (3a HCTO-
PHUCCKHMH CBEACHHSAMH ML OTCLIJIACM  uHTaTegasi K Molorpaduu
[9]). Unes dakropusauitn pynkuun G(z) b 3apaue (1) oGobuwa-
Jlach M NMPHMEHSANAach B JaJjbleillicM K pas3/iMuHbiM  CHTYauHsM, a
TEOpHs pa3BUBanach NapasielbHo 10 pa3HbiM Hanpabierusm. On-
peleseH bl 3Tal PasBHTHS TeopHH Obl MOALITOXKEH B MOHOIpA-
'pHAX: 110 KpaeBblM 3ajavan Aas anagutHueckux Qynkuni — [9],
TIO CHHFYJIAPHBIM HHTCTpaJbHbIM  ypaBHenusm — [, 12, 59}, mno
ypasuenusiv (Bunepa—Xonda) ¢ aapoM, 3aBHCALUIMM OT pasHocri
aprymenTtoB — [18]. OnHoBpeMeHHO 3Ta TEOPHsI MOJyunJia pasfanui-
Hble npHMeHeHHsl B 00/acTAX, NOJMHBIH CIHCOK KOTOPbIX 3aTpyLHH-
TeqbHO faxe npusecti (eM. [76, 147]).

B nawem o63ope Mpl coBceM iie Ovaem ToBOPHTbL 06 0O6sacTsx
TCOPHH, OTPAXKEHHLIX B BBILICYNOMSIIIYTLIX MOHOrpaguax. B uaumx
Tpex 3ajauaxt 3T 001acTH COOTBCTCTBYIOT B OCIHIOBHOM  CJ1Y4alo
ypasuennii Bunepa—Xonda B oGnactu Z+XZmX V.

Haunem usaoxeniie ¢ caMbX O0NIIX MCTOAOB, INPHrOAHLIX AJS
HCCJAELOBAaHIsl NPOH3BOMALHLIX  PasMepIloCTeli H NO3BOJSHOULHX 110~
AV4aTh JOCTATOUHO OOLLIC, 110 AOBOJLIO  «Tpy0bie»  pe3yabraTbl
[Toctenenno 0603peBacMBIC MCTOALL H PC3YAbTaTbl OYAYT CTAHOBHTL-
cs1 BCe GoJec TOHKHMH M B TO Ke Bpems OoJjee UaCTHBIMH.

§ 2. HETEPOBOCTh W TEOPHSI HHIAEKCA.
noaxoxa, OCHOBAHHBIN HA AHAJIM3E
HEKOMMYTATHBHOR ONEPATOPHON AJITEBPDI

HeposMokuocTh npumMenith icio Buuepa—Xonda yxe B cay-
yae n=2 B CTauAapTHOIl 3ajaue H B APYTHX allaJOTHYIILIX 3ajauax
3aCTaBIJIO MPOBEpPHTh HA ypaBHennsX BuHepa—Xonda obuine Me-
TOAL (PVHKUHOHAJBHOIO aHaJH3a, pa3BHTble paHee Ha APYrux 3a-
-nauax. [Ipexacie BCEro BO3HHK BONDPOC O HETEPOBOCTH ONEPATOPOB
Bunepa—Xonda. B cayuae 3agau (2) u (3) npu v=2 nan n=2
“Teoplisi HETEPOBOCTH HJIA psla (QYHKUHOHANbHBLIX [POCTPAHCTB €
ncuepibiBaiouleilt noaHoToil Gbiia nocrpoeda B pabortax M. b. Cu-
sorenko [73—75]. Oaunaxko peryasipu3alls COOTBETCTBYIOULHX olle-
. paTopoB cTpom/aach B 3THX paboTax B HELOCTATOYHO SIBHOM BHAE.
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CyuiecTByIOT pas/iuulble ClocoGbi GoJiee  ABUOH  PEryJasipH3alliil.
Huast ypaBnenust (4) B Z+2 tagasi pery/asipusanus mnoayueuna B
[156] (mpyroit cnoco6 mo cyuiectBy comepsxurcs B [39, 42]).

Onnako yxe 1upu v=3 pgaxe BONPOC O HETEPOBOCTH COOTBETCT-
BYIOIHX ONIePaTopoB OCTaBaJicsl OTKPBITHIM. CUTyallis 3jech cylle-
CTBEHHO NPOsICHHJIACH NOC/e nosiBaenus pabortel lyrmaca u Xoysa
[109].

Eme panee pas uccaenoBanus 06paTUMOCTH KOHKPETHOTO
onepatopa HCC/eJ0BAJANCh HIea/bl NOPOXAEHHOH UM HEeKOMMYTa-
THBHOH OnepaTopHoil aJrebpel. IDTO NO3BOJUIO C €XHHON TOUKU
3peHdst 0603peTh TEOPHIO peryJisipH3anuu (T. . CBEACHHS K ypaB-
Henuio PpearosbMa) KaKk paHee W3BECTHHIX, TaK H HOBHIX Oflepa-
TopoB Tuna Bunepa—Xonga (cm. [100—103] u ykasauaeie Tam
pa6oru). B pabore Iyraaca n Xoysa [109] Geiia ucnosib3oBaHa
3Ta upes u usyuera C*-aarebpa ¥,, NOpOXKIEHHAsT BCEMU orepa-
Topamu Buna P, Ay B mpocTpancrse [* (Z2). TomosornyecKuMH
MeToLaMH ObLlJu Esyqeﬂm uneasasl 3toft C*-anrebpsl M 110Ka3aHo,
4TO BONPOC O HETEPOBOCTH JAHHOrO omnepartopa u3 U, 3KBHBa-
JenTed Bonpocy o6 o6paTHMOCTH HEKOTOpHIX onepatopoB B U, ;.

ITH MeTOAb pas3BuBaJHCb 3artem IImauau [64] mpuMeHHTeJNbHO
K GoJiee OBLIMM KJaccaM ONepaTopoB.

Taxue xe merons! 6bliM npuMeHenst B [102] guast mosayuyenus
npu n=2 teopeM 06 HHAeKce (NOACueT HHAeKCa AJs MHOTOMEpPHBIX
CBEPTOK cM. TaKkxke B [71]).

Bosuukalouiue 3gech C*-anreGpel B 0CHOBHOM HMeloT THI 1 H
ycTpoeilsl, Tpy6o roBops, Kak TeH3OpHLIC NPOH3BeJeHHsl paHec H3Y-
yennpix Godiee npocrbix  aarcGp  [100—103],  coorpercrnyiomux
cayyaro n=1. CymiecTsyer Ba)kHas napajielb 3TOr0 TNOAXOAa €
6osiee paHHUMH (QH3HYECKHMH HIESMH.

Vlmento, ypaBHeHHsT B KBAaHTOMeXaHHYeCKOil 3ajpaue n Tega (Ha-
npuMep, ¢ GUHATHBIM MOTEHIHAJOM) MOXKHO NPEeACTaBHTL B BHAE,
6auskom K (3). Peryaspusanus stux ypasHenuit [118] noayuanach
¢ TIOMOLILIO Tak Ha3biBAEMOTrQ PAa3J/OXKeHUs MO CBA3HLIM AHAarpam-
maMm [162]. MoxHO moKasaTb, uTO PeryJaspH3aluio 37ech MOHO
TONYYUTh C TMOMOIIbI0 M3YYeHHS COOTBETCTBYIOILEH OlepaTOpPHOM
anre6pel H, HAOGOPOT, PA3BHTb METOJ, PA3iOXKEeHHS [0 CBA3HBIM
JuarpamMmam, Hanpumep, IJs ypasHeHuii Bunepa—Xonda B Z+7.
Taxum o6pa3oM, 3Th ABa METOA OKA3BIBAKTCS BO MHOTOM 3KBHBA-
Jentnbimu. Idag 3amaun n Ten uMMeOTCs TakxKe 0oJice TOHKHe Me-
tTopst (ypasueuuss ®apneesa—kyGosckoro [117]), xoropele, of-
1aKo, He yRaeTcs MepeHecTH Ha cjydail oOiHX ONepaTopoB THIla
(4) B Z+7, .

Cnenyer orMeTHTh Takxe GJIM3KOe K HACTOSIIIEH TeMe Da3BHTHE
ajareGpanyecKuX MeToNOB MJsl IceBAOAH(GepeHIHaNbHbIX ONEepaTo-
pOB, a Takxke 6oJiee o6mue TeOpDHH uHIekca [56, 102, 103]0.
A. C. IeHuHbiM 6610 CPOPMYTHPOBAHO NOHATHe 060GLIEHHON
¢ penronbMOBOCTH, TOJE3HOe Ui H3ydeHHA H ofolIapoluee yKa3aH-

]

HYIO BBIIe HIAYKIUNO MO 7 B anrc6pax ¥U,, a TakxKe BLIACJAGH He-
Kotopulit knace C*-anreGp (ocnosannntii na paGote Amana [82])
ZUIsi KOTOPLIX HMeeT Mecto ata obolbuieniiast (ppearosbMOBOCTD.

B padorax P. B. Dyayuassl usdyucunt ypasicius Bunepa—Xot-
¢a thnma (3) ¢ pa3pLIBHBLIMH CHMBOJMAMI, NPHYCM A N=2 [OCT-
poena nosiHasi TeopHs HETEPOBOCTH.

Ecnu na o6e yactu ypaBHenus (3) nomeiicTBOBATDH OIIePaTOpPOM
Py, rne V — nekoTopoe KoHeuHoe MHOMeCTBO B Z ¥V, TO BO3HHUKHET
BOIIPOC: B KaKOH CTEHEHH MOJYUMBUIAACS KOHEUHAs CHCTEMa JiH-
HeffHLIX ajirefpanyeckux ypaBHEHHH NpHOJINKAeT ypaBICHHE (3).
DTO OHN U3 BONPOCOB, CTHMYJNHPOBABLIMX PA3BUTHC TAKHX — I1pO-
CKIHOHHBIX — METOJOB pcuieHHst ypaBlcuuil Bunepa—Xonda (cM.
monorpaduio [18]). Onmako 3THM OTHIOAL He HCUYEpPNBLIBAETCS
BaXXHOCTb HCCJIELOBAHUSI NPOCKUHOHHLIX MeTOHZOB peulenusi. [1ocy-
IIeCTBY NPOEKUHOHHBIE MEeTOALl O6epyT CBOE HAauaJso OT KAaCCHYCCKHX
uccaenosannii Cere (cm., nanpumep, [19]) no Tén/uueBblM MaTpH-
naM u ¢opMam II fBJSIOTCS HX CCTECTBEHHBLIM 06o6uieHHeM. AJ-
re6paHyeckoMy MNOAXOAY K HCC/JCAOBAHHIO TEIJIMLEBbIX
nocssimeda Monorpadus [31]. Oxun ouenp o6wwmil MeTOX NMOAXOAA
K IIPOCKUMOHHBIM METOLaM, NO3BOJSIOMIHH NOJAYUHTH [ psAAa
ypaBHeHHH Thna (3) moJHOe HCCaefOBanHe MPIMEHHMOCTH NPOCK-
qHoHHOTrO MeToAa, npelsioxen A. B. Kosakom [34].

-

§ 3. HAESl ®AKTOPU3ALUH

Meton paxropusanun Bunepa—Xonda ans ypasuenus (4) npu
n=1 naer cyulecTBeHHO GoJbllie, YeM BCE ONUCAHHBIE B APeABIAY-
em naparpae METOLbI: OH JaeT NPOCTLe YCJIOBHs OGPaTHMOCTII
I SIBHOC PCLUCHNC. Boin HPeAUpHUSITLL PASAHUNLIC HONLITKI 0G0G-
IeHuss MeTofla ¢aktopusauun. Mbl He OyleM u3Jarath 3iech pas-
JIHYHBIX 0000UIeHni MetoAa ¢aKTOPH3ALUK B OAUOMEPHOM Cjaydae,
B OCHOBHOM H3JIOKEHHLIX B IEPeYHCJCHHLIX BO BBELEHHH MOHOTrpa-
Gusix [5, 9, 12, 18, 59]. OrmeTuM auuL pasiuuHLie KpaeBble 3a-
Aayd Ha PHMAaHOBBIX NOBepXloCTAX (cM. o63opwr [29, 30]).

