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1. The model

This paper is, in some sense, a continuation of our paper [5], and uses the
same model and notation. Thus, we consider infinite particle system with tra-
jectories {z(t),k € Z} on R. Put g, = z1 — ay, for fixed

<o < Ok < ...

The formal potential energy is defined as

w2
UZT;(Ik+1*$k*ak+l+ak :?Xk: 1 — qr)?

where w > 0. The trajectories are defined by the following linear system of
equations for g (t)

P
ez

Wi (qre1 — 2qk + qr—1) = W (AQ)y (1.1)

and initial conditions are always assumed to be ¢(0) € I, p(0) = 0 (we denote
p(t) = d(t)), that is,
sgp lgx(0)] < o0, pr(0) =0.

We will try to find sub-classes of the initial conditions such that gx(t) are
bounded uniformly in &k and t¢.

2. Results

We will need the following definitions. For any sequence g € [, define the
new sequence

¢® =—-A¢, 8 =2q5 — Grt1 — qx—1, k € Z.

Denote by I C lo(Z) the set of sequences q € loo(Z), for which the following
conditions hold:
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1. ¢ € 15(Z). In this case the Fourier transform of ¢ is defined as

Q20 = 3 e € Ly([0,27)).
k

2. For some real number A € R the function

h()) = % (QAA(A) - z’A) (2.1)

belongs to L1[0, 7], where i2 = —1, that is
/ A(\)[dA < o.
0

Main theorems, which are given below, about uniform boundedness and limit
behavior, will hold for initial conditions from subspace [*.

It is clear that I® is linear space over R, and below we shall present its
properties in more detail. But first of all we will explain the intuitive sense of
condition (2.1): we show informally that (2.1) holds if the sequence ¢ tends
to zero sufficiently fast if |k| — oo. It is clear that h()) is absolutely integrable
on any interval [4,7], 6 > 0. That is why we should understand what occurs
around zero. One can write:

@ = —(Ok41—0k), Ok =qr — Qr—1.

Thus it is natural to expect that Q*(0) = 0. It will follow that in the case when
Q" () is sufficiently smooth we could write

QN =eA+0(N\?), c= %QA(O) = i§kq,§.

Consequently, if we put A = 3", kg2 in (2.1), we will see that h(A\) = O(1), and
thus h(A\) € L1(]0,7]), and the corresponding condition on A()\) holds.

Note now that condition 2.1 is equivalent to the following one (that we will
use below): for some real number A € R the function

_ 1 QN .
9(N) = sin(\/2) (sin()\/Z) B ’A)

(2.2)

belongs to L1[0, 7).

Theorem 2.1 (On uniform boundedness). Assume that ¢(0) € I*, p(0) =
0, then the solution q(t) is uniformly bounded, that is,

sup sup |gx (t)| < 0.
>0 keZ
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Theorem 2.2 (On large time behaviour of the system).
Assume that q(0) € [, p(0) = 0, then there exists v € R such that for any
k € Z we have:
im0 =
Number v is also related to the limit of gx(0) when k — oco: see theorem 2.4
below.

2.1. Properties of the space [4

First, we give examples of sequences ¢ € [°.
1. (Sign) Put

1, k>0,
qr = sign(k) = ¢ 0, k=0,
-1, k<.

Obviously, ¢ = 0 for |k| > 1. Moreover,
=1 ¢4 =-1, ¢ =0

That is why
Put A =41in (2.2). Then

o) = sin1)\/2 (ZSIS;I;(/AQ) ~1) = sin4A/2 (cos3 -1).

It is clear that ¢(A\) € L;[0,7]. Then sign(k) € [>. Below we give the graph of
the solution with w = 1/2 and initial condition ¢;(0) = sign(k), p(0) = 0.

a0
1 i b aylt)

08-
06
04

02

Both particles with numbers 10 and 20, up to the time of order ¢ < 2n
oscillate around point 1 with exponentially small amplitude. These oscillations
are even not seen on the graph. Then they “quickly” enter the regime of damped
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oscillations around the equilibrium position. In our case the solution is given
by formula (3.2) of [5]:

QH( +QZJ2]€ +<]2n )*1+J2n *2ZJ2]< n/ 7(23)

k=2n
where

1 s
Jn(t) = f/ cos(nx — tsinx)dx, t >0
0

™

is the Bessel function of the first kind. In (2.3) we used the known formula
(see [3]):
2 Z Jok(t) + Jo(t
2. Now consider example which is in some sense opposite to the previous

one:
(1 k#£0,
“=3py, k=o,

QAN =e*2-b—1)+20—2+e P(2-b—-1)

for some b € R. Then

=2(b—1)(1 — cos \) = 4(b — 1) sin® %

Put A=01in (2.2). Then

o(A) =4(b-1).
Again we see that ¢(\) € L1[0, 7] and thus ¢ € [®. Uniform boundedness for
this case could be proven differently. Namely, we have the following presenta-
tion:

q=g+(b—1eo,
where the sequence g consists of one’s only, ey contains only zeroes except the
zeroth component which is equal to 1. Then Ag = 0, and hence the solution
can be written as

q(t) = g+ (b—1)q(),

where §(t) is the solution with initial condition e € lo, that is evidently uni-
formly bounded.

3. Now consider the following sequence

a = (—1)"
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Then
Ak = (—1)F(=1-1-2) = —4g,

and q ¢ [®. Nevertheless one can prove uniform boundedness with such initial
condition. It is known that

q(t) = cos(t\/V)q(O), V = —wiA

(see [5], lemma 3.3). It follows that

R S VP AR < VY C ) L
q(t) = kZ:O(—l)k 2h)! q= kz:;)(—l)kwq = cos(2w1t)q.

The uniform boundedness of ¢(t) follows.

Theorem 2.3. Assume that

S g2 k] In k] < oe. (2.4)
k+£0

Then q € 1.

For example, consider the sequence with

sin(Inln|k|)

, for |k| > 1
Wiy o

k. =

and g; = 0 for |k| < 1. Tt is easy to see that

1

A

—o(——~ ).
o <k21n3k|)

Then the conditions of theorem 2.3 hold, and thus ¢ € I*.
Generalizing the previous example we put

a = f(k)

for some C2-smooth and bounded function f(z), x € R. Then simple arguments
show the convergence of the integral

+oo
/ I ()| |z| In(1 + |7) dx < oo (2.5)

— 00

implies (2.4) and ¢ € 2. Indeed, by Lagrange theorem we can write

@ = f'(@rg1) — f'(xn)
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for some points xp € (k — 1,k). Putting h(z) = |z|In(l + |z|), we get the
inequalities:

S 1aR K k] < 31 @) — £@n) A
k0 k

Th41 +oo
< h(akg) @)l de <2 [ | (@) |h(z)de.

Tk —00
The latter inequality follows from the mean value theorem, because for some
point uy € (z,xg+1) the following equality holds:

Th+1

/%k+1 |f" () [h(x) dx = h(uk)/m+1 /" ()] da > %h(wkﬂ)/ S e

k Tk Tk

Thereby we have proven that (2.4) follows from (2.5).

Theorem 2.4 (Limits at infinity of [2). Assume that ¢ € [®. Then the
following finite limits exist limg_ 400 qx = Ly, limg—, oo g5 = L_ and moreover
the following equalities hold:

Li—L_=

Ly+L_
2

4 26

=, (2.7)
where number A was defined in (2.2), and v was introduced in theorem 2.2.

3. Proof of Theorem 2.4

Consider the formal Fourier transform of g
Q0 =X e
k
and formal equalities following from it:

QYN =D e®qp =" €™ (2qk — g1 — grt1)
K

k

=(2—2cos \)Q()\) = 4sin® (;) Q(N),

1 27\' . )\ 1 27\' . 1
= — “mAQ(N)dN = — i —— YOV )V C B |
=5 )y € Q@A) 27r/0 © 4sin2()\/2)Q ) (3:1)

Then Q* can be written as the sum of even and odd functions:

Q2 (N) = QL (N) +iQ2(N), (3.2)



A.A. Lykov and V.A. Malyshev

240
where
Qﬁ()\) = qOA + quA’Jr cos kX, QA qu sinkX, gy + = qkA + qék.
k=1
It is clear that
QN =Q2(2r—)), Q2N =—-Q2(2r — ).
Substitute (3.2) to the formula (3.1) for g, and note that ¢ is real. Again
formally we get:
L[ @20 contn) + Q20 sinl) g
— cos(n in(n\)) ————dA\.
™= or + - 4sin2(\/2)
Now using the symmetry of the integrand with respect to point 27, we can
rewrite the last formula as
1
A) si —— o d\.
48in”(\/2)

-/ QA (M) cos(n) + Q2 () sin(nA)

qn = —
™
It is not difficult to see that the function ¢, defined in the second condition (2.2)

and ¢~ =
o~ sin% sin%

in the definition of I, belongs to L1([0,7]) if and only if
1 2(A
(Q’()—A)eLﬂMwh

Q

5= L ¢ 1o,
Sln 2

Using this observation, we can rewrite the latter formal formula for ¢ in terms

A [T sin(n))
/0 sin(A/2) dX.
(3.3)

of p(N), ¢~ (N):
/ ¢t (\) cos(n\)d\ + 7/ @~ (A) sin(nA)d\ + yy

71

The last integral in this formula is known (see [2], p. 605, 3.612 (4))
f7r+5(1), as n — 0o.

sin(n\) _ 2/ /2 sin(2nz) an
0 sin x 0
in . Denote it by

dX
/0 sin \/2

That is why the right-hand side of (3.3) defines a sequence in [

q:
A [T sin(n))
" 1 A SminA)
/ ¢t (N) cos(nA)d\ + / ¢~ (A) sin(nA)dA + 47t J, sin(M\/2) a2
(3.4

TL
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It is easy to see that AG = Agq. Since q,q € l and A(q— q) = 0, there exists a
constant ¢ such that
Gn = C+ qn (3.5)

for any n € Z. We want now to find the limit of ¢, for large |n|. Since
dt(N), ¢~ (\) € L1([0,7]), by the Riemann—Lebesgue theorem the integrals in
(3.4) containing these functions tend to zero as |n| grows. Thus,

b poa A
i G =Gl =T

From these equalities and formula (3.5) the theorem follows. Formula (2.7) will

be proved during the proof of Theorem 2.2.

