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2 CONTENTS

INTRODUCTION.
WHAT THIS BOOK IS ABOUT

The subject of this book can be looked at from various points of view. From the
standpoint of functional analysis, we study the spectral properties of a certain class of
linear operators; from the viewpoint of probability theory, we are concerned with the
analysis of singular Markov processes; and finally, from the viewpoint of mathematical
physics, we study the dynamics of equilibrium systems in quantum statistical physics
and quantum field theory.

The area in which this book concentrates is still under active development, as can
be seen from the vast number of publications. However, the main concepts have
already been worked out, and the principal aim has been formulated; namely, for any
particular physical system, we want to describe the complete “corpuscular” picture
that corresponds to it that is, find all the collective oscillations (“quasiparticles”)
of the system and their “bound states”, and also describe their “scattering”. In
other words, in the language of modern scattering theory, one seeks to establish the
“asymptotic completeness” of the physical system. Of course, it is quite possible that
unexpected anomalies and surprises may be encountered in such a program.

A single technique (so far, unique) serves as the centerpiece of all the methods and
problems considered in this book. This is the cluster expansion method, which can
be applied in various forms to obtain information about the spectral properties of
the operators studied here. This technique was described quite fully in our previous
book [26], to which we shall frequently refer.

There are today three main approaches to determining the spectral properties of
infinite physical Hamiltonians:

1. The method of Bethe-Salpeter kernels, which has been developed by J. Glimm
and A. Jaffe and their coworkers and followers (see the bibliographic notes at the end
of this book).

2. The Moscow method, which we are currently developing together with our
students.

3. The method based on direct cluster expansion in “real” time, which has its
roots in the earlier “Hamiltonian approach” in the work of K. Friedrichs, K. Hepp,
J. Glimm, and A. Jaffe.

At present, the first two approaches enable one to study only the “lower” spectral
branches of the Hamiltonians, whereas the third method can be used to prove that the
Hamiltonians are asymptotically complete “in the large” (for the entire spectrum).

Our book is devoted to an exposition of the second and third approaches, which
have not previously been treated in monograph form; we also discuss one of the in-
gredients of the Bethe-Salpeter theory, the so-called Dyson equation. In addition, we
present some necessary background material along with some supplementary infor-
mation, and there are a few digressions.
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In our view, a complete and exhaustive treatise on this subject would be premature
because, as already noted, the theory is far from being complete and the principal
results expected from it have not been obtained. The present book is therefore in-
tended as an introduction to the subject which, however, covers all the main ideas.
We have tried to include in this book some new material not present in other mono-
graphs; however, to facilitate the task of the reader (and also for purely pedagogical
reasons) we have also included some well-known material in the form in which it will
be needed. We have relied on the following list of monographs. For probability theory,
see [8, 11, 16]; functional analysis and the spectral theory of operators are nicely dis-
cussed in [36], where a good treatment of quantum mechanics and scattering theory
may also be found. Finally, the theory of C'*-algebras and its applications to statis-
tical physics are discussed in detail in the two-volume work [7, 49]. The material we
need on second quantization is contained in the books [5, 36] and [44]. Finally, [12] is
also very helpful (among other things, the method of Bethe-Salpeter kernels is briefly
discussed there).

Formulas will be referred to as follows: (1) indicates equation (1) in the current
section; (2.1) means equation 2 in §1 of the current chapter; (3.2.1) denotes equation
3 in §2 of Chapter 1. A similar system will be used to refer to subsections, theorems,
and lemmas.
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CHAPTER

EXTENDED INTRODUCTION

The purpose of the present introduction is to acquaint the reader with the general
theme of the book. We also discuss here the main concepts and give an intuitive
explanation of their meaning.

§1. General outline

1. How linear operators arise in mathematical physics. In this book we
study the dynamics (or in other words, the time evolution) of various physical systems.
The dynamics is describable in terms of (infinite-dimensional) linear spaces and linear
operators that act on them.

In the case of quantum systems, such a description is predetermined by the very
language of quantum mechanics: for any quantum physical system, the states of
the system coincide with the vectors in a suitable complete Hilbert space H (more
precisely, with the rays in H), and the dynamics is given by a unitary one-parameter
group of operators {U;,t € R'} acting on H (¢ is the time). Sometimes one also
introduces the reduced dynamics in the algebra B(H) of bounded operators acting
on H by the formula

(1) wA=UAU",  teR', AcBH).

It is easily seen that {ay,t € R'} is a group of x-automorphisms of the algebra B(H),
i.e., it preserves the adjoint operation: a;(A*) = (ar(A))*.

The dynamics {Uy;,t € R'} in the space H is usually called the Schrédinger dynam-
ics, and the dynamics oy generated by it in the algebra B(H) (or in some subalgebra
invariant under «;) is called the Heisenberg dynamics.

In the case of a classical mechanical system, the dynamics is initially given by a
group {T},t € R'} of invertible transformations of the state space {2 (phase space)
of the physical system into itself. However, this dynamics can also be described in
terms of the following group of linear operators U; or U} acting respectively on the
space of functions defined on §2:

(2) Uf)w) = f(T7w), we,

and on the space of measures (charges) defined on €

3) U n)(A) = (T 14),  ACQ.

This approach to the dynamics on 2 is frequently simpler and more fruitful than

a direct study of the rather complicated group of transformations {T},t € R'}. In
particular, in problems in nonequilibrium statistical mechanics, the main object of
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study is the dynamics (3) given by U, in the space of measures on phase space;
the fundamental concepts used by physicists (decay of correlation functions, spectral
modes, hierarchies of moment equations, etc.) pertain specifically to the dynamics of
measures. Naturally, the study of the evolution of U; or U;* does not fully obviate the
need to analyze the initial dynamics T} in €2, and many of its properties (the existence
of attractors, the randomness or hyperbolic behavior of the system, etc.) cannot be
expressed well in terms of the dynamics of measures or functions on §2.

On the other hand, one often replaces the description of the full dynamics Uy
of measures by a reduced and simplified description, which, however, may still lead
to nonlinear equations (the Boltzmann equation, equations of hydrodynamics, etc.,
see [59]).

2. General scheme for describing a dynamics (noncommutative prob-
ability theory). The above two examples, the Heisenberg dynamics (1) and the
dynamics (2), are special cases of a more general setup, to which we shall often have
recourse in this book. Namely, suppose we are given a triple (2, (-), o), where 2
is an algebra with unit 1 and involution A — A*; () is a state on 2, i.e., a linear
functional such that (1) = 1 and (A*A) > 0 for every A € 2; and finally, {ay,t € R'}
is a one-parameter group of x-automorphisms of the algebra 2.

For quantum systems, where as we have seen, 2 = B(H) (or some subalgebra of
B(H)), and when «y is the Heisenberg dynamics (1), a state (-) is usually specified
in the form

(4) (4) = Tr(pA),

where p is a positive trace-class operator acting in H such that Trp = 1 (p is called
the density matriz of the state (4); for more details, see [46]).

In the case of classical systems, the algebra 2 is a (commutative) algebra of bounded
functions defined on the phase space €; the dynamics a;y = Uy is given by (2), and a
state is given by an integral

(5) () = /Q F(@)dp(w),

where p is a probability measure on ).

A number of concepts in probability theory can be generalized to apply to states
(+): (A) is the mean value of the element A € A, ((A — (A)1)?) is its variance, (A™)
is the nth moment of A, (exp{itA}) is the characteristic function of A, and so on.

The general theory of states on algebras is sometimes called noncommutative prob-
ability theory.

A state (-) on 2 is said to be invariant (or equilibrium) with respect to the dynamics
ay if (@A) = (A) for all A € 2.

§2. Basic examples of physical systems

To orient the reader, and also to introduce the terminology and concepts that
will be needed, we list here the principal examples of the physical systems that are
encountered in the literature on mathematical physics.

We start by noting that in this book we focus mainly on the study of infinite
systems (consisting of infinitely many particles occupying all of the space). However,
such systems are conveniently described and studied as limits of systems with finitely
many particles. We will therefore begin with a description of finite systems.
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1. System of classical particles (classical gas). For a system of N identical
pointlike particles contained in a bounded region A C RY, the phase space Q) n
consists of all sequences of pairwise distinct pairs

(1) w={(q1,v1),...,(qn,vN)}, (@,vi) € AXR", i=1,...,N.

Here g; is the position of the ith particle and v; is its velocity.
The energy (or Hamiltonian function) of the system is generally taken to be

N
(2) Hyn@) =3 Y 0+ Y Ulgna),

i=1 1<i<j<N

where m is the mass of each particle, and U(q1, ¢2) is the potential energy for two
interacting particles located at the points ¢; and g2, respectively. One generally
assumes that U(q1,q2) = U(|g1 — ¢2]), i.e., that the interaction energy depends only
on the distance between the particles.

The dynamics

(3) T;: QA,N - QA,N :WO = {(q?vv?)v sy (qJO\fvv]OV)}
=o' ={(g 1), - (v}

is determined by solving the Newtonian differential equations

dqi dvi
J#i
with initial condition w® = {(¢?,v?),...,(¢%,v%)}, where the function F(qi,q2) =

— (V@ U)(q1, g2) is the force exerted on the first particle by the second. The system of
equations (4) must be supplemented by a “boundary condition”, i.e., one must specify
how a particle moves once it has reached the boundary OA of the region A. If A has
a smooth boundary 0A, one usually imposes the “elastic reflection” condition: the
velocity component of a particle normal to OA (at the point where the particle hits the
boundary) changes sign. Sometimes, if A is a v-dimensional cube, “periodic boundary
conditions” are imposed, i.e., instead of the cube one considers the torus obtained by
“gluing” together the opposite faces and replacing U(qi, g2) by the corresponding
periodic potential. If the potential U(q1,qz2) is a smooth function for all ¢; # go,
with possibly a singularity on the hyperplane ¢; = g2, in a neighborhood of which it
increases monotonically to +o00 as g1 — g2 — 0, then the existence (and uniqueness)
of the solution of (4) for all initial conditions {(¢?,v?),..., (¢%,v%)} € Qa,n follows
from general theorems in the theory of differential equations, and also from the energy
conservation law:

(5) H(w") = HWY).

This equality is easily derived from the equation of motion (4). For a potential
U(q1,q2) with a singularity of the above type on the hyperplane ¢; = ¢2, equation (5)
implies that no two particles can occupy the same point. One sometimes considers
a system of solid elastic rods, i.e., a system of particles that cannot approach one
another closer than the distance §, where § is the diameter of a ball. The phase
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space Qi y for such a system consists of sequences of the form (1) with the additional
condition

(6) g — g2l =26, i# ]

Here the potential U(g1, ¢2) of the system is defined for all pairs (q1,¢2) such that
|g1 — g2| > 0. Two cases are possible:

1) The potential U(g1, q2) — +00 as |¢1 —gz2| — . Then the dynamics T : Qf\)N —
Qf\, ~ is determined as before by the system of differential equations (4) (with elastic
reflection as the boundary condition), because no two balls can collide.

2) The potential U(q1, g2) is a smooth, bounded function in the entire region |g; —
g2| > 6. Here the balls can collide and the dynamics must be supplemented by
a prescription of how the particles must move after a collision. One usually first
considers the “elastic collision” condition for two balls, which means that the colliding
balls “exchange” the normal components of their velocities (i.e., the projections of
their velocities on the straight line joining their centers at the instant of collision).
When three or more balls collide simultaneously, no reasonable prescription can be
given (for v > 1). We therefore remove from the space Qi n all the initial states
{(g?,v9),...,(a%,v%)}, whose motion would lead to triple, quadruple, and higher-
order collisions. It turns out that the 2/ Nv-dimensional Lebesgue measure of the set
of such initial states is equal to zero (Alexander’s theorem). On the remaining set
(NZ‘ISL ~» the dynamics T is given as described above. Note, however, that when v =1,
the dynamics T; can be defined on the entire space Qi - In a simultaneous collision
of k rods centered at the points

Q< gz <--<(gg, qi+1iqi:55 izlv"'vkilv

which is possible only if v1 > vy > - -+ > vy, the order of these velocities must become
reversed as the first ball acquires the velocity v, the second v;_1, and so on, and the
last ball acquires the velocity vy; after this, the balls move apart freely.

In all of the above examples, the dynamics T; obeys Liouville’s theorem: The
Lebesgue measure [] dg; dv; of any subset A C Qa n (or Q‘KN) of the phase space of
the system is preserved by the motion. Thus, the transformations U; in the space of
functions f € La(Qa,n, [[; dg; dv;) defined by equation (2.1) generate a unitary group
of operators in this Hilbert space.

We note at once that of the measures on Q25 n that are invariant under the dynamics
T;, the most important are the Gibbs (equilibrium) measures pug a,n. Their density
with respect to the Lebesgue measure [ [, dg; dv; is given by the formula

dugan =pgan{(g,vi), i=1,...,N}) H dg; dv;,

where

po.aN{(gr, 1), (gv;on)})

@ exp{—BHan({(g1,01). - (ano o))}

"~ ZpanN

Here 8 > 0 is a parameter and Z 5y & normalization factor (the partition function):

(8) Zg AN = /Q exp{—BHx n({(q1,v1),..., (gn,vN)})} H dg; dv,.
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A discussion of the pair potentials U(q1, g2) in (2) for which the Gibbs measure density
(7) is well defined (i.e., Zga,n # 0,00) can be found in [37]. Since we deal with
identical particles, it is convenient to regard them as indistinguishable, i.e., we take

the phase space to be Qi[{‘f}\i,“, defined as the quotient space

9) QRN = Qan/Sn,

where Sy is the group of all permutations (relabelings) of the particles. Here we take

the Lebesgue measure of a set A C QRW* to be mes(n ! (A))/N!, where 7~ '(A) is

the complete inverse image of the set A - de‘St

delst

under the natural map m: Qp n —
, and mes B is the 2vN-dimensional Lebesgue measure of B C {25 n. A state
w € deiSt for a system of indistinguishable particles can be regarded as an N-point
subset of the one-particle space A x R”. The dynamics 7"t in Q‘“d‘bt and the Gibbs
measure on this space are naturally reduced by the dynamics T} and Gibbs measure
(7) on Qp N

In statistical physics, for convenience, one often also considers systems with a
variable number of particles. For the case of the classical gas described in this section,
the state space is the set

(10) andlst U QXl%st’
N>0

i.e., the collection of all finite subsets ¢ C A x R”. The dynamics T; on Qip4ist acts
independently on each stratum Qi{lf}\‘,“, and the Lebesgue measure dc on Qipdist jg

also defined as the measure (1/N!) ], dg; dv; on the stratum QPR while the Gibbs

measure (g , A Ol de‘“ is given by the density (with respect to the Lebesgue measure
on Qxldlbt)
dpisp,n = Ppop,a(c) de,
where
(11) Pppn(c) = z——exp{=B(Ha(c) + pN(c))}.

=B, A

Here ¢ = {(qi,vi), ¢ = 1,2,...,N}, Ha(c) = Han{(q1,v1),-..,(an,vN)}), and
N(c) =N, 8> 0, and p are parameters; the normalization factor 2, A is equal to

_ X e—BuN
(12) E8,uA = —7 ZoAN-
N=0

The distribution (11) is often called the Gibbs grand canonical ensemble, while (7) is
the canonical ensemble. It is easily verified that the conditional distribution generated
by the grand canonical ensemble on the stratum de‘St coincides with the canonical
ensemble on this stratum. More details on all the above can be found in [37] and [30].

2. Classical lattice system. In the previous section we have described a gas
of identical particles moving in a bounded region A C R”. In this section we will
describe a system of finitely many particles, each oscillating about its equilibrium
position. Let Z¥ be a v-dimensional lattice, A C Z" a finite subset, and suppose that
to each x € A there is assigned a particle whose displacement from the point x is ¢,
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and whose velocity is v,. The state space of the system is Q) = (R¥ x R¥)%; the
energy (Hamiltonian function) is taken to be

(13) Hy= 53 024 . @oyldna) + Y Ulds):

zEA z,yCA zEA
T#y

Here U(-) is the potential energy for the interaction of particle ¢, with a force which is
centered at the point z € A and tends to restore it to the equilibrium position ¢, = 0,
and ®; ,(qs, gy) is the interaction potential energy for two particles assigned to the
points = and y and displaced by ¢, and g, respectively. If U(q) and @, ,(qz,qy) are
quadratic forms in their variables, then the system with Hamiltonian (13) is called a
system of linear interacting oscillators.

The dynamics T; : Qp — Qa, w® — w! of the above system is again obtained by
solving the Newtonian differential equations

dqy d'Uac
y#x

t

with initial condition w® = {{¢2,v%},z € A}. Here FM(q,) = —(VU)(qx), £ (s, qy)
—(Vq.®)(gz,qy) are the forces acting on the particle at x exerted by the attracting
center (at x) and by the other particles.

Again, one verifies easily that the Hamiltonian function (13) and the Lebesgue
measure [, . dq. dv, are preserved under the motion. The Gibbs distribution pg,, A
in Q4 is again given by a formula analogous to equation (11).

3. Quantum systems. Consider a system of N particles contained in a bounded
region A C RY of the space R”. We will describe the three most important cases.

A. Distinguishable particles. The Hilbert space of the states for such a system is
the space Ha,n = Lo(AN,[],dg;) of functions f(qi,...,qn), ¢ € A. The energy
operator is given by

1
(15) HA,Nfziz%quf+U(qlv7QN)f7

where m; is the mass of the ith particle, the potential energy U(qs, ..., qn) is bounded
from below and depends on the IV variables g1, . .., gn, and Ay, is the Laplace operator
(with respect to the variable ¢;), subject to a suitable selfadjoint boundary condition
on the boundary OA of the region A. One usually takes Dirichlet boundary conditions,
i.e., the functions in the domain of definition of the operator Dy, , Ha n vanish if
one or more of the arguments ¢; is in OA. In the case when A C RY is a cube, one
also considers “periodic boundary conditions”: the values of f and its first derivatives
0f/0q; coincide for N-tuples (q1,...,qi---,qn), (q1,--.,4.,...,qn) whenever (for
any i) ¢; and ¢} lie on two opposite faces of the cube. One usually considers a
pairwise interaction of particles, possibly in an external field; i.e., we take

U(Qla---aQN Z(I)Z] qi,q; +Z(I) Qz

1<J

where ®;; is the interaction potential for particles ¢ and j, and ®; is the potential of
the external field acting on the ith particle.
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Conditions on the potentials ®;; and ®; for which the operator (15) is selfadjoint

are analyzed in detail in [36]. As usual, the dynamics UtA’N: Ha,n — Ha,n is given
in the form

(16) UMNf =explitHan}f,  f€Han, teR.

Of the states on the algebra B(Ha,n) of bounded operators acting on Ha,n and
invariant under the dynamics (16), the most important is the Gibbs state, defined by
the formula

(17) (A)p = tr(pA), A€ AHan),

where

p=- exp{—FBH N},
8,A,N

()

B> 0 is a parameter, and Zg s n is the normalization factor,
(18) Zﬁ,A,N = Trexp{fﬂHA,N}.

For a large class of potentials ®;; and ®;, the operator p (the density matrix for the
state (17)) is of trace class for all N, all bounded regions A, and every 8 > 0, i.e.,
(17) and (18) are well defined. For more on this we refer to [37].

States of the form (17) are sometimes called temperature states (the parameter
B = T~1 where T is the temperature of the system). In addition to these, one also
studies the ground states on the algebra B(Ha n), which are also invariant under the
dynamics (16). Let ¥, € Ha,n be a normalized eigenvector (ground-state vector)
of the operator Hp n corresponding to an eigenvalue which is simple and as small as
possible. Then the ground state (:)g on B(Ha,n) is defined by the formula

(19) (A)gr = (AT, Ugy), A e B(HanN).

B. Indistinguishable particles (bosons and fermions). Let us suppose that all the
particle have the same mass: m; = m, and also that the interaction potentials are
identical:

(g, q5) = ®(ai,95), Qi(qi) = (qi)-

Then the operator Hy,y on Ha,ny commutes with all permutations of the particles and
the following two subspaces of M, v are invariant under Hy n: the subspace HY'y

of functions f(qi,...,qn) symmetric in their arguments, and the subspace H}™\"
of functions antisymmetric in (qi,...,qn) (i-e., which change sign when any pair

of particles is interchanged). The components of Hx n acting on Hy 'y and H"

will be denoted by H'y and H™\", respectively. Particles described by vectors in
H}"y and by the Hamiltonian H,'\; are called Bose particles (or bosons), while those
described by vectors in H}\" are called Fermi particles (fermions). The dynamics
Uf on the spaces H} y, a :’sym, asym, is given by restricting the dynamics U; (16) on
Ha,n to the invariant subspaces H} v, a = sym, asym; the temperature and ground
states are given by equations (17) and (19) with Hx n replaced by HY'y and H{™",
respectively, and with the vector Wy, replaced by Wgi™ (= ¥y, ) or \Ilgf,ym (# \Pgrj.
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One often considers boson and fermion systems with a variable number of particles.
The Hilbert spaces in this case are taken to be

(20) FIm=H"=C'oe < P HSA%‘;)
N=1

and

(21) FRM =P =Cle ( D Hi%‘“)
N=1

which consist of infinite sequences

(22) F:{fo,f1<ql),...,fn(ql,...,qN),...}

of symmetric (respectively, antisymmetric) functions in increasingly many arguments.
The norm of a sequence (22) is defined to be

(23) IFIZ = 1ol? + 37 1fn 13 -

N=1

Here H} = F§, a = sym, asym are called Fock spaces. The Hamiltonian H} acting
on the space F{ is given by

(24) HY = @ HY n, a=sym,asym, (Hj o =0),
N=0

and the dynamics is once again given by equation (16); it coincides on each subspace
Hj n with the previous dynamics UtA N The Gibbs temperature state is given by
the density matrix

a 1 a <
P = = exp{—B(H} + uN)},

(25) ~
E" = Trexp{—pB(H} + uV)},
where 0 > 0 and u are parameters, and N is the particle-number operator, act-
ing on each subspace H} y as multiplication by N. The ground state is given by
equation (19), where g, is the ground-state vector for the operator H§ +uN on Hy.
A more general construction of the Fock spaces and associated operator formalism
(the second-quantization method) will be described in §3.1. There we will also give
examples of Hamiltonians (in particular, a Hamiltonian of the form (15)) expressed
in “second-quantization” form.

4. Quantum spin (lattice) systems. Let Z" be a v-dimensional lattice, each
point = of which corresponds to a finite-dimensional Hilbert space H, isomorphic to
C™. For each finite set A C Z¥ we write H, for the tensor product of the spaces H,,
x € A:

(26) Ha = ®H$

TEA
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The vectors in Ha describe the states of a system of “particles”, where one particle is
located at each point « € A; their “internal degrees of freedom” (“spin”) are specified
by the elements of the space H,. The operator algebra 2, = B(H,) is clearly
isomorphic to the algebra 9 of n x n matrices, and the algebra B(Ha) = P, Ae-
Given two sets A; C Ay we have an (isometric) inclusion homomorphism

(27) Ap, — Ap, ® Tana, C An,,

where 1p,\a, € ™Ap,\4, is the unit element of the algebra. Now suppose that for each
finite set A C Z” there corresponds a selfadjoint element ® 4 € 2, which by (27) can
be regarded as an element of 2, with A C A. We now define the selfadjoint operator
Hpy € 2Ap

(28) Hy = Z D4

as the Hamiltonian of our system. The dynamics is as usual given by equation (16).
The temperature and ground states are given by formulas similar to equations (17)—
(19).