Passutie nieu akTOpH3aUHH B HEOLHOMEPHOM CJydae, Mpew-

Iie BCEro, W10 NO IYTH HCCAeAOBaHHsA ypaBHeHust (4) aas Z+XZm™
npyu npoussosbHOM m (cm. [18]). B cayyae xpaeBblX 3agay MIs
aHaJHTHYCCKHX (QYHKUHH 3TO o3Hauaer NosBJeHne B 3azaue (1)
nmapamerTpa; HpH 3TOM HCCAENOBAHHE CBOLITCS, Ipexkie BCero, K
IIpOBEPKE YCJIOBHH BLINOJIHHMOCTH (akTopH3auuu IJs BCeX 3Haue-
HHIT 3TOTO MapameTpa B HYyXHOI obsactu (cM. [78, 79]). Paccnar-
puBaJICsi TakKe cayuair obaacrn Z+XZ® u  Hexkoropuie ero 06006-
wenns (cM., Hanpumep, [6, 7], a raxxke [8]).
'~ Psan apyrux paGor nocssilen pas36opy cavuyaes, KOTAa sagaud
THa (2) MoxKeT GBITb pellleHa NpPsSMBLIM HpHMEHeHHEM MeToga Bi-
Hepa—Xonda (cm. [65, 32] u crp. 31 B [42]). D10 umeer Mecro,
Hampumep, Korga G;(x, y)=1 npu i=1, 2, 3 u npu ycaoBun cyie-
CTBOBAHHS KaHOHHYECKOH ¢akTtopudaunuu G (x, y) =G G G_ G __
HMeeT MecCTo, HanpuMep, G =1.
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EcrecTBennbiM 0606llenHeM Teophd ¢GaKToOpuU3auHd MaTpHIl-
Qynxuuit (cm., nanpumep, [5, 18]) sBaserca uccieloBanie ¢dhaxro-
pH3aluu QYHKUMIT Ha eAUHHYHOH OKPYKHOCTH I’ (uin opyroMm KoH-
Type) co 3HAUEHHSMH B 11eKOTOPOil Gailaxopoil anrebpe.

[leppasi paGoTa B TOM HanpasjiclHM HOSBUIACL MABHO. B uei
[11] WU. L. Tox6epr BBea OCHOBILIE HOHATHA daxTopusagHy one-
paTop-GYHKUHA H [HOJHOCTLIO MCCICAOBAA cayualt  axropusannu
onepatop-gyukunit uga 1+B(F), rae B({) — Bnosiie HenpepbiB-
HbIl omepaTop M3 HEKOTOPOil GaHaXoBOH anreGpni BroJiHe Hempe-
pPBIBHLIX onepartopoB aas Bcex (€T Oanako TOJbKO B HOCJAEAHHE
rofpl ufcao paGoT B TOM HalpaB/ieHHH Haualo pacTh (em. [13—
171). B uacrHocTH, B 3THX paboTax HMCCIelOBAJHCL CAyYaH, KOria
onepaTtop-QyHKIHs HMeeT BUIL 14+B(%) ¢ IB(2) <1, a Taxxke pad
Apyrux caydaes. Cm. trakxe [72].

HecKobKO HE3aBUCHMO OT 3TMX pafoT HCCaefoBanach (akro-
pH3aLHs MOJ0KHTebHBIX onepatop-GyHKUHil, T. €. onepaTop-PyHK-
i1il, 3HAUCHHSIMH KOTOPBIX SIBJSIOTCS OIEPATOPBI, IepeBOAsillNC B
ce6si HEKOTOPLI KOHYC TOJIOZKHTE/ILHLIX — 3JCMEHTOB B dyHKIHO-
HAJLHOM HpocTpancTse (CM. 0630p [148]). PaGora cTumyJauposa-
' nach BepOSITHOCTHLIMII 3ajlauaMH: IPOrHO3 Cly4aHHbX [POLECCOB
u nodaeil u T. 1.

EcTecTBCHHO BO3HHK BOMPOC O ()AKTOPH3AllMM ONepaTop-DyHK-
i1, 3HAYCHUAMH KOTODPbIX sIBAAIOTCS KOHKPeTHbie ONEepaTophbl, Ha-
npumep, oneparopel Buuepa—Xonda, 1 O UPUMEHEHHN sTofl dak-
TOpPH3ALMM K PEIICHHIO yPABHEeHHI Bunepa — Xonda. Orper Ha
stoT Bompoc Guia nodayuen B [50]. Vmenso, B ueft paccMOTpeHbl
OUEPATOP-DYHKII CO BHAUCHHIMIL B aarceope Wy, m, HOPOIICHION
Bcema oneparopavu Bunepa — Nonda PrA, B obsacTu r=171 X
W Zm, TlosiyueHs He0O0XOAWMbIE W JOCTATOUHBIE YCJAOBHA Cylles
CTBOBAHMS TaKofl (akTopH3auuy (H0JHbE J10KA3aTENbCTBA HMEIOT-
csi B AOKTODCKOH JMccepraiiud apropa). Paxropusaunus nposo-
JIMTCSl B HCKOTOPOM CMblCJe B sIBHOM BHAe IJa n=1, a i
1> 2 MCHIOAL3VETCsl ITHAYKTHBHBIE NPOLeCce, OCHOBAHHLIN 1d METO-
nax paboru Jlyrsiaca— Xoysa [109]. CyurecTBeHHO HCIOb3YIOTCA
rakie pesyabrarst M. Ll ToxGepra [11]. Mertoxs paGoThi [50]
jomyckaior ofobuleniie Takxe Ha Oonee ofwue onepatopbl (Ha-
npuMep, paccmorpensbie  padorax Mumnn).

§ 4. IPOBJIEMA CYUWECTBOBAHHA H EAUHCTBEHHOCTH

B HeKOTOPOM MasONpUBAEKATC/ALHOM CMbICIe Npobsema cyuie-
CTBOBAMNS H CAHHCTBEHHOCTH PCLICHHS AJsi [POM3BOJbBHOTO TEMJIH-
' nepa onepatopa B Z4M, T. e. Lus ypasuenns (4), peuweia B [50].
TIposepka 00paTHMOCTH CBOAMTCS MPH 3TOM K MPOBEPKC paBCHCTBA
Y0 YACTHbIX HHJICKCOB HEKOTOPDIX onepaTtop-Qyikinit Buga 1+
+B(%), rae B(L) pnoaue uenpepLIBHDL 11 KOHKpPETHBIX omneparto-
‘POB 3TOT KPHTEPHH siBJISETCH magosp@extuBHbiM.  TlpoGiema no-
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..nytleu1/1ﬂ23q)q;exmx3ub1x KpuTepHes oGpaTHMOCTH
Aasi n=2.

[Tepeuncmim ceiiuac peayabratil 4as ypasucuus (4) B Z2 . Ero
MOMCHO TICPIMHCATHL B BHAC v
o3
2} ?i_k,j_lfkl:/liﬁ (6)
k(=0 .
rae, Hanpamep, ;=9 (i, ), (i, j)GZ% B [73] nokasano, urto

oneparop (6) sasasercs onepaTopoM HéTepa Torjga W TOABKO
TOrAa, Korjaa

OTKpPbITA  AaxKe

o0

o(x, y)= 2 o,x'y/#0 ppu |x|=|y|=1

ij=—o

4
u ind ¢ (x, )= ind % (1, y)=0.
lxl=1 lyi=1

B [39] nokasano, uTo ofpatumocTb omnepatopa (6) 3xBHBA-
JIEHTHA ero HETEpOBOCTH B Ciaydae, Kxorpa ¢;,;=0, ecin An6o
[£[>1 aubo [j|>1. B [109] nokasaHo, uTO CylIeCTByeT onepa-
TOp ¢ 9,;=0, ecau mbo [i|>1 aubo |j|>2, koTopuiit aBaAseTCS
HETepOBbLIM, HO HeOOpaTHMBIM. YNMOMAHYTbHI Bblllle pe3yJabTaT pa-
607Tbi "[39] Obl1 HecKoabko o0o00wen B [108]. B [43] pesyabrar
paGotsl |39] oGobuwien Ha cayual, KOraa ¢;; OTJMUHBI OT LyJs
JUWb #as (> —1, j>» —1.

B [136] sxBuBaJ/ieHTHOCTb OOPAaTHMOCTH M HETCPOBOCTH JOKA-
3aHa AJst CJyuasl, KOria NpousBoisuiast GyHKiLms 9 (X, §) MOXeT
OBITh NMpPEACTABJCHA B BIHAC ¢ (X, §)=17 (X)-} 9, (X)9;(y) nas ue-
KOTOpLIX @, ©,, ¥3. Kpome TOro, 3KBHBAJCHTHOCTb HETEPOBOCTH H
-06PATHMOCTH HMCET MECTO AJs CJy4Yas, KOrja NPUMCHHM MPSIMOil
meTon Buuepa —Xonda (cm. Buue [32, 42, 65]). Heussecren aa-
e OTBET Ha Taxoil BONpOC: MycTbh 9;,;=0 mas Beex (i, j), KpoMe
KOHEYHOTO 4HCJa, H MHOrou/leH x*y'o (X, y) HENpHBOAUM [ He-
KOTOPLIX £ M [; OyAeT /W TOrAa HMCTh MECTO IKBHBAJICHTHOCTD
HETEPOBOCTH ¥ OOPATHMOCTH?

Hanee ofGparnmMca K BepPOATHOCTHHLIM axaJjoraM npobaemul Cy-
LIEeCTBOBANMI H €IHHCTBCHHOCTH. PacCMOTPHM CUCTHYIO OAHOPOIL-
Hylo nenb Mapkosa na Z7, 3anasaemyio ypasucauem (5), KoTo-
pywo Mul OyjeM INpeinoJaraTh HMeOILel O0AMH KJacc cyuie-
CTBEHHbIX COCTOSIHMEE 1 Henepuoguyeckoil  (orpaHuuese,
AMKTYEMOE@ TOJbKO KPATKOCTBIO (POPMYJHPOBOK). ollr--}(1, 1, ...
..., 1)=0, nosToMy coorpercTsyouLnii Oneparop He sBJIETCH
HéTepoBCcKkHM. V3BecTHo, uTO ecan pewesdie (9) CyWecTByeT B
11(Z7%), TO oHO 00s13aTEAbHO FBJIACTCH CAMHCTBCHHBIM H I0JOMKH-
TeAbHbIM {T. €. BCPOATHOCTHLIM) C TOYHOCTBIO JIO 11POU3BOJbLHOI
MYJAbTHIOAUKATHBHON KOHCTaHTHl. YCJAOBiA CYLICCTBOBAHUSI pe-
1IeHHS OKa3blBAIOTCS, TAKHM 00pa3oM, YCJAOBHAMH 3ProOAHAHOCTH
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coOTBETCTBYMOMCH uend MapkoBa. AHAMOTHUHO MOXHO TPAKTO-
BaTh yC/OBUs BO3BPATHOCTH M TPAHSHEHTHOCTH.

BpejieM BEKTOPbHI CPpEeAHMX CKAUuKOB 3a OJ{H 1ar H3 TNpOH3-

. v Y] A A A
posbiiofl  Toukn oGl A M(@)== M*=Mr, ..., My), rae Mi=

©

o ~ \ . . i

:%(11 11 se ey 1)’ (?A:; ZJ (‘PA(LI’ ""Ln)'xill’ ""x/l"'
1j=—

Mpi Gyjem jajee NPEAINONArarh, 4To CKaUKA 3a OJdMH war
B nalueil IeMH OrpaupueHsl, T. €. JUIA HEKOTOporo Huc./Aa d < o0
Bce @ (iyy -..s iy) PABHBL HYJO, €CJH li;l >d nJast HEKOTOPOro J.