4. Proof of Theorem 2.3

Note first that condition (2.4) implies that Q()\) is C'-smooth function,
and the following equality holds:

Q2(0) =0. (4.1)

Smoothness follows from classical theorems for Fourier series. Let us prove now
(4.1). By definition we have:

Q4(0) =Y af (42)
k

Moreover, the latter series is convergent. Write qkA as

@i = —(Ok+1 —0k)s Ok = qr — Qr—1.

Then from equality (4.2) it follows that

A _ : A .
Q (0) o Nli}l}kloo |I€|Z<qu - N1~I>I£oo(5N B 5_N)'

Let us show that oy — 0 as N — Foo. For this write Q*(0) as follows:

Q20)=> g +> g

k>0 k<0

From absolute convergence in (4.2) it follows that in the last formula both series
converge. It is not difficult to see that §, — §,,4x, n,k = 0, is the difference of
partial sums of the first series. Thus, by Cauchy principle, there exists a finite
limit
c= lim §,.
n—-+oo
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Since for all n, N > 0 we have

n+N
qN+4n = qN + Z Ok
k=N+1
and sup,, |¢n| < oo, it follows that ¢ = 0. Similarly one can consider the case
lim,,, o 0,. The equality (4.1) is proved.
For the derivative of @ (\) at zero we have:

—QA = zZ kqi;
In the formula (2.2), where the function ¢(\) was defined, put

A_2—i _2quk

Then we get equalities:

L (e ) P
o) = sin(A/2) (sin()\/Q) N ZA) - sin?(A/2) g‘b? (e kA _ 9k sm(A/?))
=¢"(N) +ig~ (),

where

ot (\) = 2 )\/2 qu cos(kA),

_ 1 A
o~ (N\) = WZ% (sm kX) — 2k sin 2)

Since
sin(kM) Qk sm S

Z'k'

from lemma 4.1, condition (2.4) and Fatou theorem it follows that ¢~ (\) €
Ly ([0, 7]).
Moreover, as Q2(0) = 0, we have

- ap.

k0

It follows that 1
+ _ A _
6N = Sz o (sl ~ 1)
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For all x € [0, 7/2] we have sinz > 2x /7, hence

™1 _ w/2 9
/ 1 —coskA d\ — 2/ 1 cos2k:xdx
0 0

sin?(\/2) sin?
T/2 1 too 1
<7T/ 1 C0282kxdx<77/ 1 C02S2kxdx:7r2|k\.
0 x 0 x

We took an explicit formula for the latter integral from [2], p. 691, 3.782 (2). Fi-
nally, from condition (2.4) and the Fatou theorem we get that ¢+ () € L1 ([0, 7]).
Theorem 2.3 is proven.

Lemma 4.1. There exists a constant ¢ > 0 such that for all n > 0 we have the
sin(nA) — 2nsin(A/2)

inequality
Vi, =
/0 sin?(\/2)

Proof. For any = € [0,7/2] we have sinx > 2z /7, consequently,

w/2
.-z [

5[
72 (™) sin(2nx) — 2nsina /2
= — 5 ’daz +
2 \Jo 7/(2n)
Denote h(z) = sin(2nz) — 2nsinz. The following equalities hold:
h(0) =0, K (0) =0, h"(z)= —4n?sin(2nz) + 2nsinz.

d\ < cnlnn.

(22 — O si
sin(2nx) nsmx‘dx

Sln2 x

(4.3)

sin( an — 2nsinx
> dzr

2

T

(92 — In s
sin(2nz) nsmx‘dx)
T

Then for all x we have the inequality:
|h(z)| < 3n%z?
Using this inequality, we can get the following bound for the integral in (4.3):

/w/<2n>
0

To estimate the second integral note that h(z) satisfies the following inequality:

|h(z)| < 4nz.

sin(2nx) — 2nsinz ’dx < 32 /‘n’/(Qn) e — 3
0

= —n.
2 2

Consequently, the second term in (4.3) admits the bound:

/2 /2

/ sin(2nx) — 2nsinz ‘dm <4n / 1dgc = 4n(ln AR 1) =4nlnn.
22 T 2 2n
7/ (2n) m/(2n)

Thereby Lemma 4.1 is proved. O
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5. Proof of Theorem 2.1

Lemma 5.1. For any n € Z and t > 0 the following equality holds true:

2™ 1 — cos(2wt sin A

Proof. Denote by R, (t) the right-hand side in (5.1). Since Q* € Ly ([0, 27]), w
get the inequality for R, (¢):

Ra(t)] < lga 0 |+\//”QA mW” (L= cnutsn/2),

< a@n (0)] + 211Q% |2, ((0,27))-

Thereby, R, (t) for any ¢ > 0 defines the sequence in lo. Now differentiating
R, (t) two times, we get
2T

i 2 1 Afy),—inA
= — 2 .
R, (1) Wi ; cos( wt sin — )Q (Ne " dA

From the other side,

AR(t) = Rn+1 + R,—1 — 2R,
1 [*™ 1 — cos(2wtsin(\/2
— (g 5 [ LI 0/2)
21 Jo 4sin(\/2)
> (efi(n+1)/\ + efi(nfl)A . 267in)\)d/\

g cos(2wt sin(A/2)) A i
/o 4sin?(\/2) Q% (Ve (2cos A — 2)dA

Q2 (M)

= —q;(0) -

1 — cos <2wt sin — ))QA( Ye~ AN

o\
¥
3
/N

2m
/ Q™ (N)e " dA
0
_ a2 A —in\
cos (th sin 2>Q (MNe A
_ . . i A —in\
=—— cos (Zwt sin 2)@ Ne dA.

We can conclude now that R(t) = w?AR(t) and R(0) = ¢(0). Due to the
uniqueness of solution of the corresponding ODE in [, the lemma is proved.
O
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The formula for solution in terms of @2(\) can be obtained “directly”. It
is known that

q(t) = cos(tv'V)q(0),
qn(t) = Z ar(t)qn—1(0)
k

(see [5], lemma 3.1 and 3.3). This formula defines the action of the operator
cos(tV/'V).

Furthermore, from
G = —cos(tVV)Vq(0) = —w? cos(tVV)g™(0)
we get that

in(t) = w2 > an(t)g2_, (0).
k

After integrating with respect to ¢ and some transformations we can get (5.1).
Now we can come back to the proof of Theorem 2.1 concerning uniform
boundedness. We use the representation (3.2) for Q2 :

QYN = QF(N) +iQ2(N).
Using formula (5.1) and that g, (), Qﬁ, Q? are real, we get
qn(t) = 4n(0) — Dy (t) — Bn(t), (5.2)

where

2™ 1 — cos(2wt sin
Dy (t) 1/0 L (2wt sin(3/2)) QL () cos(nA)dA

T om 4sin®(A/2)

[ ot s
By (t) = % 02” — Czss(iigzji/r;()A/Q)) Q2(A) sin(nA)dX

~ 2 [ A0

In the second equality for D,, B, we used the symmetry of integrands with
respect to point .

It is not difficult to see (from the second condition of (2.2) in the definition
of I?) that ¢ € Ly ([0, n]) iff

A
610 = S ks € Lall0.7)
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and
¢o~(A) =
Thus, for D,,(t) we have

TR
Da(t)] < = /0 - (W)dx

This means that D,,(¢) is uniformly bounded. Also, for B, (t) we have

™1 — cos(2wt sin a
= L [ L cntzatin0/) (@00

1 ( QR2(\)

sin(A/2) \sin(\/2) B A) € L1([0,7]).

- A) sin(n\)dA

4sin(\/2) sin(\/2)
T ety s

Then by Lemma 5.2 we get the bound:

Balt)] < - / 6~ (ldr +
for some constant C > 0. Theorem 2.1 follows.

Lemma 5.2. There exists a constant C' such that for allt > 0 and alln € Z
the following inequality holds:

™1 — cos(tsin(\/2

/ cos(tSmA2) 41 a)d
0 sin(\/2)

Without loss of generality we can assume that n > 0. Then we have

1 —cos(tsin(A/2)) . ~[Tsin(n))
/o sz )‘”‘/0 sin(ajz) P T 20 (5:3)

where
1 [™ cos(tsin()\/2 A /2 cos(t si
I,(t) = 7/ M sin (nf)d/\ = / M sin(nz)dz.
2 Jo sin(A/2) 2 0 sin x
The integral in (5.3) can be found in [2], p. 605, 3.612 (4):

T sin(nA) ™/2 sin(2nz) = (—1)* -
/0 sin()\/2)d/\ /0 o dx E T4+ 0(1), asn — o0

Thus, the statement of Lemma 5.2 is equivalent to the uniform boundedness of
I, ().
Theorem 5.1. The function
L(t) = /”/2 cos(t sin x) sin(nx) de
0

sinx

is bounded uniformly inn € Z and t > 0.
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5.1. Uniform boundedness and integrals of Bessel functions

We could find only rather cumbersome proof of Theorem 5.1. Before starting
the proof, we show the connection of the function I,,(¢) with Bessel function
Jn(t) of the first kind

Jn(t) = f/ cos(nx — tsinx)dx.
0

We have the equality

d /2
—I,(t) = —/ sin(t sin z) sin(nz)dz

1 71'/2 1 71'/2
=— / cos(nzx + tsinz)dr — = / cos(nz — tsinz)dx
L+ (=1)"

/2
=—" / cos(nx + tsinx)dx — IJn(t).
2 o 2

Introducing the notation x, = [1 + (=1)"]/2, we get
b d
L,(t) =I,(0 —I,(s)d
0 =10+ [ 1

= 1,(0) + Xn / "% sin(ne + tsinz) |
0

sinx
/2 3 t
0 sinx 2 Jo
/2 gin(2nx + tsin T [t
0 sinx 2 Jo

Boundedness of I,,(0) follows from [2], p.605, 3.612 (3)—(4). We are going to
show now the uniform boundedness of the second integral in the last formula

dx

x sinx

/”/2 sin(2nz + tsin x) d /”/2 sin(2nx + tsinz) =«
€Xr =
0 sinx 0

™/2 sin(2 tsi
:/ sin(2nax + smx)( x —1)d33
0

x sin x

dr.

n /”/2 sin(2nz + tsin x)
0 x

Since the function 1 (Z- —1) is absolutely integrable on [0,7/2], the first

x \sinz
integral is uniformly bounded. Similarly, for the second integral we can use
Lemma 5.5. Thus we have shown that uniform boundedness of I,,(¢) is equivalent
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to the uniform boundedness in n € Z, and ¢t > 0 of the integral of the Bessel
function

() = /0 T (s)ds. (5.4)

Unfortunately, we could not find any results concerning uniform (in index
and time) boundedness of the integral of Bessel function (5.4). For example,
in [3] (see p. 255, formula (11)) only the asymptotics of G, (nx) for large n and
0 < x < 1 is given. This is not sufficient for uniform boundedness in t,n.
One of the reasons why it is difficult to get uniform estimates for G, (t) is the
following. There exist many asymptotic formulas for J,(¢) with different speed
of n and t increase to infinity, but we could not find any for J,(nz) uniformly
for z € [1 — 6,14 ¢] with § > 0. As a corollary of Theorem 5.1 we get the
following statement.