5. Systems with stochastic dynamics. Models of systems in which the dy-
namics is not uniquely determined as in the previous examples, but is given instead
by stochastic mechanisms, have recently become popular in mathematical physics.
Different situations can arise here either the evolution equations of the system are
themselves random (Markov chains), or else one can consider a family of determin-
istic equations that depend on random parameters (“random medium”). One then
studies the “typical” properties of the family of dynamics that arises. Finally, an
intermediate case (random walks in a “random” medium) is also possible. We will
discuss the first situation here and consider the case of Markov chains with local in-
teraction in a finite region A (see [24]). The simplest examples are those for which
the transition distributions are conditionally independent. In more detail, let L C Z¥
be a finite set and let the configuration (state of the system) be given by a function
{s(x),z € A} with values in some finite set S. For a given initial state sy € S* of the
system at ¢ = 0, the probability that the system will be in a state s at time ¢t = 1 is
equal to

(29) p(s/s0) = [ pa(s(x)/50),

where p,(+/s0) is a family of distributions on S depending on the configuration sg.
Formula (29) expresses the conditional independence of the distributions for the con-
figurations s at time ¢ = 1 for a fixed configuration sg. The family p,(-/sg) depends
on sq as follows:

(30) Px(+/50) = pa(+/50lQ.);

where Q, = Q4+ is a finite fixed neighborhood of the point z (obtained by translating
a fixed neighborhood @ of 0 to the point z), and so|g, is the restriction of the
configuration sg to Q.. Formula (30) expresses the “locality of the interaction” for a
Markov chain.
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83. Infinite systems and the thermodynamic limit

Macroscopic physical systems consist of a large number of particles and fill a region
of R¥ (or of the lattice Z") that is large compared with the characteristic dimensions
of the interaction. It is therefore convenient to pass to an idealized infinite system
infinitely many particles moving in all of space whose attributes (in particular, the
dynamics and equilibrium states) are close to those for the corresponding finite sys-
tems. Three purely mathematical arguments can also be advanced in favor of infinite
systems:

a) it is only for them that the concept of phase transition for equilibrium systems
can be formulated;

b) the dynamics has a continuous spectrum only for an infinite system, and only
for such systems are the “corpuscular” (“quasiparticle”) picture and scattering theory
meaningful (see §6 for more details);

¢) finally, it is only for the limit equilibrium states that the equivalence princi-
ple for ensembles is rigorously valid. According to this principle, the limit states
obtained from the canonical and grand canonical Gibbs ensembles (and also from
the microcanonical ensemble, see [37]) coincide in “single-phase” regions of the space
of parameters on which they depend, provided the parameters are suitably related
(these are the temperature and density of the particles for the canonical ensemble,
the temperature and chemical potential for the grand canonical ensemble, and finally,
the energy and particle densities for the microcanonical ensemble).

Here we will briefly describe the infinite systems corresponding to each of the finite
systems enumerated in the preceding section, their dynamics and their equilibrium
(Gibbs) states.

1. Classical gas (of indistinguishable particles). The phase space {2 for this
system is the collection of all locally finite subsets ¢ C R¥ x R” of the space of states
(g,v) € R” x RY of a single particle, where ¢ is the position and v the velocity of the
particle. A subset ¢ C R” x R consisting of pairs (g, v) is said to be locally finite if
every bounded subset A C R” contains only finitely many particles in c.

For a system with Hamiltonian of the form (2.2), two families of limit Gibbs dis-
tributions can be introduced in the space 2. The first is obtained from the canonical
ensemble pg A n (7.2) by taking the thermodynamic limit:

(1) pe.p = lim pga N,
ATRY
AP

where p is the limiting density of the particles and the limit in (1) is in the sense of
weak convergence of finite-dimensional distributions (see [26] for more details). The
second family of limit distributions on €2 is obtained by taking the limit of the grand
canonical Gibbs ensemble pg A (11.2),

2 = li .

(2) P = B phg

It turns out that for regular regions of the parameters (3, p) and (5, u), in which
all the characteristics of the corresponding family of distributions — the correlation

functions, free energy, and so on (see [37]) — depend analytically on the parameters,
the two families coincide:

(3) KB,p = KB,
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provided p is chosen so that the mean limit density of the particles in the large
ensemble

. <N>ﬁ A
— lim /AmA
Pom= \TRv ~ A
is equal to p:
(4) Pou =P

(here, (-)g,,a denotes an average over ug,a). Assertion (3) together with equa-
tion (2.2) is called the equivalence principle for ensembles.

For systems with a pair interaction potential U(qi, ¢2) in equation (2.2), the dy-
namics in the phase space () is given by a infinite system of Newtonian differen-
tial equations, which is obtained by formally taking the limit of system (4.2). Let
c={(g,v)} € Q; then for a pair (¢,v) € ¢ we have

q=v,

2 @Z%ZF(q,q'),

a'#4q

where the sum is over all particles in the configuration ¢ not coinciding with the
given particles. In the simplest case when the potential U(qy,qz2) is finite!, the sum
>y F(g.¢') is finite and the right-hand side of (5) is well defined.

Even the simplest examples show that for certain initial configurations ¢ = {(¢°,v%)} €
Q, equations (5) may fail to have a solution even for arbitrarily short time intervals
(the system may collapse instantaneously, so that a bounded region contains an arbi-
trarily large number of particles). Therefore, a fundamental difficulty in using equa-
tions (5) to construct a well-defined dynamics is to choose a sufficiently large subset
Q C Q of initial configurations ° for which (5) has a solution ¢(¢) for all ¢ € R! which
does not leave the set Q: c(t) € €.

There are two approaches in the literature to constructing the set (NZ; either it is
described explicitly (the associated dynamics in Q is said to be absolute), or else one
implicitly takes a set with the property that it has full measure relative to every
equilibrium (Gibbs) distribution in Q. The result here is called an equilibrium dy-
namics, because every equilibrium distribution is invariant under the dynamics on Q
(and also, by the way, invariant under every relatively absolute dynamics, if the set
Qs big and has full measure with respect to the equilibrium distribution). The first
(absolute) approach is convenient in leading automatically (via equations (3.1)) to a
dynamics on the space of measures on §~2, whereas the second approach gives such a
dynamics only on the class of measures that are absolutely continuous with respect
to some equilibrium measure.

However, we note that regardless of how the dynamics 73 on the phase space Q)
is constructed, one can define and study the dynamics U, in the space Ci°¢(Q) of
smooth local functions in €2, defined by the Liouville equation

©  F=T (Z)o+ X (Lran).  c=(woren,

q,q

ITranslator’s note: This means that U(q1,¢2) is zero for all but finitely many q1, q2.
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In the first sum the summation is over all particles in ¢, while in the second it is over
all unordered pairs of particles in ¢. Since the function f depends only on a finite
part of the configuration ¢ (as follows from the definition of a local function f), the
sums in (6) are finite.

One can also directly define (again, regardless of how the dynamics T3 on Q is
constructed) a dynamics U, on the space of measures on 2. The easiest way to do
this is to use the evolution equations for the correlation functions of the measures.
This leads to an infinite system of coupled equations which has been studied by many
authors, as is reflected in its name, the BBGKY hierarchy, after Bogolyubov, Born,
Green, Kirkwood, and Yvon (for more details, see [34] and also [35]).

We note that the dynamics enumerated above (in the configuration, function, and
measure spaces) have been fully constructed only in a few very simple cases. In all
these cases, the dynamics are obtained as limits (in a natural sense) of associated finite
dynamics, that is, by taking the thermodynamic limit (see [50] for more details).

2. Classical lattice systems. The state space 2 for such a system is the space
(R” x R¥)?" of infinite configurations {(q;,v.), * € Z"}. The dynamics is given by
an infinite system of equations obtained from system (14.2) by formally taking the
limit A T Z%:

(7) Gz = Vg, mu, = F(l)(Qm) + ZF(2)<Qw7Qy)-
y#T

Here again the problem arises of choosing a large enough set of initial configurations
Q c Q, for which (7) is solvable and which is invariant under the resulting dynamics.
This problem has been solved only for some special cases (e.g., for a system of linear
oscillators). The same also holds for the dynamics U; and U;* on the spaces of functions
and measures on ) which, as in the previous case, can be studied independently of
how the dynamics T} has been constructed on the configuration space.

A family of limit Gibbs measures g, on the space €2 can be defined as the ther-
modynamic limits as A T Z¥ of the finite Gibbs distributions g , a. These measures
are invariant under the dynamics U;.

3. Quantum systems. In the case of an infinite quantum system, the construc-
tion of the Hilbert space of states (together with a Schrédinger dynamics) is less
transparent than for infinite classical systems.

Here two approaches are used the Euclidean approach, which we will briefly de-
scribe in one of the following sections, and also an approach that directly constructs
the limiting Heisenberg dynamics starting from the finite Heisenberg dynamics on the
algebras Ax = B(H,a ), where H, is the Hilbert space of states for a finite system.
This dynamics is given by a group of *-automorphisms of a suitable limit algebra 2,
called the algebra of pseudolocal observables, to be described shortly. In most cases
the equilibrium (temperature or Gibbs) states on the algebras 2, (as well as their
ground states) generate limit states (temperature or ground states) on the quasilocal
algebra 2 upon taking the thermodynamic limit, and the limit states are invariant
under the limit Heisenberg dynamics on 2. The limit Hilbert space and associated
Schrodinger dynamics are then constructed by the standard Gelfand-Naimark-Segal
construction (GNS construction), which will be described in §2.1.

We now turn to the description of the quasilocal algebra 2. We will define it
for the case of continuous quantum systems consisting of identical indistinguishable
particles (bosons, say). We note that, as follows easily from the definition (20.2), when
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A = A UA,, where Ay N Ay = ), the Fock space F¥™ admits a natural expansion as
the tensor product

® R = R e A

It follows that for A; C Ay the algebra 5, = B(F™) imbeds homeomorphically

and isometrically in the algebra A, = B(FY™)

9) An, — Ax, @ Iap\a, C Apy,

where 15,\, is the identity operator on the space FZZ‘(’AI (cf. equation (27.2), which
gives an analogous expression for the case of quantum lattice systems).

Thus, we may consider the inductive limit A = U, of the algebras Ay, A C
RY, equipped with the norm || - ||. We call 2 the algebra of local observables, and its
completion with respect to || - || is the algebra of quasilocal observables. Since all the
A are C*-algebras (see §2.1 below) with respect to the adjoint operation, the same
is true of the limit algebra . Assume further that for all the algebras 2, groups of
isometric automorphisms a?: Ap — Ap are defined, and that for every local element
A € U the limit

1 lim o) A= A
(10) A%I}%atA oaAed

exists. Since the mapping a;: A — 2 preserves the norm, it extends to an isometric
automorphism

(11) ap A —A

and the set of all these forms a one-parameter group that gives the limit dynamics of
the quasilocal algebra.

In exactly the same way, one can define the quasilocal algebra and its dynamics
for a system of Fermi particles, as well as for lattice quantum systems.

As limits of Gibbs states on the “finite” algebras 25, the Gibbs (and ground)
states on the quasilocal algebra are (as already mentioned) invariant under the limit
dynamics oy on .

The investigation of the limiting dynamics a; together with the Gibbs (and ground)
states on 2 is in fact a principal aim of this book. As we have already noted, this can
be done either using the Euclidean approach, or else by directly analyzing the Dyson
Schwinger series representing the dynamics on the algebra 2. Both approaches, which
will be briefly described in the next sections, rely on the cluster expansion technique
(see [26]).

4. Limiting stochastic dynamics. The properties of stochastic dynamics for
infinite systems are much more diverse than for finite systems, and their study requires
subtler methods. They are often analyzed (and even constructed) by taking limits
of finite stochastic dynamics. To be sure, Markov chains with local interaction and
conditionally independent transition distributions (see the example at the end of the
previous section) can be defined directly in an infinite volume just as well as in a finite
volume, but in the more general case when conditional independence is not required,
their construction again requires taking a thermodynamic limit. Some examples will
be considered in §6.1.



16 0. EXTENDED INTRODUCTION

84. Expansion of Heisenberg dynamics

In the previous sections we have briefly sketched the main topics of this book. We
will now briefly touch upon the methods to be used. There are, in fact, just two:
direct power series expansion of the dynamics and study of the resulting series (the
subject of the present section), and the Euclidean approach, to be discussed in the
next section.

Let 2l be a Banach algebra with involution equipped with a one-parameter group
of inner x-automorphisms,

(1) arA = exp{itH}}Aexp{itH} = F4(t),

where H is a selfadjoint element of 2. Clearly, the family of elements F4(t) satisfies
the equation

dF ) . e
) d—tA = i[H,Fa(t)| = i(HFs — FoH) < HF,,
FA(O) = A7
where
(3) H:A—-A: F—i[H F], F e,

is a bounded linear operator on 2l with norm ||H|| < 2||H]||. The solution of (2) can
be expressed in the form

o0 t"
=exp{tH}A=A+) —H"A

n=1

—A+ Y (i;)'n[H,[H,...,[H,A]...]],
n=1 :

n times

FA(t

~—

(4)

where the series converges with respect to the norm of the algebra 2.
Another series turns out to be more convenient in practice. Let H = Hg + V,
where Hy and V are selfadjoint elements of 2. Then

FA(t):aQ(AHiz'" // dti...dt,
(5) =l gcty Kty <t <t
x o, (V), [ag, (V). [, (V), e (4) ... ]],

n times

where of (B) = exp{itHo} B exp{—itHy} is the automorphism group generated by the

element Hy € 2.
To prove (5), we write

(6) By = o’ (Fa(t)) = exp{—itHy} Fa(t) exp{itHy}.
Hence
") B iy, B,
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where

Vi = a¥(V) = exp{itHo}V exp{—itHy}

and consequently,

t
(8) Bt:BOJri/ [V, Bs] ds
0

=B+ i" // dsy...dsy[Ve,, [Vay, -y Ve, Bo]...]]-

0<spn<sp-—1<-<51<t

Applying the automorphism a? to the last formula and making the substitution s; =
t—t;,i=1,...,n, we get (5) since By = A.
We note that our formulas remain valid for any Banach Lie algebra with multipli-

cation [-,-]. In this case, a?(B) is understood to be the solution of the equation
aB; .
(9) d—tt =i[Ho,B)),  Bi—o=DB.

In particular, in the study of classical systems one takes 2 to be the Lie algebra of

smooth functions on a symplectic manifold, in which the multiplication [-, -] is given by
Poisson brackets. This operation is given in local coordinates (g1, ..., qn,P1,--,Pn)
by

. = OH OF OH OF
i[H,F|={HF}=>_ (8—(1.6]} o 6(1.).

i=1

The series in equations (4), (5) for expanding the dynamics are also formally ap-
plicable to the case of a group of x-automorphisms of generated by a symmetric
derivation on the algebra 2. Recall that a derivation is an operator d, defined on a
dense x-subalgebra Ds, 0: Ds — 2, such that

1) 6(AB) =6(A)B + Aé(B), A, B € Dy,

2) 6(A%) = (6(A))".

In particular, the operator H introduced above is a symmetric derivation.

The action of the group a of *-automorphisms on 2 corresponding to the deriva-
tion 6,

A — a2(A) = Fa(t)
is given as the solution of the equation

dF4 (t)
dt

= §(Fa(t)), Fat=0)=A4

(see [7] for more details).

The formal series for the automorphism af can sometimes also be applied to the
case H € 2, when the derivation § on 2 is of a form more general than [H,-]. In this
case, it may be necessary to consider the series on some dense subset of elements of
2A, and to interpret their convergence in a suitable weak sense.
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85. Euclidean approach

The spectral analysis of the operators Uy = exp{itH} for the Schrodinger dynam-
ics is equivalent to the same problem for the operator H, or for the semigroup of
operators exp{—tH}. In many cases, this semigroup allows a very simple probabilis-
tic representation known as the Feynman-Kac formula. This representation permits
one to employ cluster expansions to study the spectrum of the operator exp{—tH };
Chapter 3 is devoted to this. Here we will describe the probabilistic representation
exp{—tH} itself for some very simple examples. More general cases are considered in
Chapter 3.

1. The original Feynman-Kac formula. The general scheme for deriving the
Feynman-Kac formula is as follows. Let (S, v) be a space equipped with a probability
measure v, and let a selfadjoint operator H acting on the space Lo(S,v) have the
form

H=Hy+V,

where V is the operator given by multiplication by the bounded function Vix),z €8S,
and Hj is a selfadjoint operator for which exp{—tHy} is a stochastic semigroup. More
precisely, assume that the action of exp{—tHp} is given by

@Mt%m@LH@MMMML
xz €S, f € La(S,dv),

(1)

where P;(z,y) is the density (with respect to the measure v) of the transition prob-
ability (for a particle to go from z to y) during the time ¢ for some Markov process
(&, t > 0) with values in the set S. Let Q:(x,y) denote the kernel of the operator
exp{—tHy + V1,

() mmﬁm+ﬁﬂm=é@mwmw@y

The Feynman-Kac formula expresses Q:(z,y) as an average over the process {&;,
t > 0}.

For simplicity we will limit ourselves here to the case of a finite set S. Note that
the requirement for the semigroup exp{—tHy} to be stochastic leads to the following
conditions on the matrix Hy = {h3 ,}2 yes:

(3) h, <0 forz#y, Y kY, =0 forallaz.
yeSs

We now use Trotter’s formula (see [36])
~ . t t ~ n
4) exp{—t(Ho+ V)} = lim (exp{ — EHO} exp{ — EV}>

and denote by {Qg") (,9)}a,yes the matrix of the operator (exp{—L Ho} xexp{—L v
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It is clear that for x = x¢ and y = x,,

Vo= [ [ epd LSV
Qt)(x,y)u o] n;V}

(n—1) times

(5) X Pyn(wo,21) ... Pryn(Tn—1,2n) dv(x1) . .. dv(zn—1)

_ <exp{ - %ivw}%jy.

The mean (-) has the following interpretation. Let xp = ST k=0,1,...,n,

denote the Markov chain starting at the point z: ¢ = z, with discrete time 0,¢/n, ...,

n
t,x,y

tk/n,...,t and transition probabilities P;/,(z,y)dv. Then (-)7, is the mean of
the trajectories zg,z1,...,x, of our chain for which z,, = y, with respect to the
conditional (unnormalized!) measure on the set Qg’fr)y

By virtue of (5), in the limit n — oo we obtain the following representation for the
matrix Q;(z,y) of the operator exp{—t(H +V)}

(6) Qulz,y) = <exp{ -/ tV(§T>dr}>m,y,

this is the Feynman-Kac formula. The average ()¢ ., is taken over the conditional (as
before, unnormalized) measure on the set € , , of those trajectories {z(7), 0 < 7 < ¢}
of the Markov process {£*, 0 < 7 < t}, starting at x (¢ = x) and reaching y at time
T=t:z(t) =y.

Formula (6) implies the following representation for the action of the operator
exp{—t(Ho + V)}:

(exp{—t(Ho + V)} ) () = / f(y)dV(y)< exp{ - / V&) d}>

7) ~(ew{- [ tv<a>d7}f<§t>>w,

where (-); , denotes the mean over all trajectories of the Markov process {£Z, 0 <
T < t}. Similarly, the matrix elements of the operator exp{—t(Hp+ V')} are given by

® (it Vo = [a@{en{ - [V dT}f(ft)>t,de(w)-

2. Renormalized Feynman-Kac-Nelson formula. As z, y, ¢t vary in equa-
tion (6), so does the set Qy ,; over which the averaging is performed. In the Feynman-
Kac-Nelson formula, the mean is taken over trajectories of a single stationary Markov
process. Indeed, let us suppose that the Markov process & introduced above with
transition probability density P;(z,y) (from z to y in time t), and with the infinites-
imal operator Hy, is a stationary Markov process defined for all t € R!, and let the
measure v on S be its invariant distribution.

Then from equation (8) we find that

® et ={eo{- [ Vieddr}) < zin

—t
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where (-,+) is the inner product on Lo(S,v) and the mean (-)o is taken over the
distribution pg of the stationary process {&;, t € R'}. Define the new measure ur by

d T
(10) W zen{ - [ viear),

Then for any functions F', G defined on the set S and for any time ty, 0 < tg < T,
the mean is given by

(F(€0)G(&r0)hur & ZQTl<F(fo)G(sto) exp { - /_ i V<5T)d7}>o

it (o[ s}
y <exp{ - /Oto V(fT)dT}>x0)xt0,toG(wt0)

(11) x <exp{ - tDT V(§T)d7}>xt0)xT,Tt0 dv(z_7) dv(zo) dv(as,) dv(er)

= Zs (1, exp{—T(Ho + V)} F exp{—to(Ho + V)}G
x exp{—(T — to)(Ho + V)}1)
= Zy (exp{~T(Ho + V)}1, F exp{—to(Ho + V)}@
x exp{—(T — to)(Ho + V)}1),
where F' and G are given by multiplication by the functions F(z) and G(x), re-
spectively, and (-,-) is the inner product on Lo(S,v). Let Qg(z) be a normalized
eigenvector of the operator Hy + V which corresponds to an isolated eigenvalue A\g

that is simple and as small as possible. Then it is obvious that when T' — oo we have
the asymptotic relation

(12) exp{—T(Ho + V)}1 = exp{~AT}H (1, Q) + o(1)),
and the expression in (11) has the asymptotic form
(13)
(exp{~T'(Ho + V)}1, F exp{~to(Ho + V)}C exp{~(T — to) (Ho + V)}1)
= exp{—X(2T — to)} x [(Q, F exp{—to(Ho + V)}G)|(1,20)[* + o(1)].
On the other hand, with F' = G = 1 we obtain that

Zor = exp{—2X0T}((Q0, Q0)[(1, Q) |* + o(1))

(14)
= exp{ 2T }(|(1, Q)|* + o(1)).

Thus, the limit
lim (F(§0)G &ty ) ur = (F(£0)G (ko)) u

(15) Teo _ . _
= (FQ(),eXp{fto(Ho + V- )\()E)}GQ()),
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exists, where (-),, is the mean with respect to the limiting Gibbs measure
(16) p=lmuyr.

The second equality in (15) is called the renormalized Feynman-Kac-Nelson formula.

If Qo(xz) > 0 for all z, it follows from the above formulas that the measure p is
the distribution of a stationary Markov process {n;, —o0o < t < oo} with an invariant
measure U defined by the formula

(17) dv = Q3(z)dv
and with transition probability density 13,5(:17, y) (relative to the invariant measure )

Py(w,y) = Q' () exp{ Mot} Qu(z, 1) ' (v),

where Q4(z,y) is the kernel of the operator exp{—t(Ho + V)} (see (2)). The kernel
P.(z,y) defines a semigroup

(18) (Ff)(x) = / B(a, ) f(u)doly), >0,

on the space Ly(S,7) with generator H: J;, = exp{—tH}. Formula (17) implies that
the mapping

(19) U:Ly(S, V) = La(S,v) : f — Qof
is unitary. Then from equation (15), rewritten in the form
(F, exp{ftITI}G)LZ(SJ;) = (UF, eXp{*t(Ho + ‘7 — AOE)}UG)L‘Z(SJJ)

we obtain that R R
H=UYHy+V - XNE)U,

i.e., the operators H and (Ho + V- Ao E) are unitarily equivalent. Thus the spectral
analysis of Hy + V reduces to that for H.

We note that the Feynman-Kac formula is valid quite generally when v is an
arbitrary o-finite measure on S. As we have seen, the validity of the renormalized
Feynman-Kac-Nelson formula requires that v be an invariant probability measure for
a stationary process &, and also the existence of a ground state €y for the operator
Hy + V with an isolated simple eigenvalue

Ao = inf o(Hy + V).

The use of the Euclidean approach in the study of more complicated systems (such
as, say, quantum field theory) will be described in 5.2. Here we consider some simple
examples that will be used later.

I. We counsider first the Hamiltonian
1d?f  w?a?

+—f7 fGLQ(Rlvdx)v

(20) Hi=—5q2+ 3
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for a linear quantum oscillator. This operator acts on Lo(R', dz) and is well known
to have a ground state given by the eigenvector

(21) const exp{ —wz?/2}

with eigenvalue w/2.
We now introduce the Gaussian distribution with density

(22) p(z) = Vol exp{—wa?}
and make the unitary transformation
U: La(R',dx) — Lao(R',pde), [ — (p(x)"V/2f.

One computes readily that this takes the operator H=H-wE /2 into the selfad-
joint operator

~ 1d%f df
2 Hf =UHU f=_2
(23) f=UHU *f 5 722 +w:17dx

on Ly(RY,dz); H is the infinitesimal generator of a stationary Markov process {&,
t € R'} with mean zero, covariance

(24) (€060 = 5 expf—wlts — o]}

and stationary distribution density equal to (22) (an Ornstein-Uhlenbeck process).
II. We next consider a system of n interacting one-dimensional quantum harmonic
oscillators with the Hamiltonian

n

1 o%f 1
(25) Hf = _51:1 8—:53 + E(Zaijﬂﬁﬂj)ﬁ

acting on Lo(R"™,d"z). The quadratic form Y a;;z;x; with matrix A = {a;;} is
assumed to be strictly positive.

Again, one can show that the operator H— Ao E (where A is the smallest eigenvalue
of H) is unitarily equivalent to the infinitesimal generator H of a stationary Markov

Gaussian process {ﬁt(l), i=1,...,n,t € R'} with mean zero and covariance matrix
2% () +(4) _ lA_1/2 7A_1/2 to— ¢t
(26) (&6 ) =5 exp{ |ty — tof}

(a multidimensional Ornstein-Uhlenbeck process). The density for the invariant mea-
sure of this process is given by

Det A)1/4
(27) (o) = LA exp - a/20, ),

where (+,-) is the inner product on R™.
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The operator H acts on the space Lo(R"™, p(x)d"x) by the formula

~ . 1 ~ 0% f 1/2 0
(28) Hf——§i_1a—x?+(f4 x’ﬁ_x)f’

9 _ (o0 9
Oxr  \Ox1 T Ox, )

III. In the case of a system of anharmonic oscillators with Hamiltonian

where

1= 1
(29) H: —5 i a—xzz—f— 5 Zaijxixj f—f—V((El,...,!En)f,
where V(z1,...,2,) is a function of the variables x1, ..., x, bounded from below, the

operator H — A\gE (where \g is the smallest eigenvalue of H) is unitarily equivalent

to the generator of a process & = {5,5“, i=1,...,n,t € R"}, whose distribution p
is obtained as the Gibbs limit (see (10) and (16)) of the Gaussian measure pg (the
distribution of the Ornstein-Uhlenbeck process) via the “interaction”

/2 V(a(r))dr.