Kaaccuduiauns Takux Ienei MaproBa OCHOBLIBAGTCsT Hd
HEKOTOPOM MHAYKTHBHOM Tmpoiecce 1o pasmepHoCTH 7 (3aAMCTHM,
yro B pabore Jlyrnaca— XoyBa TaKie HMEJACH HEKOTOPHK
HHJLYKTHBHBIH npoiecc).

Brepssie Takas Kaaccupuxanus aas n==2 Oplaa TnoJyyeHa B
paGote [48] (moiHble JlOKA34TEAbCTBA UMEIOTCSH B gLOKTopCK(zL{
JMCCepTalyuul aBTOpa) TOJBKO B TEPMHHAX cpemHux ckaukos M -
Hanpumep, ec/u M?’Z}, M§1’2}<0, 10 s 3ProLHYHOCTH HEeol-

XOJMMO M  JOCTAaTOYHO, 4TOOLI Mil’z}Mgl}——Mil’z}Mil}<0,

MEIMP — M- ImEE <o.

Meroj  10KA3aTeAbCTBA — PEOMETPHYECKH  HATJLAHOC no-
CTPOEHHE MaXOPUPYIOULEro NOJyMapTanraid (na ApYrom si3pike —
¢y Jlinynosa), ocuosamioe Ha BBEJIeHHOM TpHHIUMIE &=
smneiinoct.  Ojuako ke Jul =2 TaKuM TpJIMLIM MCTOJLOM

—>
22V oL
J0KA3aTEJALCTBO TOJy4aeTest Julb Jist CayHas, xorpa ML} =£0.

Cayuait M{2)=0 paccmorpen B [42] aHAMUTHHCCKUM METOL0M
(cM. HUKeE). :

Mast n=23 mnopolHse Pe3y/bTaThl Sl TIOAYUEHEl [PIMEPHO
raKMM JKE METOAOM M B TeX Ke OrpaHHuCHUIX (uast «obuero
ciyuas» B TNPOCTPAHCTBE NAPaMETPOB, T e. xoraa HEeKOTOphIe
cpeaHHe CKAauKu OTJMUHEL OT nyas) B pabore [57]. Caeayert
OTMETHTB, UTO MOCTPOEHMsI COOTBETCTBYIOUIMX [I0/1yMapTHHT aJ0B
yxe NpH =3 Pe3KO yCJHOKHMOTCH. Bosiee TOro, npu n==3

—>

pesyabTaT yKe He Bripaxacrtcd ronbko uepes M. Tlpu 3ToM
noAxXoie yxe Aaaa n=4, a ocoBenHo Aaf n==5, KOJHYeCTBO
caydaes, rhae TpeOyloTcss pas/Hulible MaKOpUPYIOIIHe MNoJTyMap-

THHTAJbl, CTAHOBHTCS HEOOO3PHUMBIM. [lpy 7=>5 BO3HUKAOT CO-

BepileHHO CreuuduuecKue Tpy AHOCTH.

[TonpiTKe TMOCTPOEHHS cHCTeMAaTHUeCKOH Mpolenypsl Ajasd noJay=
wenusi TAKUX Pe3yabTaToB, NOCBILICHA paGora [54].

WUsenno, B R paccmMaTpuBaeTCsl BRKTOPHOE HOJE, CTpOﬂLILeeC;I
cJCLYIOLHM 00pasoM: K20 TOUKE & HeKOTOPOH TpaHH DACRL
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conocrasisercs Bektop MA, ecau rpans A sprojuueckas,

—>
Bce BexToput MA ¢ A'DA, ecan TA uesproguueckas.

Jlis onpegesenns NOHATHS 3Projudeckol rpauu 774 BBOAMTCA
HHAYUMpOBaLnas uenk LA na MHOMECTBC @y ovr 20 2=0C,
iGA} aast poctartouino Gosblx ¢ >0. paus naseiBaeTcs 9pro-
NHYCCKOI, eCAH CooTBeTCTBYyIoWas neus LA sproanuna.

Mbl nosyyaem TakuM 0Gpa3oM HEKOTOPYIO HHHAMHUCCKYIO CHC-
temy. Jdas n=2, 3 TPYAHOCTH C HEOAHO3HAYHOCTAMH BEKTOPHOTO
NoJisi, BO3HHKAIOIHMH 3a C4YeT HeIProJHuecKHX TIpaHed MOXKHO
npeofoserb. OcHoBHasi TeopeMa (TeopeMa 3KBIBaJEHTHOCTH) IJa-
CHT: cayualinoe GJyXKAaHHe 3PTOJHUHO TOTAA H TOJIbLKO TOTAAd, KOT-
a COOTBETCTBYIOLIAs AHHAMIUECKasl CHCTCMAa M3 JI000if  TOUKH
BO3BPALIACTCSl B OKPECTIOCTL Hauaja koopAnnar. B HCKOTOPLIX
YACTHBIX TPCANOJIOKCHUSX 3TY NPOUEAYPY MOXKHO TNPOBECTH I/

BCex n. H[)H 3TOM H3 TeOpPCMbl 3KBHBAJEHTHOCTH YCJIOBHSl 3proiny--

HOCTH IOJYYalOTCs AOBOJBLIHO NPOCTO, a 3PTOAHUHOCTb Tpalieil mpo-
BepAeTcs IHAYKTUBHBIM CNOCOGOM (LJIst POBEPKH 3PTOAMYHOCTH B
pPa3MepHOCTH i HAaLo YMeTb BBIMHC/IATH HEKOTOpble CTauHOHApHBIC
sepoatHocTH Ansi n—1). Onnaxko B ofuleM ciyyae yxe AJs n=>5
HEeOJHO3HAUHOCTH WIPAIOT CYLIECTBEHHYIO POJb W A/ HX yCTpaHe-
HuA AHHAMHUECKYIO CHCTEMY Halo CAe/aaTh CayuaiiHoh. Bosnuxkalo-
e 3Jech TPYAHOCTH BO MHOTOM CBfi3aHbl C MOCTPOCHHEM IpaHull
MapTtuHa L5t caydainblX OMyXKAaHHH MEHbIIHX pasmepHoCTell H
clule He NMPeO/ioJCHDI.

§ 5. PA3BPABOTKA BEPOSITHOCTHBIX ACHEKTOB
U BEPOSITHOCTHBIE TTPUMEHEHHSI HIENW ®AKTOPH3ALMH

Jlast omHopoioit enn MapxoBa, onucannoil B 3afaue 3 BBCAC-
His, Mbl OYAeM pasjensTb 3alaull, CBA3allHble C H3yucHueMm cra-
HHOHAPHDBIX pacrpefeseliiii, cCAH OHM CYULCCTBYIOT —(3ajaun Tild
3a) u 3alaud WCCAEAOBANNS PaA3JHUYHLIX BCPOSITHOCTHLIX XapaKTC-
PHCTHK, CBSI3aHHLIX C (fepBBIM) LOCTHMXCHHEM HEKOTOPOro MHOKC-
ctBa (3agaun THna 30).

CaeayeT OTMETHTb, YTO BEPOSITHOCTHbIE HCCJAGAOBAHHS, TOCBA-
[lleHHbIe ACHMITOTHKE TeX HJIH HHBIX (YHKUHOHAJOB OT CAYYaiHDLIX
6ayxaaHuii Ha Z4, BeJUCh YACTHUHO HC3ABHCHMO OT pabor QyHK-
1HOHAJbHOTO HampasieHus. [lo3TOMY HeyAHBHTEIbHO, YTO BOSHHKIH
HOBBIE TIOAXOIb! K 3TOH 3amaue. OAHHUM H3 TaKuX MOAXOAOB SIBJAACT-
csi anreb6pausauns nien Ppaxkropuszauxu (CM. 0630p [33]), mpunan-
nexkaman Bengeno u Kuurmany. HpyruM, 6ojee OpHIHHAJLHBIM
[OAXOMOM, sIBJSIeTCS KOMOHHATODHDBIH noAxof. OO0 HCTOPHYECKHX
MCTOKAaX KOMGHHATOPHOIO moixofa cM. Monorpaduio Taxaua [76].

Mgl nojuepKHeM, YTO yalile PaCcCMaTPUBA/IMCh HHTErPajbHbIE
amajgord cayuafinbix Gayxjianuii wa Z,. Tumuuda crenyiomas
curyauus: nyctb &, &, ..., &5 ... —IM0CACLOBATE/NbHOCTE HE3aA-
BHCHMBIX OJHHAKOBO paclpeje/eHHbX CAY4YaHHbLX  BeJUYHH.
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Onpeeanm y,,=2 g, f()=Me™, y,=max(0 v, .- Yn)»

k=1
7 (f)=min (E>1:1yp>t), 2()="Yaw- B caMblx pa3HbX aCHMI-
TOTHUECKMX MPELNONOKEHUIX H3YUaIMCh BepONTHOCTHBIE PaCTpe-
JAeneHust CAyUalHbIX BEJUUHIL Yy M (), 2()- Hst 3TOro HCHOJb-
30BaANCh (PAKTOPU3ALHOIIHEE TOXACCTBA, BLIPAXKABIIHC HCKOMBIE
BEpOSATHOCTHEIC XapPaKTePHCTHKH HYepes KoMmnoHeutsl (akTopHu3a-
upy pynkuan 1—2f (A).

JloBoabHO oOwKE pe3y/abTaThl nojofsoro THIa A Tnocje-
JIOBATEJABHOCTH CyMM [, [IOJyUCHbl B pa6orax A. A. Doposkosa
(cm. Gubauorpaguio €ro paGor B MoHOrpaduu [3] n coorseT-
CTBylOIL}E T/iaBbl 3TOH MOHOTpaduu).

Mpl nepeuncinM 3fecb paboTbl B 3TOM fanpasJchii, MosiBuB-
muecs ¢ 1971 r. mo 1974 r. BKAOUHTCALHO.

JLk. K. Pora B cBoeit cepHH pabot 1o anareopantecKim 0CI10-
BaiusM KOMOGHHATOPHOTO ananausa He 3a6bLII ¥ O KOMOHHATOPUBIX
acrextax mMerona (axropH3aili [150]. K xoMOuHaTOPHOMY acrnek-
Ty OTHOCATCSI TaKXKe paGotsl [93, 113]. MuoromepHoe ofobuierine
M3BECTHOI JleMMbl 0 6a/JIOTHPOBKE NOJYUCHO B [111].

Boabluoil 0630p 1O NpHMeHeHHIM 3THX naeh B MaTeMaTHYCCKOIl
CTATHCTHKE, NOBEACHHLIT A0 TOCICHIEro  BPEMEHH, uMecTest B
[115]. Boace paunne paboTLl 1O HPHMCIEIHNIO  KOMOUIIAaTOpLoro
lOAX0Ma i (haKTOPU3ALHK B OCHOBHOM  OTpaNCHLL D Mouorpadui
Takaua [76]. :

C Tunpunoil cityanueil MakCuMyMa CyMM Yn 11e3aBHCHMBIN CaY~
yallliblX BeJIuHil, a TaKkxe ¢ APYTHMH Gonec CA0NHLIMIL (YIKUHO-
HajaMH, HApUMeEp, KOPa paccMarTpuBacTcs BLIXOJL 113 nHTEpBaJaa,
iMetoT Aedo paboTer [63, 83, 92, 114, 119, 120, 152, 153].