Proposition 5.1. There exists a constant C' > 0 such that for all integers n
and all t > 0 the following inequality holds

/Ot Jn(s)ds

We want to show now the relation of the integral G, (t) with the sum of
Jn(t). For simplicity assume that n = 2m for some integer m > 0. Using the
known formula (see [3])

2Jp = Jn_1 + Jns1

we conclude that

GQm(t) = /0 J2m(s)d5 = 2<]2m—1(t) - /0 JQm_z(S)dS =
_ — _1yn—1-k — t s)ds
=9 kZ:O( 1) Jor41(t) /0 Jo(s)d

For all £ > 0 we have
+oo
/ Ji(t)dt =1,
0

(see [2], p. 1036, 6.511 (1)), then uniform boundedness of Ga,,(t) is equivalent
to the uniform boundedness (in m and t) of the sums

3

(—=1)* Jop i1 (2).
0

~
Il

(Unfortunately, we could not find anything concerning this in the literature.)
And again, as a corollary to Theorem 5.1 we have the following statement.
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Proposition 5.2. There exists a constant C' > 0 such that for any integer
n > 0 and all t > 0 the following inequalities hold

Z(_l)kJQkJrl(t)’ <C, Z(—l)ngk(t)‘ < C.
k=0 k=1

Also remark that in a very informative book [4], where integrals of Bessel
functions are considered (for example, see pp.58-60) we also could not find
uniform estimates for G, ().

5.2. Proof of Theorem 2.2

We will use the representation (5.2) of the solution as
n(t) = qn(0) = Dn(t) — Bn(t).

Using the Riemann —Lebesgue theorem we conclude that

lim Dy (t) = % /0 "t () cos(mA)d,

t—o0

lim By (t) = % /0 "o () sin(nn)dr + A [ S

——d\.
t—00 4 J, sin(\/2)

It follows that
thHl Qn(t) = Qn(o) 5(0)7“
—00

where the sequence ¢(0) is defined in (3.4). Therein it was shown that there
exists a constant ¢ € R such that for all n € Z

Qn(o) - &(O)n = C.
In the limits n — 400 and n — —o0, we get:

A A
L+—Z:C, L_+Z:C.

It follows that (L4 + L_)/2 = c¢. This proves Theorem 2.2 and formula (2.7).

5.3. Proof of Theorem 5.1

Firstly, transform our integral as follows:

/2 . . /2 ‘i i’
() :/0 cos(tsin x) sm(n:c)d%:/0 cos(tsinz)sin(nx) = da

sinx x sinx

/2 . .
B 1)dm+/ cos(tsin z) sin(nx) s
0

/2 1
= / cos(t sin x) sin(nx)
0 x

T (sinx
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Since the function 1 (ZZ- — 1) is absolutely integrable on [0, /2], the uniform

boundedness of I,,(t) is equivalent to the uniform boundedness of the integral

/2 tsi :
Cult) :/0 cos( smi) sin(nx) .

Further on we shall prove uniform boundedness of C,,(t).
Now it is useful to say some words about the scheme of the proof. The proof
will be subdivided in 4 parts depending on the parameters n and t:

1. (t) = t/n <y < 1, lemma 5.3. In this domain we use integration by
parts several times and will use Gronwall’s lemma.

2. yn(t) = 2 > 1, lemma 5.4. The proof is similar to the previous case.

3. 71 < Ya(t) €1, lemma 5.7. Here we use “regularized” change of variables
to reduce the problem to tabulated integral.

4. 1 < Yn(t) € 2, lemma 5.9. Here we use another “regularized” change of
variables, enter complex plane and estimate the obtained integrals.

We will choose the constants 73 < 1 < ~2 appropriately during the proof. Let
us explain the reasons for such partition onto 4 parts of the set of parameters n
and t. Firstly note that the integral in question is an oscillation integral having
singularity at the ends of integration interval. For small times ¢ < n the main
contribution is given by the terms sin(nx). Contrary to this, for large times
t > n the main contribution is expected from the terms cos(¢sin x). Moreover
in the latter case the phase function sinz has stationary point /2. In both
cases we could deal with oscillations using integration by parts several times.
In case t > n it is also necessary to shift the integration region from stationary
points. When t ~ n both terms give oscillations of the same order. That is
why in this case we “put” these terms under the same sin. That gives two new
integrals which should be considered separately.
Now we start the detailed proof.

5.4. Uniform boundedness for v,(t) <v1 <1

Lemma 5.3 (Domain v, (t) < v1 < 1). There exists a constant ¢ > 0 such
that for all 0 < v, < 1, allm > 0 and t > 0 satisfying the condition ~,(t) =
t/n < 1, the following inequality holds

c 1
Cn(t)] < exp( )
G0 1= T\l —n7

Proof. We have
/2 . _ . /2
Cn(t) - /O (COS(t s x) 1) Sln(nm) d.’[’ =+ A Mdm

T T
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/2
— /0 fi(z) sin(nz)dz + O(1)

where
cos(tsinz) — 1

fi(x) =

Here and further we shall write f(t,n,v1) = O(g(t,n,v)) if for all ¢,n,~; such
that t/n < v1 < 1 the following inequality holds

T

|f(t,n,y1)] < wglt,n,7)

for some constant w not depending on ¢, n, ;. In other words, it is a well known
notation, but with additional condition that the corresponding constant should
not depend on our parameters. Integrating by parts we get

fi(z) cos(nz)

7r/2
- / f{(z) cos(nzx)dx

= Eﬁ(%) cos(%) + ﬁ/o f1(z) cos(nx)dx

In the latter equality we used that f;(0) = 0. Further on, we have

Cn(t) ==

tcos(z)sin(tsinx)  cos(tsinz) — 1

filz) = - T - 72
Hence
/2 . .
Co(t) = O(1) — E/ cos(x) sin(¢ sin ) cos(nz)dz
nJo €T
1 (™% cos(tsinz) — 1
-2 /O O =L cos(na)dr (5.5)

Let us show first that the last integral in (5.5) is of the order O(t). We have the
inequalities

/”/2 cos(tsinz) — 1
0

3 cos(nzx)dx
x

< /”/2 1 —Cos(tsinac)dx _ 2/”/2 sinz((tsinx)/Q)dx
0 0

2 z2

I
N

/2 .2 .
/ sin? tsmx)/?)d Jr2/ sin ((tsm:v)/2)dz
0 ™/

4 x?

/ sin? tsmx)/2)d +o()
0

Il
2o
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sin’

/4 3.2 :
< 2/ sin ((tsmx)/2)d$+0(1).
0
Changing the variables u = sinz, we have
1/V2 ;.2 2 1/vV2 .. 2 2
2 s (tw/2) 4 oa) < 2\/5/ %dwom
u

0 u2v/1 — u?
t/(2v2)
= ﬁt/ sin (y) dy +O(1)
0

y2

t/(2v2) i
:\/it(O(l)Jr/ s (y)dy)+0(1)

y2

<V2t0(1) + %)) +0(1) =0(t) +0(1).

Now transform the first integral in (5.5) as follows:

cos(nx)d sm(t sin x) cos(nx)dx
z 0

/”/2 cos(z) sin(¢ sin x) % cos :C)
0

n / sm(t sin x) cos(nx) d

<)
8

where

/2 Gin(t i
Su(t) :/0 sin( sm:z:x) cos(nx) .

We used the fact that the function [cos(z) — 1]/x is absolutely integrable on
[0,7/2]. From (5.5) we have

Co(t) = O(1) + o(%) L. =00)-

t
n n

Sn(t). (5.6)
Now integrate Sy, (t) by parts:

sin(t sin x) sin(nx)

w2 1 (™2 sin(tsinz)\/ |
Sp(t) = — . E/o (T) sin(nx)dx
1 [™2 /tcos(x) cos(tsinx sin(fsinz .
:O(l)_ﬁ/o ( (z) . ( ) _ (332 ))sm(mc)dx
w/2 .
_ o) - %/ cos(x) C(;s(t sin ) sin(n)dz
0

1 (™2 sin(tsi
+ */ sin(tsinz) Sanl‘) sin(nx)dx
0 €T
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t 1
=——H,(t)+ = F.(t).
" H (1) + = Fy(t)
For the first integral we have:

™/2 cos(z) cos(t sin x
- [ etlentin

sin(nx)dx

cos(t sin x) sin(nx)dx
x

_ /”/2 (cos(x) — 1)
0

/2 5(t si <3
+/ cos(t sin x) sin(nzx) i
0 x

= 0(1) + C,(t).

Note that for the second integral

/2 Gin(tsi
F,(t) :/0 Sm(gjﬂsin(nm)dm

the following equalities hold:

™/2 gin(z) cos(tsin x) sin(nz
%Fn(t):/o Jf ) cos(t x) (%) 16 = 0(1) + Ca(t).

It follows that .
F,(t) =0(t) +/ Cr(s)ds.
0

Thus, we have got the equality

() = 0(%) _ %Cn(t) + %/0 Co(s)ds = O(1) — %Cn(t) + %/0 Cin(s)ds.
Substitute it to (5.6) and get
Co(t) = 0(1) + (%)an(t) _ % s

Co(t) = ﬁ <0(1) _ %/0 Cn(t)ds>.