REMARK. All the results of the foregoing analysis can be obtained by a formal
heuristic procedure, as is usually done by physicists and which leads more quickly to
the final answer. The action functional for a classical one-dimensional linear oscillator
is of the form

(30) Sy =5 [ 180 - ol

where 2(7) is a smooth path tending to zero at infinity. Passing formally to imaginary
time 7 — 47, we find that the action becomes

B) S =3 [ 50+l = ~iSeala(r) = -5 (Be.o)

where (-, -) is the inner product on Lo(R?, dz) and B is the selfadjoint operator

d2
(32) Bz = 7d—7'a27 + w2z

One computes without difficulty that the kernel of the operator B! is

(33) B\ (r,0) = i exp{—w|r —ol},

i.e., it coincides with the covariance function (24) for the Ornstein-Uhlenbeck process.
Thus, heuristically at least, the functional

(34) const exp{ —Sguc(z(7))} = const exp { % (Bz, :1:)}
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can be regarded formally, in analogy with the case of a finite-dimensional Gaussian
distribution, as the “distribution density” for the values of the process {&, t € R'}
relative to the “measure [[_dxz(7).” The same considerations apply to the case of a
multidimensional Ornstein-Uhlenbeck process, for which the Euclidean action Shm

has the form
1
(35) Spadt(z(r)) = 5(Bz, ),

where z(7) = {z;(7), i = 1,...,n} and the operator B is given by

2z

+ Az,

with A = {a;;} the matrix of the quadratic form in (25).
For a system of anharmonic oscillators the Euclidean action Sgﬁ’l}é?rm is given by

(37 sgim = s+ [ V()
where V(z1,...,z,) is the function appearing in (29). Regarding the functional

exp{—SEffgfrm} as the distribution “density” u of a Markov process, corresponding
to anharmonic oscillators, with respect to the “measure []_dxz(7),” and recalling
that exp{— S} gives the “density” for the Ornstein-Uhlenbeck process, we obtain
formally that

— 00

(38) dp = const exp { /OO V(x(r))dr} duyg,

where o is the distribution for the Ornstein-Uhlenbeck process. This heuristic for-
mula requires only a slight correction: one must replace ffooo V(z(7)) dr by the inte-

gral fTT V(z(7)) dr and then take the limit 7" — oo in order to get an exact formula.

The formal procedure described here can be employed directly to obtain the final
formulas (10) and (16) using only the form of the (Euclidean) action for the corre-
sponding classical system.

86. Corpuscular picture (quasiparticles and
scattering theory for infinite quantum systems)

In this concluding section we will briefly outline the main program and goals in
the area of mathematical physics with which our book is concerned.

For a quantum system consisting of n identical free (i.e., noninteracting) particles,
the Hilbert space H,, of states is a tensor product (symmetric or antisymmetric in
the case of indistinguishable particles) of copies of the one-particle space H; = f
describing the states of a single particle:

(1) HTL = f®n (OI‘ Hn = f(?n? a = sy, a’sym)v
and the energy operator H,, is given as the tensor sum

(2) H,=H,+---+H,
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of the operators Hy = 1®---®@h®1 ®---® 1, where h is the energy operator for a
—_———
kth place
single particle acting on f.
If one considers a system with an arbitrary finite number of identical particles, the
state space ‘H and energy operator H are given as direct sums

®) He @, (o=
n=0

and

(4) H=H, (Ho=0)
n=0

of the n-dimensional spaces H,, and operators H,,, respectively.

If an individual particle possesses a symmetry group G, i.e., there is a unitary
representation {g — ug, g € G} of G acting on the space f and commuting with the
operator h, then the tensor product of the representation generates a unitary repre-
sentation ué") of G on 'H,, and the direct sum of these representations u( ") gives a full
representation {uy, g € G} in H commuting with the operator H. It turns out that
one can regard many spatlally homogeneous infinite physmal systems, described by
vectors in a | Hilbert space H by an energy operator H acting on ’H and by a repre-
sentation { Uz, x € R} of the group of spatial translations of R” (or of the subgroup
Z") on 'H, as a system of noninteracting particles (“quasiparticles” or “elementary ex-
citations”). More precisely, this means that one can find a one-particle Hilbert space
f, a one-particle energy operator h acting on f, and a representation of the group
R’: % — ug, v € R on f such that the triple (H, H,{U,}) is unitarily equivalent to
the space H, operator H, and representation {u,, * € R’} on H constructed from
the one-particle triple (f, h, {U,}) using equations (1)—(4).

In general, such a prescription is clearly wrong. First, “quasiparticles” of various
types can occur, and second, bound states can exist, i.e., clusters of quasiparticles that
move as a unit. Formally, these complexes can be regarded as new quasiparticles.
The above construction can thus be generalized to the case when several types of

particles are present. Indeed, suppose we are given a finite set of triples { f, h;, {u$ 1,

i=1,...,s, each describing a specific type of “quasiparticle.” We then construct the
triples
o0
HY =R,
n=0
o0
H® = ®( [N A O) )
n=0 n-fold tensor sum of h(*)
o0
ul) = @), e R,
n=0

which describe a “gas” of quasiparticles of the same type. Finally, we construct the



26 0. EXTENDED INTRODUCTION

total space, total Hamiltonian, and total representation by

H = ®H<i>,
=1

H = (H(l) +...+H(S)),

tensor sum

S

Uy = ®(u§j)), r € R”.

=1

It seems plausible that every spatially uniform system should be such a mixture of
“gases” of several types of quasiparticle in the above sense. However, this conjecture
has so far been verified only for a very small class of models. We observe that scat-
tering theory is the main tool for verifying this conjecture. The Hamiltonian H of
the system is usually of the form

H=H, 0o+ V,
where the operator Hy describes a free system of noninteracting particles, and the

perturbation V is small in a suitable sense. Then in many cases the wave (Mgller)
operators

Wi = s-lim e~ *HotetHt
t—+

Wi = s-lime ™ HteiHot
t—+

exist (here s-lim denotes the strong operator limit, see [36]). It follows that H and
Hj are unitarily equivalent under either of the operators W (or Wi).

In the more general case when H is not unitarily equivalent to Hy because bound
states are present, the bound states must be used to construct a larger space H
and Hamiltonian Hg, which would describe both the “gas” of original free particles
and the “gas” of bound states (in the sense indicated above). The proof of unitary
equivalence for the Hamiltonian Hg is usually called the asymptotic completeness
problem for H; it again reduces to constructing certain wave operators that now act
in different spaces (see [36]).
The contents of this introductory chapter can be summarized by saying that the
study of an infinite system proceeds in the following steps.
1. Construct the dynamics of the infinite system (either by the Euclidean approach,
or by directly constructing a limiting Heisenberg dynamics).
2. Find one-particle subspaces (including any “bound states”) for the Hamiltonian
of the limiting dynamics.
3. Construct the wave operators and prove asymptotic completeness.
As we have already observed, this program has been fully implemented only for a very few
models. However, portions of it have been completed for a wide class of examples, and these
form the content of our book.
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CHAPTER 1

CONSTRUCTION OF A NONEQUILIBRIUM DYNAMICS

Nonequilibrium dynamics is the established, not very apt term for the evolution of a system
“by itself”, the evolution being determined for all initial states of the system (or for a sufficiently
large subset of states). It has no direct relation with the “equilibrium distributions” on the set
of these states.

We will analyze here three types of nonequilibrium dynamics: 1) the dynamics of an infinite
(nonideal) classical gas; 2) the Heisenberg dynamics on C*-algebras associated with infinite
quantum systems; 3) random dynamics for fields on an infinite lattice. Along the way we
will present some expository material on C*-algebras, Fock space, the second-quantization
formalism, etc.

§1. The dynamics of an infinite one-dimensional
classical gas of interacting solid rods

In the previous chapter we touched on the dynamics of an infinite system of interacting par-
ticles in the space R”. Here we will describe this dynamics in more detail for a one-dimensional
gas of particles with a “hard core” (system of “hard rods”).

In the one-dimensional case, the state of such a system is specified by an infinite sequence
of pairs {g;,v;} enumerated so that

(1) e <ga<g@<qa<...,
where for definiteness we assume that
(2) @0 >0, ¢g1<0

(recall that g; is the position of the center of the ith rod and v; is its velocity). In addition, the
conditions

(3) 5§Qi+1 — i 1:07i17i27

are satisfied. Condition (2) will be assumed to hold only for the initial configurations, because
in general it is violated as the particles evolve. Let 2 denote the space of all the states of the
infinite system.

As we have already said, the dynamics in Q is given formally by an infinite system of
differential equations

dg; dv;
VE)

where F(§) = —0U/0¢ and U(§) = U(—¢) is the interaction potential, defined for all £ > 4.
We assume that
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1) the potential U () has compact support:
(5) U@ =0 forl¢> R,
where R > ¢ is the radius of the interaction;
2) the function U(€) is continuously differentiable on the interval § < ¢ < R.
As we have already discussed in 2.0, the equations (4) must be supplemented by an “elastic

reflection” condition for collisions of finitely many rods. As we explained in 3.0, to construct a
dynamics using equations (4) one must choose a subset 2 C Q of initial conditions

W0 = {(gi,vi), i=0,£1,£2,...},
for which (4) has a solution that is well defined for all values 0 < ¢ < oo and remains in Q:
w' = {(q},vh)} € Q.

We now introduce the set of states M(Cy,Cs) C Q, where C; > 0, Cy > 0 are arbitrary

constants determined by the following conditions: for each w® = {(¢%,v?)} € €, there exists a
k = k(w°) such that for every k > k(w")
1) we have

(6) max |v10| < Ol\/Ev
li| <2k

2) there exist integers zg and 7, satisfying
2k < ZZ’ < 2/6-‘1-17 72]6-"-1 < Z]; < 72](?7
such that
(7) |qiki+l — q;x| > Cak.

Let us show that for every w® € M(Cy,Cy), equations (4) have a solution w’ which is well

defined for all ¢, 0 <t < oo. Let T' > 0 and k(w®) > k(w®) be an integer, to be determined
below. We divide all the particles in the state w® into finite groups n? of particles (clusters)
that arrive in succession, as follows.

The zeroth cluster 9 consists of all particles with indices

i <i<if.
k E
The cluster ° with index s > 0 consists of the particles with indices
it <i<id

= — )

k+s—1 k+s

while the clusters 10 with index s < 0 contain the particles for which

iZ <i<ic :
Fts| Ftls| -1
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Condition (7) ensures that the gap between clusters s and s +1 (or s — 1) is at least
(8) Co(ls| +F).

We now determine the solution of equations (4) with initial condition w® € M (C1,Cs) on the
interval ¢ € [0,T], as follows. Assume that for 0 < ¢ < T, the motion of each cluster 772 C WP
entering the state w® is governed by the finite system of equations

dg; dv;
%:Uiv mdt :ZF(ql_q])v
9) j

{gi,vi} €nl, 0= =n,

(together with the elastic reflection conditions), all the other clusters being completely ignored.
A priori, for such a motion it would be possible for particles in different clusters to enter a
zone of interaction, and then the joint motion of all the clusters would not be described by
equations (4). However, the next lemma shows that this situation cannot occur.

LEMMA 1. Let k > k(w®) be sufficiently large, and assume that the motion of the clusters is
governed by equations (9). Then the distance between them always remains greater than R.

PRrROOF. The initial velocity of any particle in the sth cluster is at most

CiVk+ |s| +1.

Since the potential satisfies conditions 1) and 2), the absolute magnitude of the force acting on
any particle is less than some constant D = D(U, ¢), and thus the velocity of a particle in the

sth cluster is at most
Ci\k+|s|+1+DT

for all times in [0,7] (when colliding rods exchange velocities, the maximum velocity of the
particles in a cluster does not change). Thus, particles in adjacent clusters n° and 7? 1 can
travel toward one another by a distance of at most

(Clx/ﬁju 5] + 1 +DT)T+ (Clx/?+s+2+DT)T.

However, for E sufficiently large and all s, we have

(e s 7)1+ (cnEr i 2 or)r < -

which in view of (8) gives the assertion of the lemma.

Thus, the above-defined motion of all the particles for times 0 < ¢ < T" with initial condition
w? € M(C1, Cy) satisfies an infinite system of equations. Since T is arbitrary, we get a solution
wt for all 0 < t < co. However, we have still not constructed the required set ﬁ, because in
general the set M (C4, Cs) is not invariant under the motion. Let M*(Cy,Cs) C Q be the image
of the set M (Cy,Cy) after the particles have moved for a time ¢. Evidently, the set

(10) 5(01,02) = m Mt(Cl,Cg) C M(Cl,CQ)
t>0
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is invariant under the dynamics defined above.

Although Q(Cl, C3) cannot be described explicitly, for suitably chosen constants Cy and Ca,
it is quite large. Indeed, let pg, be the limiting Gibbs distribution on the space 2 defined
using the finite Hamiltonians

'fTL'Ui2
HA,N:Z 5 T Z Ulai —q5)
aeh

(A C R!is a finite interval, N an integer) and the parameters 3 and u defining the grand
canonical ensemble (see 2.0 and 3.0).

LEMMA 2. For Cy > C1(B, ) sufficiently large and Cy < C(B3, i) sufficiently small, the set
Q(Cy,C3) has full Gibbs measure:

(11) 18,1 (2(Cr, C2)) = 1.

For a proof of this lemma we refer to [39].
The final result is stated in the next theorem.

THEOREM 3. 1) A dynamics Ty: Q(Cy,Cs) — Q(C1, Cy) taking w° to w' is defined for initial
conditions w° € Q(Cl, Cy). It is a cluster dynamics in the sense that for any fized to > 0, the
initial state w° can be split into clusters {n° = n%(to), s = 0,%1,£2,...}, which for times
0 < t < to move independently without interacting with one another.

2) For sufficiently small Co and large Cy, the set Q(Cl, C5) has full Gibbs measure g ,, and
this measure on Q(Cl, Cs) is invariant under the dynamics:

(12) pou(TiA) = pgu(A), A CQCh,Cy).

The last assertion (12) is also proved in [39]. To give the reader an idea of the arguments
involved here, we will prove a simpler statement than in Lemma 2.

LEMMA 4. For sufficiently large Cy and small Co, the set M (C1,C3) has full Gibbs measure,

ppu(M(Cr,Cs)) = 1.

PrROOF. Let ]Vk C Q be the set of states w? € Q for which

(13) max 09| > C1VE,

|i|<2F
and let Nj C Q be the set of states for which condition (2) fails for the given k:
dit+1 — ¢ < C2k

for all 7 in the intervals [~25+1, —2*] and [2¥,2%+1]. We will show that

(14) Z/‘ﬁw(ﬁk) < oo and ZM57H<N/€) < oo
k k
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for suitable Cy and Cs. The lemma will then follow from (14) by the well-known Borel-Cantelli
lemma (see [11]). To estimate g, we fix all the positions X = {g;} of the particles and consider
the conditional distribution g, (- | X) of the velocities. By (7.2), this distribution is a product
of identical Gaussian distributions with densities

2
(15) const exp{ - ﬁmTvl}

Then
(Nl X) = g u(mass o] > C1VEIX)

< Y gl > CLVEX)

[i| <2k

2
< (281 4 1) const / exp{ — BH;U }dv
|v|>C1VE

< (2" 1) const exp{—pmC?k} < const exp{—ak},

where a = fmC? —In2 > 0 for sufficiently large C;. We now use the simple estimate
/ e~ da < const exp{—cA?}
|z|>A

for a Gaussian integral for large A. Estimate (16) implies a similar bound for the unconditional

probability uﬁ#(]’\\fk), and hence also that the first of the series in (14) converges. To prove
the convergence of the second series in (14), we can pass to the Gibbs distribution fig , in the
particle configuration space {¢;} obtained from pg , by averaging over all velocities. Then

(17) fig.u(Nk) = tpu(Ne).

We now fix all the positions {g;} of the particles with index ¢ < n and consider the density
P(¢n+1 | Ty @1, - - - ) Of the conditional distribution for the position g, of the next, (n+1)th
particle. Under the condition that ¢,4+1 —q,, > R, this density is equal to

(18) P(@n41]@n, 1y - - ) = constexp{—a(gn+1 = T,)},

(see [43]), where the constant depends on the configuration q,,,q,,_1,- .., and the argument of
the exponential depends only on the parameters § and p of the Gibbs distribution: o = a(8, p).
We now consider the conditional probability of the event

— '
Ni = {qit1 — @ < Cok, i=—-2F1 . -2k}

under the condition that the positions {qj} of the particles with index j < —2F*1 are fixed.
This probability can be expressed in the form

figu(Nk[g;, 5 < =28+

(19) i=—2"
:/I I rlaila g, 3. ) [[da-

qit1—¢i|<Cak ;_ " grt1
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By (18), for large enough k we have

p(¢it+11¢i, gi—1, - .. ) dgiy1 < constexp{—Coak}

[gi+1—qi|>C2k

and hence the integral (19) is at most
(1- exp{fC’Qozk})Qk < exp{—2F exp{—Chak}} < exp{—2¢/2}

if Coa < 1/21In2. A similar estimate holds for the unconditional probability of the set N;C, and
also for the probability of the set

—// .
Np={¢i+1—q < Cok, i=1F . 2K}

Since Ny, = N;C N NZ, the above estimates imply the convergence of the second series in (14),
proving Lemma 4.

There are also other more explicit ways of describing the set Q of initial states for which
system (4) has a solution such that the corresponding dynamics leaves Q invariant. We present
here such a description, taken from [50]. Namely, for each particle {¢;,v;} in the initial state
w?, consider the energy density of the particles in w® within a c-neighborhood of the point g;,

= TS Y v

Jilai—ail<c J:3":1a5—ail<e,lq; —qi|<c
We introduce the set § of initial states w® such that

sup sup e;(c) < oo,
i ¢>B+|q;]

where B = B(U) is some fixed constant.

THEOREM 5. 1) For every initial state w° € Q there exists a solution w* of system (4) such
that W' € Q for all t (and the solution is unique).

2) For every probability distribution v on Q with sufficiently good ergodicity properties relative
to translations along the line (in particular, for the Gibbs distributions pg ., see [50] for more
details), the set Q has full v-measure,

v(Q)=1.

3) The Gibbs distribution on Q is invariant under the dynamics constructed on Q.

A proof of this theorem can be found in [50].
One checks easily that Q(C1,C) C €2, and for the elements w® € Q(C1, C3) the dynamics in
Theorem 5 coincides with the cluster dynamics in Q(C4, C3) constructed above.
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§2. A quick review of C*-algebras

In the construction and analysis of the Heisenberg dynamics, i.e., the time evolution of
the “observables” (operators), for quantum systems it is helpful to define the dynamics on a
suitable algebra of “observables”. In most cases, this will be a C*-algebra. In terms of their
properties, these algebras resemble the algebra of continuous functions on the state space of a
classical infinite system. Here we will briefly state a number of facts concerning C*-algebras;
more detailed information can be found in the monographs [7, 13].

We note at once that C*-algebras are for the most part employed in the study of quantum
spin systems or fermion systems; they are not well suited to the analysis of boson systems.

An involution of a Banach algebra 2 is a transformation % — 2A: A — A* of the algebra
into itself such that

(AMAL+ XAg)" = M AT + A 45,

1
M) (A Ap)" = AZAT and (A*)" = A.

DEFINITION 1. A Banach algebra with an involution *: 24 — 2l satisfying the condition
(2) A]? =A™,  Ae

is called a C*-algebra.

An example of a C*-algebra is the algebra B(H) of all bounded operators acting on a
separable Hilbert space H, equipped with the usual operator norm; the involution on B(H) is
given by taking the adjoint operator. Equality (2) is a consequence of the following calculation:
since the operator A* A is selfadjoint and positive, its norm ||A*A|| is equal to

|A*All = sup (A"Az,x2)= sup (Az,Ax)
(3) z€H,||z||=1 z€H,||z||=1
= sup |[lAz]* = [ A%
z€H,||z||=1

Note that any subalgebra 2" C 2 of a C*-algebra 2 that is closed under the norm || - || and
invariant under the involution is also a C*-algebra.

A morphism (or x-homomorphism) of a C*-algebra 2; into a C*-algebra 2y is any homo-
morphism 7 that preserves the involution:

(4) (m(A))" =7 (A7)

ASSERTION 1. Ewery morphism w: %41 — s of a C*-algebra Ay into a C*-algebra As is
NOTM-preserving:

(5) (A2 = Al Ac2.

We refer to [7] for a proof.

ASSERTION 2. Let J C 2 be a two-sided closed ideal of the C*-algebra A. Then J is invari-
ant under the involution, and the quotient algebra A/ T (with the naturally induced involution)
is a C*-algebra.

For a proof, see [13].
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ASSERTION 3. Let 7m: A1 — Ay be a morphism of C*-algebras. Then the kernel Kerm =
{A ey : m(A) =0} is a closed two-sided ideal of Ay, and the image ST = {B € Ay: B =w(A)
for some A € Ay} is a closed C*-subalgebra of Aa isomorphic to the algebra A/ Ker .

For a proof, see [13].
Since all separable Hilbert spaces H are mutually isomorphic, the same is true of the algebras
B(H). In a sense, B(H) is a maximal C*-algebra; more precisely, we have the next result.

ASSERTION 4. Every C*-algebra is isomorphic to a C*-subalgebra of B(H).

For a proof, see [13].

An element A € 2, where 2 is an algebra with involution, is said to be hermitian (or
selfadjoint, or real) if A* = A; A is called a projection if A is hermitian and A% = A; finally,
when 2( contains a unit 1, A is unitary if A*A = AA* = 1.

ASSERTION 5. A commutative C*-algebra with 1 is isomorphic to the C*-algebra of all con-
tinuous complez-valued functions defined on a suitable compact space X (with involution given
by f* = f, where the bar denotes complex conjugate). Every commutative C*-algebra is isomor-
phic to the C*-algebra of all continuous functions defined on a suitable locally compact space X
and tending to zero at infinity.

For a proof, see [13].

ASSERTION 6. If a C*-algebra A C B is a C*-subalgebra of a C*-algebra B and A € A is
invertible in B, then A~' € .

PRrOOF. Clearly, A* € 2 and AA* € 2 are also invertible elements of 2B, i.e., there exists
an element 7" € B such that AA*T = TAA* = 1. Consider the smallest closed subalgebra
Ay generated by the elements AA*, T, and 1 (i.e., the closure B in of all polynomials in these
elements). This is a commutative C*-algebra, and when it is represented as the algebra of
continuous functions on a compact space X, the element AA* corresponds to a function f(x),
x € X, which is never zero, and the element T is represented by the function 1/f(z). Since
1/f(x) lies in the subalgebra of functions generated by f(z) and 1 (by the Stone-Weierstrass
theorem), 2y coincides with the algebra generated by the element AA* and 1, ie., T € 2.
Hence A= = A*T € 2.

The spectrum Sp A of an element A € 2, where 2 is an algebra with 1, is the set Sp A =
{A € C: the element A — A1 is not invertible in 2A}.

ASSERTION 7. The spectrum of any hermitian element A € A is real.
The proof follows easily from Assertions 4 and 5.

ASSERTION/DEFINITION 8. A hermitian element A of a C*-algebra A is said to be positive
if one of the following equivalent conditions holds:

1. SpA C [0,00).

2. A= B*B for some B C 2.

3. A= B? for some hermitian element B € 2.

4. There exists a faithful morphism w: A — B(H) (i.e., Kerm = 0) such that (7(A)z,z) >0
for allx e H.

5. The preceding property holds for every faithful morphism w: A — B(H).

A proof is given in [13].
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DEFINITION. A state (-) on a C*-algebra 2 with 1 is a linear functional on 2 that takes
nonnegative values on positive elements of 2 and satisfies (1) = 1.

For every state (-) on a C*-algebra 2l we have the equality
(6) (A%) = (A), Aed

Indeed, by condition 1) of Assertion 8, Assertion 4, and the spectral theorem, every hermitian
element A € 2 can be written as a difference of positive elements: A=C — B, C >0, B> 0,
and hence the state (-) takes real values on hermitian elements. But any element A € 2 is
expressible in the form A = By + iBs, where By, By are hermitian, hence (6) follows.

ASSERTION 9. A state is necessarily a continuous linear functional on A with norm equal to
1. More generally, every positive linear functional (-) on a C*-algebra 2 (i.e., taking nonnegative
values on positive elements) is continuous and has norm equal to (1). If (-) is a continuous
linear functional on a C*-algebra with 1 and satisfies (1) = 1, then (-) is a state if and only if
its norm is equal to 1.