YTouieHHeM ACHMITOTHYECKHX OIeHOK AJs pacrpeeaetiis MaK-
CHMyMa CIy4aiilblX BEJHUHI Yn sannmatotes apropsi padot [1, 60,
61, 122].

dakropusaus matpui-QyHKIKMA npuMeHsiach K CyMMaM Cay-
vaillipiX BeJHuliH, yIpaBIaeMblX Koneunoil uenblo Mapkopa, B pail-
nux patorax IlpecMana, Muniepa n Ap. (CM. Gudanorpaduio B

[3]). B nocaennee BpeMs 3TOMY BOMpPOCY TIOCBAILCHbL padoTsl
JL. B. T'ycaka u np. [23—26, 58, 62], B KOTOPBIX HCCJAEAYETCsi pac-
npenesenne cynpeMyma BHHCPOBCKOTO nporecca H TpOLECCoB € HE-
3ABHCHMbIMI  [PHPALLEHHSMH, YIPaBAACMBIX KOHEuHOM  1enblo
Mapxosa. ,

WmeloTcst HeKoTopbie 0G00uieHHst 11a CyMMD cayuaiinplx  BCAH-
yui, ynpasjseMbie CYETHOH LEnbo Mapkosa [86]. Marpuunoe
rokaectBo Mujiepa npHMEHsIeTCH B [85] K u3yuenuio O HOJHHEH-
HOfl CHCTeMbl MaccoBOro OOC/yKHBaHHA C HECKOJbLKHMH THIIAMU
tpeGoBaunii. [lpyrie 0B0GILeHIs Ha MapKOBCKHE H OTYyMapKOBCKHE
npolecch HMEoTCA B paGorax [84, 87, 88, 98, 142, 144].

K sTOMy XKe KpYry BOMPOCOB OTHOCATCA pabotul [105, 154].

Heckobko paboT [OCBAIUCHO  HCCACAOBAHHIO pacrpefeleHHl
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CYNpeMyMOB TPOLECCOB € HE3aBHCHMbLIMII fnpHpallenHsaMu.  3ACCh
clellyeT ynomsHyTb Gosce pauuue paGorer Porosuua (cM. Gubano-
rpaduio B [3] u [66]).

Ilyerb E(¢) — ONHOPOAULIA CNCKTPabIIO [OJIOKHTEJIbHDIH [1PO-
jecc ¢ He3aBHCHMBIMH  AIPHpALLEHHAMH 1 T — MOMEHT ero BbIXOAa
13 HeKoTOporo uurteppana. B [112] npuBomutesi BLIpaMenue MM

M (e MHEDY y o gan

e MM (elFD; T > ¢) dt.

St @

B pa6ore ITpabxy [143] paccmarTpHBacTCs UHGHUTITE3HM AT b-
upii onepartop 4, COOTBETCTBYIOLLKIT mpoueccy ¢ HE3aBICHMDIMII
npupauleHusmy. JlokasbBaeTcs, yto npu 2>0 zl—A=(z2—A) X
X (2ol —A_), rhe z; — unucja, 3aBucAllLAC OT 2, Ay (A_) — nuduH-
Te3UMANbHDIC OlEPATOPLI HEKOTOPLIX OLHOPOLHLIX POILCCCOB € e
3aBHCHMBIMH NIPHPALIEHHAMH C HCYObIBAIOMMMHU (HeBo3pacTaloulH-
MH) TPaeKTOPHAMH. '

HekoTopble CBOHCTBA CylpeMyMa CyMM CTALONApPHO CBs3anlbiX
cyuaiinblx BeJHUHH HCCHELYIOTCH B [4].

B [46] paccmoTpeno cayuafinoe Oayxaanue ¢ OrpaHHuCHHbIMH
ckaukanmi-a Z4 XV, rae V — npousposbiioc KoueyHoce MHOKECTBO,
a cayuaitiioe GaYXKAAINC HUBAPUANTHO OTHOCHTEJDIO CABHFOB Z.t
aasi peex touck ZyXXV, KpoMe KOHCHUOro aieaa.  Tloayuen spibii
BHJL CTALLIOHAPILIX BEPOSITHOCTCIL, cel OHl CYLLCCTBYIOT, a TaKMKC
NpoCThie 1eOOXOANMBIC 1 AOCTATOUHLIC yCcaoBlsl  CYULCCTBOBAI
¢TaunonapHoro pacrpeacscius i [eoGXOLuMble H JOCTATOUHDIC YC-
JIOBHS BO3BPATIOCTII CJIy4aillioro gayxcpaliis. MeTod anajoruci
IPOCTOMY $IBHOMY MCTOLY paxTopH3aUHl PAUHONAAbHLIX MaTpHIL-
dyukunit (cm., nanpumep, monorpaduio [5]).

C 3apaueii (axTtopH3alHll onepartop-PylKunii  TCCHO  CBA3ANA
nocrpoennas 10. A. PozaucBbim TcopHs OOHOBISIOULIXCS cayuali-
HpIX mpoieccon. [lo 37Ol TCOPIIL maeercst aG3op [68] m mouorpa-
dus [69] (cm. Tarke [67] n [132]).

3ech Ke ClelyeT YOOMAHNYTb O NpHOJHAKCHIDIX aATOPHTMAXN
¢axropusauuu: C TMOMOLLbIO TaK Ha3bBAEMOro GLICTpOro mpeodpa-
sopaunss ®yppe [116] u ¢ noMoLIbIO OPTOroHaNbHLIX pyurunii [94].

§ 6. MPOBJIEMA SABHOI0 PELIEHUS

Mbl 3ech OyleM paccMarpuBaTh ypaBlCHIle (4) B Zs* n 3ana-
yy MOJYUYCHHS €ro SBIOTO peliCHis. Msl yixe ynoMmuHaan o Cyile-
CTBOBAITHH SBHOI Pery/isipH3alilil 3TOro ypaBHCHH. Kpowme TOTO, B
pagdore [50] moayueHo sABHOE NPEACTABICHHC pelueHus B BilAE He-
KOTOPOro (PaKTOPU3ALUHOHHOTO TOKACCTBE, HCIIOJIB3YIOEro (aKTo-
pH3aluio orneparop-GpyHKUuH Billd 1+B(%) ¢ BIOJIHE HellpepbiBHOi
B(g). Oba 3tu peuwenns 1ey10BAeTBOPHTE/bHbl BO® MHOTHX  OTHO
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JHeHHSIX 1 BO3HHKAeT BOINPOC, UTO MOMKET 6LiTh  TIOAYUYeH0, KpoMe
cBeeHMs K JOBOJIbLHO rpoMO3JIKOii 3ajaue dpeAroabma.

Cama 3ajaua MOJyUeHHs SIBHOTO pelleHis He sBJAeTCs, KOHeu-
}0, UETKO TOCTaBJeHHOH sagaucil, Ho cyliecTByeT AOBOJLHO MIOTO
CTPOTHX HOCTAHOBOK: GyheT Jil NpOH3BOAsLLALA yHKUHS ~peLICHHT
palHOHaNbHOI, KaKHe ocoBble TOUKH H IpyTHe aHAIHTHUECKUC CBOH-
cTBA MMeeT 3Ta IPON3BOAAILAst QYHKUHA 1 T. 1.

[lomumo ypasHeHHsi (4) (anu (6)), paccCMOTPHM samauy (9).
Qmua Jerko CBOLHTCH K KpaeBoil 3ajaue (2) c (mbl paccmMarpuBaeM

c/lyuaii ckaukoB 3a OJHMH Liar, HE Gospmux v 2)

1
Gx, y)=1— 2 Xty pi; =0, Spy=1
1, o1

==

1 1
Gy (x, y)=1— 2 Ep;jxiij pi;=0, Zpy=1,

i=—1 j=0
H T. I
i 1
N - "
G, (x, yy=1— 2‘ 21 pljxiyjy
i=0 j=—1
N
Gy (5, )=1— 2 puxty)s Hx 9)=0
i,j=0
N < 0o (N MOKHO CYUHTATH PaABHBIM 1 6e3 ymepba mast obGumHOC-
TH).

Ecau 0603Ha4uTh 4epes %, =7 (M, #) CTALAOHAPHEIC BepoAT-
HoCTH (KOMIIOHEHTDI BEKTOPA w), TO

< . T
Fiy(x, 9)= 2 XY F__(x,y)= —xﬁ—’
1=1

=

g

L

~i—1
y 3 Tigh'

1
Fy (%, §)= = (X)= 1

I

*. 0w
1~ BN -1
F_i(x 9)= ”x—“‘(y):’;{ el iy
j=
Pemenue 3701 Kpaesoil 3alauH cyliecTByeT TOrAa H TOJBKO 'rorzéa,-
Korja cayuaiiHoe GayxAaHne 5profnyHo (CM. BBILIE § 4) u Mbt OY
am.
feM paccMaTprBaTh TOJILKO 3TOT CJIYY . ]
Bppa60Tax [39—44, 49] npensoXKeH aHaJHTHUECKHH MeTOA pe
lIeHHs Takux 3ajlad. [Ipexae BCEro Kpaesas sajfada (2}: BBFPI)ly
paLHOHANbHOCTH K03 PHIUEHTOB H Buja QYyHKIHH F++,D +_D, ?::,
F__ moxeT ObITb MepoMOpgHO npoAoJKena ¢ ['XT ua XD. 3
ceM Mbl ee paccMarpuBaeM Ha anreGpanyecKol KpHBOH :

.
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(G(x, y)=0. Ilpu sTOoM JeBasA 1aACTb ofGpallacrcs B HyJb H MBI
yMeeM QYHKLHOHANbHOE ypaBHeHHe Bl

q(s)=(8)- q (s) = (8) -+ o (8) =0, )

rae w()=m(x(), TE==yO), a ¢ ¢ go—meponopdue
¢yuxuun na Beei

OjHako =(s) U =(§) onpeje/eHbl TEpBOHAYANbLHO HC HA BCeil
S ¥ MHOFO BHMMAHHs JOJ/DKHO ObITh YI€JIEHO B3aMMHOMY pasJoxe-
HuIO HX 06/aacTell aHAaJHTHUHOCTH. OTO B3dauMHOE pPACIOJOKeHne
i cama kpiuBast S (KOTOPYIO MOXHO CHHTATh PUMAHOBOH TOBEpPX-
HOCTDBIO) TECHO CBsI3aHbl C PA3NHYHBIMM BCPOSTHOCTHBIMHU cBoiicrBa-
M cayuailioro Oayxaanus. Hanpuvep, S nmeer pon ! Torma
TOALKO TOraa, Xorja ciytuaiigoc OJyxKjanue HEeBBIPOKICHO, T. €.
o6najaer C/CAYIOUMM CBOHCTBOM: M3 OO0 TOUKH (k, D6Z% ¢
£, 1 >0 MOXHO NPUATH B MOOYI0 TAaKylo K€ TOYKY WJIHM B et CO-
ceuo, He 3axois wa rpamnuy Z2, T. e. na {(%, [): k=0 uau
1=0}. B ocrambubix caydasx S uveer pox 0.

Paccsmorpum cayuail poxa 1. Cayuaio pona 0 nocasuLeHb!
paGorn 10. M. pomaka |20, 21].

Ipynna [asiya mosisi MEPOMOP(PHEIX pyuxuuit C(S) na § wHan
TI0JICM PALHOHABULIX Py HKILHIT C(x) or x($) ¥ 1 noJsieM pauno-
uasbhbix Qyuxunit C(y) o y(s) sBaAeTCH LUKARUECKOH rpyTnoi
BTOpPOro mopsiaka. [lycTs & H 7 —HX HETPABHAJILHBIC 3JEMCHTEL.

Ypagueuue (7) CORCPKHT ABE HEH3BECTHbIC GyHKUHH H HEO0XO-
JIAMBIE LOMOJHHTEABHLIC COOTHOLIEHHS 110/1y4aloTCsd H3 yCJIOBHI

w(8s)==(s), =(n5)==(). ®)
CootHotuetinsa (7) # (8) nO3BOJSIOT  JI0Ka3aThb, HTO m(s) u =(s)
MOTYT OLITL OC3CPaliI0 MCPOMOPQLO HPOJIO/KCILL 11d S, rue

Ol OKAa3blBAIOTCs, BOOGILE TOBOPsi, MHOTO3HAYHBLIMH (DYHKISIMA.
[TosToMy y/00HO MepelTH Ha YHHBEPCaJbHYIO HAKPLIBAIOULYIO S—
KOMIIJIeKCHYIO IIJIOCKOCTh S.