We have that if v,(t) < v1 < 1, then for some constant ¢ > 0,

1 I
< — — .
Cult] < 1= <c+ L cn<t>|ds>
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From Gronwall’s lemma we get that

t 1
Cul®) < =5 exp( == ) < =z e (73 )-
1—1i n(l—=17)/ = 1-7i -7

Lemma 5.3 is thus proved. O

5.5. Uniform boundedness for v, (t) > v2 > 1

Lemma 5.4 (Domain v,(t) > v2 > 1). There exists a constant ¢ > 0 such
that for all 75 > 1, alln > 0 and t > 0, satisfying condition v, (t) = t/n > 72,
the following inequality holds:

Proof. Change first the integration domain

/4 gt X /2 cog(t Si =
o) :/ cos(tsinz) bln(na:)dx +/ cos(tsin z) sin(nz) da
0 ™

x /4 x

where

xX.

_ /4 . .
() = /0 cos(t sin z) sin(nx) d

Integrating by parts we get

Cn(t) = sin(t sin ) sin(n) \7/4 _ l/ﬂ/4 sin(¢sin x) <Sin(m:))/da:
tcosx T 0 t Jo rcosx
o - 1/7r/4 sin(tsing) <ncos(mc) 3 si2n(nx) N sin(nz);inx) i
tJo Z CosT x2cosx xcos? x
w/4 1 /4 .
=0(1) - n sin(¢ sin x) cos(nz) dxr + 7/ sin(tsin x) 51211(nx) dx
t Jo T Ccosx t Jo T4 cosx
n 1
= O(l) - ?Kn(t) + ;Un(t) (57)
where
w/4 /4 .
K, (t) = / sin(tsinx) cos(n:v)d% Un(t) = / sin(¢sinx) 51211(nm)
0 T CosT 0 z2cosx
In the equality (5.7) we used the fact that
. . sin(nz) sin . . sin(nz) sin
sin(t smx)72‘ = |sin(tsinz) ——5— ' <1
x cos? x cos’z  x
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for z € [0, 7/4] and

1 1
-<—<L
t Yon
Thus we got the expansion
~ n 1

We will now estimate K, (t) and U, (t). We use equalities

sin(nx)

de

sin(guv) ( 1

w/4
- 1>d:c +/ sin(¢ sin x)
0

sin(nz) sin?

sinx 22

/4
U,(t) = /0 sin(¢sin x)

x COsS T T

dx

w/4
=0(1) +/ sin(t sin z)
0

w/4 :
=0(1) + / sin(tsin x) sm(;m) dx
0

S0 R A

_ o) + /”/4 sin(¢ sin x) sin(nx) da
0

sinx sinx

_ O(l)+/0”/4(sin(tsinx) B t )sin(nm)dx

sin 1+ (tsinz)?/ sinz

T ¢ i
/ ‘ sm.(nm) de
o 14 (tsinz)? sinz

+
= 0(1) + UL(t) + U2(t),

where U (t) and U2(t) are correspondingly the first and second integrals in the
latter formula.
For Ul (t) we have

/4, :

L e e P
0 sin x 1+ (tsinz)?lsinx
/1/‘/5 sin(ty) t ‘ 1 i

= - Y
0 Y L+ (ty)? 1y /1 =42
_ \/i/l/ﬁ sin(ty) t ’ldy
0 y 1+ (ty)*ly
¥V2 ginu 1 1
— Vat 22— |5
V2 /0 u 1+ w2 lu®™
+oo
sinu 1 1
< V2 —7‘7 .
V2 /0 u 1+ uzlu™
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Convergence of the last integral follows because the integrand has the order u =2

at infinity, and the order u at zero. Thus we get that
Ur(t) = O(t).

Now let us estimate U2(t). We will need the known inequality sinz > 2z/7
that holds for any x € [0,7/2]. We have

U2(t)] < t/ﬂ/4 t Y dr< t/ﬂ/4 _
S - T T XTN T
" o 1+ (tsinz)?sinz o 1+4(tx)?/n?

tﬂ'/4 1 +oo 1
= ————du < ——du.
7Tn/o 1+ 4u? /72 “ 7m/0 1+ 4u? /72 “

Consequently,

Now consider in detail K, (t):

/4 .
Ko () = /O sin(tsinx)wdx+0(l)

/4 _ w/4 .
= / sin(t sin :r)icos(mj) 1dm + / 75111@ sinz) dz 4+ O(1)
0 € 0 €
= K, (t) + K2(t) + O(1),

where K!(t) and K2(t) are correspondingly the first and second integrals in the
last formula. Let us show that K2(t) = O(1):

T T
K2() :/ sm(tsmx)dx :/ bm(tbmx)dx—i—O(l)
0 0

x sinx

_ / Y sinty) o
0 Yy

V1—19y2

_ /01/\/5 sin(ty) ( 1 B l)dy . /01/\@ sin(ty) dy+O(1) = O(1).

Y V1—1y? Yy

Now we integrate by parts K} (¢):

/4
-1
KM t) = / sin(¢ sin x)wdx
x
0
/4
_ _ cos(tsinz) cos(nz) —1|7/4 n 1 / cos(t sin x)i cos(nx) — 1dx
tcosx T 0 t T X COST

0
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/4 /4
. ) »
=om- : / cos(tsinz) i) dv =+ / cos(t sin x)%dx
t T COST t 22 cosx
0 0

/4

1 :
—&—;/cos(tsmx)

0

cos(nx) —1 |
— 5 sinxdz.
rcos?x

The first integral in the last expression equals C,(t) + O(1), the third integral
has order O(1). Thus

KX(t)=0(1) -

|3

~ 1
Cn(t) — n Zn (1),
where

71'/4 _ 1
Z,(t) = cos(tsin x) %daﬁ
0 z?

Note that the number n > 0 could be considered as an arbitrary real number
because we never used the fact that n is an integer. Then

d /4
%Zn(t) = _/o cos(t sin x)

sin(nx)

dz = —C\(1)

and

Finally we get

It follows that for t/n > v5 > 1,

€8] = [{=prr (om -z [ ém<t>dm>|

Gronwall’s lemma gives

- c 1 n c75 72
Ch(t)| < ex( —)< eX( >
|n()|\1_752 Pl_,y;zt Sz p’yg—l

for some constant ¢ > 0 not depending on n,t,y;. Lemma 5.4 is proved. O
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5.6. Uniform boundedness for v; < v, (t) < 2. Preliminary lemmas

Using the formula for the product sin cos we can rewrite the formula for

Cy(t) as

~ 1 /4 ‘i /4 s
Cnlt) = : (/ sin(nz + tsin z) I +/ sin(nz — tsin x)dx
0 X 0 T

= §(Rn(t) + M, (1)),
where
R, (t) = / T sinne +sng) )y - /”/4 sin(ne — tsinz) -
0 X 0 T

Lemma 5.5. There exists a constant o > 0 such that for all t > 0 and real
n > 0 the following inequality holds

|Rn (1) < o

Proof. Denote f(z) = nx + tsinz and note that
f(z) = if(at:) =n+tcosz >0
= =

for z € [0, 7/4]. Denote

D)5

the maximal value of f(z) on [0,7/4]. Since f(z) is monotone increasing on
[0, /4], there exists a smooth function ¢ : [0,a] — [0, 7/4] such that

flp(w) =u

for all u € [0,a]. Thus we can change variables © = ¢(u) in the integral R, (¢):

R (t) = / ' Si?:)” o (w)du = /O S du,

o ¥

where we denoted

It is obvious that h(0) = 1. Then

% sinu

Ra(t) = /0 "SI ) = R(0))du + h(0) / du

u 0 u
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= /a M sinu du + Si(a), (5.9)
0

where

i * ginu
Sl(:v)f/o " du

is the integral sine. It is well known that lim, 4 Si(z) = 7/2. Also, since
Si(x) is continuous, it is bounded on [0, 4+00).

Let us estimate the fractional term in the first integral containing h(u). We
want to use Lemma 5.6. For this we need the following estimates of ¢(u):

' (u) = = < — < .
fp(w))  n+tcosp(u) n+ = n+t
The lower bound is evident:
1
/
> .
4 (U) n+t

Let us estimate the second derivative
1 / :
" [ (e(u)p’(u) _ tsinp(u) t 3t
@' (u) = — = s < < (V2 .
2@ T e S wror S Y
Then from Lemma 5.6 we get the following inequality:

‘mm—hmw<4 t 3/(n+t) 12¢

(n+t)3(n+t)=2  (n+t)?

u
Hence the integral in (5.9) can be estimated as follows:

/awsmu du
0

u

12at 712t7rn/4+t/\@ c 2t

g - ~ ~
(n+1)2 (n+1)2 n+t

Thereby Lemma 5.5 is proved. o

Lemma 5.6. Let a real function ¢(u) € C%([0,a]) be given, a > 0. Assume
also that for some positive constants ¢y, ca, cs and all u € [0, a] we have:

0<c <¢'(u) <e,

|6 ()] < cs,
and also ¢(0) = 0. Then for the function
o
o)
we have h(0) = 1, and for all u € [0, a] the following inequality holds

h(u) ¢'(u)

’ c c1 + Cco
x €3 .
cf
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Proof. Equality h(0) = 1 follows immediately. By Lagrange theorem we have

’M‘ < max |/ (v)).
U v€[0,a]

Now let us estimate the derivative h’(u). Denote

(5.10)

Let us estimate now ¢ (u):

P(u) = @ > Ugﬁi}rj}ﬂ @' (v) = e1 > 0.

Again by Lagrange theorem we have

1 (g e O Y R 1)

u u u

for some O(u) € [0,u]. Continue the previous equality:

)] < max |6 () =2

g C3.
v€[0,a] u

Substitute the obtained estimates to (5.10):

C3 C2C3 c1+cC2
I < —+ = .
[h'(u)| < . 2 c3 2

Lemma 5.6 is proved. O

Now we shall estimate the integral M, (¢) for the remaining domain of pa-
rameters v; < v, (t) < 72. Put

t=(1+e¢e)n

for some |e| < ¢’ < 1. Then

/4 sin(n(x — g)sinz
Mn(t)ZMn((l-i-E)n):Ln(g):/o (n( (;Jr )sinz)

- [ stk

xT

where
fe(x) =2 — (1+¢)sinz.
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5.7. Uniform boundedness for v; < y,(t) <1

Lemma 5.7. For any 0 < ¢’ < 1 there exists a constant ¢ = ¢(¢') > 0 such that
for all ¢ € [—€’;0] and n > 1 the following inequality holds:

|Ln(e)] < c.