For a proof, see [13].
The weak *-topology on the space 2* dual to 2 is generated by the basis of open sets

G ={feA :b< f(A) <a}.

Evidently, convergence in 2A* with respect to the weak x-topology coincides with pointwise
convergence of functionals.

ASSERTION 10. The set of all states P = P() on a C*-algebra A is a convexr weakly--
compact subset of A*.

For a proof, see [13].

The extreme points of P are called pure states. Recall that a point x € P of a convex set P
is called an extreme point if and only if it cannot be expressed in the form x = A\jxz1 + Ao,
where 1,20 € P, A1 >0, Ao >0, Ay + \o = 1.

ASSERTION/DEFINITION 11. A morphism 7: 2 — B(H) of a C*-algebra 2 into B(H) is
said to be irreducible if one of the following equivalent conditions is satisfied:

1. Every element C € B(H) commuting all 7(A4), A € 2, is of the form C' = Al for some
scalar A.

2. The space H contains no nontrivial subspace invariant under all the operators 7(A),
Ae

3. The closure of m(2() in the weak topology of the algebra B(H) coincides with B(H).

4. Every nonzero vector « € H is cyclic for 7(2), i.e., the set 7()x is dense in H (see [13]).

A morphism 7: A — B(H) for which there exists at least one cyclic vector x € H is called
cyclic.

The GNS (Gelfand-Naimark-Segal) construction. To each state (-) = p(+) on a C*-
algebra with 1, the GNS construction canonically associates a Hilbert space H, together with
a morphism 7,: A — B(H,) which is very convenient for studying the properties of p. The
space H, is constructed as follows. Define a nonnegative hermitian form on 2 by

(7) (4,B) = (B"A).
The set N = {A: (A, A) = 0} is a closed left ideal in 2, as is easily seen from the two inequalities

(8) (A, B)]? < (A, A)(B, B)
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(Schwarz inequality) and
9) [(B"AB)| < [|A[(B*B),

which follows from Assertion 8 and the fact that the linear functional f(A) = (B*AB) is
positive. Thus, /N is a prehilbert space with the inner product

(10) ([A],[B]) = (4, B),

where [A] denotes the coset in 2/A containing A.

Let Hons = H,, denote the completion of /N with respect to the inner product (10). The
GNS morphism 7, of the algebra 2 into the algebra B(H,) is defined as follows.

On the dense linear subspace /N C Hgns define the operator

(11) m,(A)[B] = [AB] € A/N.

This is well defined because N is a left ideal of 2. It follows from (9) that 7,(A) is bounded
on 2/N, and its norm in B(H,) satisfies

(12) [l ()] < [ AJl-

Thus, m,(A) extends by continuity to all of Hgns so that inequality (12) is preserved.
ASSERTION 12. A state p is pure if and only if the morphism =, is irreducible.

For a proof, see [13].

We consider the following example of the GNS construction, which we will frequently have
occasion to use. Let 2 = B(H), where H is a Hilbert space, and let the state on 2 be defined
by the formula

(A) = (AP, Do),

where ®( is a unit vector in H. Then Hgns is unitarily equivalent to the space H, with [E]
going into ®g. Indeed, the ideal N consists of the elements A € B(H) for which

dy € Ker A.

Moreover, for every A € B(H) the class [A] € B(H)/N consists of the operators A" € B(H)
for which
A'Dy = Ady.

By associating to each coset [A] the vector A®g, we thus get the required mapping of Hans
into the space H. It is easy to verify that w(A) = A, A € B(H).

We mention here the von Neumann algebras, which are a special class of C*-algebras. These
are the subalgebras 2 C B(H) that are invariant under the adjoint operation and are closed
in the weak topology of B(H). The topological complications in the structure of C*-algebras
disappear in a sense when we consider von Neumann algebras. Thus, for example, if X is a
compact space with a finite measure u, then the weak closure of the C*-algebra of operators in
B(Lo2(X, 1)), acting as multiplication by continuous functions f(z) on X, forms a von Neumann
algebra consisting of multiplication operators by essentially bounded functions f € Lo (X, i)
with norm || f|| = esssup,cx |f(2)].
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§3. Fock spaces and second-quantization operators

A Fock space is a Hilbert space with an additional tensor product structure. Let H be a
separable Hilbert space. Unless the contrary is indicated, H will always be taken to be complex
and equipped with an inner product that is antilinear in the second argument.

We will define the symmetric (boson) Fock space Fs = Fs(H) on H and the antisymmetric
(fermionic) Fock space F, = Fo(H). It is convenient first to introduce the more general space

(1) F=FMH)= éf@,
n=0

where F(©) = C (the space of constants), and

FW = FWH) =H"=HOH® - @ H
— ——

n times

(where ® denotes tensor product of Hilbert spaces [36]). The space F in (1) is a direct sum of
Hilbert spaces, i.e., the space of sequences

(2) F:(f()vflv?fnv)v fnef(n)v

with finite norm
(3) (F,F)=|F|*=>"|Ifall*
n=0

Note that if H = Ly(Q, 2, 1), then F(™ is the space of square-integrable functions f(x1, ..., z,),
z; € Q,i=1,...,n, with respect to the measure y™ on Q".

The symmetric group S, acts naturally on F™ by permuting the factors in the tensor
products 1 ® - -+ ® @y, @; € H.

We write .7{5") and fén) for the subspaces of symmetric (resp., antisymmetric) elements of
F (i-e., which are either invariant under permutations or else are multiplied by the sign of the
permutation, respectively).

DEFINITION 1. - .
fs:@Fggn)a Fa:@ftgn)'
n=0 n=0

In the case noted above, when H is a function space, fﬁ") (Fé")) consists of the symmetric
antisymmetric) functions. We will call fs") and fén) the n-particle spaces.
y p P
The second-quantization functor. If an operator U with ||U| < 1 is given on H, we

write T'(U) for the operator on F which on each subspace F(™) acts on an element ¢ @ - - ® ¢,
by the formula

(4) LU p1 @ ®@pn) = (Up1) @+ @ (Uspy)

and which is extended by linearity and continuity to all of . Note that F, and F, are invariant
under T'(U), and the restriction of T'(U) to these subspaces will again be denoted by T'(U). If
U is unitary, then so is I'(U) on F, and F,.
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Let H be a selfadjoint operator with domain D C H. Let dI'(U) be the operator on F acting
on vectors of the form 1 ® -+ ® ,,, @; € D, by
() dU(H)(p1 © - @ pn) =Hp1 @ p2 @ -+ @ on
+P1@Hp®@p3®-®pn+-+p10-- @ Hpy,
and extended by linearity to the linear span of the ¢1 ® - -+ ® ¢,. Formula (5) is obtained by

formally differentiating I'(e®®) at the point ¢t = 0. We can also regard dI'(U) as acting on F
and F,, on which its closure is selfadjoint.

Creation and annihilation operators. Given ¢ € H, we define the creation a*(p) and
annihilation operators a(¢) on F(H) b

a(p)Q =0, a* ()= (0,p,0,...),

where Q = (1,0,0,...) is the “vacuum” vector in Fock space,

a(@)(p1 ® - @ pn) = Vn(p1,0) (P2 @ -+ @ n),

©) a*(P)P1 @ ®pn) =Vn+1HpRp1 ® - @ pn).

It is readily checked that

(a(p))” = a™(p)-

These operators extend by linearity to operators defined on the dense domain Fo(H) C F
consisting of the finite sequences in (2), i.e., those for which all f,, = 0 when n > ng for some
ng. We write Fo(H) = Fo.

Define linear operators on F by the formulas

Pi((Pl Q- ® (Pn = ' Z 5071'(1 " ® Pr(n)-
TESH

They are the orthogonal projections onto fg") and fén), respectively.

DEFINITION 2. Set

(7) ax(p) = Pra(p), ai(p) = Pra™(p)

on Fs o and Fg o, respectively. We will often omit the subscripts + here when the space F; or
Fq is clear from the context. In the case when the Fock space consists of sequences of symmetric
(antisymmetric) functions

(I) = (fo,fl(,’Bl),...,fn({El,...,{L‘n),...)

the creation and annihilation operators act by the formulas

(@(@) ), 0) = VA T 1 / fusr (o212 BE)u(E),

(7%)

(@ (©)®)n(z1,. .., 2n Z 1 ! (i) foe1 (X1, ooy Eiy ooy X)),

3\

where variables marked with @ are omitted.
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REMARK 1. If the norm in (3) is replaced by the norm

o0

1
IFI2 =" =l

n=0

then a* and a again have the form (7%), but without the factors 1/v/n and v/n + 1, which are
difficult to remember.
In the boson case we have the canonical commutation relations (CCR)

[a(f), a(g)] = 0 = [a*(f),a"(9)],

(®) [a(g), a™ ()] = (f,9)1,

while for the fermion case we have the canonical anticommutation relations (CAR)
o) {a(f),alg)y = 0= {a"(f).a"(9)} ¥ a*(f)a"(9) + a"(9)a" (f),
{a(f),alg)} = (f,9)1.

In fact, an even simpler approach is to define the creation and annihilation operators by spec-
ifying their action on the vacuum vector €2 and then imposing the CCR or CAR. Specifically,
by virtue of the commutation (or anticommutation) relations, the action of the operator a(y)
on the vector

(ga) %al(@l)a*ﬂ:<wn)ﬂ = (O""aovpi(@l & ®90n)a07)

must give the vector

T T e ) e (1) B (90) e ()9

which coincides with definition (6) and (7¢).
It is not difficult to see that on F,

(10) la(HI = lla™(HI = lI£1-
Also, the mappings
a(f): FW — Fln=1), a*(f): Firmb — Fln)

have norm

(11) la() 1 = la”(Plln1n = VIl

This implies that the set of finite sequences is a dense set of analytic vectors for a#(f), where
a# =aor a*, ie., forall F € Fsoandall ze€C

(12) > Bl (r) < o
n=0 :
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This is also true for the operators
(13)

The operators ®(f) and II(f) defined on F,( are essentially selfadjoint (by the well-known
Nelson criterion [36]) and satisfy the following commutation relations:

[@(f), ®(9)] = 0 = [II(f), IL(g)],

(14) [(f), I(g)] = i(g, [)-

Their closures are selfadjoint and define unitary Weyl operators on the space Fj

(15) U(f) = expli®(f)}, V() = exp{ill(f)},

satisfying the relations

(16) V(IHVI(g) =V (f+9)=V(gV(),

(16%) = V(g)U(f) exp
Indeed, consider the family of operators

Ii(g) = UtNHI(g)U ™ (tf) = exp{it®(f)}L(g) exp{—t2(f)}.

Then JII

pr —(f,9)1,
ie.,
(16%) Me(g) = I(g) — (£, 9)1t.
Therefore,

U(tf)V(g)U(tf) = exp{illy(g)} = exp{—it(f,9)}V (9)-
Taking ¢ = 1, we obtain the second equality in (16%). The first equality in (16%) follows from

xp{it@() + L)} = VeV tg)exp { -0}

by taking ¢ = 1, and this in turn follows from the fact that the derivatives of the right- and
left-hand sides with respect to ¢ are equal (using (16°)) for ¢ = 0; (16) is obvious.

The norm-closed subalgebra W C  B(Fs(H)) generated by the operators {II(g),
®(g),g € H} is called the Weyl algebra.
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Operators that conserve particle number. These are the operators acting on Fs (or
Fo) for which Fim (or .7-"(5”)) are invariant.
The simplest example is the “particle number operator”

(17) dU(1)(F) =nF, if FeF™,

It is often necessary to express certain of these operators in terms of the creation and annihi-
lation operators. We first note that monomials of the form

(18) a*(p1) ... a(pn)a(gr) .- - al(gm)

preserve the number of particles if n = m.

Let us consider three important operators on Fy (or F,) in the case when H = Ly(RY, dx).
For such an H we introduce the “operator-valued distributions” a*(z), a(x), € R, defined
by

(19) o) = [T, (5= [ f@)a' (@) ds
and satisfying the commutation relations (in the case of Fy)

[a(x),a*(y)] = 6(z — )1,
[a(x), a(y)] = [a" (), a" (y)] = O

(with similar anticommutation relations holding for F,).

Using these symbols, it is convenient to express vectors and operators in F, and F, in the
following form:

1) if f(xq1,...,2,) is a smooth symmetric (or antisymmetric) function, then we set

(20)

F=H{0,...,0, f(x1,...,2pn),... }

= ﬁ/f(zl,...,zn)a (z1)...a"(zn)dz1 ... d2,Q € Fs((a))

(cf. (9%)).

2) To certain distributions K in n + m variables one can associate the operator

A:/ K(flw-~7$n7y1»~-~7ym)a*($1)~-~a*(xn)
R(n+m)v

X a(yr)...a(ym)dry ... de, dy; ... dym,

(22)

which acts on the vectors (21) by the following rule. Use the commutation rules (20) to move
each factor a(y;) in (22) in the expression AF to the right of all the a*(z1)...a*(z,); then use
the rule a(y;)Q = 0. This yields a linear combination of expressions of the form (21), which for
a suitable class of kernels K will contain only smooth functions f.

ExaMPLES. 1) Let h be the operator on H = Lo(RY,dzx) given by multiplication by the
smooth function h(z). Then

(23) dl'(h) = /U h(z)a*(z)a(x) dx def / ) h(z)d(x — y)a*(x)a(y) dx dy.
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2) Let ho = —Ap, ¢ € H, A the Laplace operator. Then

(24) dr(h) = / (—Ad*)(2)a(z) de < / (—AS)(z — y)a* (z)aly) dz dy.

3) Consider the expression

/ V(@ y)a* (@)a* (y)a(y)a(z) dz dy
(25)

[ Vw)dte ~ 20)dl - m)a (2)a’ Gatua(en) de dy day dy,

where V' (z,y) is a symmetric function (a pair interaction potential). According to our rule, on
each subspace F(™, n > 2, this operator acts as multiplication by the function

2 Z V(l’z,l’])

1<i<j<n

Gaussian representation of F,. Let H be a Hilbert space with orthonormal basis f1, fa, ...,
and let & = &(f;) be independent Gaussian random variables with zero mean (¢;) = 0 and unit
variance, defined on a probability space (€, X, ). We can take ¥ to be the smallest o-algebra
with respect to which all the &; are measurable. If

f=) cfien,
then we set

(26) ) N eef),

K3

where the series converges in the mean square sense.
Define an isomorphism

(27) Lao(, 5, 1) — Fs(H)
by the assignment

(28) € (1) () v (@ (F) - (@ (),

if f1,..., fx are distinct basis elements (the Wick ordering :: is defined in [26]).
One can check that

a” () &(f1) - E(fr) 1) = E(NECS) - - E(Sr) -

(29) a(F)(E(f) ) =1:€71(f) -
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Oscillator representation for F,. If we identify the spaces Lo(R' dz) and

Lo(RY, %dy) via the mapping
(30) J(@) = fla)(2m) e/

and use the identification (28)
1Ly
(31) Loy| R, —e YV/%dy | « F(C)
27
we obtain an identification
(32) Ly(R', dz) < F,(C).
—1/4,—2%/4

The vacuum vector in Lo(R!, dx) is (27) , which is the eigenfunction with smallest
eigenvector of the energy operator (Hamiltonian) for the harmonic oscillator

1 1 d? 2
(33) Hoz—a*a:—<—2—+x——1),
x
where
1/ d 1/« d
34 == +v2— A R/ B
o () ()
A similar identification of Lo(RY,d™ z) with the space F(C™) can be obtained by taking tensor
powers of the isomorphism (32).

Gauss (Grassmann) representation for F,. This representation is analogous to the
Gaussian representation for Fs. Let G(H) be the Grassmann algebra with 1 over the Hilbert
space H, i.e., the Grassmann algebra with generators {¢(e;), ¢ = 1,...}, where {e;} is an
orthonormal basis in H and

(35) {ih(es),h(es)} = plei)(e;) +1b(ej)ib(es) = 0.
To each monomial

(35%) Vleq) .. v(eq), i <ig <--- <ig,

we associate the element

(36) a*(ei,)...a*(e;, )Q.

This map extends to an isomorphism
G(H) < Fa(H),

where G(H) is the completion of G(H) in the norm induced by the inclusion G(H) C F.(H)
via (36). For any f =Y c;e; € H we write

(f) = ciples) € G(H).

It is easy to verify that a*(f) acts on G(H) as left multiplication by 1(f), and a(f) acts as left
differentiation 9/0¢(f) (see [5]). It is defined as follows. For f = e;, we have

) | [0 i #isforalls=1,....k,
B eyt vew) = | (1) p(en) - e - blew) o = i,

For an arbitrary f = > ¢;e; we define

0 0
(38) Fo) ~ 2= a0
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Holomorphic representation for F,. Let H = lo(N) =CN, N ={1,...,N} and let Ry
be the Hilbert space of holomorphic functions f(21,...,zy) on CV with the inner product

(39) (1.9) = = /fﬁeXP{—él%IQ} 1T das dys,

2k = Tk + 1Yk
We identify
(40) Ry < Fs(la(N))
using the formula
(41) 2N o (@) ()Y Q.

Here the operators a} are given by multiplication by zj, and apf = 0f/0z.

Holomorphic representation for F,. In contrast to the algebra G considered above,
here we introduce the algebra G2 (l2(N)) over l(N) with twice the number of anticommuting
generators 1, ..., 0n, ¥y,...,1¥,. The algebra G1(l2(N)) C Ga(la(N)) of polynomials in the
generators {¢;, i = 1,..., N} will be called the algebra of holomorphic functions, and we give
it an inner product by the formula

N . N o
(42) (r.9) = [ ra]Jexol-T .0} [ v as.
=1 =1

where [ ]I, dib; dib; is the Berezin integral with respect to the algebra Ga(lz(N)) (see [5] and
also §5 below), and g is obtained from g by applying the antilinear involution 6 in Ga(l2(N))
acting on the generators by the formula

(43) O =P;, Oy =y
and which is extended to the whole algebra Ga(l2(N)) by the rule
6(AB) = 6(B)0(A).

It is not difficult to show that the basis (35%) is an orthonormal basis in Ga(l2(N)). The
mapping of G1(l2(N)) into F,(l2(N)) is again of the form (36), and the operators a(f) and
a*(f) act on G1(l2(N)) as before.

Free dynamics in Fock spaces. Let a selfadjoint operator h be defined on the one-particle
space H. Then we can define the operators I'(e?") on both F(H) and F,(H). The operators

[(e™) = exp{itdl'(h)}

form a unitary group of transformations of the space Fs(H) or F,(H). That is, we have a
Schrodinger dynamics in these spaces, which is usually called the free dynamics (generated by
h). The corresponding Heisenberg dynamics

7t (A) = exp{itdl'(h)} A exp{—itd['(h)}

is also called the free dynamics in the algebras B(F,(H)) or B(Fs(H)).
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84. The CAR algebra and its free dynamics. Dynamics of a
system of interacting fermions. Analog of Robinson’s theorem

1. The algebra of canonical anticommutation relations (CAR).

DEFINITION 1. The C*-algebra A(H) C B(F,(H)) generated by all the operators a(f),
f € H, acting on the antisymmetric Fock space F,(H) is called the algebra of canonical anti-
commutation relations (CAR) over H.

Let Hpo C H be any ordered family of subspaces indexed by the elements A of an ordered
set, so that Ha, C Ha, if Ay < As, and suppose that these subspaces generate all of H, i.e.,
UHa = H. Then we get a representation of the algebra 2((H) of the form

—~

1) AH) = JA(Ha),
A

where A(Hp) C 2A(H) is the subalgebra of 2A(H) generated by the operators {a(f),
a*(f),f € Ha}. Since A(Hy,,) imbeds homeomorphically and isometrically in 2(H,,) for
Ay < A, expression (1) defines a quasilocal structure on 20(H) (see 3.0). The algebras
Ar = A(Ha) are called the algebras of local elements. In particular, if H = Lo(RY,dx) or
H = Lo(Z"), one takes the index set A to be the collection of bounded subsets of R” (or Z¥)
ordered by inclusion; then Hy = Lo(A,dz) (or Ha = I2(A)). Note that 2, is a superalgebra:
the closure of the polynomials in a* (f) consisting of linear combinations of monomials [] a# (f)
with an even number of factors is the even subspace, while the closure of the span of the odd
monomials forms the odd subspace. Further, if AN A" # o(A C R” or A C Z"), then the
algebra Axuar = Ap ® Apr, where the tensor product ® is taken in the graded sense (see [23]).
In particular, the above imbedding 24, — %A, takes A € ™y, into A @ 1p,\p, € An,-
If dimH = n < 0o, we can express A(H) as

(2) AH) =AW @ - @ Up.

Here 2; is the algebra generated by the operators a(e;), a*(e;), where {ei,...,e,} is an or-
thonormal basis in H. Since each 2; is isomorphic to the algebra of 2 x 2 matrices, we see from
(2) that A(H) is isomorphic to My, the matrices of order 27, i.e., it coincides with the algebra
B(Fo(H)). This is no longer true when H is infinite dimensional; in this case the algebra
A(H) C B(Fa(H)) does not contain any nonzero compact operator (see [7]).

2. Free dynamics on the CAR algebra. Let h be a selfadjoint operator acting on the
one-particle subspace H and let 7 be the free dynamics induced by h on the algebra B(F,(H))
(see §3).

LEMMA 1. The CAR algebra A(H) C B(F,(H)) is invariant under the dynamics .

PRrROOF. We claim that

3) na® (f) = a®(e7""f),
from which the statement of the lemma follows at once. To prove (3), choose an orthonormal

basis {f;} in H (belonging to the domain D}, of the operator h) and denote by ¢;; = (hfi, f;)
the matrix elements of h in this basis. Then the operator dI'(h) is equal to

(4) H=dT(h) = cya”(fi)alf;),
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as can be verified by direct calculation (the series (4) converges in the strong topology of
B(F,(H)). Writing a¢(f) = ma(f), we then obtain that

(5) datd(tfk) =1 (i[H, a:(f)]) = 74 (iZijat(fj)) = 7i(ar(—ihfr)).

(From the initial condition ag(fx) = a(fr), we get that

(6) ar(fu) = ale™™" fi).
Formula (3) now follows from (6) by linearity.

When H = La(RY,dx) or H = 12(Z"), we will consider translationally invariant one-particle
Hamiltonians, i.e., Hamiltonians that commute with the group U, of translations (U, f)(y) =
fly—2x), x € R” (or x € Z"). Such an operator h on Lo(RY,dz) is given on the set S(R") C
L2 (RY,dx) by the formula

(7 @) = [ He-pfe)dy  we R,

where h is a distribution such that the operator (7) is essentially selfadjoint on S(RY). In the
case when H = l2(Z"), a translationally invariant one-particle Hamiltonian has the form

8) (hf)(@) =D h(z —y)f ().
Z

We now take the Fourier transform

flx) — f(k) = /U exp{itk} f(z) dzx, ke RY,

or

Fk) =" exp{itk}f(z), keT”
ZV
where T" is the v-dimensional torus; (7) and (8) then become multiplication operators
(9) (h)(k) = h(k)[(k), Kk €R" (orkeT),

where h is the Fourier transform of the function h. The function E(k) is generally assumed to
be a sufficiently smooth function of k.

In the case of a continuous space R”, the most interesting examples involve Hamiltonians
given by the functions h(k) = k2 or h(k) = Vk% + m2, m # 0.

3. Construction of a dynamics for a system of interacting fermions in R (analog
of Robinson’s theorem). Consider the one-particle Hamiltonian

(10) nf=3AF,

where is the Laplace operator on La(R”,dx). The corresponding group exp{ith} is given by
the formula

(1) 1)) = g [ e {5 )

(—2mit 2
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We write

(12) Hozdrm>=§-t/ (M) (& — y)a* (x)aly) de dy.
RY X RY

We consider now bounded operators on F,(La(RY,dz)) of the form

M
(13) V=YV,
s=1
where V; is the monomial

(14) Vo =a*(f) ... a* (f)a(gl) .. a(gl™),

and fi(s), g](s) i=1,...,ms, j=1,...,1 are functions in S(R").
Our constructions also apply to the more general case of operators of the form

//K Ty .- - xmsvylv"'vyl) (xl) (Ims)
xa(yr)...a(y,)dey ... dxy,, dyr ... dy,,

(15)

where Ko (21, ..., Tm., Y1, -, y,) € S(RV(™)) are antisymmetric in the variables x1, . . ., 2,
and y1,...,y, taken separately.