CywecTByIOT pasJyHbie CnocoGs peleHus ypasuenuit (7), (8).
Tpex e BCero MOMHO MOCTPONTH TPEJICTAaBJ]EHHE JUIT = H = Ha
yHIBEpCaJbHOil HAKpbiBAIOLIeH B BUIE fecKOHeUHbIX pANOB H 11PO-
ussegenuit (cy. [49]). D70 npencrapaeHie 06006111aeT aHaJorHuHble
npeACTaBaeHlis AJs JJIHITHUCCKHX p-pynkunit n o-Qynxuui. pu-
ponutes [49] Taxxke METOH mosyueiis GLICTPO (3KCNOHEeHLHaAbHO)
CXOMALLNXCS PSAAOB AJS PellenHil (aHanoOTHuUHBII BBEACHBIO 0-pyHK-
i B TEOPHM JUTHNTHYECKHX (QYHKLLL).

Bo3MOXKHOCTb NOJY4EHHST SBHBIX npejcraBjaeHuil  00ycaoBaeHA
TeM, UTO ¢ NOMOILbI0 aBToMopduaMos [andya MOMKHO HCKJIOUHTDL
OIHY H3 ABYX HEHM3BECTHDLIX QVHKILHI 113 OCHOBHOTO ypaBHEHHS (7).
[Tpn sTOM BTOpas HEH3BECTHAsl (QYHKIHs OKa3LIBARTCH YAOBJETBO-
paioleil JHileiiHoMy HEOAHOPOAHOMY YypaBlCHIIO B KOIIGUHBIX pas-
LHOCTSIX 114 KOMILICKCHON IOCKOCTH. TpyAloCTL COCTOHT B oGecrne-
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YeHHH CXOAHMOCTH (OpMaabHBIX PSILOB H npousBefieHnit asis peme-
Hus 9TOro ypasHenus. [Lst 3TOTO OKA3bLIBAETCA neo6xopuMon Qax-
topn3aiist (N0 CYLIECTBY BTOpast IO cuery) Ko3(hGHUHEHTOB OC-
nororo coothowenua (7).

B kauecTBe CJAEACTBHsI [ONYy4aercst alaIuTIieCKas 3aBHCHMOCTE:
peLeius o1 11apamMeTpos.

Bo3MOXKHO TaKiKe Apyroe (nuTerpajpHoe) NPeAcTaBJICHHC pe-
nienuii coorTnoumenns (7) na S. 910 MpeACTaBJCHHE noJiyuaercs
KaKk pelieiiie Kpaesoii 3ajlaun PumaHa Ha PUMAHOBOMH MOBEPXHOCTH-
S (cm. [39—43]). B HekOTOpBIX Cayuasx 370 pelilelye IpHHIMaeT
BHJ OOGBLIYHOTO 3JIJHIITHUECKOIO HHTErpasa, 3aBHCALLETO OT Mapa-
MeTpa.

Asromopdusmel Taaya § 1 1 PHMAaHOBOIl NOBEPXHOCTH S 10-
POKIAIOT TPYIAY X, HTPAIOULYIOo BAXHYIO posib BO MIOTIX paccyx-
JeHHsX. BbluncieHye 3TOH TPYIIbI fICMIOCPEACTBEIHO  CBA3ANO ¢
petlleHHoll PYCCKHM MaTeMaTHKOM E. U. 3onoTtapeBbiM KjaaccHHe-
cKoli 3ajaucli 06 HHTErpHPYeMOCTH abeeBbiX anpdepennnanon Hi
SILAHITHYECKOIl KpHBOil B Jorapupmax. Dra cBA3b OKasaHa B pa-
Gore [42].

AdireGpanueckasi CTPyKTypa TPYRIDL % HMEET B HEKOTOPDLIX CaY-
yasix ACHYIO BepOSITHOCTHYIO H QYUKIIOUaNLIYIo nuTepHUpeTanmoe

(em. [42, 44, 53]). Tax, Hanpnmep, rpynna x Hmeer HOPSIAOK 4
(MUHHMAaABHO BO3MOJKHDIIT) TOrZAa H TOJLKO TOPAA, KOrAd ornpene-
JsieMoe TepeXOAHBIMH BEPOATHOCTAMH Dij cayuaiinoe  OJIYKAAHEE

BHYTpH KBaApauTa Ju00 ABJAAETCS MPOCTLIM AuG0 He3aBHCHMDIM [0
kaxpoi ua ocefl. ITpoctoe cayuainoe onyxaanue MOMKET ObiTL
TaKKe HITEPAPCTHPOBANO KAaK HE3aBHCIMOE 110 KaxJoil 13 ocell,
HO C HernpepbiBHLIM BpeMeHeM [42].

B [42, 44] noayuenbl eoGXomMble W JOCTaTOulbie VCAOBHS
paiiionanbioCTH pelieHHil 3afaun (2) B cayuae KOHEYHOCTH Fpyll-

11bl %, 4 TAK)Ke ABHBIT BHI 3THX palHOHaNbHBIX pewenuii. Bocnoab-
3yeMcA CAyuaeM OTMETHTb 8Jech, UTO OAHH LO.JIEE TOHKHIT cayuail
nssioxen B [42] umenoauo, Jgemma | ya crp. 165 B [42] wuesepHa.

ToaHoe H3JOXKEHHe COAEPIKHTCSH B JOKTOPCKON AMCCEpTAUHi apTo-
pa. OCHOBHBLIM NpH 3TOM SIBIAACTCA TPHBHANLHOCTD aJJHTHBHOM I
MYJbTHIIHKATHBHOM TPYIIr KOrOMOJIOTHH [anya.

IIpocras anreOpanueckas CTPYKTypa rpynusl % HO3BOJAET IO~
AyuaTh cyllecTBeHHO CoJiee MPOCThie ABHBIC dopMyabl Aasi perre-
nuit kpaesoit safauu (2). B [47] mpensaraercs pHeM cBefleHls
sagaun (2) K OXHOMEPHOH kpaesoil 3agase (1), roTOpas JIerKor
peutaercst. [Ipi 3TOM BCA pa3BHTad TeXHHKA OKasblBaercst JHLIHEH,
32 HCKAIOUEHHEM HEKOTOPbIX CBe/eHHIl 06 anre6pauueckux (QyHK-
upsix y(x) u x(y), onpeleneHHbIX ypaBHEHHEM G(x, y)=0.

[Ipocrass CTPYKTYypa Tpyuilbl % BJCUET TAKIE KOMMYTaTHBHOCTD
cooTBeTcTBYOULEH C*-anredpol (cw. pmime). Taxk Aas 3ajpau THIa
36 (cm. npeapiaymnit naparpad) B Z,? B paGote [b3] moayUeHO
gBHOE pelieHHe B TPEANOJIOKCHHH He3aBUCHMOCTH  CJYuailoro

o

GayKAAHHs BHYTPH KBajpaHTa 1O Kam/OH H3 oceit.
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C npoGJaemMoil sBHOTO peLIeHHs TeCHo CBfi3aHa 3ajada o6 acumi-
TOTHUECKOM [1I0BeAeHHH pelieHis.

B [52] necaenyeTcd aCHMNOTOTHKA CTallMOHAPHBIX BepOosATHOCTEH
T T. €. KO3(puuuenton ¢yuKumii F.., ®=(x), w(y) npu m-—» oo,
n
n

B zapucHMocTH ot Toro, =0 wuian a70, npuMcHsIoTcs CyWecT-
Benno pasiple Merofsl. Cayuait =0 B OCHOBHOM paccMoTpen B
paGote [42]. Ilpu 5TOM ACHMNOTOTHKA, HANDHUMED, fino MOMHOCTBIO
onpefessiercs HauMelblel T10JIOKHTEJLHON 0CO60H TOYKON QYHK-
uuy t(x), KoTopas BCEraa siBAsETCS NOJMIOCOM HJH anre6panueckoi
0C0B60i1 TOUKOIL. ‘

B [52] paccamorpen cayuaii a0, IlepsblM 1uarom B 1ICCICA0-
Baniil TOTO CJAydasi SIBJASCTCS TOAYUEHHe MPCACTABACHIS Tmn B
pjle MHTErpaja Nno OJLHOMEPHOMY LHKAY Ha pPUMaHOBOH IOBEPX-
noctn S. IIpu 9TOM NOALINTErpasibloe BLIPAXKEHHE OKA3bIBACTC
IMEIOUIMM KJIACCHUCCKHIT B AJsl IIPHMEHEHHs TeXHHKH MeTOoLa
nepeBana. 70 NpeAcTapaciiie noayueno B [49, 52] ¢ nomoublo
TeXHHKH BblueToB Jlepe. ‘

Jlas npHMelieniss MeTOAA JiepeBana 1eo0X0ANMO [0Ka3ath, UTO
KOHTYD HUTCIPHPOBALHS  MOMIO  A2POPMHPOBATL TaK, 4yTOODLl Ol
NMPOXOAMA YCPC3 TOUKY lEpeBand, 4 B OCTANbHOM JICKAT IHKCe €C
yposHsi. BBUAY GOJLUIOrO uHcAa IapameTpos UPsiMBIMH Bbluuc/ie-
HHSIMI 3TO NMOKa3aThb HepoadMoxkilo. Mcnmosabsyercs cnelylollan Haes:
npoBepsieTcsl BHIIOJHEHIE ITOTO YCJAOBHSL /s 44CTHOr0 Caydas I
1CI10/1b3YeTCsl YCTOHUHBOCTD JIHHHE YPOBHS NIDH M3MeHCHHH [apa-
MeTpoB. [1pu 3TOM IyTeM CKpYIYJe3HOro HCCACLOBAlMS  BEILECT-
BCHBIX TOUCK anreGpanueckoil KpHBOil, KPHTHUCCKHX TOUEK H KpH-
THUCCKHX 3HaueHHii IPOBEPAETCS BHIIOJHEHHE YCJIOBHIL OCHOBHOI}
teopeMpl Mopca i CTPYKTYpPHO YCTOMUHBOCTH JIMIHH YPOBHA.

IMpu aedopmMauud KOHTypa MOTYT BCTPETHTBLC: NOJIOCA. JTtoT
dakrt onpeienseT CYLIECTBEHHO Da3yHYHDIE o6nacTH acHMNTOTHYE-
CKOTO TOBeJeHHs CTaUHOHapHBIX BeposTHOCTed. Okasajoch, 4ToO
ACHMIITOTHKA NMeeT BHI

1 —m
Tn~ €1 e Cs 9)

rie ¢;=c; (p,»j, pii pij» o). DBeigenserca o061acTb  H3MEHEHHS
NapaMeTpoB, rje OCHOBHASI KOHCTAHTA C3 HE 3aBHCHT OT Dijs pij
064aCTh YCTOHUMBOCTH). BblupcJsieTcsl sIBHBIH BHA TDAaHHLL 3TOoM
(61aCTH B KOHCTAHT ;. Hanpumep, npu (UKCHPOBAHHLIX p;; M &
rpanuiia o0sacti yCTOHUMBOCTH OKasbiBacTCA KY COUHO-JINHEAHOH.