Proof. We have
fl(x) = %fa(x) =1-(14¢)cosz.

It follows that fl(x) > 0 for z € [0,7/4], and moreover f.(x) = 0 only for
e = 0,2z = 0. Then the function f.(z) is monotone increasing for = € [0, /4]
and there exists a monotone continuous function

pe(u) : [0,6¢] — [0, 7/4],

such that 5

Jelpe(w) = —eu+ % =: g ()

and 8. = g-1(f-(w/4)), where g=! is the inverse function, existing due to mono-
tonicity of g.. Indeed, ¢.(u) can be written as . (u) = f=1(g-(u)).

Let us show that for all e € [—¢’,0] the function ¢, (u) is continuously dif-
ferentiable in u on the interval [0,d.], that is p.(u) € C*([0,4.]). If € < 0, then
fl(z) > 0 for all x € [0,7/4]. Then by classical inverse function theorems it
follows that ¢.(u) € C1([0,6.]). For e = 0 and u € (0,4.] by the same reasons
we have continuous differentiability of ¢ (u) for 0 < u < .. Let us show that
there exists derivative of g(u) at u = 0. From Taylor formula we have:

fo(z) =

+o(x) asx —0.

o| 8,

It is clear that ¢o(0) = 0 and ¢o(u) — 0 as u — 0+. Then

3 3
oo(u) u
folspo(w)) = U 4 5o = &
Finally we get
lim 20 _ g,
u—0+ U

Thereby we proved that ¢.(u) € C'([0,6.]) for all € € [—¢’,0]. We shall see
further on that in fact the function ¢.(u) is “close” to w.
Now use the change of variables © = ¢.(u) in the integral for L, (¢):

% sin(ng. (u % sin(ng.(u
Ln(5>:A ( gs( ))SD/g(U)dU:/O ( 96( ))hg(u)du,

pe(u) U
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where

Obviously h.(0) = 1. Hence

% sin(ng. (u o (W) — e
Ln(a)z/o (g())du—l—/o sm(ngg(u))wdu. (5.11)

u u

From Lemmas 5.8 and 5.6 we have the estimate for the second interval:

s
c h — he(0
[ sintnge "= g < e L2
0 u ‘1
where the constants ¢, Kk =1,...,5 were defined in Lemma 5.8.

Now let us estimate the first integral in (5.11):

n(e) = /055 sin(nga(u))du _ /065 sin(n(—6u+u3/6))du

u u

dem 2 3 2
€ — 6
[l o),
0 Y
In the last integral the cubic term under the sine, for y < n?/3, has at most the

same order as the linear term. Taking into account this observation, subdivide
this integral in two:

fne) = /55"2/3 sin(—ey + y3/(6n2))dy n /55" sin(—ey + y3/(6n2))dy
0 Y 5.n2/3 Y
= E}Z(E) + IN/%(E),

where we denoted by i,ll(e),f/%({) the first and second integrals in the latter
formula. Let us estimate firstly Ll(¢). By Taylor formula for the sine for all
Y,z = 0 we have the equality

sin(—ey + 2) = sin(—ey) + 2z cos(—ey + 6(z))

for some 0(z) € [0, z]. Then

RN 3 2
71 / sin(—ey +y°/(6n%))
Yy

B /6En2/3 sin(—&y)d /55712/3 y3 COS(*€y+9(y3/(6n2)))
0 0 6n Y

(=)

dy.
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The first integral is evidently equal to Si(—ed.n?/3) and thus is bounded uni-
formly in n > 0 and € < 0. For the second integral we have the bounds

1 65n2/3
dy| < — 2d
y| < 6n2/0 Y~ dy

1 2
~ 18n2 18"

/5sn2/3 icos(—5y+9(y3/(6n2)))
0 6n? Y

(5sn2/3)3 =

Then by Lemma 5.8 this integral is also uniformly bounded. Thereby we have
shown that _
Ly (e) = O(1)

uniformly in n > 0 and € < 0. Now estimate f/i (¢). Integration by parts gives:
den .
EQ (E) — / Sln<_5y + yg/(6n2))dy
" §.n2/3 Yy
_cos(—ey +¢°/(6n%))
(—e+y?/(2n%))y

den

5.n2/3

—|—/6En COS(—€ —|—£)i 1 d
on2a YT on2 ) dy (—e + 2 /@)y

The first term after substitution, by Lemma 5.8 and the lower estimate for ¢,
equals O(1). Also

P S N S W WY
dy (—e+ 2@y |~ (e g2/ | n? (—e+y2/Cn?))? S

and thus

den

Z(e)] < 0) + on? [

1 1 1
_— = 1 22 — = 1.
i 0<>+n((5 )=o)

_n2/3)3  (6.n)3
Thus, Lemma 5.7 is proved. O

Lemma 5.8. For any ¢’ < 1 there exist positive constants ¢, ¢a, 3, cq, C5 such
that for all € € [—¢’;0] and any u € [0, d.] the following inequalities hold:

0<er < @l(u) < e
o (u)| < e, ¢y < 0e < 5.

Proof. The proof consists of several parts.
1. Firstly, we shall prove the inequality:

u < pe(u) < gu (5.12)
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that holds for any u € [0,.]. Note first that for all « € [0,7/4] the following
inequalities hold

1 3
— 3 < x—sinz < =—.
3m 6
Hence, for the function f.(z) =2z — (1 +¢)sinz = z —sinz — esinz we have:
1 4 2 x3
T8 —e—x < S - —er= .
3. % T fe(z) G 2 ge()

The left part can be estimated as follows

1 4 2 2 23 2 23323 2 2
X —Ee—r=———Ee—r > (7> — —sfx:gg(fx)
3 T T 6 T T s

and we get the bounds

After substitution x = ¢.(u) we have

gs(%@s(“)) < fe(pe(u)) = ge(u) < ge(pe(u)).

From this, taking into account that g.(u) is monotone increasing, we obtain
(5.12).
Taylor expansion gives for any x > O:

3

fe(z) = —ex + % + R.(z) = g-(x) + Re(z), (5.13)

R.(z) = i'/o(:c —5)* ) (s) ds = %xf’fe(‘r’)(ﬂs(x)) =—(1+ z—:)éf cos(0: (x))

for some 0.(x) € [0, z]. Putting = . (u) in the expansion (5.13), we get
9e(u) = ge (e (u)) + Re(pe(u)).
The tangent line equation is
y(v) = ge(u) + gl (u) (v — u).
Using convexity property of function g.(u) we have

ge(pe(u)) = y(pe(u))
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and

9e(pe(u) — ge(u)  Re(pe(u))
pe(u) —u < gL (u) T et u?)2

5 5 5 5
B et w2/ S5l (et 22) S

Thus, we have proved that
0<pe(u) —u<cu? (5.14)

for some absolute constant ¢ not depending on £ and w. Also, the bound for §.
follows from this. Indeed, by definition we have ¢ (d.) = m/4. Then,

5 < T (5.15)

From (5.14) we get that

T

4

and that d. > ¢’ for a constant ¢’ not depending on «.

cég’ +0. >

2. Now we shall estimate the derivative of the function ¢.(u). Note that the
following equality holds true:

PN A ()
el = F o)) (5.16)

Since
22

flix)=1—(1+¢€)cosz =1—cosz —ecosz < 5 8
using (5.12), we get

L(u) > ge(u)  —efu?/2 —e+u2/2 1 4

N E e T RBwiz—e T wRE2—c T (n/2R 7

To estimate the second derivative of . (u) we will need more exact estimates of
the difference . (u) — 1. So, we need inequalities for this difference. By (5.16)

e L(w) — F(p:(w)
/ ge\U) — Je(Pell
pe(u) — 1= : (5.17)
: fL(pe(u))
From
1
fl(x)=1—(1+¢e)cosz=1—cosz —ecosx > 1 —cosz > —a*
T
one can get
/ 1, 1,
felpe(u) = —pz(u) > —u”. (5.18)
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And from (5.13) we have

fi(z) = gl(x) + RL(z).
Moreover

RUa) = 3579 (0:(2)) = (1 + ) g2 cos(e ()

for some n.(x) € [0, z]. Finally,
filpe(u)) = gL(p=(u)) + RL(pe(w)).

Again using Taylor expansion for ¢'(p.(u)) at u, we get:

9 (w)

9L(p=(u)) = gL(u) + g2 (w) (= (u) — u) + == (p=(u) — u)*,
And from (5.17), using (5.12) and (5.14), we get
/ T ge(u) — g'(pe(u)) — Re(pe(u))
el == 2o () |
|92 (w) — g'(pe(u)] | #2(u)
S u?/m * A2 /7
w(pe(u) —u) + (pe(u) —u)2/2 7 /m\4 , 2
Mo 0 ) w2 7y

for some constant ¢ > 0 not depending on € and u. Thus, we have proved

|l (u) — 1] < cu?. (5.19)

3. To estimate the second derivative of ¢, (u) we use the equality

9¢(w)  gl(u) [ (e (u)) el (u)
fllpe(w)  (felpe(w))?
gl flpe(w)(pL(u))?

fL(pe(u)) JL(pe(u)))
_ 94(w) = 2 (pe (W) (pL(w)*
Ji(pe(u))

oL (u) =

From (5.13) we have
fi(w) = g (w) + RI()

and moreover,

RI(w) = 50 SOE(w)) = ~(1 4 ) 3o cos(Calr)



How smooth should be the system initially to escape unbounded chaos 267

for some & (z) € [0, z]. Hence,

f(pe(u) = g2 (pe(u)) + RI(p=(u)).

Inequalities (5.19) and (5.14) can be rewritten in terms of A = ¢ (u) — u as
follows:
0< A<,  |A] <. (5.20)

Then
1

92 (pe(w)) = g2 (u) + (¢ (u) —u) = gl (u) + A.
Thus, from (5.18), (5.20), (5.15) we get:

_(92(w) — g2 (e () (e (u)? — RY (e (u)) (0L (u))? ’
fi(pe(w)))

|92 (u) — g2 (pe (W) (A" +1)%| | ©2(u)

S u?/m + lu2/x

1— (A" +1)? A +1)? ™3 u 9.9

| (u2/;‘ ) |+A( u;;ﬂ) ++<§) 73!u2/7r(1+cu)

<WJANA 2 | (1 + cu?)? (”)3L

u?/m u?/m 2) 3lx

@l ()]

(1+ cu?)?