We assume that whenever a sum V; appears in (13), so does its conjugate V., so that the
operator V is selfadjoint

(16) V=W
Thus for every real A\, the operator
H = Hy+ \V,
defined on the domain Dy, C F, of the operator Hy is essentially selfadjoint by Kato’s criterion
(see [36]).
Operators of the type (13), (14) (or (15)) will be called completely smooth operators. How-

ever, they are no longer translationally invariant, i.e., they do not commute with the group of
translations

(17) U, =T(U,), x € R,
acting on F,.
Nevertheless, we can use V' to construct a translationally invariant operator W on F, by

“averaging” V over all its “translations”. More precisely, consider for each x € R” the operator

(18) Vo =U VU =) Vi), Vi(z) = U VU

and define W by

M
(19) W:/ Vodr =Y W,
Y s=1
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where each operator Wy is of type (15), with kernels of the form

Ks(xlv"'vxmsvylv"'7yls)
(20)

:/Ks(xl +x,. T, F Xy 2,y x) da
and such that

(21) Ks(z1 + 20, .., Tm, + 20,91 + To, -+, Y1, + To)
= ICS<$17'"7xm3’yla"'7yls)'

The operator W is now translationally invariant, but in general it is unbounded. We will assume
that for all s

(22) ;>0

(and consequently, in view of the selfadjointness condition (16), ms > 0). In this case VQ =0,
and so W = 0 also.

It follows that W is defined and symmetric on the set F, o(S(R")) of all finite sequences
(23) {fo,fl,...,fn,o,...}efa, n=20,1,2,...

with components fr € S(R'F), k < n.

THEOREM 2. The sequences (23) in the set Fo,0(S(RY)) are analytic vectors for the operator
(24) H = Hy+ \W
and consequently, for every real N\, H is essentially selfadjoint on F,o(S(R")) by the Nelson
criterion (see [36]).

The proof is completely analogous to the proof of Theorem 3 below.
Thus if condition (22) holds, a dynamics Uy = exp{itH} is defined on the space F,, and
with it the associated Heisenberg dynamics

(25) (A) = U AU, A€ B(F,).

When condition (22) is violated, the operator W, and hence also H, may fail to be densely
defined. This will be true, for instance, when

V= . fw)a*(y) dy + . faly)dy,  fe€S(RY)

in which case the operator

(26) W=c/[| a"(y)dy+ E/ a(y) dy
RV v
cannot be defined on any vector in F,.
Thus in this case we cannot associate any (Schrédinger) dynamics on F, to the formal
expression (26). However, we will now show that (26) is associated with a suitably constructed
Heisenberg dynamics on the CAR algebra 2 C B(F,). For every cube A C R” we set

(27) Hp = HOJr)\WA,
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where
(28) Wi = / V, dz.
A

Then W), is a bounded operator and Hy, defined on the domain Dy C F,, is selfadjoint.
Define the group of automorphisms «/*(-) (Heisenberg dynamics) of the algebra 2 by the
formula

(29) ol(A) = exp{itHp}Aexp{—itHy}, Ac
Using equation (5.4.0), we can rewrite a(A) as the series
M) =)+ X [[ mon),

0<t; < <tpn<t

[Tt (Wa), [ [, (Wa), 7 (A)] .. ] dty . dty,

(30)

where 7 denotes the free Heisenberg dynamics (3)

(31) 7t(A) = exp{itHp} Aexp{—itHp}

on the algebra B(F,). Since the norm of each term in the series (30) is bounded by
(32) CA) WAl A" /nt < A" [V [A[*[|A][" /n!

the series is norm-convergent.

THEOREM 3. Let the operator Hy be given by (12) and V be defined the sum (13), where
m each term mg + lg is even, and assume that the kernels Ky € S(R”(m5+ls)) have compact
support. Then the limit

. A
(33) A o (4)

ot (A)

exists for all t and all local elements A € A° of the CAR algebra (A° being the set of local
elements), and we have norm-convergence. The map A — a;(A), A € A° extends by continuity
to a group of x-automorphisms of the CAR algebra A (it will again be denoted by o).

Moreover, for sufficiently small |t| the element a(A), A € A% is expressible as a norm-
convergent series

> J[ ana
(34) <t <<t <t

X // dzy ... den Ve[ Van o e, (A)] -],

Rvn

where we have written

(35) Vx,t = Tt(Vz)-
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PrROOF. We begin by proving the last statement of the theorem, i.e., that the series (35)
converges in the operator norm. Partition the space R” into unit cubes {B,,y € Z"}, where y is
the center of the cube B,,. In each space Ly(B,) choose an orthonormal basis {¢?, i =1,2,...};
extending each function ¢! by zero outside the cube B,, we get an orthonormal basis {¢?,
y€Z”,i=1,2,...} in the whole space Lao(R"). Let I = {~y,, y € Z”} be a finite multi-index,
where for each y € Z¥ vy, denotes a finite subset of the natural numbers, where only finitely

many of them are nonempty. Write suppI' = {y: v, # ¢} and for each pair T, T let A7 be
the monomial

(36) Ar= I M I I e,

yesupp i€y JEsupp fﬁefy;

where in the first product [, - a*(¢?) the factors are arranged in order of increasing index
1 € 7y, while in the second product Hy csuppr the factors are arranged in increasing lexicographic
order as determined by the points in supp I'; the same ordering is used for the produce of the

a(goi! ).
We will need the next lemma.

LEMMA 4. Let the local element

A= /K(xlv"'vxlvylv"'7yi)a*(x1)"'a*(xl)
xa(yi)...a(y;) dey ... doydyy ... dy,

(37)

be given, where the function K is C° with compact support contained in the set Gl R”(H‘T),
G C RY a bounded domain.
Then we have the expansion

m(4) =Y oD A ;.

Iy
(38) T => " lnl=1
Yy
T ="l =1,
7

where the coefficients Ct(k) (F,f) satisfy the estimate

r 1
|O(K)(F,F)| <
t yesl:!pr ([l (d(y, G) + 1)v+1]l

% H 1 _ (tu/2+1)l+7Rl+7'
- [Fyld@, G) + 1)r+1)77]

yesupp

(39)

Here R = R(K) is a constant depending on the kernel K, and d(y,G) is the distance of the
point y from the set G.

This lemma will be proved below; for the time being, we use it to prove the theorem. It will
be helpful to introduce the operators

(40) IN/Mz/ Vs(z) dx,

z
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where V(z) = U, VU, ! is one of the terms in the sum (13). Since V, s is again of the form (37),
7:(V..5) admits an expansion (38) with coefficients C;*(I',T') bounded as in (39), except that
d(y,G) can be replaced by the distance |z — y|.

In the above terminology, we can write the nth term of the series (34) as

(41) // 3 [1c (ri, 1)

O<t1 <<ty <t (Zl,Sl7F17F1)7---7(zn75n,rn,Fn)

O (O, D) OV DAL 5 - A, 5 Ap gl

Since each monomial A}, 7 contains an even number of operators a¥, the n-fold commutator
in (41) is nonzero only if the following condition holds: for each ¢,

n

(42) (suppT; U supp f‘z) m [ U (suppT; U supp fj) U(suppF U supp f)} # 0.

j=i+1

Moreover, the norm of the commutator is at most 2". For fixed I'" and f, summing first over
(21, 81,11, fl), then over (29, s2, T2, fz), and so on, and then finally over I' and f, we find from
(39) and (41), using also that |I';] < maxs—;
(41) is bounded by

M Ms, |Ti| < maxs—1 . M, that the sum in

yeeny

.....

(43) (/2@ (D! R'R(K),
@+
where L = ming—y, . prms, L= ming arls, and Ry = Ry (V).
Integrating next over t1,...,t,, we obtain finally that the norm of the nth term of the series
is bounded by the expression

.....

(44) t(u/2+1)(L+Z)n+an?R(K).

nl(l+1)!
It follows that (34) converges for |t| < tg = to(V). Our estimates also show that the series for
a}(A), which is analogous to (34) but in which the integration over R*™ in the nth term is
replaced by an integration over A™, converges termwise (in norm) to the series (34).

Thus, we have shown that (33) holds for small ¢ and every local element A € 2. Since
Ha,EA)(A)H = ||A]|, the same relation holds for the limit a;(A). Since the local algebra A° is
dense in 2, the map a;(A) extends to a x-automorphism of the algebra 2. Moreover, for all
A e and |t < tg, we have

(45) o™ (A4) = ay(A),A T R”

(convergence in norm).
Furthermore, since

(46) ap, (g, (4)) = af) 14, (4)

when |t1], |t2] < to, the left-hand side has a limit as A T RY, which can be used to define the
automorphisms oy for |t| < 2tg. Continuing in this way, we define a group of automorphisms
Oy ity = Qi 4, Relation (33) is proved similarly. This completes the proof of the theorem.
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PROOF OF LEMMA 4. We note that for A of the form (37), we have

(A) = / CK(z,.. 300, sypat(xy) . .at ()
(Ru)l+l

xa(yi)...a(yp) dey ... dxydyy ... dy;,

where

(47)

K($1»~-~7Il7y1»~-~

Y7)
l 7
_ /Hgt(xi e TL 55— )K€ s o) o . dEy iy . i,
i=1 j=1

and g:(z — y) is the kernel of the operator exp{ith} on L2(R") (see [36]). The coeflicients
Ct(k) (T, T) in the expansion(38) are given by

Ct(K)(I‘,f) = /f{(wl,...,xl,yl,...,yf)gpp(xl,...,xl)

X (Y1, - yp)dey .. depdyy ... dyg,

(48)

where the function ¢r (21, ..., ;) is obtained by the antisymmetrization of the function ¢! | (x1) ... ¢! . (2x,) @72 | (T, +1)
where {y1 < y2 < -+ < yn} =suppl, and {is1 <is2 < -+ <5k, } =7s. The estimate (39) is
thus a consequence of the following bound for the function K:

(49) |K($17-~-7Il7y17-~-7y[)|

1 1 7
K J(w/241)(1+1)
<l gemr e

< (st

if we recall the familiar inequality a;...a, It suffices to prove (49) for a

function of a single variable; let

70) = et [ew {5 by ae

where f(£) is a C* function with compact support contained in G. We will show that

_ Ctl//2+1
50 —_——
(50) ) < g
where the constant ¢ = ¢(f) depends only on the function f. Suppose that d(z,G) > 1, and

choose a coordinate system with origin at a point yo € G closest to x, and such that the
negative 7 axis passes through z. Denoting the coordinate of the point x by —¢,& = d(z, yo),
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we find that

. B 1 (e’ (e’ e’} z(y1+§)2
70 =g [, n [ [ et (S5
xHexp{T}f(y17y2,~-~7yu)

1 o o 1 +8)2 ) iy +§)
_(2m't)”/2t/0 i /oo / { 2t } t

XHQX {_?}f(ylayQM"ayV)d d
p 2 (y1+€) Y2 - Yv

i o e ()

0 flyy2,-- )
dyr iy +€)

dyy ... dyy,

where in the last equality we integrate by parts with respect to the variable y;. Continuing this
procedure n times, we get that

(n—k)(

Y1 yl?"'vyl/)
{ZC’ o+ 67 F }dyl...dyl,,

where the C} , are certain universal coeflicients. From the last expression, we find that for
every n,

— tn—u/Z
FAGSIRS &

The result (50) now follows upon taking n = v + 1.

REMARK. An existence theorem for a Heisenberg dynamics for lattice quantum systems was
first established by Robinson (see [37]). Our constructions are in many respects similar to his.

85. Linear dynamics for fermion and boson systems

1. Linear dynamics on the CAR algebra. Let X be a countable set and consider the
Fock space F,(H), where H = l2(X), and the quadratic form

Z%mnlm»

(1) Fos
Z%mmtw+z%mmm%»

in the creation and annihilation operators; here {f,,z € X} is an orthonormal basis in the
space H,

— — = * —
bzl,xz - bxz,zlv 0961,962 - 612,117 T1,T2 bI2>I17
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and the matrices B = {byy 2.}, B* = {bzy.2,}» and C = {cg, 2, } define bounded operators on
l2(X) (C*=0C).
When B = 0, (1) defines a selfadjoint operator on F,(H) and the associated dynamics

1t(A) = exp{itH } Aexp{—itH}

on the CAR algebra 2A(H) is a free dynamics for which the one-particle operator h has the
matrix C with respect to the basis {f,, z € X}.

We have already observed that when B # 0, expression (1) may in general fail to define
any operator on F,(H) with a dense domain. However, we can associate to H a Heisenberg
dynamics on the CAR algebra just as we did in the previous section to define the dynamics .
Let A C X be a finite subset of X and let

1
HA:§ Z by apa” (z1)a" (x2)

z1,22€A
e) . * *
D DR APC E R S I
z1,T2€EA z1,22EA

where a¥ = a*(f,). Clearly, Hy is a bounded selfadjoint operator on F(H), so that we have
the dynamics

(3) M (A) = exp{itHp} Aexp{—itHy}.
We will see below that the CAR algebra 2(H) C B(F,(H)) is invariant under this dynamics.
LEMMA 1. For every element A € A(H) the limit

(4) n(4) = lim 7' (4),  teR,

exists (operator norm convergence), and the limit maps 7 take U(H) into itself for t € RL.

PROOF. We consider the action of the dynamics 7/ on the generators {a%, z € X} of the
CAR algebra. Evidently,

(5) afm(t) =af foradA,
where we have written af)x(t) = 7M(a¥). In addition, for all + € R! the operators af,z(t)

satisfy the anticommutation relations, and in the expressions for H, the generators a? can be
replaced by af@ (t) for any fixed t. Hence we get

dap . (t . . .
Ad’it() = i[Hp ane(t)] = =i Y Comana(t) =i D bowal (1),
z'eA z’' €N
© da, ) o
— e =ilHa,af ()] =i D Cowar o (t) =i Y U anw(t).
x’EN x’EA

We have thus obtained a linear system of differential equations for the operators {afx(t),
x € A}, whose solution can be written in the form

ap () = Z g;\@,(t)awz + Z h;\,m,(t)a;, x €A,
z'eA @' e

* — * —A
aA,z(t) = Z g/x\,x’(t)ax’ + Z hx,x’(t)alﬂ'7

z' €A z'€EA
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where the block matrix

Ga(t) Ha(t)\ _ iy C B
o (i o) =5 )}
GA(t) = {ga[cx,x’(t)vxvxl € A}v H/\(t) = {hﬁ)x,(t),x,x’ € A}

Here Cp = {cz 2, x, @' € A}, and similarly for By and By. When A T X, the matrix (7)
converges strongly to the operator

(8) (%({?) g(%) ) = exp{ - (g* —BC) }

acting on the space lo(X) @ 12(X), hence we see from (6) and (8) that the limit of 7 (a
(in the norm of A(H)) and is equal to

Tt(am) = hm Tt am Z Gz ,x’ a;v’ + Z h$7$’(t)a

alf) exists

(9) z'eX z'eX
Tt(a;) - hm 7.t :c Z gxx ;’ + Z ELCE’ (t)aw’v
z'eX z'eX

where {gz ./ (t)} and {hy o (t)} are the elements of the matrices G(t) and H (t), respectively.
From what we have proved, it follows that the limit (4) exists for every element A € 2A(H),
and also that 7¢ is a dynamics on 2(H). The lemma is proved.

2. Linear dynamics on the Weyl algebra. We recall that a Weyl algebra is a C*-
algebra n(H) C B(Fs(H)) of bounded operators acting on F, generated by the Weyl operators
{U(f), V(f), f € H} (see §3). We consider once again the quadratic form (see (13.3))

1 1 1
(10) H = ) Z Aoy 0 Ty Ty + B Z bey 2o Py Py + B Z Car w2 (Pay Moy + Ty Pary )
T1,T2 T1,%2 T1,T2

in the creation and annihilation operators a¥ (f), f € H, where H = I2(X). Here for convenience
we have expressed H in terms of the operators

(@ (f) +a(f))

and set m, = 7(fz), Po = ©(f2); {fs,x € X} is an orthonormal basis of H indexed by the
elements of the countable set X; A = {ag, 25} B = {bxy,2,}, and C = {¢z, 4, } are symmetric
real matrices defining bounded selfadjoint operators on l3(X), and they satisfy the conditions

(11) A>0, B>0, C?<AY?BAY2

In general, expression (10) need not define a selfadjoint operator on Fs(H). In order to use
it to construct a dynamics in the Weyl algebra, we consider (as in the case of fermion systems)
the operator

E Az 25Ty Ty

z1,L2EA
(12) . *€ .
+ 5 Z bxl,xzq)xlq)xz + 5 Z Cay,xo ((I)Ilﬂ-xz + Trzlq)xz)v
z1,T2€EA T1,T2€A

where A C X is a finite subset.
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LEMMA 2. When (11) holds, the operator Hy is selfadjoint on Fs(H).

PROOF. It is easy to check that when (11) is satisfied, the expression for Hy in terms of the
canonical linear transformations

(13) =D Ubme, =) VA,  zeA
z'eA o/ e
where the matrices U» = {U2 ., @1,20 € A}, VA ={VA | #1,25 € A} satisfy the condition

VA= (uhHm)™,
can be reduced to the following form:

(14) =w) [ 24 pa(REDD + BAFL],
xEA

where w > 0, and |ug| < 1 for all # € A. As before, the operators {72, ®2} satisfy the
commutation relations (14.3),

(15) M EA = @2, 00 =0, 71, 0N] = —ibs..

It is known (see [46]) that any two representations of a finite system of operators {72, ®
x € A} that satisfy the commutation relations (15) must be unitarily equivalent. One such
representation can be defined in the space LQ(R‘AI , dwx) by setting

. d
Wwled_fa (I)wf:%cfv
4z

f = flgu. v € A} € Loy(RM, dM )

so that the operator Hy takes the form

0 0
HA.f—wZ[ +q$f+ﬂac Qwaf'f'a(Jmf:H:wZHI

zeA

When |u;| < 1, the selfadjointness and semiboundedness of each term H,, follow easily from the
KLMN theorem (a modification of the familiar Kato-Rellich theorem, see [36]). This completes
the proof of the lemma.

We have thus defined a dynamics
M (A) = exp{itHp} Aexp{—itH,\}

on the subalgebra Ay = B(Fs(Ha)) C B(Fs(H)), where Ha C H is the subspace spanned by
the vectors {fy,x € A}.

LEMMA 3. For each local element A of the Weyl algebra (i.e., A € 2Ap, for some finite
Ao C X), the strong limit

lim 7 (4) = 7(4)
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exists for every t € RY. The transformations A — 74(A), t € K, extend to the whole Weyl
algebra and define a dynamics on it.

Proor. Counsider the operators
w2 t) = 7 (mp), DA(t) = (D), x € A.

x

Arguing as in the case of fermion systems and using the commutation relations (15), we obtain
the differential equations

Z b;E m/(I) Z Cg, $/7T /

z’'eA RSN
E ag“mr (t) + g czz/q) reEAN
x'EN FARSHIN

for the operators 72 (¢) and @A( ). These equations have the solution

= Z g;\,w m’ + Z h (I)A”

x’eA z'eN
x’eA x’eA

where
Gpan Hp . . —Bpr —Cy
(B 50) eofe( 0))
Ga(t) = {g;\@/(t)}, Hp(t) = {hgm/(t)}, and so on, and Ap, By, Cp are defined in the same

Ga HA) converges strongly to the matrix

way as for fermion systems. As A T X, the matrix ( Dy Kn

exp {it (703 7AC) } = (g }h{r) and thus the operators ®2(¢) and 72 (t) converge strongly on

elements of Fs o to the operators @, (t) and m(t)

= X g (O + o o (0 = w10 + 20

where f,(t) =",/ goar () for, flt) = > ur ha o (t) for and 7, (t) is given by a similar expression.

This implies (see [36]) that exp{i®2(¢)} and exp{in(t)} converge strongly to the operators
exp{i®, (1)} = exp{m(f(t)) + ®(F(t)}V(FO)U(f(¢) expli(f. [)},

which lie in the Weyl algebra. That 7+ defines a dynamics on the Weyl algebra follows from the

fact that the matrices (ggg gg) define a continuous transformation group on l(X) & l2(X)

(see [36]). This proves the lemma.

We note that the free dynamics on the algebra B(F,(H)) defined by the Hamiltonian
H= thl zo frl (fxz) = dr(h)v

where hyy 5, = (Mfs,, f2,), coincides with the linear dynamics generated by the expression
— 1
H = 5( Z hay o Ty Ty + Z h$17$2¢11q>$2)'
x1,T2 xT1,T2

(This can be seen from the fact that for any finite A C X, Hx and H, differ only by a constant.)
(From this and the lemma just proved, we conclude that the Weyl algebra 2 C B(F,(H)) is
invariant under the free dynamics on B(Fs(H)).
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86. Random dynamics (stochastic Langevin equations)

The Markov processes with local interaction give rise to a large class of systems with a
random dynamics, to be considered in the next section. Here we will analyze a closely related
random dynamics that is described by an infinite system of stochastic differential equations.
The example examined here is also of further interest for its relation with the physical concept
of “stochastic quantization” (see the review in [29]). From the viewpoint of constructing Gibbs
fields on the infinite lattice Z¥, the meaning of the constructions to be given here is as follows.
There is a class of Gibbs modifications p of the Gaussian field on the lattice Z¥ for which one
can explicitly produce an infinite system of stochastic differential equations which are such that
1 is an invariant distribution for the Markov process defined by the solution of the equations,
and such that their time evolution v converges to the Gibbs distribution u as t — oo for a
large class of initial distributions vyg.

1. System of stochastic differential equations (the Langevin equations). The main
object of our study will be an infinite system of equations of the form

(1) A& (t) = Fo({&y(t),y € Z2"})dt + dWe(t), x€ 27,

with initial conditions &,(0) = ¢U, z € Z¥. Here {£,(t), * € Z¥} is a system of random
processes to be determined below; they are indexed by the points z in Z” and are defined for
all times ¢t > 0; {€2, x € Z¥} € R?" is some fixed configuration on Z¥; and {W,(t), € Z"}
is a set of independent Wiener stochastic processes starting at zero, W, (0) = 0, x € Z¥, and
defined on the probability space (2, %, 1). Finally, {F,({¢,, y € Z"}), * € Z"} is a system
of functions defined on the set RZ" of all configurations {&,ye z"} e R?". In fact, in the
present case we will see that each function F, depends on the configurations {£,} in some finite

fixed neighborhood of the point =z,

Fx :Fx({§y7y|$7y| <d})

Intuitively, equations (1) say that the increment d¢, of the process &, in the time interval
(t,t+dt) is the sum of a “deterministic” part F,.dt (depending on the values of all the processes
{&y, y € Z¥} at the time t), plus the random increment dWW, of the Wiener process. Although
this interpretation of the system of equations (1) is very convenient, to define it formally we
first rewrite (1) in integral form,

() E.(t) = €0+ / Fo({&,(1),y € Z7})dr + Wa(t).

In the example considered here, the functions F, have the following form. Let U° be the
quadratic form

(3) UO = aop Z fz + Z am—yé-mgya

zezv Ay
T, yezZ”

where the function a = {a,, u € Z"} satisfy the following conditions:
1) a has compact support, i.e., a, = 0 for |u| > d;
2) a is even, a, = a—y;
3) ap > Zu;éo |-
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The last condition ensures that the form U° is positive definite. Let P(-) be an even poly-
nomial of degree at least 4%, with leading coefficient 1 (and such that P(0) = 0). Consider the
formal Hamiltonian

(4) U=U"+¢ ) P(&)
reZV
where € > 0 and set
10U

€
(5) F, = *§£ = —aoés — y;aayxgy - §P (gx)

Before studying the infinite system (2) (or (1)), let us consider its “spatial truncation”, i.e., the
finite system of equations

t
(6) ) = €0+ / FA{EN )y € AP+ Walt), @A,
0
or in differential form,
dgy = FA{&),y € AY)dt +dW,(t),  x €A,

52(0): 0 r €A,

x

(7)

where L oU
A 3
Fé\ = 75@ = 70’06% — Z ay,xﬁy — 5Pl(§x)7 x e 1\7
yeEA
yF#w
and
(8) Ur = Z ag—y&a&y + EZ P(éw)
z,yEA TzEA

We will use the following theorem on existence and uniqueness of solutions for the system (6).
Let ¥4 C ¥ denote the o-subalgebra of ¥ generated by the values {W,(7), 0 < 7 < t} of the
Wiener processes {W,, x € A}.

THEOREM 1. There exists a unique multivariate random process £*(t) = {&X(t), x € A},
t € [0,00), which satisfies (6) and is defined on the probability space (Q,%,u) for almost all
w € Q. It is a Markov process, and for every t € [0,00) its values {EX(t)} are measurable with
respect to the o-algebra Eé\. Its sample paths §£(t;w) are continuous in t for almost all w € €.

The proof of this theorem can be found in various textbooks on the theory of stochastic
processes (see, e.g., [8]) and will not be given here.