B paborax [43, 51] paccmaTpuBaioTCs 3arain (2) c npoH3BOJIb-
HpIMH pailnonasibhbiMi G, G;, A (1107Hble 10KA3aTENbCTBA PE3y b=

tatoB paGoTet [51] comepxarcs B JOKTOPCKOH AMCCepTaLlMH
aBTopa).
BaXHpiy  SBJASETC  TOHsTHC JBOiHOrO pacuwmpenisi [aaya

nosst aldreGpanueckux (QyHkuuii £ OTHOCHTE/LHO ABYX Cro 3Jc-

2" : 19




e et e -

MenTOB X, yGE: Tak HaspiBaercsl ajredpaniecioe pacumpenue F
nons E, ecau F ectb pacumpenne Tajnya Kax noss C(x), Tak Hu
noan C(y)CE. ‘ _ )

[ycts Sp— puManoBa NOBEPXHOCTE anre6pandeckix (yHKUHA
y(x) u x(y), onpeienecHHbX ypasuenueM G (X, y)=0; Fy—mnoae
MepOMOP(HBIX dyuxuuii Ha So. i

PaccmaTpuBaercs OaiuHsl 1oJcH FycF,cF,C..., npuicM Fy,
ecThL HanMeHbulee pacumpenue [anya moJs C(y), conepxauee
Foy1, @ Fpq €CTb HAMMEHBUICE pacumpenue [anya 1oad C(x),
conepxaitee Fy:.

B [51] moayueHo Heo6XOoauMOe M JOCTaTouHoe  yCJIOBHE
cTaGuAnsaty nocaeaoBaTeabhocT Fy (T. . KOHCHHOCTH HHLYK-
tupHoro mpeaeaa lim F; Han Fy.

Ilycts S,—pumanosa TOBEPXHOCTDH noast Fp 0 A1 Sy —>Sp—
yHHBEpCAAbHOE HAKpPHITHE. Mo mocaenoBaTe bHOCTH £, CTPOMTCH
KOMMYTaTHBHast jHarpamMma oTOoOpaNeHuil

o Ttz :
<—'bk<——- Sk+1<—.

Ml |
Lo Fryr
) R Sh+1 <
OCHOBHAS AJs JlaJbHEeHIero. )

B nocieiyIouieM uCC/e10Bann KpaeBoH sazavi (2) UCnoJb-
3yercs Caejylouiee yTsepxienne: i JI0GOTO peLiCHHsT KPacBOH
sanauit (2) cymma GiF, - G,F _ + GyF __ woxet OBITH TIpeACTaB-
JCHA B CJCAYIOLLCM BHAC A/ HEKOTOPLIX /7T 11 1w

n—1 m—1
SR = 0(x
S g @+ ¢ 0m e+, (19
i=0 j=0 ~
riae ¢; Ej,-, x% panuoHajbHEl, a T; (x), =;(y) AHANATHIHLI NpH
lx| <1 u jg{<1, COOTBETCTBEHHO, ¥ HeOpepbiBHbI HAa Tpaxulax
3TuxX obJacreil.

1o yTBEpHJEHHE CBOJMT PCIlleRHe sajaun (2) K HAXOKJIEHHUO

; 21 T:j.

Mycte E={s6S,:|x G, ly @< En - .,E,—ero CBs3HbIC

KOMIOHEHTBI,  Ap, -+ ., A, —CBA3HbE  KOMIOHEHTEL MHOXECTBA
(s6S,: | X ()| < 1}, mepecexatomuecs ¢ E, .. Epn coggBeTCTBeHHo.
Tlas modoro i Quxcupyem  CBASHYIO KOMIOHeHTY A; MHOXeCTBa

lo"l(Ai)Cgo. Uepes Aj(r) ofosnaunM ~ MHOMCCTBO TOUEK SQ}
HAXOJUIILMXCA HA PACCTOAHMM He OOJbileM 7 B (puK CHPOBAHHON

X A
MeTpuKe Jlo6aueBCKOro OT 29. Onpeﬂ,enmi1 mo uHAyKod At (r),
— e T a— ~]__-
A (r):)A?- kaK CBSI3HBIE KOMIOHCHTHI f7 (&] (r~)). CDyHKLLHI;I T
j .
eCTECTBEHHBIM 00pa30M MOJHHMAIOTCS HA BCE A, MOy u 13_13 A7 (0).

[lycts M (S;) —myuox MepoMopbHbIX (PyHKIUE HA S.
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B [51] mokaswsiBacTcs OCHOBHAN TCOpEMa O TOM, UTO B 1ICKO-
TOPBIX NPCANONONKEHHAX THNA HETEPOBOCTH, a TaKKE CBSI3HOCTH
Sy 1 p(Sg)>1, dynxuun w; KaK CeyeHHsl MHAYKTHBHOTO npeje.na
nyukos M(S,) nponomxawTcaa U lim AL(r).

e

DTa TCOPCMA HMCET Pasublc BAKHLIC CJCJLCTBIL.

CuaeacrtBice. PuManona J1OBCPXHOCTL 7 (X) KaK HAKPHITHC
KOMIJICKCHOIT  cpepul X HMEeT TOJAbKO aarcOpandecKkHe TOUKH
BeTBJICHHSL.

DT0o CJAGACTBHC B HCKOTOPOM CMBIC/C MOJHOCTBIO BEISBJSET
AHAIUTHYECKYIO CTPYKTYPY pellennil 3ajgauu (2) ¢ parHOHaNbHLIMA
KO3(Q(PUUHEHTAMH W SIBJISICTCS OCHOBHBIM LIS TIOJyUueHHsT Da3Juy-
HbIX ACHMIITOTHUECKHX DC3YJbTaTOB.

Caepcrsue. B cayuae ctabuau3alii 10CaAeL0BATEABHOCTH F,
dyHxuu ®, JOMyCKAOT MEePOMOpP(HOC NpOLO/IKenHe Ja Sy, Tae
E—wuHIeKC, HAYMHAs C KOTOpOro Bce F; COBNAAaIoT.

OrTciofia BO3NHKAeT KiaaccH(piKauus anajHTHUeCKHX MPOLoJzKe-
HMil KpaeBbIX 3a/ady, XapaKTepH3youiast B IIGKOTOPOM CMblCjIC
CJIOMCHOCTb 3ajaui. MBOTHe Ba)kHblE IS TNPHIOMEHHH yacT-
Hble CaIyuaH 06JafaloT CBOMCTBOM —CTa0HIM3ALHMH TOCTCAOBATEIb-
Hoctu Fi.

B [51] nokasmiBaercs, uTo ecai 3ajada (2) paspemnma MeTo-
goM Bunepa—Xonda (cM. Bblue), TO M SIBAAIOTCA MEpOMOPPHLIMH
dyuKuusaMin Ha Sy.

OGpaTioe K 3TOMY 110CACAHCMY YTBCPAKACHINO 1HEBEPHO 1 B CBl-
31 C 3THM YIOMSIHYTYIO paliblie TCOpHIO pauuonambuoctu [42, 44
MOZKHO paccMaTplBaTh Kak HCCJAedoBalie CAyuaeB BO3IMOMKHOCTH
MepoMoporo npogosKenus na So.

Jlpyriic BazKibic # B [ICKOTOPOM CMBICAC MPOCTEHIUHC —CaydaH
Bo3miKaloT, korga {F;} craGuansupyercs, Haunnas ¢ i=0. B aToM

cayuyae poay O man 1 pHMAHOBOI NMOBEPXHOCTH Sp OTBEUAIOT
1

G(x, y)= 2 gzj/\""J’-
i, j=—1
B [43] nosyuensl siBHbie BBIDAKEHHs PELICHHIT 1As S3THX C/ay4aes,
ecan G,=G,=G,=1. Paccmorpen TaKme CJayuail HeCBI3HOCTH
noBepXHOCTH S,. DTH CJyuail XapaKTepPH3YIOTCsl TeM, UTO, BoobuLe
roBops, w, UC NPOLO/LKAIOTCS MEPOMOPGHO HH HAa OAHY H3 Si
HO SIBJSIOTCH MepOMOpPQHBIMI HA S,. '

[MopoGuas e TexHHKa MOzeT OLITb HCIOAb30BaHa MJst peile-
HHSL ypaBHelnil B 4acTHLIX NPOHN3BOAHLIX C NMOCTOSHHBIMI ko3t du-
uxenTaMu B KBaapaute Ri2 Ofmuipnoe uccjaefioBanie Taxkoro’ poia
nposeneno A. M. Komeuenm [35, 36] ¢ ucnoabsopanneM ONHMCAHHBIX
3eCh METOZOB. B OCHOBHOM OH HCIOJb3YET METOJ, CBeAeHHs K Kpac-
BOil 3aj4aue PuMaHa Ha COOTBETCTBYIOULell pHMaHOBOH MOBEPXHOCTH.

Jlpyrie paGoTbl 110 YPaBHCHHSAM B 4aCTHbIX NPOU3BOAHBIX B 06-

JgacTsX ¢ pe6paMu pasiiulbIX KOpasMepHOCTeH H 6ubaHOTpaguIo
cM. B [35, 36, 38, 125, 136—141].
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§ 7. TPUMEHEHHE K TEOPHUHU MACCOBOTO OBCJIY)XUHBAHWA
A HEKOTOPBIE ACHMNTOTHYECKHE 3AJAUH

BBuAy OrpaHHueHHOCTH 06Dbena Mbl He MOAEM AaTh 3fech 1noji-
Hbiil 0630p 10 TEOPHH MacCoBOTO ofcaymuBanust, [eao B TOM, 4YTO
GONbIIIHCTBO PaBoOT, B KOTOPBIX pellalorces anaJuTHUCCKIe 3adadn
TEOpHH MaCCOBOTO 00C/YKHBAMM, cBsizalibl B TOIl HJIH MHOH CTelle-
HH C YpaBHeHUSMH Bunepa—Xon@a. Bo Miorom BepHO u obpar-
HOoe — MHOTHe cayuaiinble OnyxAauua B Z,* moryt OblTb HHTEP-
NpeTHpOBaHbl KaK HEKOTOpbIE MapKOBCKMe 3ajadll TeOpHH MAaccoBoO-
ro ofcayxuBanus (CM. [45]). Tlostomy 3Acch MBI TepeyHCIM
JIHIb HeKoTopble paboTbl, HMEIOUINE HanGojee TPHHLUHITAAALHBIH
Xapakrep.

OGmunpibid  MarTepnast 1 GuGanorpadusa 1o TEOpui MaccoBOro
06GCAYKHBAHUSI IMEETCs B YIKE yIOMSIHYTOl panee cratbe—o0030pe
Kuurmana [33].

B [123] dopmyna [Monnsiueka—Xuiunna obodwaercs 1a cny-
yaid TPYNIIOBOTO npuOLITUA tpeGonatinit B CHCTEMY maccosoro 00-
CAYKHBAHHS K JUIS CHCTEM € orpannyeliHoil ouepeario THid M/G/1.
[1o/vueHbl TaKyKe 1eKOTOpble COOTIOLICHI AAsl CHCTeMbL G/Gin.

B pabore [145] mosyueno pellchHe cuctemp Ex/Emwlr. Aared-
panyeckuil NMOAXOA Kunrmana—Bengens K H3yuciiio ppeMelt
ouaanus TpeboBanueM OOCIYKHBAUML B ojHoMKHel Ol CHCTEME
MACCOBOTO OOCHYKHBAHHS IEPEHOCHTCS Ha cuctemp tuna GI/M/s
1 HeKoTOpble Apyrie 3ajaun B [129—131]. B [149] nomyuenul 1e-
KOTOpLIE YCAOBUSA PalHOHA/ibIOCTH [POH3BOLANLIX (YUKUH B CHC
reme Tuna GI/G/1. Jipa Joxazatcancrsa dopmyant  [lossuera—
Xunulia Aanpl B pagoTe Takaua [157]. Texoropuic = sABILIC dop-
MyJBLl AJIsl CHCTCMbI Maccoboro o0CayKHNBaHg GI/M/n 1noayucubl
p [107]. )

Taxkau B [157] uayuact OJLHONMHACIHHYIO CHCTEMY MACCOBOTO 06-
CyKUBALUA € JAHCKPETHLIM BpeMeHeM (3aMeTHM,  HTO takie xe
CHCTEMBl H3YUuajJHCh panee A. A. DopoBKOBDLIM, CM. 61f16J11;’10rpa(bmo
B [3]). PesyanraTii [loaasiuekd, CBs3aHHbIE C cuctenoit GI/G/n,
06oGuialoTcs B padore [106].