3
< 9" (u)

(1 + cu?)?
< du
for some constant ¢’ not depending on c¢. Lemma 5.8 is completely proved. O

5.8. Uniform boundedness for 1 < v,(t) < 2

This case is equivalent to the assumption that 0 < & < ¢’ for some &’ > 0.

Lemma 5.9. There exist ¢’ > 0 and ¢ > 0 such that for all ¢ € (0;€] and all
n>=1, |L,(e)| <ec.

Proof. The idea and scheme of the proof are the same as for Lemma 5.7 — to
do appropriate change of variables and then estimate the simpler integral. The
only difference will be that the phase function f.(z) = x — (1 + ¢)sinz has
critical point on the integration interval. Now we pass to detailed proof.

The derivative of the phase function

fl(x)=1—(1+¢)cosz

has exactly one zero on [0, 27]:

z(e) = arccos . i = T(z(e)) =0. (5.21)
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Choose €' > 0 so that x(e) € [0,7/6] for all € € (0;&’]. For this it is sufficient

that
LoVvE L2
1+¢ 2 V3
Thus, we proved that f.(z) has exactly one critical point on [0, /4], for any
€ (0,&']. The graph of function f.(z) for e = 0.1 is as follows:

£.0)

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8

Now we write Taylor expansion of f.(z) in a neighborhood of z(¢):

fe(z) = fe(z(e))+ %J‘é’(%(f))(x—%(&))2 + %fé"(x(ff))(w—w(ff))?’ +R.(z), (5.22)
where
1 x

Ra(x) = 31 ()

(z — ) f(5)ds.
Introduce the following notation

ac = fe(x(€)) = 2(e) — (1 + ) sinz(e), (5.23)
be = fI(z(e)) = (14 £) sinz(e). (5.24)

As fI"(x) = (14 ¢)cosz, by (5.21) we have f!’(x(¢)) = 1. Note that b. > 0.
Then (5.22) can be rewritten as follows:

(&) = aut 5bu (0= a(2) P4 5 (—2(0)* +Re(z) = goa—a())+ Relr), (5.25)

where

1 1 .
ge(x) = ac + ibgzz + gxs.
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The graph of the function g.(x):

0,05
-

Note that for ¢ = 0 the function go(z), introduced here, coincides exactly
wit the function gg(z), introduced during the proof of Lemma 5.7. This explains
why we used the same notation.

Now use Lemma 5.10 and change the variables z = ¢.(u) in the integral
L, (). We get

L) = /lre sin(ng. (u)) sIn(mge (W) 1 ) gy = /ZT'E sin(nge (u)) u — I, o () du

c (u) < u— I 906(“)
_ /7"5 sm(nga(u)) (u) du
e u — l €
= h(la)/l E w du—l—/l ) sin(ngg(u))%?:(lf) du,
where el )
he(w) = S gl (u) = he(u — 12).

P (u)
The properties of the function ¢, (u), described in Lemma 5.10 and Lemma 5.6,
show that the second integral in the last formula is bounded uniformly in n and
0 < e <¢€. Thus, 3

Ly(e) = Ln(e) + O(1),

Ln(e) = /lra sin(nge (v)) du.

u— I,

where

Now we want to estimate the integral ﬂn(s) by transforming the integration
interval to special curve in the complex plane. To do this we need some trans-
formations. Using theorem on major convergence we have:
~ " sin(ng. (u
L,(e) = lim M du.

2
5—=0+ ). u—(lc —9) (5:26)
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In fact, as g(I.) = 0, the integrand is bounded uniformly in u € [I., ] for § > 0:

sin(ng. (u)) ’ nlge ()| / /
< < .
im = 0) Sum (- ) STEE W T Ty S, et

Thus it is possible to pass to the limit under the sign of the integral in (5.26).
Now we can continue with (5.26):

L) = Jim Im / exp(nge(W) -\ _ 1 Im / exp(ing=(2)) , \
6—0+ . u-— (le — (S) 6—0+ s(e) Z (l&‘ — (5)
where the contour s(¢), shown in the picture, is the union of three segments:

s1(€) — connecting the points I. and A = (1/v/2)l.e~""/4; s5(c) — connecting
the points A and B = (1/v/2)r.e"™/*; s3(¢) — connecting the points B and 7.

2/ o
.« | r2
sy |/

The change of the contour is possible due to analyticity of the integrand.
Thus we can write

Ln(e) = Jim Im(I30(e,0) + 17 (e,0) + [V (<, 0)) (5.27)

where _
1% (e, 5) :/ oxp(inge(2)) ;. p 193,
su(e) 2 — (le = 0)
Now we should estimate all integrals L(Lk) (e,9) and prove that the corresponding
limits are bounded from above by absolute constants, not depending on n,e.
Note first that b.,z(¢),l. are of the order /e for small ¢, which makes more

complicated derivation of uniform estimates for first two integrals o (g,0), k=
1,2.

5.8.1. Integral over s1(g)

Consider first Ir(bl)(s, 0). The segment s;(g) can be presented as follows

‘ .|
z=1.+&p, E=e 1 pelo,p], 5= Ll
c+&p, € pel0,p], p NG
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Then

e c(le +6p))
W, :/ exp(zng d _ / exp(inge ( d

Using the Taylor expansion for g.(I. + £p) at ., and taking into account that
ge(le) =0, we get:

g (1)

5 & p* = ui(p) + ivi(p),

€2p2+

1 lg
ge(le +&p) = gL(l)ép + ge; )

where

wi(p) = Re(g. (1= +p)) = rgl(1-)p — 5",

— = gg le KR
vl(p) Im(gg(le =+ ép)) = —figé(ls)p — LpQ 937
where Kk = 1/\[2. [hen

Im(IM (e, 5))

B p exp(ing: (I + £p))
= <£ /0 Ep+6 dp)

_ 7 exp(inu1(p)) v, (p)
Im<§/0 610 e P dp)

Z —nv1(p)
= I inui(p) (£ 4 § € d
/O m(fe (&p )) oo

p —nvi(p)
= Im (1) (p 4 &6 A
/0 ( (p+¢ )) PR

= /0 " (cos(nun (p))(—#8) + sin(nur (p))(p + £6))
= Z{M(e,6) + ZP) (e, 9),

e—n1(p)

(p+ K0)? + (Kk0)?

where

e—nvi(p)

289(c.8) = [ (cos(mu () (=8) + sinomus () 8) oty

=01 (0)

72 (e, 6) :/0 psin(nul(P))(er 16)2 + (kd)? !

One cannot take the limit § — +0 inside the integral, as there is no uniform
convergence and the integrand equals ¢/d at the point p = 0, i.e. it is not
uniformly bounded. Now we will prove that for all § > 0, the absolute value of
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the integral Im(Ir(ll) (g,9)) can be estimated from above by a value not depending
on n,e,0. We should study first the function v1(p). Let us show first that vy (p)
is convex for p > 0. Indeed, we have:

v (p) = —gZ(Ic) — rp-
Note, using the inequality (5.35), that
gl (l.) = b+ 1l > b. — x(e) = —a. > 0.

Hence
v](p) <0 for p>0.

Upward convexity of v1(p) follows. Since v1(0) = 0, by upward convexity we
have the following inequality for all p € [0, p]:

NOE p“?. (5.28)

Let us find now the value of v1(p). To do this we shall write down the derivatives
of g. at point [, through a., b:
l2
gi(le) = bele + 557 gl (le) = be + L.

Using [. < 0 and (5.35) we have:

12 K2 KA

~ .2 ‘e v 2 v 3

01(p) = =2 (bl + = ) el = S (be + 112 = T i
1 1 1

272 - _ - i —
=k ze(b€+215 S(be+ 1) + IQZE)

K212 1 K212
-3 (ba + éle) ~ 73

(be +1.) > 0.

Thus, from (5.28) it follows, in particular, that v(p) > 0 if p € [0, g].
Now we want to estimate Zfll)(s, 0):

1
p+ K0)% + (k)2
243 1 +oo 1
:2/ 7du§2/ 7du§4z:27r.
o (u+k)?+ K2 o u?+k? 2

Note first that, as u1(0) = 0, by Lagrange theorem

]
1ZW (e,6)] < 25/ ( dp [substitute p = du]
0

lu1(p)| < p max |u}(p)| = pM
p€[0,5]
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for all p € [0, p], where M = max,¢[o 5 |u}(p)|. Using (5.28) we get the bounds:

e—m;l(p)

p+ RO + (x0)

p p
122(e,0)] <nM/ p2( 5 dp<nM/ e "1 Pdp
0 0

<M /pefnpvl(ﬁ)/ﬁdp M — L (1 _ ewm(ﬁ)) <M.
0 nv1(p)/p v1(p)

Estimate now M = max,co 5 |u}(p)|. For p € [0, 5] we have:
2
k K
[ ()] = [rgl(t) = 50| < nlgl(ie)] + 512
N
< n<b5|ls\ + 55) + ?ls < || (be + 2)1c]) -

Continuing estimation of |Z,(L2)(<€7 )|, using (5.36) we get

L b + 2L

Z2 (e, 6)| < || (b + 2|1 rille < qe 2l

1207 (& O < el (e 2D oy 7. 76) S 5.+ 1./6
Cy b2 6 144

S b/l - (1/6) T 1—1/6 0 5
Thus we have shown that for all § > 0 and all € € (0,¢'],n > 1:
144

Itm (1Y (e, 0))| < 27 + — <36 (5.29)
5.8.2. Integral over sz(¢)
The segment sz(¢) can be expressed as
_ _ gin/d sl o el e
= ) =e€ ) € |—p, 0l - ) - )
np, 1 pE€[=p.pl, b > "=

hence we have

17(12)(876) :/ exp(inge(2)) dz — 77/ exp(ing:(np)) dp.
sa(e) (le = 0) —p NP — (le —9)
Note that for all p € [—p, 5] and § > 0:

‘ exp(inge(np) c

)| C
np — (le = 9) ’g |Lc |

for some constant ¢ > 0 not depending on p and §. Then by major convergence
theorem we have

lim Im(I'?(e,d)) = Im (77 /ﬁ exp(ing. (np)) dp) =: W,(e).