We note that the form of the functions Fj, and in particular the condition that £ > 0, is
essential for the existence of a solution for all . This is easily understood by considering the
“deterministic” differential equation

dg 3

— = —af + &,

7 §+¢
which has the property that for large enough initial conditions £°, all solutions £(t) become
infinite in a finite positive time ¢. The additional diffusion associated with the Brownian motion



60 1. CONSTRUCTION OF AN EQUILIBRIUM DYNAMICS

can no longer correct this effect. We note further that the fact that the process {¢2} is Markov
(and also measurable with respect to XY ) is clear from our heuristic discussion of the equations
(1) if we recall that the multivariate Wiener process W (t) = {W,(t), x € A} has the Markov
property.

We will solve the system of stochastic equations (2) by taking the limit as A T Z” of the so-
lutions for the finite systems (6) subject, however, to the requirement that the initial conditions
{€0, & € Z"} do not grow very rapidly at infinity. Specifically, let H = I3(Z¥, e~1*l) € RZ" be
the set of configurations { = {{;, * € Z”} such that

I€lP = Y (&P < oo,

xeZv

where

v
|x|:Z|xz|, x=(x1,...,2,) € Z".
i=1

THEOREM 2. Let the initial conditions £° = {£0, v € Z"} € H be given. Then there exists
an infinite-dimensional stochastic random process £(t) = {&:(t), © € Z"}, t € [0,00) which
satisfies equations (2) and is such that for every x € Z¥ the sample paths £,.(t) = &.(t;w)
are continuous for almost all w, and the configuration {&;(t;w)} € H for every t and almost
all w. The random process &(t) is a Markov process, and for every t its values {&;(t;w)} are
measurable with respect to the o-algebra Xt generated by the values of the Wiener processes
{Wy(r), z € ZV,0 <1 <t}

PROOF. Let U be a smooth function on the space R* and let ¢ (t) = {¢2(t), x € A} be a
solution of system (6). Consider the process n(t) = U(¢"(t)). It turns out that the differential
dn of this process has the form (Ito’s formula)

d =3 U (€M )dez + ZU e, (€M)
:Z(Uész+§Ué’zgz)dt+ZUéde$.

The additional summand 1/2 YUY . (€%(t)) dt is present because (d§ dé2)? = F2dt*+2F, dt dW,+
(dW,)? has the same order of smallness as (dW,,)? ~ dt (we refer to [11] for a detailed derivation

of equations (9) and (9’) below). Thus, the increment for the process 7(t) during a finite time

is equal to

9)

@) UENB) — U(ENE) = / 2

t1

1 t
<Z (U’ngx + §U”§Igz>) dt + Z/ U'e, dW,.
- 0

x

We must now explain how the integrals [ U, éz (fA) dW,, which are called Ito stochastic integrals,
are to be interpreted. Let n(t) = n(t;w) be a random process defined on the space (2,%, )
such that for each ¢ its value n(t,w) is measurable with respect to the o- algebra ¥t and for
almost all w € €2 the integral fot 7?(7,w) dr < oo. Then the stochastic integral fo T) dW, (1)
is defined as the limit in probability of the following integral sums:

|
-

n

(10) n(tk) (We (ter) — We(tr)),

b
Il



§6. RANDOM DYNAMICS (STOCHASTIC LANGEVIN EQUATIONS) 61

where 0 = ¢p < t; < --- < t, = t is an arbitrary partition of the interval [0,¢] (a proof that

the limit fg n(7)dW, (1) exists can be found, e.g., in [11]). It follows immediately from the
definition of stochastic integral that its mean value is zero:

(11) (f tn(r)dwz<r>> —0.

Indeed, this is true for every integral sum in (10), since in each term of the sum the random
variables n(t;) and W, (tg11) — Wy (tx) are independent and (W (tg+1) — Wi (tx)) = 0. Now
consider the function

(12) UEN®) = €47 = (& )®e .

zeA

LEMMA 3. For every finite A C Z¥, U(€M(t)) satisfies the estimate
(13) (St < (L(@ret v r)em sy
TEA zEA

for all t > 0, where the constants R > 0, D1 > 0, Dy > 0 do not depend on A.

ProOF. Applying Ito’s formula to the function (12) and averaging the resulting equality
with respect to the measure u, we get by (11) that

(S@oret) =@ -2 [ [ T ay@@eimne]|

TzEA TzEA z,yeN

_5/0 S e TN PR (T)) +t Y e

TEA zEA
Note that for all ¢ € R* the polynomial £ P/(€) is bounded from below by
EP'(&) > —c, c>0.
Using the inequality
E2Eb] < (€2 + (6,
we find that

t
1) (T@orer) < et r [ (S har+ b
TEA z€eA 0 €A
where R =3 .. layle~ 1l and B = (ce+1) D owezv e~ l=l. We write s(t) = <ZI6A(§£(1€))26"$‘>
and consider the solution of the equation

5t = R /O 'S(r)dr + Bt + 5(0).

It is clear from (14) that s(t) < 3(¢). On the other hand, 5(¢) is a solution of the equation
s = Rs(t) + B, 5(0) = s(0). Upon solving this equation we obtain the bound (13).
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LEMMA 4. Let Ay and Ao be finite subsets of ZV (with 0 € Ay C As) and let €M (t) and
&22(t) be the corresponding solutions of the equations. Then we have the following estimates:
1. The estimate

(15) D oAER () = &2 ()?)e M < e OIMI M (|03, + D)et,
TEA

where M, l~), and Ra are constants independent of A1 and Aa, and p(0,0A1) is the distance
from the point 0 € Z™ to the set OA;.
2. The estimate

(15') < max - (61 (r) — € <T>>e‘2'm'> < e OO (|E°)3, + D)e™,
- T xzEA;
where the constants M, D, and R do not depend on Ay and As.

PRrROOF. We observe that

d( j{:(éﬁlﬁ)——§£2@)))2e—2W|

rEN;

=2 ) e e (1) — €22 (1) (dex () — dep= (1))

xEA,
=23 el (1) — 2 O)(FN (€M) - FM ()t
xEN,
=-2) e g () - &)
TENA
[T asgr0-gr0 - X aig]
yeA yEA2\A1L
—e Y e eled (1) — () (P(EM) - PI(EM)).
TEA

Thus,

Aq Ao 2672\1\ 1 ! A1 ) — Ao T 2672|x| -
16) 3 (M) — e 01)) <R/O<Z<§m<> £h(r)) )d

rENA rENA

t
+D16—p(0,6A1)/ < Z (571!\2 (T)e—2y)> dr,
0

yEA2

where we have used the estimate

E—=n)(P'(§) — P'(n) > —K(—n)*

for a suitable constant K > 0.

Averaging the inequality (16) with respect to w and applying estimate (13) of the previous
lemma, and also the arguments used in its proof, we obtain (15).
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We note that inequality (16) remains valid if the left-hand side is replaced by the expression

max (€57 (s) — €% (s)e 2"
rEN;

After averaging and using (15) and (13), this gives (15').

We now choose a sequence of cubes Ay C Z" with sides of length Ly = N and center at 0. We
will show that for any fixed point o € Z, for almost all the trajectories &MV (¢;w) = & (t;w)
of the processes §£0N (t) converge uniformly on any finite time interval [0, T]. For simplicity, we
take zg = 0 and for each N consider the set

Env — Nio. N N+l -N/3
N {Ogs%mo (5:0) — 5 (s0)] > e

In view of the estimate (15") and Chebyshev’s inequality, we find that

-N
W(Ey) < K(T)egT < K(T)e N3,
N

Since the series Yy pt(En) < 00, by the Borel-Cantelli theorem [1], there exists a set QcCQof
full measure such that for any w € £ we have

Ny, =\ —N/3
Oglsa<XT|§O (Saw) 0 (Saw)| <e

for all N greater than some Ny = Np(w). Thus, the sequence of functions &Y (t;w), w € (NZ,
converges uniformly on every finite time interval. The limit functions £§°(¢;w) are the sample
paths of the process £y(t). Similarly, one proves the existence of the limit process £2°(¢) for
every point x € Z¥. The remaining assertions in the theorem now follow easily. In particular,
Lemma 3 implies that {£3°(¢;w)} C H for every ¢ for almost all w.

2. Reduced dynamics on the space of measures. For any configuration £ = {£0} € H
and any t > 0, let Pi(- | £€°) denote the distribution in R?" of the values of the infinite-
dimensional random vector £(t) = {&;(t;w), © € Z¥, where £(t) = £°°(¢) is the solution (con-
structed in the previous subsection) of the system of equations (2) with the initial conditions
€0 = {£9}. By the results proved above, the distribution P;(- | £°) is concentrated on the set
H C R?,ie.,

(17) P(H|E%) = 1.

Let 99t denote the class of probability distributions v in R?" concentrated on H, and define a
family of transformations on 2 by

(18) (Viv) (4) = /H PAAI) du(),  ACH.

Since the process {£>°(t)} is Markov, the transformations V; form a semigroup,

(19) ththz = V151Vt2'
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In addition, for each finite A C Z¥ we consider the semigroup V/* of transformations of proba-
bility measures on R* given by

(20) VA6 = [ PR )
RA

where PA(- | €3) is the distribution of the values of the process £ (t), where £*(t) is the solution
of (6) starting at the point £ € R* at time ¢t = 0. It turns out that if the initial measure
v = vy on R® has a density po(fA) with respect to the Lebesgue measure d*¢ on R*, then
so do all the measures v; = Vg, and their densities p;(¢2) satisfy the Chapman-Kolmogorov
differential equation

Opy . 1 32pt 0 A
(21) E*g%@*%@(ﬂpﬂ

with initial condition p|i—g = po, where the F2 are the coefficients in equation (6). We note
that the distribution Vé\quﬂ with density

(22 Peant(€Y) = 5 exp{~UA (")),
A

where Uy is the truncated Hamiltonian (8) and the normalization factor Zy is given by

Zn= [ exp{-Us(e}are
RA
is a stationary point of the semigroup V;:

/ A A _ A
(22 ) V;. chuil - chuil

for all ¢, as follows immediately by substituting (22) in the right-hand side of equation (21).

When ¢ = 0, the measure ué\quﬂ coincides with the Gaussian measure Vé\auss with density

(23) p/g\auss<£) = ﬁexp{_ Z aw—ygigy}'

z,yEA

(From (8), (22), and (23) we see that for € > 0, Vé\quﬂ is the Gibbs modification of the measure

Vhuss Dy means of the interaction e Y-, .\ P(&):

(24) Wi _ 1 e { e P(¢ )}
——— = =—expq — ) (s
dygauss ZA zEA

where

Zn= (e { - pie})

TEA

Vgauss

As is shown in [26], under our assumptions on the function {a,, u € Z*}, for small enough
€ > 0 the thermodynamic limit

/ : A
(24 ) Vequil = Al%%lu Vequil

A .
of the measures Vequil exists.
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THEOREM 5. The measure Vequil @5 concentrated on H and invariant under the semigroup
Vi.

This theorem will be proved simultaneously with the next theorem. Let ) be an arbitrary
polynomial of even degree with leading coefficient 1. Let V% be the Gibbs modification of the

Gaussian measure Vé\auss associated with the interaction € )\ Q(&z),

dv
(25) dyAQ — Zj exp{ —€ Z Q(ﬁx)}

gauss Q zEA

where Z, ¢ is a normalizing factor. As already indicated, the limit measure

. A
vo = lim v,
QT Ajzv @

exists for sufficiently small € > 0.

THEOREM 6. The measure vq is concentrated on H and for small enough e, Vé = Vivg
converges 10 Vequil as t — 0o. More precisely, for every fized local function Fy we have

(26) <FA>UC"Q - <FA>Vequil as t — 00

and the convergence is exponentially fast.

We recall that for a finite set A C Z¥, a local function F4 of the field configurations £ = {&,,
x € Z"} is one that depends only on the values of the configurations of £ on the set A.

A proof of this theorem will now be briefly sketched.

First consider the case € = 0. Then one checks easily that for every A, the distribution
pQ (- | €3) of the values of the field {¢2(¢)} on A x R!, generated by the solution of equations (6)

with & = 0, is Gaussian for all initial conditions £&. Now consider the field {£,(£)} on A x R
with random initial conditions f{} distributed according to the law v The distribution of

gauss®
the field {&,(¢)} is equal to
1) [ i) lo) =

and is Gaussian. Its mean value is (£,(t)) = 0 for all z € A and ¢ > 0, and its covariance

(& (D& 1) = Ch(x.y)

is readily seen by explicit computation to satisfy the estimate
(28) G, y)] < Bexp{—lt — s| = 7] —yl},

where B > 0 and v > 0 are absolute constants (independent of A).
For € > 0 we consider the analogous measure

i) = [ ubciehaico).

which is the distribution of the field {Eﬁ(t)} on A x R! obtained by solving equations (6) with
€ > 0 and initial conditions {5{)\} distributed according to the law V%. For any 7' > 0 we denote
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by ug’ and p7 the distributions of the restrictions of the ﬁelds {gﬁ(t)} and {Eﬁ(t)} to the
set A x [0 T] C A x R' (generated by the distributions p{ and p?, respectively). One can show
that u T is absolutely continuous with respect to MQ’T, and that for almost all configurations
AT — (€M)}, z € A, t € [0,T) the density duT /dud" is given by

dﬂa AT _ ¢ ( AT
e )—ew{ - / P(EMT (7)dWs (7)
(29) dvA
,_Z/ P/ AT ]dT}dVAQ (§A’T(0))
zEA gauss

(this is the Girsanov formula, see [11]).
If we now use Ito’s formula for the increment

S PETD)- S T PE@T ) =53 [ PETORE )i

zeEA zEA xeA
42/ PllfAT d 4= / ZP/ AT dW()
zEA TEA

and also equation (28) for duQ JdvA

zauss: WE Cal rewrite (29) in the form

e =g 5 TP ) - e )

0
T

21 [ e e T*—Z/ PET (M)ae &) () dr
7_522/ Pl AT 77€ZQ5AT )}

TzEA TEA

Thus, the measure 7 is a Gibbs modification of the MQ’T. For small e, we can use the bound
(28) on the covariance of the Gaussian measure MQ’T to derive a cluster expansion for MQ’T
which is similar to the above-noted cluster expansion for the measure ug given in [26]. Using
this cluster expansion one can show that the limit
(30) pe =p"f = Tim T

ATZ”

T—o00
exists, and the limit measure u. again admits a cluster expansion. The limit p. is the distri-
bution for the field {£2°(¢)} given by the solutions of the infinite system of equations (1) with
random initial conditions distributed according to the law vg. It follows from this that for
every to the distribution pfo of the values of the field {£2°(t)} at a fixed time t = t( coincides
with Vi, vp:

pe’ = Vi -

Next, using the cluster expansion for the distribution p. one can show that the field {£,(¢)}
decays exponentially. This implies in particular that for any local function F4, the mean
(Fa(€®(to))p. = (Fa (§)>#20 converges to the limit (F4(§))r exponentially fast, and the limit
measure 7 (which is independent of the distribution v of the initial conditions) coincides with
the stationary measure for the semigroup V;. Taking Q = P, we see from (22') that all the
marginal distributions pT"% for 7 coincide with v From this, we obtain upon taking

equil*

the limits (24) and (30) that ¥ = Vequil, which is the assertion of Theorem 6.
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§7. Marginally closed Markov chains with local interaction

The Markov processes (or chains in the discrete-time case) with local interaction comprise
an extensive class of random fields which are often encountered in applications yet also com-
paratively simple to study.

1. Basic definitions. We consider the random field £ = {{(x, ), (z,t) € Z¥ x Z1} on the
semilattice Zi"’l = Z" x Z (where Z} is the positive “time” lattice) with values in some finite
or countable set S. A configuration {£(x,t)} of this field will be represented as a sequence of
field configurations & = {&: () = &(x,t), x € Z¥} on the lattice Z¥ at fixed times. We say that
the field forms a Markov chain if for every ¢ > 0 the conditional distribution of the configuration
€41, subject to the condition that the configurations & = &,...,& = £, are specified at all
the previous times, depends only on the last configuration ,:

(1) Pr(£t+1 S A|Ztvgt717 cee 750) = Pr(§t+1 S A|€t = E)

Here A € Q = S#” is an arbitrary set of field configurations on Z".
A Markov chain will be called a chain with local interaction if for every finite subset X C Z¥
and every collection of values Sx = {s,, x € X}, the conditional probability

(2) Pr(&1]x = Sx|& = &) = A% (Sx, Elo+x)

depends only on the values of the configuration £ in a @-neighborhood Q + X = Upex (@ +2)
of the set X. Here Q C Z" is some fixed finite set (a neighborhood of the point 0 € Z%),
and @ + x is the translate of @ by the vector x € Z¥; &.1|x denotes the restriction of the
configuration to the set X (similarly for £|g4x), and A% (Sx, 5% @) is some function of the pair
of configurations (Sx, S ;o). We will henceforth assume that Ax(-,-) does not depend on ¢
(i.e., the transition probabilities are uniform in time). Finally, we shall say that a Markov chain
is conditionally independent if the values of the configuration &1, subject to the condition
that the configuration & = £ is fixed, are independent:

(3) Pr(&alx = Sxl& = &) = [] pe(s2l€loia),
reX

where

(4) P2 (5Sq+a) = Aa}(s15g4a), s€S

is a family of probability distributions on the space S depending on the configurations Sgy, on
the set @ + z. We will also assume that this family is “spatially uniform” in Z”. This means
that

Af21(8Sq4a) = Ao(s; Sé) = p(3|Sf2),

where S7) is the configuration on () obtained from Sq, by translation by —z. A chain is
conditionally linear if the conditional probabilities satisfy

(5) p(s1Sq) = p(&+1(0) = slélg = Sq) = D ay(s, So(¥)),

yeER

where {ay(s,s’)} is a set of functions of the pairs (s, s’).



68 1. CONSTRUCTION OF AN EQUILIBRIUM DYNAMICS

2. The BBKY equations and marginal closedness. Definition (2) can be rewritten as

(6) Pr(6esilx = Sxlé =€) = Ax(Sx,5%40) I derm. o
z€X+Q

where 0, ¢ is the Kronecker symbol. Averaging (6) over the values of &, we find from this that
the probabilities

(6%) Px(Sx,t+1) = Pr(&41|x = Sx)

(sometimes called the correlation functions) are given by

Px(Sx.t+1)= ) Ax(SX»5%+Q)<H55<z>,s/<z>>

’
SQ+X

= Z Ax(Sx,S%40)Px+q(Sxig:t)

where (-) denotes an average over the values of &. The hierarchy of equations

(7) Px(Sx,t+1)= > Ax(Sx,S%;0)Px+o(Skxi0:1),
SéQJrX

expressing the finite-dimensional distributions of the chain at time ¢ + 1 in terms of the finite-
dimensional distributions at time ¢, is similar in structure to the well-known BBGKY (Bo-
golyubov, Born, Green, Kirkwood, Yvon [35]) hierarchy for the evolution of a system of cor-
relation functions in classical statistical physics. We note that the hierarchy (7) is difficult to
analyze, because it expresses the probabilities Px(-,t + 1) only in terms of the probabilities
Py (-,t), where [Y| > | X|. However, in some cases one can use the consistency condition

Px(Sx,t) = ZPXU y(Sxyv,t),
Sy

for the correlation functions to transform the right-hand side of (7) so that only probabilities
Py (-,t) with |Y] < |X| appear. Here Y C Z" is an arbitrary set disjoint from X, and S} =
Sxuy Is a configuration on X UY such that Sxuy|x = Sx, Sxuy|y = S

DEeFINITION 1. A Markov chain with local interaction is said to be marginally closed if for
every initial distribution Py (i.e., probability distribution for the values of the configuration &y
at time zero), for all t > 0, X C Z”, and Sy, the probabilities Px(Sx,t+ 1) can be expressed
in the form

(8) Px(Sx,t+1)=> Y Axy(Sx,Sy)Py(Sy,t),
Y Sy

where the sum Yy is over all nonempty ¥ C X U @ such that |Y| < |X]|, and {Ax y(Sx, Sy),
X CZ¥ Y C XUQ} is a system of functions of pairs of configurations (Sx,Sy) depending
only on the conditional probabilities (2) (i.e., independent of the initial distribution Fp).

REMARK. A Markov chain with marginally closed conditional distributions is also sometimes
said to be marginally closed.
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LEMMA 1. If a Markov chain is conditionally independent, then it is marginally closed if
and only if it is conditionally linear (see equation (5)).

PROOF 1. Sufficiency. Assume that the conditional probabilities are conditionally linear.
Then it follows from (5) and (6) that

(9) Px(Sx | = E) = H < Z Z ay(smv 51)58’,E(I+y)> ’
zeX “ye s’

Multiplying out the expressions in parentheses and noting that

2 -8 =
§S,E(z) - 65»5(1) ’

we reduce the right-hand side of (9) to

> ASx, S [ 6oz

Y S§ z€Y

where the sum is over all Y € X + @ and |Y| < |X|. Upon averaging over the values of the
configuration £, we obtain (8).
2. Necessity. Let X = {0} be the one-point set coinciding with 0 € Z* and ¢t = 0. Then

(10) Pr(&1(0) = 5) = Pyoy(s,1) = Y Agoy (s, S0) Pa(Sq. 0).
Sq

Since the chain is marginally closed, the right-hand side of (10) can be rewritten as

DN Aoy quy (5, 8Py (57,0).

yeQr s’

For any fixed configuration ?Q on @ we consider the initial distribution pg such that

Pr(éolg = Sq) = 1.

In this case, Pg(Sg,0) = 1 and Piy}(8',0) = 0y 5,(y)- Hence we obtain

Pr(1(0) = slélq = Sq) = A(0)(5,50) = D Aqo}.(41 (5.5 (1))
yeQ

Upon setting
ay(s,s') = Aoy 143 (s, 8)

we arrive at the assertion of the lemma.

It is clear that for a conditionally linear chain, the functions {a,(s,s’), y € Q} satisfy the
following conditions. For any configuration Sg; = {s;(y), y € Q} the following conditions are
satisfied:

a) the inequality

3 ay (s, 55(1) > 0.
yeQ
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b) the equality
(11) DD ay(sspy) = 1.
sy
For every y € Q and s € S, define the quantities
(11') Zay(s,sl) = qy(s).
ses
As follows from (11), for every set of values Si, = {s'(y), y € Q},
D oay(s'y) = 1.
yeQ
Thus, g,(s") does not depend on s’: ¢,(s") = ¢y,
-1
yeQ
Notice that if instead of the functions a, (s, s") we consider the functions
(12) ay(‘gvsl) = ay(s,s’) +Cy(8)’
where {cy(s), y € Q} is a set of functions on S such that for all s € §
(13) > ey(s) =0.
yeQ
then the conditional probabilities (9) remain unchanged.

LEMMA 2. One can choose a set of functions {cy,(s)} satisfying (13), such that the trans-
formed system of functions ay,(s,s’) in (12) is positive

ay(s,s’) > 0.

ProOF. Fix s = s¢ and for every y € Q) set

(14) dy(so) =dy = glelg ay(s,s).

Note that by condition a) above,
+ —
D dy=Dd dy+}, dy 20,
yeERQ Yy Yy
where Zi denotes a sum over those y for which d, > 0 (d, < 0, respectively).
We now set
) 4 itd, <o,
CylS = C, = —
v(s) =e %szdy if d, > 0.
It follows from this definition that condition (13) is satisfied. Moreover, (14) implies that for

every y €  we have ¢, +dy > 0. Thus, ay(so,s) + cy(so) > 0 for all y, sg, s. The lemma is
proved.

We will henceforth always assume that

ay(s,s") > 0.
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3. Ergodic behavior of conditionally linear chains. In what follows, we will study
invariant measures and the asymptotic behavior of conditionally independent and marginally
closed chains for large times ¢.

In particular, we will show that this behavior is completely determined by
the behavior of the one-point correlation function, i.e., by the set of probabilities
{P(s1(5{a},t), * € ZV}. The probabilities Px(Sx,t) introduced above (see (6%)) are usually
called n-point correlation functions, if | X| = n.

It follows from (3) that

(15) Pry(s,t+1) = > ay(s,5") Playy (s, 1).

’
shY

If the initial distribution P, is assumed invariant under translations of the lattice Z¥, then the
same will be true of the distribution P; for the configurations at any time ¢ and, in particular,
the one-point correlation function Py, (s,t) is independent of a:

P{$} (S, t) = P(S, t).

(From this and (15), we find that

(16) P(s,t+1) = Z(Z ay(s, s')) P(s',t) = Z b(s,s)P(s', 1),

s/

where b(s,s’) = >_, ay(s,s’). Since b(s,s’) > 0 and > b(s,s") = 1, the matrix B = {b(s, s')}
can be regarded as the transition probability matrix of a homogeneous Markov chain with set
of states S here (b(s, s) is the probability for a particle to go from s’ to s). We will denote this
chain by L;? it turns out that the asymptotic behavior of our original chain {£, ;} with values
in S is uniquely determined by the properties of the Markov chain L.