B HOKTOPCKO# AHCCEPTALMI aBTopa yroro 063opa (cM. LonodIe-

HMe K riape 3 JMCCEpTALHH) MNOMyueHo o6uice (PAKTOPHIAUHOHHOEC -

TOMWAECTBO LJifl BpemeHu oKHIAHIIg B CHCTCME GI1/GJ2, obobuiaio-
mee Toxgectso Cnmilepa Aas CHCTEMBL GlLIG/1. Qnnako ©oHO HO-
noHHTebHo TpedyeT (axTopu3aunll onepatop-QyHKUHH BHAA 1-+
+B(t), rae B(Y) suoane HeNpepbiBIbL

OTMeTHM, 4TO paHee ObliK naiigeunl (o CyLLECTBY otrajainl)
uuTepeciipie peteltus A5 HeKoTophIX  3ajad NOCNe0BATeILIIOT0
obcnvikupatna. O6sop 1o saladam NOCAeAOBATEABHOI0 OOCHYHE-
Bal—ufﬂ, JOBeAeHHBI K0 1972 1., cM. B [95].

B nacrosliee Bpems GYpHO PasBHBACTCH TCOpHS npuopmenrmx
3ajlay TEOpHH MacCoBOTO o6CayKHMBAHHS (cm. Monorpaduu 110,
28], a TaKkxe [27]). Muorue 13 HHX SKBHBAJEHTHBl (TOUHEEe, MOTYT
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.GLITb CBeAeHbl K KpacBuiM 3agauam Tuna (l) ¢ mapamerpoM, o KO-
TOPBLIX YIKC TOBOPHJAOCL BLILLIC, B yxasauunix mouorpausix #Bupi-
BoCHION B 1HX OnOJmHorpaduin nodyuen psj HOTCPCCHBLIX BCPOIT-
JOCTHDBIX MPHEMOB pelienus TakuX 3ajad.

Teopull BOLOXPAUILTHIL IOCBSLLCHL paGOTHI [99, 133]. B pa-
.Gore [104] paccmorpeno cayuaiinoe OGJayxjaauine B Z.XLZ.

[lepeiigeM Tenmepb K HEKOTOPbIM —AaCHMITOTHUECKHM — 3ajadam,
CBS3AlHLIM € MIOFOMEPHBIMH  CayuaiiHpiMu  GJIy2KAAHHAMH.
O6 acHMNTOTHKe 3ajady THia 3a Mbl yxKe FOBOPHJH B NpEAbAyLLeM
naparpade. 3ech peub OyAeT MATH O 3ajauax THIA IEpBOro Ao-
CTIDKEHHSI.

VCA0BHS CXOAHMOCTH K HOPMAJbHOMY pachipefe/ennlo noJay-
'qalTesl B PAAC YACTHBIX CJIYUAEB TPSIMBIMIL  BEpPOSTHOCTHBLIMH MEC-
tomamn (cm., Hanpumep, [60, 61] n Gudauorpaduio B HHX).
Ca. taxze [95]. Buio Gl Bakio nMeTb OGUIYIO TEOpeMy Ha 10T
cyer. .

OnHako OCTabliblc aCHMITOTHUCCKIIC 3ajauil TPCACTABJSIOT
pechbMa cymiectTsenibie Tpyanoctu. ITpocrefiias 3apaua  TaKoro
pona paccmotpeiia B [22]. TlopoGunie  3ajaun  BETPEUAOTC D
HPIJIOKEHHSAX (CM., HanpuMmep, [55]).

B [22] paccMaTpuBaeTcs CU€THAs OJHOPOAHAs LCMb Maprosa
.C AMCKPETHLIM BPEMEHEM M EIMHCTBEHHBIM CYI(CCTBCHHbIM KadC -
COM COCTOsiHHII. MHOXECTBO COCTOsHUH 3TOH Lend ecTh y AR
'Cocm;mne Lenu B MOMEHT t=0 ectb X,=(n, m), n,m>0
[ycts AcCZi ecth M0OGOE KOHEHYHOC MHOXKECTBO, a B=|(k, i)
£=0 wm [=0}CZ%. TlepexoaHbpiCc BEPOATHOCTH 33 OJAMH MIAr M3
‘COCTOAHIS (k+4-i, [+ j) B coctosimue (&, ) Gynem 0603HaYaTb ;.
[Tpeanoaaraercs, yto p;;==0, ecan BLIIOMASETCH, IO KpaiiHei
Mepe, oo u3 uepasencts [if>1, [j[>1, u, uto ajs BCeX i, J

pLi=P-1js Pii=Pi -1 (11)

EcJH mpH HCKOTOpOM ¢ cJayuaiinoc GayKjanyge nonajaactr B AUB,
A -

to mpouecc obpuiBaercs. Hepes pp,m(f) 0003HaUMM BEPOATHOCTD

TOro, 4TO mnpouecc OGOPB@TCH B MOMEHT ! B TOuUKeE, TnpHHALIEe-
KaueH MHOMXKECTBY A. Hac HHTCPECYET ACHMITOTHUECKOC NOBEC-

LeHie BepOATHOCTH p,},‘,m—-—h}pﬁ,m(t) OpH A, M- o0,
130

IMpepnonouenue (11) cyuiecTBeHHO. Bo-nepBLIX, OHO OTBEUYAET
Haubosce HHTEPECHOMY CYualo HEIKCIOHEHIHaJAbHOH aCHMITOTHKH
(u3 (11) caemyer, 4TO Cpe[Hilii BCKTOP CKauka 3a OLMM Iuar paseH
1yqio). Bo-BTopLix, onpefescHuas CHMMCTpA, umetowasicst 3 (11),
I03BOJISIET TPHMEHHTD MPOCTOfl ABHLIT MCTOA PCLUCHIIT COOTBETCT-
BYIOLLETO ypaBHEHHs (CM. npeablAynit naparpad). OGo3nauum

Ca= 2
n,m@(AUB)

(1) (1) pim (1)
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Cc-C,
nd
aBHbI BHA B ne 3asucut ot A.

U, I1. Laperpajckuil peuiii anajoriuiyio safauy jus Opoy-
HOBCKOTO ABIDKeHHS B R42 C TOMOWIbIO aHaJOrHYHOTO METOAd, &
raKKe C HOMOLIBIO COBCeM APYTOro METOJa, HCIOJb3YIOWLero Hpe-
oGpasoBatine MeJiHHa.

A o
Torpa, uamnpumep, pJuo~ , rje xoucranra C umeer npoCcToif

§ 8. HOBBIE U CTAPBIE HWIOEH
B CTATHCTHUYECKO¥ ®HU3HUKE

3jech nanaraercs pag MAell H peayJibTaToB, BOSHIUKILUX ild CThl-
Ke TeOpHH CaydaiiHbiX noJeil i GU3NKH, KOTOPbIE MOTYL CyllecTBel-
110 MOBJAHATL Ha Oymyllee pa3BliTHE TCOPHH ypasuennii Bunepa—
Xonga. Peub Gyier MATH O TOUHO PCLIARMBIX pelueTyaTbiX MOAGIAX
CTATHCTIUCCKON (PU3HKH.

B nacrosiuiee BpeMst Hanbojee HHTEpecHbie TOUIO pellacmbie
MOJIe/H CTATHCTHUECKOH (PUBMKH MOXKIO pa3AeanTh lla Aba KJjacca:
1) K nepBOMY THIY OTHOCHTCS ABYMEpiias MOACID Wzunra B nyae-
BOM BlCUIHEM roJe AJsi PasiHulbiX [JOCKHX PEUIETOK 1 - 3KBIHBA-
JeHTHDIC eii JHMepHble MOLCIH Ha TAKHX MC pelleTKax, 2) KO BTO-
pOMY THIy MOXHO OTHECTH T€ MOZEJH, KOTOpLIe pelualoTest ¢ Ho-
MOILLLIO TAK Ha3biBaeMoil THIOTe3n Dberte (Bethe ansatz). K unm
OTHOCATCS OJHOMEpHBIe KBAHTOBbie pelleTuarhie MOAE/H [efizel-
Gepra, T/le C MOMOILBIO STOH THIOTE3DI BLIUMCJARTCS OCHOBHOE CO-
cTOsiHHe, 11 MOAeaH JIuGa BMecTe € HX MHOrOUHCACHILIMH nocjaex-
HHMIL 0GOGICHSMH (CM. HIDKE), IJie BLIUHCAeTCs CTaTHCTHUCCKAS
cymMMa Jisl KOHEUHBIX TeMIeparyp.

B npungure, no-guAHMOMY, H MOAC/DL Hauura moxer OuLITL pe-
Lena ¢ NOMOIIbIO THIIOTe3bl Thna Dere (cm., Hampumep, -fauskoe
10 AyXy pelleHie [Js JAHMEpPOB la KBagpartHOil pemerke B paGore
JluGa [126], etp. 297).

Teopust JBYMepHOH MOJEJH UsuHra BO MHOrOM 3apeplileHa.
Onpako MHOrHe BOMPOCH AJS KPHTHUECKOM ~TeMmmepaTypol 1 CBs-
3aHHbIe ¢ STHM BOIPOCH], Kacamoninecs peHOPMHPOBOYHOMN TPYIIIbL,
0CTAIOTCA OTKPHITHIMH. M Kak pas 3TH BONPOCHI CBASAMEL no-BLAH-
MOMY, C HEKOTOPBIMH pa3jiesaMu TeOphH ypasnennii Binepa—Xor-
da. B cepuu u3 natu pabor By [165] mokasaJ, uto BhMHCACHIC H
HCC/IEeIOBAHHE ACHMITOTHUECKOTO MOBEAEHHS ABYXudCTIHHbIX KOp-
peNAIHOHHBIX (QYHKUKI LIS 5Tofi MOJeJsi CBORHTCA K HCCJAEAOBa-
HUIO HEKOTOPHIX YpaBHEeHHIt Bunepa—Xonda. [Hero B TOM, HTO
JABYXUACTHUHBIE KOPpe/IAIHOHIDIC yHknuu (¢ paccToSHACM MeX-
Ay 4ACTHLANH, PABHBIM f1) BLIpaXaloTcs B BIAC HEeKOTOPOTo Ofnpe-
LeanTess OpsAKa n. B pale ciydaes OH OKa3blBACTCSH 06 LITHDIM
onpenenuteaem T€ninia nopsika . O6piuno  AJasi  HCCAELOBaHHs
ACHMITOTHUECKOTO TOBELENHs] 3TOTO ONpCAe/HTENs Ténnnga npu
n—C0 HCMOJb3yeTcst TEOpHS Cere—Kaua unn ee oGoGutenie (CM.,
nanpumep, [70]). B paGote By npepnaraercss HCNOJb3OBATL A
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3TOIl UeJH, NO-BHAMMOMY, GoJice CHJLIBIL, HTCPaLHOHHLIl METOA.
pewicnust ypasueunii Bnuepa—Xonda. dro nospoairio By noJy-
YHTL B PAAC CAYUACB HOJMHBLIC ACHMITOTIRICCKIC Pa3JIoHKCIIT KOp-
peasiupotibix gyuxitii. Coorsercrsyiouiee  ypasieie  Biepa—
Xondga HMmeeT pasnuble HHACKCH Bbllle H IHXKC KPHTHYCCKOH Temile-
paTypbl, a IPH KpITIUECKOil TeMHepaType COOTBCTCTBYET KPaeBoil
3afade /51 HEKOTOPOTO Pa30MKHYTOro Koutypa. Ml BHAHM, TAKHM
06pasoM, uTO ICpeuletiibic BOIpochl B LByMepHoi Momean HMawuura
TecHeHWKM 00pa3oM CBsi3aHbl ¢ ypaBHcHusiMH Bunepa—Xonda.