5—0+ —5 np — e
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Now let us find g.(np):

b 1 _
ge(np) = ac + —=n0°p° + =0 p° = ua(p) + iva(p),

2 6
where p
uz(p) = Re(ge(np)) = a — gp?’,
be K
va(p) = Im(gc(np)) = §p2 + 5p3,

and, as above, we used notation xk = 1/\/§
Let us come back to the equality for W, (¢):

inu
e 2

Wi( / Im<7777 )7””2(p)dp

neinuz p) -1 )) 76_%2([)) dp
) np -1

(
= /,, Im (6”“‘2(” flsn)) LUf(p)dp

lp =l |?
_ P cos(nus(p ))(=lck) + sin(nuz(p ))(p—lgfi)e_m&(p)
/_ (o — o) + (L )2 o
P cos(nuz(p))p + sin(nuz(p) (P + 5) o)y
- (p+p)? + p?
=W (e) + WP (e),

D

where

_ (7 cos(nuz(p)) + sin(nus(p)) _
Wit —p [ el Sl gy,
5 (p+p)* + p?
7 sin(nus(p))
W,EQ)(E) :/ St - ~_emm2(P) gy,
5 (p+p)?+p?

Now we estimate W,(Ll)(s), W (¢). Note first that the function vy(p) is non-
negative for p € [—p, 9]:

2 2 2 2
p K p K p 1
va(p) 5 (ba + 3/)) Z 5 (bs + 3 lg) > (bg—l— 615) >0 (5.30)
The last inequality follows from (5.35). Then

p 1 +oo 1
W <25/ fdp@ﬁ/ s dp
W)l —5 (p+p)*+p? 5 (p+p)2+p?
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+oo
1
substitute p = pu =2 ———du
| p=pl /,1 (u+1)2+1

0 1 “+00 1
=2 7du+2/ —  du <2+
/1(u+1)2+1 o (u+1)2+1 T

Now we estimate W,(Lz)(e). To do this we rewrite it as follows

WP () = WP~ (e) + WP (e),

where o _
qu),i o) — / SIH(TiUZ(p)z efnvg(p)d ,
(€) 7,3p(p+p)2+p2 g

7 sin(nua(p)) _
Wi (e :/ SR ey,
=) v+ ’

The integral W7§2)’_(5) is estimated similarly to W,(Ll)(e):

0 0
1
W2s— (s g/ Ld :/ Ld < =
W@ | v AT L mrnr i S 2

—p

While analyzing W,gQ)’Jr(a), a trivial constant estimate for the sine does not
allow to obtain an estimate of the corresponding integral uniform in n,e. One
of the reasons is that the integrand (not taking the sine into account) for small

¢ at zero has order 1/p ~ 1/4/e. Write now W7(L2)’+(6) as follows:
p 3/6
W+ (e) = sin(nas)/ pCOS (rnp”/6)

0 "t
P sin (knp®/6) (
— cos(nae S S e A 2
( )/0 o+ 7+ 72 ’
= sin(na.)Cyp(€) — cos(nag) Sy (€),

e—’fwz(p)dp

where

P cos (knp®/6) P sin (knp®/6)
Cnle :/ feim&(p)d , Sale :/ feinw(p)d
=) "orir+ 7 S N R g

and we have to estimate it. Put d. = (b +[./6) /2. Using (5.30) we get:
p p
P —nv 14 —nd.p?
Cn 5) g/ e a— 2(p)dp g/ =5 =5 € =P dl)
COIS ), G+ o (p+p)?+p°

</‘$ﬁ%¢ﬁf“#@ [substitute p = u/v/nd]
0
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/OO u _u2d
= (& U
o (u+ pv/ndo)? + (pv/nd.)?

1 : 1
< — = —— .
(pv/nd.)? /0 ue A= o,

Now we estimate S, (). Note that va(p) > kp3/6 for p > 0. Consequently,

p 4
15, ()] < nf/ (pie—nvz(p)dp
0

6y (052 + 7

Kk [P 3 Kk [ 3 1

<n- 2 —nkp /Gd < 7/ 2 —nkp /Gd ——

n6/0 pe pSng | p-e pP=3

Then

i 1 lac| |sin(nac)| 1 lac| 1
W@+ < | sin(nac)| L e e - < € -
W C S S e 37 32d. 3S 2524, 3

The first term here should be estimated separately. Note that by definition of
number [, we have:

b 1
a. + glg + élg =0.
Then a. = —b.(?/2 — (2 /6. From this, using inequality (5.36), we get:

|ac| _lg |be + 1 /3| _ba+le/3_be/|le|_1/3<4_1/3_22

2p2d. 2 k22 (b +1./6)  be+1./6 b /ll.|—1/6 S 1-1/6 5

and thus

22 1
W(Z),+ <= ~ <5,
W)l < o + 3
Finally we get:
1
lim Im(I?(e,8))| = Wy (e)| <2+ 7+ = +5 < 11 (5.31)
§—0+ 2

5.8.3. Integral over s3(¢)
We want to estimate the integral over the interval 1) (€,6). The interval
s3(g) can be written as follows:

o . LT
z=np+ip, n=e"t pel0,p, p=—.

S

This gives

. ﬁ . ~ _
- [ SR, [ el 1)
sa(e) 2 — (le = 9) o np+np—(lc —9)
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The same arguments as for I,(LQ)(a, 0) show that it is possible to pass to the limit
in the integrand:

lim Im(I%)(,4)) = Im (77 / " explinge(1p + 1p) dp> X ().
0

50+ np +np —le

Now let us find g-(np + 77p)):

b 1

5 p+1p)* + 2 (np + 1p)°
be . )

= ac + o (ip" —ip® + 2pp)

1, 5. . . _

509" + 3npp + 3npp” +10°p")

= us(p) +ivs(p),

g=(np +17p)) = ac +

+

where

uz(p) = Re(ge(np + 1p)),

v3(p) = Im(ge(np + 71p)) = %(ﬁz -p°) + g
= (p- p)(%(ﬁ+ p)+ S (0% + p* +47p)) 2 0

for p € [0, p]. Then
p etnus(p)
Xn(e) :/ e3Py (n) dp.
0

(p° +3p%p = 3pp* — p°)

np +ip —le
Note that for all p € [0, ] the following inequality holds:
1 2
|—— < V2 (5.32)
np+ap—1le| T e+ L]

Indeed, we shall drop a perpendicular from the point [, on the straight line
containing the interval s3(¢) and the point r.. It is easy to see that the length
of this perpendicular equals (r. + |I.])/v/2 and is less than the distance from
the point I to the segment s3(¢). From this the inequality (5.32) follows. And
also for X, () we get the inequality:
\@ﬁ T'e
X,(e)| < = <1 5.33
| X (e) e Rl (5.33)
Finally, from equality (5.27) and inequalities (5.29), (5.31), (5.33) we get the
following bound for L, (¢):

|Ln(e)] <1411+ 36 < 49.

Thus, Lemma 5.9 is completely proved. O
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5.8.4. Lemma on the change of variables

One of the key statements necessary for the proof of uniform boundedness
of Ly(e) in case € > 0 is the following lemma on the change of variables.

Lemma 5.10 (On the change of variables). There exists 0 < ¢’ < 1 such
that for all € € (0;¢'] there are I < 0 < r. so that the following statements
hold:

1. There exists continuous increasing function

m ™

= e(le) =0, ¢ (0) = x(e), pe(re) = 1

e : [le,re] = [0, 1

such that
fe(pe(u)) = ge(u).

2. . (u) € C*([le,re]), moreover, for any u € [l.,r.] there exists ¢! (u) and
the following inequalities hold:

0<c1 <ol(u) < e,

|02 (u)] < cs,
cy <1 < o5 (5.34)
for some positive constants c1, cs, c3, ¢4, C5, g N0t depending on €.

3. Also the following inequalities hold:
—b. < —z(e) < l. <0, (5.35)

be
< 4, (5.36)

Proof. Let us prove the first assertion. Consider two cases.
1. « € [x(g);7/4]. In this case, the function f.(x) is monotone increasing.
For the derivative of g.(u) we use:

! (1) = Le- 1
go(u) = bou + U = u(be + 2u). (5.37)

Then, for u > 0 the function g.(u) is increasing. Moreover, ¢g.(0) = a. =
fe(z(e)). This means that there exists an increasing continuous function ¢, :
[0,7:] = [x(g); w/4] such that

fe(pe(w) = ge(u),  ¢e(u) = f7 1 (ge(w)).
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2. z € [0,z(g)]. In this case f.(z) is monotone decreasing and takes its
values on [fe(z(¢)), f<(0)]:

f-(0) =0, fo(z(e)) =a.<0.

By (5.37), g-(u) is monotone decreasing for u € [—2b.;0]. Now consider the
set of values of g(u) for u € [—2b.;0]. We want to show that this set of values
contains the segment [f:(z(¢)), f-(0)]. It is clear that g(0) = a. = f-(x(e)).
Moreover, from representation (5.25) we have

fs(o) =0= gs(—x(g)) + RE(O),

1

z(e)
R.(0) = 6/0 S (s)ds, fP(s) = —(1+¢)sins.

Consequently, R.(0) < 0 and thus g.(—z(¢)) > 0. So, g-(u) for u < 0 reaches
its maximum value in the point u = —2b., and g.(—2b.) > 0. It follows that
there exists a point [, € (—2b.,0) such that g.(I.) = 0. And consequently, there
exists increasing continuous function ¢, : [I.,0] — [0, 2(g)] such that

fa(@a(u)) = ga(u)v @a(u) = fa_l(ga(u))

Thus, we have proved the first assertion of the lemma. Now we shall prove
inequality (5.35):
—be < —z(e) < le.

We showed that
a. = z(g) — be < 0.