We now recall some notions relating to (homogeneous) Markov chains with finitely or count-

ably many states. For any two states s1, sy € S let B" = {bﬁ?,)SQ} denote the matrix of transition

probabilities after n steps: bgf,)SQ is the probability that the chain, originally in state s;, will be

in state sy after n steps; let f§{ﬁ)52 denote the probability that a transitions from s; to sy occurs
for the first time in the nth step. The probability of ever reaching s from s; is given by the
sum foo o =0, fs(?)SZ In particular, f° = f25 is the probability of returning to the state s.
A state s is said to be recurrent if f3° = 1 and nonrecurrent if f>° < 1. It is easy to verify that

s is nonrecurrent if and only if

(17) > bl < oo

n

(in this case the series ) bg?,)52 < oo automatically converges for every pair s1, s2). The sum
Ps =D m 7" is called the average time of return. A recurrent state s for which s = 00 is
called a null-recurrent state.

In order for s to be a null-recurrent state, it is necessary and sufficient that Zn bé”s) = 00,
but

(18) b —0, n— oo

2Here by L we mean a family of Markov chains having the same transition probability matrix; the members
of the family differ only in their initial distributions.
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The state s is said to be periodic with period T if bgns) = 0 for all n not divisible by T', and

b S 0forall k=1,2,....
Recurrent nonnull aperiodic states (i.e., which are not periodic) are called ergodic states.

For ergodic states we have the asymptotic relation b, = pa fod

particular, bé”s) = p; ' +o0(1) as n — oo. For a non-null-recurrent periodic state with period 7',

we have bglfsT) — Tus_l as k — oo. We say that a state ss is reachable from sp if sy = L A
Markov chain is said to be irreducible if every state is reachable from every other state. It is
a fact that all states of an irreducible Markov chain are of the same type: they are either all
nonrecurrent, null-recurrent, periodic (with the same period), or, finally, ergodic.

In the case of an arbitrary Markov chain, all the recurrent states can be divided uniquely into
classes, each forming an irreducible Markov chain. For an irreducible Markov chain with ergodic
states (such a chain is called ergodic) there exists a unique stationary (i.e., time-independent)
probability distribution m(s) = u;* for the states s.

For more information on all the above, see, e.g., [45].

After this general review, we return to the study of the correlation functions.

+0(1) as n — oo, and in

THEOREM 3. Let all the states of the Markov chain L be nonrecurrent or null-recurrent.
Then for any translationally invariant initial distribution Py of the original chain {&z+} all the
correlation functions satisfy

tli)r{.lo Px(Sx,t) =0.

PROOF. It follows from (16) that

P(s,t) =Y _b\"), P(s',0),

where P(s',0) is the one-point correlation function for the initial distribution. Relations (17)
and (18) imply that P(s,t) — 0 ast — oo, for every s. We then get the assertion of the theorem
by using the estimate Px (Sx,t) < Pp,3(Sx(x),t), where € X is an arbitrary point of X and
Sx(z) is the value of the configuration Sx at x.

To analyze the other cases we will need the following representation for the correlation
functions Px(Sx,t). Upon repeatedly iterating the equality

Px(Sx,t)= Y P(Sx|Sx+q)Pxtq(Sxiq.t — 1),

S5x+@Q
we obtain
(19) Px(Sx.t) = > P(Sx|Sk o)
S eS8 oraSxtarat -t
x P(S§1Q|S§(22LQ+Q) e P(Sggizfl)cg|S§?+tQ)PX+tQ(S§(+tQ»0)7
where

X+EQ=X+Q+ - +Q
—_———
k times

={z+yi+y+-- 4y, z€X, y;€Q, i=1,...,k}
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Next, inserting the expression

k+1
P(5§(+kQ|S£++(kzr1)Q IT > as™ ). s (= +y),
2CX+QuyeQ

into (19), we get

Px(Sx,t)= ) >

..... M @ )
Yoot Sx i q SxtaqrSx g

1
X ay, (Sx (), 8%, o (@ + y1)ay, (S (= + 1),
5§?)+2Q(9U +y1+y2)... ayt(“g‘()élzzfl)Q(w +yr Y1),

Sg)ﬂQ(x +Fyi e+ yt)PO(Sngt’O)'

Each term in this sum can be described with the aid of the following graph G, constructed on
the points of the semilattice Z* x Z1
1) On the slice Y; = Z¥ x {t} the set of vertices of the graph G coincides with the set X.

2) Exactly one edge “descends” from each vertex (x,t'), where 0 < ¢’ < ¢, i.e., there is exactly
one edge of the form {(z,t'), (¢/,¢ — 1)}, where 2’ — z € Q.

3) There is at least one “upward” directed edge entering each vertex (x,t'), 0 < t' < t, i.e.,
an edge of the form {(2/,t' + 1), (z,t')}, with z — 2’ € Q.

The set of all such graphs will be denoted by R(X,t). By a marked graph, we mean a pair
(G, Sg), where G is a graph as described above, and S¢ is a configuration: S¢ = {S¢(v),v € G},
Sa(v) € S, defined on the vertices of G.

We define the contribution of any marked graph (G, Sg) to be the quantity

(20) P(G,Sc) = [ aw-al(Sc(v),S6("),

(v,0")eG

where the product is taken over all edges (v,v) of G (v = (x,t), v' = («/,t), t =t + 1,
¥ —zeq).

From equation (19) we obtain that

(21) Px(Sx,t) = Z P(G,Sq) <H5S(v )60 (v) >

GER(X,t)
SG:SG|x:Sx

where the product II, is over the vertices in the zeroth slice Yy, v = (x,0), and the average (-)
is over the configurations in the zeroth slice.

Let R.(X,t) C R(X,t) denote the set of connected graphs. It is evident that a graph
G € R(X,t) is connected if and only if it contains exactly one vertex in the zeroth slice.

4. Dual random walk and estimates obtained using it. To a correlation function
Px(Sx,t) we associate the following random walk involving several particles on the lattice
Z", the walk occurring in “reversed” time 7 = 0,1,...,t. At time zero there are n particles
located at the points of the set X C Y; (|X| = n). The particle at € X may, independently
of the other particles, jump during one-time step to another point x 4+ y with probability g,
independently of how the other particles behave. If two (or more) particles jump to the same
point, then they “coalesce” to form a new particle. During the next time step, the same rule
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governs the motion of the old and newly formed particles. Clearly, any trajectory of the motion
of this system of particles during the time 7 = ¢ gives rise to a graph G € R(X,t). Let the
graph G be fixed. Then it follows easily from the definition (11’) of the probabilities ¢, (and
their independence of the state s’ in (11)) that

(22) > P@GSa)= ][] @

Sc: Saly, —fixed edges of G

where the sum on the left is over all configurations on the graph G with arbitrary but fixed
values at the vertices of the zeroth slice, and the product on the right is taken over the edges
{(z,t), (2/,t + 1)} of the graph G, and y = 2’ — z. Formula (22) implies, in particular, the
estimate

(23) Y orasa< I

Sa: SGlYg —fixed edges of G
Sa |y, —fixed

where the sum on the left is over all configurations Sg with fixed values on the slices Yy and
Yi.

The case of dimensions v = 1 and 2.

THEOREM 4. Let v =1 or v = 2, and assume that the Markov chain L is irreducible, with
all its states ergodic. Then for any initial distribution, every correlation function Px(Sx,t)
converges to a limit Px(Sx,00) ast — oo, and the limit is given by

(24) Px(Sx,00) =Y > > m(s) > P(G, Sc).

T=1GeR(X,7) 8 Sa:Sa(x,0)=s;Sc |y, =Sx

Here 7(s) is the stationary distribution of the chain L, and R.(X,T) is the set of connected
graphs having more than one vertex lying in the slices Yy, 7/ > 0 (i.e., they become connected
only on the last slice Yp). The sum ZSG is over all configurations S of the graph G with the
property that they take the value s at the last point in the slice Yy, and their restriction to the
slice Yy is equal to Sx. The quantities Px(Sx,00) are the correlation functions of the (unique)
stationary distribution of the original chain.

PROOF. We consider only the part of the sum (21) corresponding to disconnected graphs G.
Note that for a fixed set X and time ¢, the quantity

PdiscorA(X» t) = Z H Qy

GERdiscon (X,t) y an edge of G

is just the probability that at least two particles, say those at the points z1,z5 € X, do not
coalesce during the entire motion extending over ¢ time steps. Considering their difference
z(t) = x1(t) — z2(t), we may regard the point z(t) € Z¥ as the coordinate of a particle walking
along the lattice Z¥ with transition probabilities

(25) P,w = Z Ay, Qyo -

Y1,Y2:y1—yY2=2'—2

It is clear from this formula that z(t) describes a symmetric random walk on the lattice (i.e.,

Pr(z —2')=¢&) =Pr(z — 2/ = =¢)).
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It is known that for a symmetric random walk in dimensions v = 1,2, the probability that
the particle will eventually reach the coordinate origin is equal to 1 (see [40]). Since the number
of initial pairs (z1,22) is finite (equal to (%)), we see that the probability

Pdiscon(x,t) — 0 as t — oo.

The disconnected part of the sum in (21) admits the estimate

> P SG)<1:[55(U)»§0(U)>

GERdiscon(X,t) Sa

(26) < Paiscon(X,t) sup Z P(o(z(v1))

" $(01),0e8(vn)

=s(v1),...,&(x(vy)) = s(vn)),

where the supremum is taken over all the vertices in the zeroth slice.

If the initial distribution Py is such that its one-particle correlation function is equal to
P(&(z) = s) = m(s), then the series (21) is dominated by Y >, > 7(s)P.(), where P.(7) is
the probability that all the particles will coalesce together after exactly 7 time steps. It follows
that the series in (24) converges. Moreover, the connected part of the sum (24) in this case
converges to Px (Sx,00). In the general case, for fixed ¢ the difference Px (Sx,t) — Px(Sx, 00),
where Px (Sx,t) is the correlation function for the initial distribution Py, is dominated by

(27) Y Pr) Y In(s) = pe—r(s)],

where p;_,(s) is the probability of the state s for the Markov chain L at time ¢t — 7 for some
fixed initial distribution pg(s). But the ergodicity of the chain L implies that (27) tends to
zero, proving the theorem.

A similar result is also valid for the case when the Markov chain L splits into a finite number
of irreducible ergodic classes.

When the Markov chain L is periodic with period T > 1, the correlation functions Px (Sx, Tot+
T), where 0 < T < Tp, converge to a limit Px(Sx,00,T) given by equation (24), with 7(s)
replaced by 7r(s), where 7 (s) = limi—oo Pryt+7(8), and pryer(s) is the distribution of the
Markov chain L at the time Tot + T (it is determined by the initial distribution of L). If this
initial distribution coincides with the stationary distribution for each of the periodic classes,
then the process behaves periodically in the strict sense.

Case of higher dimension, v > 3. In this case the disconnected graphs G in equation (24)
give a nonzero contribution to the limit correlation functions. Note that the average

< 11 5s<v>,5o<v>>

over the initial distribution occurring in (21) can as usual be expressed in terms of semi-
invariants,

(28) <l:[5s<u>,so<v>> = > ﬁ < II I5s<v>,so<v>>a

a=(Vi,..,Vp)i=1 ‘weV;
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the sum being taken over all partitions o = (V7,..., V) of the set of vertices of the graph G
lying in the zeroth slice, and

/ ~
<H 5s<v>,5o<v>> = Py(V,Sv)

veV

is the semi-invariant of the set of variables {0,().¢o(v)}, computed with respect to the initial
distribution. Using the decomposition (28), we obtain that

x(Sx,t) =Y Y PGSe)[[ Vi, Sv)

G,Sc a=(V1,...,Vk)

=Y PG, 56) [HPO vivse) + O[] Pot VZ,SVZ}
G,Sa

a#0 1

(29)

The first term in square brackets corresponds to the partition v = 0 of the set of initial vertices
of G into one-point blocks, while the second term corresponds to the sum over all the other
partitions.

We now make an important hypothesis concerning the initial distribution Py, namely, that
it is translationally invariant and such that

(30) > N R(V,Sy) <o

V.0eV Sy

for every n.

LEMMA 5. Under condition (30),

t—oo

(31) lim Y P(G,Sa) > [[Po(Vi, 8i) = 0.

PROOF. For each set V' C Z¥ pick the smallest (with respect to the lexicographic ordering)
point y € V and let VY = V —y be the translation of V by y; then the smallest point in V? is the
origin. For any graph G and any partition o = (V1,..., Vi) we denote by {V{, ..., V,?} the cor-
responding collection of translated sets. Further, because the distribution P, is translationally
invariant, we can rewrite the sum (31) as

(32) Z Z 1P, s Z > P(G,Se),

k=1vP,. . V0 Yk G,Sa

where the sum ZVP»---vV;? is over the k-tuples of sets (V,...,V}?) of which at least one set

consists of at least two points; the sum is over the k-tuples (y1,...,yxr) such that the

Yi,--Yk
sets (V' +y1,..., V' 4+ yi) are pairwise disjoint; and ) g is over the graphs (G, Sg) whose
set V' of initial vertices coincides with U(V;” + y;), and the values Sg|yo,, with the values S;.

Let us now consider A = A(x1,..., 25, VP, ..., VY 1), namely, the event that some pair of

particles initially present at the points x;, x; will, upon executing a random walk in reverse
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time, turn up at time ¢ at the points T;, T; belonging to the set V; 4 y; for some I = 1,...,k
with y; € Z¥. Evidently,

(33) > > PG, Se) <Pr(A(@y, ...z, VL, .. V1)),

Y19k G,S¢

On the other hand, Pr(A(z1,...,z,, V0,..., V¥ 1)) — 0 as t — co. Indeed, for a fixed pair z;,
x; consider the difference z;; = x; — x;. Then the event A means that z;;(¢) belongs to the set
of points of the form {z —2', x,2’ € V}°, I = 1,..., k}. However, the probability for z;;(¢) to be
in a fixed bounded set is well known to tend to zero. The lemma now follows from the bound
(33), our hypothesis (30), and the representation (32).

Thus, we need to investigate

(34) > PG, Sa) [[ Polv, s(v)),

G,Sc

where the product is over all initial vertices of the graph G.

The collection of graphs R = R(X,t) is the union of the subsets R of graphs G having exactly
k connected components. We begin by considering the class R". Every graph G € R" is a union
of n nonintersecting paths T, = {(i0,0), (zi1,1),...
(i, t)},i=1,...,n. If n =1 we get that

)

(35) > P(G,S6)(0vew) Zb )P(s',0) = Py, (s(x1), ),

G,Sc

where b is the matrix of transition probabilities after ¢ steps in the Markov chain L.

For n > 1 we include the class R*(X, Sx, ) in the larger class R"(X, Sx,t) whose elements
are n-tuples (I'1,...,T,) of marked paths that may intersect (i.e., several paths I'; may pass
through the same point € Z¥, and may have different markings at x). The contribution from
each such n-tuples is given by

P(Fla---a Ha;ﬂ” wll+1 le-&-l le HP 107 a )

Let R™'~" C R™ be the collection of all sets {Ty,...,T,} C R" whose paths I'; have a last
intersection at time t—7—1, no two paths I'; and I'; intersecting at the times t—7, t—741,...,t.
Thus,

S PG, Se) [ Pols(0).0)

GeR(™)

=[] Po (s(ai). ) i > P(Tq,...,Ty)

=0 {F17-~~7Fn}67’i(n)'t77—
= HP%. s(x;)

_Z Z Z Hayz xzt 7) t—T)p(S/i,t—T—l),

7=0G~+,Sc, {yi,s;}
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where G, is any graph in E(X, Sx,t —7), and the sum Z{y '} is over all sets {y;, s}}, with
st running over S, and the sets (y1,...,yn), Yn € @ are such that at least two of the points
Zit—r + y; coincide.

We claim that the last sum converges as ¢ — oo to the expression

COREN | CUCUES SRS DRNRCERD o) | CACES RS

7=0(G,S¢)ER™(Sx,X,T) {yi,si} @

where the sum over {y;,s,} is as above. Note that since we are summing over the sets
{y1,.--,Yn}, the sum Z(G) 5¢) includes only graphs G with the property that at least two initial
points are within a distance < diam @ of each other. Thus the sum Y 7 2 (G.Se)ER™ (Sx, X7
is dominated by n(n+ 1)/2 multiplied by the average number of times the random walk, begin-
ning at the point x; — x;, enters the set @) prior to reaching the coordinate origin. Let go(z,z’)
denote the average number of times a random walk starting at x’ reaches the point x before
reaching the origin; we recall that go(x, 2") is bounded by g(x, ), and since for v > 3 a random
walk is nonrecurrent, we have go(z,z) < > p'(0,0) < oo (see [40]). It follows easily from this
that (35) converges to (36) as t — oo.

The contribution to Py (Sx,t) from graphs in the class R¥(X,t), k < n, converges as t — 0o
to the sum

> X PGS ][r0)

T=1(G,8c)eRF(X,T)

-> > > PG, Sa) > ] au(s:0), s)m(s)).

T1=172=0(G,Sc)eRF(X,T1,72) {yi,si} 1

(37)

Here R (X, 1) € R¥(X,t) denotes the class of k-component graphs, which during the time
interval [1,7) have more than k components, and R* (X, 71, 72) C R¥(X, 71 + 72) is the class of
k-component graphs having exactly k paths at each time 7, 2+ 1,..., 7% 4+ 71, but more than
k paths prior to t = 7.

Based on the above results, we arrive at the following:

THEOREM 6. Suppose that an initial translationally invariant distribution Py satisfies con-
dition (30) and that the chain L on S consists of finitely many classes of essentially aperiodic
ergodic states. Then the limit of the correlation functions Px(Sx,t) as t — oo exists and is
given by equations (36) and (37), in which w(s) is the invariant measure of the chain L to
which the distributions P(3,t) on S, with initial distribution P(3,0) = Py(S(z) =3), converge.
These limits

Px(Sx) = tli}lg)Px(Sx,t)

define a translationally invariant stationary distribution of the chain on S% . Conversely, for
any such distribution the correlation functions are given by equations (36), (37) for a suitably
chosen invariant measure w(s) of the chain L. Among all such stationary distributions there
exists only one that satisfies condition (30).
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CHAPTER 1II

CONSTRUCTION OF AN EQUILIBRIUM DYNAMICS

An equilibrium dynamics is one in which small fluctuations occur about an “equi-
librium” position. In the case of classical systems, this is primarily the dynamics
of measures that are absolutely continuous with respect to some Gibbs measure, or
the dynamics in a Hilbert space of functions on an infinite phase space which are
square-integrable with respect to the Gibbs measure. For quantum systems, one has
a dynamics in the GNS representation, constructed using limit Gibbs states (KMS
states or ground states) on a suitable algebra of observables. In this chapter we shall,
among other things, discuss in detail the Euclidean approach to the study of such a
dynamics.

§1. Ground and temperature states

A C*-dynamical system is a pair (2, o), where 2 is a C*-algebra and «; a strongly
continuous one-parameter group of automorphisms of 2. The strong continuity means
that for each fixed A € 2, the curve a;(A) is continuous with respect to the norm on
2A.

A state () is said to be invariant (relative to «y) if for all A € 2 we have (A) =
(a(A)). We will consider only invariant states with the following property.

DEFINITION 1. A state (-) is said to be G-invariant (with respect to a;), 0 < 8 < o0
if for all Ay, Ay € U there exists a bounded analytic function Fa, 4,(%) in the strip
0 < Im z < @ which is continuous on the closure of the strip and satisfies for all real
z=t

1) Faya, (t) = <A1at(A2)>7

2) Fa, 4,(t +i08) = (4t (A2)Ay), for 0 < 5 < o0.

When (8 = oo such a state is called a ground state, while for 8 < oo it is called a
KMS (Kubo-Martin-Schwinger) state or a temperature state (with temperature 371).

REMARK 1. The requirement that F' be bounded is superfluous for 5 < oo (see [7]).

Note that an equilibrium state with 5 # 0 is invariant under the dynamics .
Indeed, for f < oo the function Fg 4(t) = ((A)) can be continued periodically to
the entire plane and hence must be constant (since it is bounded). If 5 = oo, then for
A = A* the function Fg 4(t) = (a:(A)) is real on the real axis, and by the reflection
principle can be analytically continued into the lower halfplane; consequently it is con-
stant, again by virtue of its boundedness. For arbitrary A, we use the decomposition
A=A, +1iAs, where A; and Ay are hermitian.

For 8 = 0, Definition 1 says that the state is a trace (i.e., (A1 A2) = (A24;) for all
Ay, Az € ). Tt is invariant under any dynamics defined by inner automorphisms

(1) O[t(A) = UtAUtil, Ut € A
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where {U;} is a group of elements in 2, and also under any dynamics that can be
“approximated” by inner automorphisms.

The basic objects of study in quantum statistical physics are the time correlation
functions

(2) Laya,,..4, (tlv s 7tn) = <at1 (Al)atz (AQ) SRS 1 (An)>7

where (-) is a [-equilibrium state. Techniques from the spectral theory of operators
are well suited for analyzing their large-time asymptotic behavior. To this end one
considers the GNS representation 7 of the C*-algebra 2l corresponding to an invariant
state (-). The Hilbert space Hgng on which this representation acts is called the
physical Hilbert space Hpnys (for the given state (-) and dynamics oy), and the cyclic
vector Q) = [E] is called the physical vacuum. Because the state (-) is invariant, the
transformation [A] — [y (A)] preserves the norm || - ||phys o Hpnys (recall that [A] is
the image of the element A € 2 under the quotient map A — 2A/N, where N is the
ideal of “null” elements (see 2.1)). Thus this map is well defined on Hpnys and extends
to a strongly continuous unitary group U; acting on Hpnys. The strong continuity of
U, is a consequence of its weak continuity on the dense set 7(A)Q2, A € 2, the latter
property following from the KMS condition. By Stone’s theorem [36] the group U; can
be represented in the form U, = exp{itH }, where H = Hppys is a selfadjoint operator
called the (physical) Hamiltonian. Recall that the representation m: A — B(Hpnys)
is defined by the formula 7(A)[B] = [AB] (see 2.1).

LEMMA 1. Forall Ac A andt € R
(i (A)) = exp{it Hpnys }7(A) exp{—it Hpnys},

3) exp{itHpnys }Q = Q.

PROOF. By definition,
(4) Ui (A)Q = 7(a:(A))0.
This gives the second equality in (3). For any B € 2 we have
Uin(A)[B] = U (A)w(B)Q = U (AB)SQ
=7(a(AB))Q = m(a:(A) e (B))Q
m(a(B))Q = m(ar(A))Upm(B)Q
]

Thus, for any £ € Hans
Uim(A)§ = m(aw(A)) Ui,

which is the first equality in (3).
In terms of the operator Hphys, the correlation functions are of the form
()
Ta, Ay, 4,1, tn)
= (€, m(A1) exp{i(ta — t1) Hpnys }m(A2) . .. exp{i(tn — tn—1)Hpnys }m(An)S),
ifty, >th_1>-->11.

We next give some convenient criteria for a state to be equilibrium, which will be
used below to construct equilibrium states.
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LEMMA 2. An invariant state is a ground state if and only if Hpnys > 0.

PROOF. If Hpnys > 0 then the representation (5) shows that (Aja(As)) =
"4, 4,(0, 1) is analytic and bounded in the upper halfplane. Conversely, if E(_ o, —c)Hphys
# 0 for some € > 0, where E4 is a spectral resolution of the identity for Hppys, then
there exists an A € 2 such that E_. _)[A] # 0. Then the function Fa g(t) =
(Q, exp{it Hpnys } AY) cannot be continued to a bounded function in the upper half-
plane.

REMARK 2. It follows from (3) that Hpnys€2 = 0. Thus, if () is a ground state,
then its eigenvalue coincides with the lower bound of the spectrum of Hppys.

REMARK 3. We will occasionally consider a representation of the algebra 2 and
dynamics «; on some Hilbert space H which is unitarily equivalent to the GNS rep-
resentation, generated by a state (-) invariant under the dynamics ;. Such a repre-
sentation will again be called a GNS representation, and the operator H (or Hppys)
generating the group U; will be called the Hamiltonian.

Equilibrium states on the algebra B(H). Let B = B(H) be the algebra of all
bounded operators acting on a separable Hilbert space.

LEMMA 3. Every dynamics oy in B(H) is of the form

(6) au(A) = exp{itQ} Aexp{~itQ},
where Q is a selfadjoint (in general, unbounded) operator on H.

We refer to [7] for the proof.

LEMMA 4. For any trace-class operator p > 0 with Trp = 1, the formula
(6") (A) =Trpd,  AcB(H),
defines a state on B(H), and every state on B(H) has a unique representation of the
form (6°).

For the proof we refer to [46].
The operator p is generally called the density matriz for the state (6°).
Let 9, denote the algebra of matrices of order n.