Ecnu B mogmeau Msauura ypasicuns Buuepa—Xonda wau nAe-
TepMHHanTLl TErmKnUa BO3HIKAIOT B PE3YJILTATe LOBOJALIO AJHIHOI
LelOUKH Npco0pa3oBaluil, To B MOACJSX BTOPOIO THIlA MOYTI CPaA3Y
BO3HHKAIOT ypaBuelins Tina (3) nepsoro naparpada.

PaccyorpuM ofHOMepHbLIT anTHdeppomaricTik [eiizendepra B
KoHeuHoM untepBaje [0, N] ¢ mepnoAHYECKHMH TPAHHUHBIMH YCI0-

BHSIMH. BekoBoe ypaBHCHHE AJIst coOCTBeHHLIX 3HaueHduii c¢ro ra-
MHJIbTOHHAHA HMECT BHA

25‘1/1,...71,: 2 ’[a’ll;...llr——(l ""T) (1'”;.“”'], (12)

,
Noaeessll
| RS

rie e—HCKOMOC (uampimep) HaHmenbliee COGCTBCHHOE 3HAucHHE,
a @n,...n,—K03(punuenTsl COGCTBCHHOTO BEKTOPA B HEKOTOPOM
6asuce. 3aces 0<m << ... <n, <N, a CyMMHPOBAHUE TPO-
H3BOANTCH no BeeM HaGopam (nl, ...,/zr) takuM, yto 0<n <
<yl oo < < N,. H TAKHM, UTO uMcaAa 1t, i=1,...,r copna-
LAIOT C YHCJaAAMH f;, i==1,...,r, AJs BCeX 3HaucHuil [, Kpome
OHOT'O, IJsI KAKOrO uMeeT Mecto: n,=n; 1.

duKcalusl yucJa £ 03HAUAST PACCMOTPCHHC r-UacTHUHO 3a-
JauH.

Ecan paccmorperth ypasuenns (12) B GeCKOHEUHOM Tipome-
KYTKe, T. €. AJsg — o0 <n<m<...<n,< oo, TO OHH, Ove-
BHHO, HMeloT BUA (3) BBexenusd. [Ipn 3TOM B OCHOBHOH 06/1aCTH
(r. e. aas cayuas, Korga n,-+1<n;, Ans BCeX i) ypaBHeHue
(Ml BRINHCBIBAGM €rO AJs CJydas r=2) GyneT HMETb CJEAYIO-
U BUA
25an1n,=4anln,—(~l “—‘() (an1+1,ll, +alz,—1,n,+anx,n,+1 +a'n1.n,—l)- (13)

B oG6aactu n,-+1=n, ypasnenue (13), KOHEUHO, MEHACTCH:

25anlv”1+l = Qaﬂn”d‘l - (1 - —() (a”l'l 11 + aﬂ1rﬂx+2)' (14)

Boicokue cBoiicTBa cuMMeTpuy ypasuenust (12) nossoquau DBere

CleJaTh IPEeANONOXKEHHE, 4YTO OCHOBHOE COCTOfHHE MOXHO HCKaThb
B BHIEC

k
. {
anl,...n,=ZCXP t Zlkl)jll’l—*——fz(?pj”l ’ (15)
p i= it
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rAe CYMMHDOBAHME IMPOW3BOAWTCS TO BCEM nepecraHoBkam P
muoskectsa {1, ...,r%, py=prU) k,,/. W ;—HEKOTOpLIE BRUIECT-
BCHHbIE UHCJd, TpWueM BCe k; TpEANo/araiorcs pa3JHUHBIMH.
TlogcranoBKka B ypasHeHUe B OCHOBHOI 00JaCTH LaeT

e= 2 [1—(1—7) cos k). (16)

Jlerko 3aMeTuTh, UTO eCJid BbI[IOJIHCHE ypaBHEHUS

Qarzl...niniﬂ...n :(1”—T) [a”"“”i"i-“”r+a”l~"’1i+1”i"'”r1 (17)

r

W ypaBHeHue B OCHOBHOH 06JaCTH, TO BLIIOJHEHH W yPaBHCHUA
(12). Ypapuenus (17) maior ycnaoBuA HA dassl ¢

{
st (kj— ki)

.

ctg Tt = 1 1 (18)
(t—y)cos 5 (kj+k)—ros 5 (kj—ky)

W3 vcaoBuil NeprHoLHYHOCTH N0Jy4aeM j06aBoUHbIe yPaBUCHHUIL
Nk,=20+ 21y (19)

i)
JUISL HEKOTOPBIX LEJbIX unce h=0, 1,.., N —1. OxasniBaercs,
4TO A NOAyUeHHs TPABH/ABHOTO 3HAUERHHA € caeayer BuIOPAThH

Y wy=2j—1, =1 ¥

[Mocse npejeabHOro nepexoia N—co ypasuenusi (18) n (19)
loc/ie HeKOTOpLIX 1lipeoGpasopalnit AaloT CloBa ypaBlieliiis Bnlxg-
pa—Xonga (!), HO yxe CaMbic KJjaCCHUeCKHe, KOTopbie i peuaior-
cst 3aTeM MetofioM GakTOpH3AlHH.

Bes ota npolefypa Opuia obociosaiia flgramMu B HX CepuH pa-
Got (cnn. [166, 167] 1t guGanorpadimo B [127}).

TogoGiiast npoleiypa HCIoab30BaIaCh 14 ApYrux
uLlx Mofedeit B bose i Gepmu cuydanx (cm. [128]). _

Yauputeabiblii Gaxkr Obl OTKPBIT 1P H3yueHNn IByMepHLIX
(heppoINeKTPHULCKIX mopeseli (mogeseii Jluba). XoTs INepBOHA-
yajibible ypaBHenis s CODCTBEIHOrO 3nauenys tpagcdep-MaTpH-
1bl CYHIECTBEHHO OTAHYAIoTcs OT ypaBHeHHuit (12), a EMeHHO, OHH

uneloT BuA (Aas MOAeaH Abja)

ojHoMep-

n H, ny n, ns

N—-1
% 1 Y *
ta = j/i 2 e E aml‘..m,_“ :ZJ 2—' 2 a’”x-“’"r’ (20)

Ny...nt -~ ~
T =0 my=nm=n,_, M=y Mly==ny M=

rie 0<nm<... <n,<N-—1, a 3Be3llouKa o3uauaer, uTo NpH CyM-
MHPOBAliHHl u/leHsl C COBIANCHHEM mi;=~Hiy RIS KaKoro-inobo i,
BLIALAIOT, HECMOTpsi Ha ITO, X pelieHHEe onsiTh  HlleTcA B BHAE
Bere (15). bonee Toro, BCd nocjaenyoutast 4acTb IlOJlHOCTb6lO cog—-
najaeT ¢ paiee pasobpaHublM HAMIl cayuaem. Koneuno, COOCTBEL
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HOC 3HAUEHHE OKa3biBacTCs APYTHM, uTO JAaeT ¢$as3oBbie 1ICPeXOAbl
pasanunoro sifa (cm. [37]).

T[To (eppoa/cKTPHUCCKIM MOMCJSIM HMECTC O0CTORTEb I 00-
30p ¢ nomioil Gubanorpadueii, roseAentoil xo 1972 r. [127] (cwm.
Takime [126]).BakcrepoM BuinoJanen psal paGOT [0 TaK 11a3LIBACMBIM
BOCHMI BEPIILNHLIM MOZAC/ISIM, TAC lieCKoibko —oGofbulacTcs rHIO-
te3a Bete a5 pasbicKaHus PELIEHHil COOTBETCTBYIOWHX YPaBHCHIIH
(cm. [91], a raxxe [127, 164]). '

Jetepmuiautsl TE€nuuia uacTo BO3HHKAIOT TaKXe B APYroi
ONHOMEpHOIl KBARHTOBOH pelUeTUaToil MOACJH (X—Y moanenn) (cm.
[80, 81, 97, 121]).

K 5TOMY 7KC Kpyry BOTPOCOB OTHOCATCS PaGoTLI [135, 159, 161].

OTMeTHM, 4TO CyLIecTBYeT elie COAnN, OoJaee IpoOCTOd Kaacc
TOUKO PeulaeMblX Moje/ell CTaTHCTHUECKOH gusnxi — chepuyeckie
sonean Kaua, riae tak:xke GoJbLlyld POAb HIPAT  IMPOEKUHONHBIC
METOLbl peluentsi ypapuennit B cpepTkax ([89, 90]).

Mbi HepeuHCARM Teriepb Psd APYTHX NpUMeHeHHI ypaBHeHii
Bunepa—Xonga na cruike PH3HKH 11 TCOPUH BeposTHOCTell KaK
KOMMYTATHBIOI, TaK H HCKOMMYTaTHBHOIL

Padora [160] ornocntest K TeOpind liepenoca usdaysdciiil,  TAC
texuuka Buuecpa—Xonda npHMensercs y:Ke A0BOJIbHO 1aBIO (cM.,
nanpumep, [134]). ITpumenenue K riepeHocy Ten.aa CM. [1565].

B oGcrositenboil pabore [146] meron Buuepa—Xonda HCNOJL-
3yeTcst AAsi PCIIEHHs JIHHeapH30BAaHNOTO ypaBHEHHs Boabumana B
KHHETHYCCKOIT TEOPHH.

[IpeoGpasoranuio Inabbepra B KBANTOBOM Teopun paccesiiia ¢
notenuuanon IOkapnl nocesuena padora [110].

OAHO CHUTYJSAPHOE HHTErpajblioe ypaBlieHne B TCOPHIL SACMEH-
TapHBIX UACTIL, CBS3aHIOC C BONPOCAMH TEOPHH  AHCIEPCHONHDLIX
cootHolenuil, pewaercst B [2].

B paxnoil padorte [124] pewaercs xnmaccuueckas 3zafaua nudg-
PpaKkiliH 3NEKTPOMArHHTIHON BOJHDL 1id IIPSMOM YIJIC, UTO SEBHBA-
JIGHTHO peLICIIHIO 11EKOTOPOIl Kpaeeoil 3ajaun Aid (hyHKIHMHE © ABYX
KOMIJICKCHLIX mepeMennsix. CM. Takme Monorpadin b. HoGaa
«Tpumenenne meroga Bunepa—Xonda Add peulenis nudoepen-
MadbHBIX VDABHEHU B HACTHHWIX 1POU3BOLHbIX», M., H3a-po il
JuT., 1962, 279 c. (P>KMar, 1963, 16239K) u P. Murtpor u C. Jln
«AHajuTHUECKiie METOAL! TeOpHU BOJHOBOLOB», M., «Mup», 1974,
328 c. (P)KMar, 1975, 56543K).

Kax H3BECTHO, JiHHeiHble CTATHCTHUECKHE 3ajaud LA K1accH-
YeCKHX CayualiHbIX Tosicil PHBOAAT K ypaBHeHHIO Bunepa Xonda
BHIA ‘

b(t)—= | B(t—s)x(s)ds, teT,
T
rie. nanpnmep, T=R; nn Z;.
Xosdero B [77] mokasaa, 4TO COOTBETCTBYIOLLHE Jiieliubie CTa-

o

THCTHYEGCKIE 3a/layy AAad KBanTOBLIX CNYyYAHHBIX roJei (a, TOUHEE,
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OTTHMAJBIIbIE CTATHCTHUECKHE 3a/aul AAsi 0006uieHHo CBOOOAIBIX
(rayccoBpix) GO30HHBIX NTOJICH) UMEIOT BHJ

bit)— 5 x(t)+ \B(t—9) x(s)ds, teT,
T

T. €. HMelOT Gosee pery/spH3oBauubii Bup (i — nocrosnuas u-
paka).

16.

17.
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