It follows that —2b. < —b. < —x(e). From the inequality g.(—xz(¢)) > 0, proved
above, and definition of the function ¢, (u) it follows that I. > —z(¢).
We shall use now the following notation

Pe(u) = pe(u) — x(e)

but sometimes we will omit index ¢. Further, for simplicity we will not write
the lower index for the corresponding functions.
From representation (5.25) we have:

9(u) = g(d(u)) + Re(p(u)). (5.38)
The remainder term R. can be written as:

1+¢

Re(a) = (0 = 2(e) S0 (e(a)) =~ @ = 2(6)) sinne (2)

for some point n.(z) from the segment connecting points = and z(e).
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We subdivide the proof of the second assertion in several parts.
1. Let us prove that for all u € [l., r:] the following inequality holds:

lul < [é(u)] < a()]ul, (5.39)

o) = (1 L) (L Ly

3 12

We will need in the proof the exact value of the constant «(e’). It is clear that
for &’ < 1 the constant a(g’) is correctly defined and a(e’) < 2. Since R.(x) < 0,
we conclude immediately that

g9(u) < g(p(w)).

If ¢(u) > 0 and g(u) is increasing for v > 0, it follows that ¢(u) > u. Vice

versa, if ¢p(u) < 0 and g(u) is decreasing for u < 0, then ¢(u) < u. This proves

the left inequality in (5.39). To check the right inequality consider two cases:
(a) u>0. As ¢(u) < 7/4 < 1, we have:

o) > g(ow) - 56 w) > glo(w)) - HE

- (- ew >+§bs¢2<u>+as
= c(s/)ggbs(u) + §b5¢2(u) + a.

> ) g (u) + ) bt () . = g (o),

¢ (u)

where

1+¢

g)=1- .
c(€) 1
For u > 0 the function g is increasing, hence

d(u) < ¢ V3.

(b) w < 0. Again using the representation for the remainder term R.(z),
we get inequalities:

1 1+5

1+€ ¢d( ) (6 )¢3( )+%b5¢2(u)—|—a5.

9(u) = g(o(u)) +

Since ¢(u) = p(u) — z(e) > —x(e) > —b., we have ¢*>(u) = d(u)p?(u) >
—b.¢*(u). It follows that

1 1+¢

g(u) > (_6_ a1 +%>ba¢ (u) +a. = é(e ) a¢2( ) + a,
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where _ , )
Gy Lt _Lte 1 '
ée) = 3 13 +1>2,for€ <1

On the other hand, for u < 0 we have the inequality g(u) < %bsu2 +a.. We can

conclude that 1

é(e’)
Inequality (5.39) is thus completely proved.
In this inequality put v = r.. We get:

|¢(u)| <

|ul-

s 0
re < 0(r) = 9lre) —w(e) = T —a() < .
On the other hand, as z. < 7/6, we get
T m w
> — > - =
2> plr) —ale) > T -2 = =

Consequently,

<<t

24 X [SEEN 4 M

This proves (5.34). Let us prove now (5.36). Substitute u = [. to (5.39). We
will get

xe < 2|l
Consequently,
b b i
be 9l o4O oy oy
| a| Te J)( )

and (5.36) is proved.

2. Now using the inequality (5.39), for small v we will prove more exact
estimate:
lp(u) — u| < cu?, (5.40)

that holds for all u € [I.,r.] with some absolute constant ¢ > 0 not depending
on € and u. From (5.38) and (5.39) we have::

1+¢
4!

9(d(u)) < g(u) + ¢"(u) < g(u) + cu', (5.41)

with ¢ < 2°/4!. For the second derivative of g we have
9" (u) = be +u,

because for v > —b. the function g(u) is downward convex. Now we draw the
tangent to g(u) at the point u:

y(v) =g(u) +4'(u)(v —u), vER.
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If u > 0, then due to convexity of g and due to the fact that ¢(u) > w it follows
that the point v, where the tangent equals g(u) + cu* (see (5.41)), lies to the
right of ¢(u). Then

c g4 cut cu®

— = = 2 2.
g’(u)u u+bsu+u2/2 u+b€+u/2 e seu

Vice versa, if u < 0, and since ¢(u) > —b., the same arguments as in the case
u = 0 give the inequality

€ 4 2
Sut —ut =t sy 2e?
P(u) U+g,(u)u u+2b€+u u—2cu

This proves (5.40).

3. Let us prove the inequality for the first derivative of p(u). We have:

o g (w
# ) = Tty

For the derivative of f we have:

fl(z) = g'(x — 2(e)) + R'(x),

where

R(z) = % /;)(x 2D (g)ds = 1 1 () sinb ()

for some 0. (x) from the segment connecting points z and z(g). Thus,

/() = o (6(u) — "6 (w) sin b (o(u)). (5.42)

Firstly, we will show that
o'(u)=e>0 (5.43)

for all w € [l, r.] and some constant ¢ > 0 not depending on ¢ and u. Consider
two cases:
(a) u > 0. As ¢’(u) is increasing, by (5.39) and (5.42) we have the inequality:

f'le(w) < g'(¢(u)) < ¢'(cu) < max{c, 1}g'(u).
Consequently, as ¢'(u) > 0, we get:

/ gw 1
#(u) max{c,1}¢'(u)  max{c, 1}’
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(b) u < 0. Again using (5.39) and (5.42) we get:

fww»>yww»>y@o:§ﬁ+ww>ww.

Using this, from ¢'(u) < 0, we have:

!/ /
, —g'(u) —g'(u) 1 ( u ) 1 ( —b€> 1
= > =—(1+—)2>2-(1 =—.
#(w) —fp(w) = —cbeu ¢ + 2b. c + 2b, 2¢
Thus, (5.43) is proved.
To get the upper bound for the second derivative ¢, we will need one more
inequality for ¢’. Namely, we will prove that

o' (u) = 1] < cu (5.44)

for all u € [l.,r.] with some constant ¢ > 0 not depending on ¢ and u. Due to
(5.42) we have:

()1 = g'(w) = f'(e(w) _ g'(w) —g'(e) + (1 +¢)/3)¢"(u) sin b (o(w))
f(p(u)) f(p(w))
and
9% (u)

g'(¢(w) = g'(u) + g" (W) ($(w) — v) + = (d(u) —u)*.

Also by (5.40)

9" (wyu® + [uf® + Jul*
1 (o (u))]

for some absolute constant ¢ > 0, not depending on ¢ and u. Now for |f'(yp(u))]

we will get the lower bound. Consider two cases:
(a) w > 0. By formula (5.42) and inequality (5.39) we have

¥ (u) =1 < e (5.45)

Fpu) > o (0)) ~ -6 w) > ' (0(u)) ~ TEE 6 w) > el + b
where 1 1+¢
c(e’)—§— TR for &’ < =.
Thus we showed that
Flo) > iuZ +bou, ue 0, (5.46)

And from (5.45) we get:

(b€+u)u2+u3+u4_c(b€+u)u Cu2—|—u3
u?/4 + bou wu/A+b. u/4+b.

' (u) =1 < e
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/

< deu + de(u +u?) = du

for some absolute constant ¢’ > 0, not depending on ¢ and u.
(b) w < 0. Using (5.42), (5.39) and that ¢’(u) increases we get:

P o) < o (6w) ~ L6 w) < () + 16 ) < el + b,
where ) ) ,
o) = 5 + 0¥
Note that

)= 241 {(%)*1/3 (1)*1/2} <1 2.5
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As é(¢’) is continuous in €', there exists E > 0 such that for any ¢/ < E the
following inequality holds

1 5 11
~ 1 oy _ 1L
) < 2(1+6) =
It follows that 11
flp(u) < u? +bou <
12
and
1,
Tk +beul, u € [l 0] (5.47)

Using this inequality in (5.45), we get:

(0 +wu? +[uf +ult (e +w)lul | + o
[11u2/12 + boul Nu/12+b.  11u/12 + b,

' () =1 < e
12 9 ,
< ﬁc|u| + 12¢(Ju| + u*) < |u (5.48)

for some absolute constant ¢’ > 0 not depending on ¢ and u. In (5.48) we used
that 11u/12 + b, > 11u/12 — uw > 0. Thus, (5.44) is completely proved.

4. Finally, we have to prove an estimate from above for the second derivative
of ¢(u). It will be useful to introduce the notation:

Au) = ¢(u) —u = p(u) —z(e) — u.
Then inequalities (5.40) and (5.44) can be rewritten as follows:

|A(u)| < cu?,  |A'(u)] < cu. (5.49)
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From the definition we get:

R"(z / (z —8)fP (s)ds = — 5 (z —z(c))?sin & ()
z(e)
for some point &, (z) from the segment connecting points z and z(e). Then

f(e(w)) = g" (¢(w)) + R (p(u)).

Moreover,
9" (d(u)) = g" (u) + (¢(u) — u) = g"(u) + A.
Now, from (5.49) and (5.39) we get:

" (u)| =

_ 19" (w) = g"(p(u) (A" +1)?] cu®

w)
" ‘1 - (A/ 1
<9 T o w)

_ g (wu du

Dol T TF o]

for some positive constants ¢, c’, ¢ not depending on € and u. Again we have to
consider two cases — two signs of w. If u > 0, then by (5.46) we have

1 ) b /
" <é 9 (u)u cu =c Ut cu
[ (“)|\0u2/4+b5u+u2/4+b€u Cu/4+bg+u/4+be

< 4é+4c.

If u < 0, then using (5.47), we have

) < o0 i
\11u2/12—|—b u| - [11u2/12 + boul
_ u+b |ul

12
c+ 12¢.

T Tu/12 + b, 1lu/12 1 0.

Thus Lemma 5.10 is completely proved. O
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6. Conclusion

We considered here only one-dimensional lattice with accent on infinite di-
mension, [..-initial conditions and, most important, on the uniform bounded-
ness. Uniform boundedness is one of the most important stability factors for
large systems. Most rigorous papers on large systems are dedicated to equi-
librium situation with Gibbs states. However most systems are very far from
equilibrium and Gibbs distribution could hardly play important role. One rea-
son is as follows. It is known that equilibrium Coulomb systems with particles
of different signs do not exist. So, to exist, the particles should move sufficiently
quickly. Unfortunately, study of such problems is now not in the list of main
directions of modern mathematics.

There are many applied interpretations of this problem, both physical and
social. We show that for uniform boundedness, the system should be initially
“well organized” — large smooth clans with rare gaps between them.

It is interesting that such problems appeared to be related to fine questions
of classical mathematics, for example to Bessel functions. And we want to thank
Yu. Neretin for useful information concerning Bessel functions.
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