LEMMA 5. Ewvery linear functional p(A) on a matriz algebra M, with the properties
) p(A1Az) = p(A24y), A1 Az €M,
p(1) =1,
is of the form
(8) 4y =Lma
n

PROOF. It follows from (7) that (A) is the same for all similar matrices:
(SAS™H) = (4)

and is consequently a function of the coefficients of the characteristic polynomial of
A. By linearity, (A) = ¢Tr A; (8) now follows from the normalization condition (7).
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LEMMA 6. In order for the dynamics (6%) in B(H) to have a B-equilibrium state
(0 < B < o), it is necessary and sufficient that the operator e P9 be of trace class.
In this case the B-equilibrium state is unique and its density matriz is given by

(8) p=(Tre 7?)~Lexp{—pQ}.

PROOF. We first prove that the condition is sufficient. A direct calculation shows
that a state (6) with density matrix (8’) is a 8-equilibrium state for the dynamics (6%).
We first prove uniqueness for the finite-dimensional case H = C", i.e., B(H) = M,,. In
this case the operators exp{izQ} are defined for all complex z; the function Fa, 4, (%)
is also defined for all z by condition 1) above, and condition 2) can be rewritten as

(Araztip(Az)) = (az(A2)Ar)
for all complex z. Setting z = 0, we obtain that
(A1e7PR Ay R) = (A A)).
Upon setting Az = e P@ Ay, we get that
(9) (A1Aze™9) = (79 A34y).

We now introduce the linear functional

) = T (72A)

—~

which by (9) satisfies

(10) ple PR A A3eP?) = p(A3Ay).

Since p is invariant under the dynamics (a,,z € C), we get from (10) that
p(A1Az2) = p(A2A1) and p(1) =1,

ie.,

(11) (R A) = cTr A,

where c¢ is a constant. Finally, (8') follows from (11).

Passing now to the case of an arbitrary separable infinite-dimensional Hilbert space
H, we note that since e @ is a trace-class operator, the spectrum of Q consists of
isolated eigenvalues of finite multiplicity that tend to 400 and are such that for every
A < 00, the space H) = E\'H is finite-dimensional, where F) is the spectral projection
of (). Since the spaces H) are invariant under @, it follows easily from the preceding
arguments that the operator py = Exp on H, is of the form py = const exp{—FQx},
where @ = E\Q. This shows that p is of the form (8).

To prove the necessity of the condition of the lemma, we show that Ker p = {0}.
Assuming the contrary, let Hy = Ker p # {0}. The decomposition

H=Ho®Hi, Hi=Hy
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corresponds to a decomposition of any operator A € B(H) as a block matrix

Ago Aot
A~
(AIO A ) ’

where Agg: Ho — Ho, Ao1: H1 — Ho, and so on. The matrix for p is of the form

(O O)
P Opl )

where p; is the part of p acting on H;, and the matrix for e*? is

o eiQot 0
e = 0 el@it |

where @; is the part of @ acting on the invariant subspace H;, i = 0,1 (recall that @
commutes with p). Computing (Bay(A)) and (o (A)B), we further find that

<Oét(A)B> ="Tr P1 (BintAloeiiQotB()l + eithAlleiithBll),
(Bat(A)> = TI‘p1 (BloeiQDtA()leiint + BlleithAlleiith).
We now get a contradiction by choosing Ag; = 0 and By; = 0, and A;g and Bjg such
that the function . 4
Tr p1(B1oe' @t Agre @) £ 0

of t is not identically zero. Furthermore, arguing as above, we obtain that p =
const e 7%, and hence Tre %@ < co. This proves the lemma.

The next lemma describes all the ground states for the dynamics (6%).

LEMMA 7. A necessary and sufficient condition for the dynamics (6*) to have a
ground state is that @ be bounded from below and that the infimum of its spectrum be
an eigenvalue. Under these conditions the ground state is given by a density matric
p for which

Kerp D Ey, ImpC Ep,
where Fy is the eigensubspace corresponding to the eigenvalue Ao = info(Q), and
o(Q) denotes the spectrum of Q.

The proof is similar to the proof of Lemma 6.

REMARK 4. If the dynamics (6*) has a (-equilibrium state for some 5 = 3y then
it has a [-equilibrium state for all 8 > By, and this state satisfies the assumptions
of Lemma 7. In this situation we have dim Fy < oo and the states (-)g converge as
[ — oo to a ground state with density matrix

1
dim EO
where Pg, is the projection of H onto the subspace Ejy.

Let H be a selfadjoint semibounded operator acting on a Hilbert space H and
having a (normalized) eigenvector ®g with eigenvalue Ao (i.e., Ag = info(H)). We
consider on B(H) the state

p= PE07

(11%) (A) = (Adg, ®9),
which by Lemma 7 is a ground state for the dynamics
(11%) 7:(A) = exp{itH} A exp{—itH}

on the algebra B(H). As we have already seen (2.1), the GNS space Hgns constructed
using the state (11%) is canonically isomorphic to the Hilbert space H, the isomor-
phism taking the element [E] € Hgns into ®g, and 7(A) = A for every A € B(H).
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LEMMA 8. Under the above isomorphism between Hans and H, the operator Hpnys
on H goes into the operator H — \g.

PROOF. According to equations (3), (11°) the operator exp{itHgns} exp{—itH}
commutes with every A € B(H), hence it must be a multiple of the identity operator,
i.e., exp{itHgns} = a(t) exp{itH}, where «(t) is some function of ¢. Applying this
equality to the vector ®(, we obtain from the equality exp{itHgns}Po = Pp that
a(t) = exp{iAot}, from which the statement of the lemma follows.

COROLLARY. For the free dynamics 1, on the algebras B(F, s(H)) constructed
from the one-particle Hamiltonian h acting on the space H, the operators H{ g gen-
erated by the state

<A> = <A07 Q>7 Ae %(-'Ta,s(H))v

and acting on the spaces F, s(H) are given by
HiRg = dT"°(h).

Here Q € F, s(H) denotes the vacuum vector.

Thermodynamic limit of equilibrium states. Let a quasilocal structure be
given on the C*-algebra 2, i.e., 2 is the closure of the inductive limit (g = URAp)
of “local subalgebras” 2, labeled by the elements of an ordered index set {A}, such
that for A1y < Az we are given a homomorphic and isometric imbedding A, —
Ap,. In such a case the dynamics o, and its equilibrium states on the algebra 2 are
often constructed by taking the thermodynamic limit of the dynamics aa (t) and their
equilibrium states (-)4 defined on the local algebras 20,. More precisely, we have the
next lemma.

LEMMA 9. Assume that for every local algebra Ap there are defined a dynamics

alt: Ay — Ap and a B-equilibrium state (-)5 (0 < B < 00). Suppose, moreover, that

the limits

(12) lim(4) = (4)
and
(13) 1[1&%1 ai\(A) = o (4),

exist for every local element A, where the convergence in (13) is with respect to the
norm and is uniform in t in an interval [t| < to, where ty does not depend on A. Then
the transformations a:(A) can be extended (by continuity) to the whole algebra A, and
can also be defined for all values t € R (using the group law oy, 11, = a, ) in such
a way that the transformations determine a dynamics on the algebra 2A. Moreover,
the state (12) (extended to all of A) is a [-equilibrium state for the dynamics oy.

The straightforward proof will be omitted.

REMARK 5. If the quasilocal algebra 2 is contained in B(H) for some Hilbert
space H, and convergence in (13) is taken in the strong operator topology on B(H)
(ie., af(A)X — a;(A)X with respect to the norm on H for every X € H), then the
limit transformation a;(A4), A € 2, is known to be a dynamics on 2, and the limit
state (-) on A is also a [-equilibrium state for o.
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LEMMA 10. Assume as in Lemma 9 that for each local algebra A C A we have a
dynamics o with a B-equilibrium state (-)o such that conditions (12) and (13) are
satisfied. Suppose, moreover, that GNS representations wa of the algebras Ap and U}
of the dynamics o> are given which all act on the same Hilbert space H. Suppose that

the limits

(14) 1/1\1%17'(/\(14) =7(4), Ae4,

(with respect to the operator norm on B(H)) exist for every local element A € 2 and
that

(15) lji\r%l UMN=U;  for allt.

Then w(A) defines a GNS representation of A and is generated by the limit equilibrium
state (12), and the group U; is a GNS representation of the dynamics (13) (generated
by the state (12)).

We will omit the proof of this lemma.

REMARK. As in the previous lemma, the norm convergence in (14) and (15) can
be replaced by strong convergence. In that case, if 7 is known to be a representation
of 2 in B(H) and the U; form a unitary group of operators on H, then it follows that
7w and U, give a GNS representation of the algebra 2 and dynamics oy relative to the
state (12).

§2. Ground state for an infinite system of harmonic oscillators

Here we will analyze a simple example of a system whose ground state can be
explicitly computed.
Consider the quadratic form

1
(1) H= Z ﬂ—i + Z Z U“I17I2(I)I1(I)$27
zeX z1,22€X

where 7, = 7(fz), ®» = D(f,) are selfadjoint operators on the Fock space Fs(H)
obtained from the creation and annihilation operators a’ = a*(f;) and a, = a(fz) by
formulas (13.3.1); {fz, * € X} is an orthonormal basis in H (X is a countable set),
and A = {ag, z,, 1,22 € X} is a symmetric positive matrix. As we saw in 5.1, this
form defines a dynamics 7, on the Weyl algebra 2A(H) C B(Fs(H)) which is a limit
of finite-dimensional dynamics TtA as AT X, A C X a finite subset of X:

(2) TM(A) = exp{itH} A exp{—itH,},
where
1
(3) Hy = Zﬂg + 1 Z Agy.0 Py Doy -
TzEA T1,T2€EA

As we shall see below, the operator Hy has a ground-state vector @8 which defines a
ground state

(4) (A), = (A2g, D)

relative to the dynamics (2) on the algebra B (F,(Ha)).
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LEMMA 1. For every local element D of the Weyl algebra A(H) the limit

5) lim (D) = (D),

exists and defines a state on A(H). It is a ground state for the dynamics T¢.

PROOF. Define a representation of the operators {m,, ®,,2z € A} on the space
Ly(RM, dMz) by

T f = Z% Oof =quf,  flawx € A} € La(R™, dMa).

Then the operator H takes the form
af 1
Hyf=— _2+_< Z am,zz‘]xﬂ]zz).ﬁ
TEA dqm 4 T1,T2EA
Note that the orthogonal change of variables
(6) qw - Z Ué\,z/q;/, S A,
/€A

takes Hy into a sum of operators:

(6%) HAf:_Zd/2+ (ZAA 2)

where the A} > 0 are the eigenvalues of the matrix A* = {a, ./, z,2' € A}.
The ground-state vector for such an operator is given by

1
(7) by = constexp{ -1 ZA;/Q(Q;)Q}'

Returning to the original variables g, we obtain that

1
(7") ®y = const exp{ ~1 Z bﬁ,x,qwqw,},
z,x’EA
where BY = {b} ,} = (A%)Y/2.
Next, by the commutation relations (14.3.1) we can write any monomial in the
Weyl algebra in the form

(8) D=Us .. UpVay ... Var, = exp{ Zny }exp{i Z sy/ﬂy/},
yey y' ey’

where {y;} is the set of distinct points in the collection {z1,...,zx}, and n, is the
multiplicity of y in {x1,...,2x}; and similarly for Y’ and {s,}. We will henceforth
assume that the set A contains Y and Y’, and to facilitate the computations we
express D as a product

_exp{ S 0y }exp{i ) w}

yeA y'eA
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where we set n, = 0 for those y € A not contained in Y (and similarly for s,/). For
the above representations of ®, and 7, on La(R", dMz), the action of the operators
exp{i¥Xn,®,} and exp{iXs, m, } is given by the formulas

exp {Z Z nyq)y}f = H exp{igyny }f,

yEA

exp {iZsy/wyr}f = f{qy — sy,y € A}

Thus,
(DCI){)\, CIJ{)\) = const/ exp {z Z iqxnz}
RA TEA
X exp{ - Z bxl To qch Sw1)<q:v2 - SIz)}

$17QE2
1 A
X exp{ - Z Z bxl,quxquQ} H sz
T1,T2 TEA

The evaluation of the integral is straightforward and leads to the final formula

1
(D)a = eXp{ ) Z Cys T

Y1,Y2€Y

A Z’
Z byl,y23y15y2+§ Z ”ysy}a

y1,y2€Y’ yeyny’

where C* = {c} 1= (B") ™! = (4%)~1/2

We see from (9) that the limit lima;x (-)a exists and is given by equation (9), with
the matrices C* and B? replaced respectively by C' = A~Y/2 and B = AY2. The
lemma is proved.

The change of variable (A})1/4¢/ = ¢/’ takes the operator Hy in (6%) into

Hy = Z A2 (a2)*a? + const,

9)

where
df

G+ () = 9

f”” fwf’ﬁ

Passmg now to the operators @’ Z U wad and (@) =3, Uz,z, (a®)*, where

ayf=

= {UIJ/} is the orthogonal matrix inverse to U, appearing in equation (6), we
get finally that

Hy = Z bg)x/(ag)*ﬁg/ + const .

From this and the corollary to Lemma 8 in §1, it follows that the operator Hé}\NS
constructed from the ground state for the dynamics (2) coincides with the operator

A
E bw,w,axax/,
z/ xEN

acting on the space F(H).
Using further Lemma 8 of §1, we arrive at the next result.
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LEMMA 2. Let 7y be the limit dynamics on the Weyl algebra W (H) C B(Fs(H))
constructed by equation (1), and let the limit state (-) on W(H) (see (5)) be a ground
state for 7. Then 1t has a GNS representation relative to (-) which acts on the space
Fs(H) and coincides with the free dynamics whose Hamiltonian is

*
H= § bw,m’axawa

z' xeX
and the matriz B = {b, .} = AY/2.

83. A free quasistate

We recall that a quasistate on an algebra 2 with unit 1 is a linear functional (-)
on 2 such that (1) = 1. An even quasistate on the CAR superalgebra 2(H) (i.e., one
for which (A) = 0 for all odd elements A € 2(H)) is said to be Gaussian if

" (@ (f1) .. d*(far)) = D_(=D) T [(@* (fi.)a® (£.)),
a*(f)=a*(f) ora(f),

where the sum is over all partitions of the index set {1,...,2k} into k pairs (i1, j1),
(i2,42) .., (ik, jk), where is < js, and |m| is the sign of the permutation m =
(il,jl,iQ,jQ, PN ,ik,jk) (see [26])

A quasistate on a CAR algebra is said to be gauge invariant if it is nonzero only
on monomials that contain the same number of creation and annihilation operators.
In particular, a Gaussian quasistate is gauge invariant if and only if

(2) (a(f)alg)) = (a”(f)a"(g9)) =0
for all pairs f,g € H.

A Gaussian gauge-invariant quasistate on a CAR algebra is called a free quasistate.
Obviously, such a state is determined by its values on the monomials a*(f)a(g),

3) (a*(falg)) = (Bf,9),

where B is a bounded operator on H. It follows from (3) that

(4) (a(g)a”(f)) = (B = B)f,9).

LEMMA 1. The free quasistate defined by the operator B is a state if and only if
B is selfadjoint and

(5) 0<B<E.

PROOF. The necessity follows from the equality

and positivity:
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In the case of a one-dimensional space H = C!, every nonconstant positive even
element in the algebra () has the form

caa® + ba*a, c>0

and condition (5) means that quasistates are positive on such elements. Now let
the dimension of H be arbitrary, and take B to be a finite-rank selfadjoint operator
satisfying the condition (5). We can split H into an orthogonal direct sum

H:Hl@"'@Hs@H07

where Ho = Ker B and the H; are one-dimensional subspaces spanned by the eigen-
vectors of B, with eigenvalues \;, 0 < \; < 1. Then the CAR algebra is expressible
as a tensor product of superalgebras (see [23]):

AH) =A(H1) ® - @ A(Hs) @ A(Ho),

and the quasistate (-) is a tensor product of quasistates on the 2(H;), ¢ =0,1,...,s;
the quasistate (-)g on 2A(Hp) is nonzero only on 1 € A(Hy) and is therefore a state,
while the quasistates on A(H;), i = 1,...,s, are states by what we have proved
above. Since a tensor product of states is again a state (this holds for even states
under tensor product of superalgebras), we see that (-) is a state. Any selfadjoint
operator B satisfying (5) can be approximated in the weak topology by finite-rank
operators B,, that satisfy (5). Since the states (-) 5 approximate the quasistate (-), it
follows that the latter is a state.

LEMMA 2. Let the algebra A(H) be equipped with a free dynamics 1, which is
generated by a one-particle Hamiltonian h acting on H. Then the free quasistate (-)p
defined by the operator B is invariant under 1 if and only if H commutes with B.

The proof follows from equations (6.4.1) and (3).

Wick monomials on a CAR algebra. Let a Gaussian quasistate (not necessar-
ily gauge invariant) be defined on the CAR algebra 2(H). Then, just as in the case
of functions of a Gaussian system of random variables (see [26]), we can introduce
the Wick ordering operation : - : on the algebra 2A(H). Namely, given monomials
a” (f1)...a"(fn) = a#, where T = {f1,..., fn} is an ordered set of elements f; € H,
we define : - : inductively by the formula

(6) : a# = Z : a#/ : <aﬁ\T/>(*1)ﬂ(T’T’),

where the sum is over all subsets T/ C T (ordered as before by inclusion), the subset
T\ T’ is the complement of 77 in T, and 7(T,T’) is the sign of the permutation
T — (T'\T',T"). The operation : - : extends by linearity to all elements in 2A(H).

Properties of the Wick operation.
I. We have the following formula

- / |IT—-T'|
™) =Y ) (T

and its inversion

a” = Z : a#, : (a#\T,>(71)”(T’T ),

T'CT
|T\T'| even
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(Note that (a#\T> # 0 only if |T'—T"| is even.)
II. For any two elements A;, Ao in 2A(H),

(8) (1 A Ay )" =t ASAT -

III. For any two-ordered sets

(9) T:(f17~-~7fn)7 S:(glv-~-79m)7

(: ot ot N = 0, 17| # 151,
e AR ZW(—I)W@#(fl)azJiuﬂ e <a#(f")a§ir<n>>’

n

where the sum is over all permutations ™ = (ﬂ(ll) (n)

) and || is the sign of .

Many other properties of the Wick ordering for a Gaussian system of random
variables (see [26]) also carry over to the case of the algebra A(H) by using the rule
of signs.

Wick ordering can also be defined for Gaussian quasistates on a Grassmann algebra
(see [26]) by means of equations (6)—(9) (the Grassmann algebra can also be viewed
as a subalgebra of the CAR generated solely by creation operators).

We note that if a free quasistate () p is invariant under a free dynamics 7; on the
algebra 2A(H) generated by a one-particle Hamiltonian h, then 7; acts on the Wick

monomials : ¥ (f1)...a" (f,) : by the formula
(9°) (s a? (fi) . a®(fa) ) =t @ (@) a (@ ) 5

This follows immediately from equation (6.4.1) for the action of the free dynamics on
the monomials a# , and equation (7).

We now compute the GNS representation of the algebra 2(H) generated by a free
state (-) g which is invariant under the free dynamics; we will confine ourselves to the

case when the eigenvectors {ej,...,en,...} of the operator B form a basis in H.
If
T:(eil,eiw...,eik), ’L'1<7:2<"'<7;k,
S:(€j17€j27"'7€jm)7 jl <j2<"'<jm

are any two finite subsets of vectors in the basis, we introduce the Wick monomials
(10) : a#as :
where
ahy =a*(e;)...a%(e;), as = alej,)...alej,,).
LEMMA 3. Relative to the inner product
(A7 O) = <C*A>Bv Av Ce m(H)

the monomials (10) with distinct pairs (T,S) and (T',S") are orthogonal, and the
squared norm of a monomial (10) is equal to

k

(11) (: a#as :,:a#as ) = H(l_)‘is)H)‘jp’

s=1 p=1
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where \; is the eigenvalue of B corresponding to the eigenvector e;.

The proof follows from a direct application of properties II and III above.

We see from (11) that the monomials : a# as : have nonzero norm if and only if the
set T' contains no eigenvectors of B with eigenvalue 1, and S contains no eigenvectors
of B with eigenvalue 0. Thus, the space Hgns is spanned by the monomials : a# as :,
where T consists of eigenvectors of B belonging to the space

(12) H1 = H e Ker(E — B),

and S consists of eigenvectors of B contained in the space

(13) Ho =H o Ker B.

This shows that the GNS representation can be realized on a tensor product

(13%) Fa(H1) ® Fa(H3) = Fa(H1 & H3),

of Fock spaces (the tensor product being considered in the sense of superspaces,

see [23]), if to each normalized monomial

:a#as :C Hans, T=(ei,...,€,), S=I(e,....€;.)

we associate the vector
w1 w1 (2 wy (2
bi(el) . i (e @ b3 (e b3 ()2

J1

=b(el)) ... b (el )b(e) .. b(elP).

1

Here H; is the Hilbert space obtained from Hs by changing the inner product:

(13b) (f7 g)H; = (fv g)H2 = (gvf)sz

and Q1, s, Q = Q; ®Q, are the vacuum vectors in the Fock spaces F,(H1), Fo(H3),

and Fo(H1 & H3), respectively; {b5(f), f € Ha}, {b3(f),f € Ha}, and {b*(f), f €
H1 & H3} are the ordinary creation operators acting on the respective spaces; and
egl) and 65-2) denote vectors in the basis {e;} in H, regarded as elements of the spaces
H1 and H3, respectively (and hence as elements of H; & H3).

Assume further that a free dynamics 7; is defined on the algebra () which is
generated by a one-particle Hamiltonian h commuting with the operator B (and thus
the free state (-)p is invariant under 7). We may assume that the eigenvectors {e;}
of B introduced above are also eigenvectors for h.

Then by (9%), the monomials : a}.ag : are eigenvectors for the automorphisms 7

k m
(14) 7(: ayas ) = H exp{—itA,} H exp{itAs} : aypas
p=1 s=1
where T' = (€;y,...,€;,), S = (€jy,---,¢€j,,), and A, is the eigenvalue of h correspond-

ing to the vector e;. It follows from (14) that the monomial : af.ag : is an eigenvector
for Hans with eigenvalue Zﬁ:l iy — 2o AL

Regarded on the space F,(H1 @ H3) described above, the operator Hgns thus
coincides with the operator

(15)  Hens= > Ab“(e)b(e”) + 7 (=)0 (e{)b(e)) = dr(h),
eMer, e e

where h = h1 & (—hz), and hy and hs are the parts of the operator h acting on the
invariant subspaces H; and Ha, respectively.

All the results obtained above for the case of an operator B with a pure-point
spectrum also remain valid in general, i.e., we have the following lemma.
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LEMMA 4. Let the algebra A(H) admit a free state (-)p which is defined by the
operator B and is invariant under the dynamics 1. generated by a Hamiltonian h that
commutes with B. Then the GNS representation of A(H) generated by the state (-)p
can be defined on the Fock space Fo(H1 @ H3), where the subspaces H1 and H5 are
defined by equations (12), (13), and (13%), in such a way that the operator Hans
corresponding to the dynamics T has the form (15).

Equilibrium states for a free dynamics. Let a free dynamics 7+ on the CAR
algebra 2(H) be defined by a one-particle Hamiltonian h.

LEMMA 5. For each 3, 0 < 8 < oo, there exists a unique B-equilibrium state for
the free dynamics 1y; it is free and defined by the operator

(16) B = (E +¢eM)~L

PROOF. We first show that the free state (-)p with B given by (16) is a (-
equilibrium state. Setting 4; = a*(f) and Az = a(g), we have

Fay a,(t) = (a*(fla(e™g)) = (e *"(E + ™)' f,g).

This function can be extended to the strip 0 < Im z < 3, and for z = ¢t + i3 it is
equal to

(17) Fajap(t+if) = (7™ (B + ™) 71 f g).
On the other hand, we get from (4.3) that
(ri(A2)Ar) = (e7""(B = (B +e™) ), 9),

which coincides with (17). In a similar way one verifies the KMS condition (2) for the

case when A; = a(g) and As = a*(f). In the general case, we have 4; =: a# : and

Ag =: a? :, where T = (f1,..., fr) and S = (g1,...,9s), and the ordering : - : is with
respect to the state (-)p. The function Fa, a,(t) = (A17:(As2))p is then expressible
as a sum of products of the functions (a (fi)a” (e?*"g;)) 5, each of which extends
into ¢ in the strip 0 < Im z < ( and coincides for z = ¢ 4 i3 with the function
(a® (e"hg;)a (fi))p. On the other hand, when k + s is even, the function (7;(A2)A;)
is given by exactly the same sum of products of the functions (a# (e g;)a (f1)) 5.
Thus the free state defined by an operator B of the form (16) is S-equilibrium.

We next prove that this state is unique for the case when the eigenvectors {e;} of
h span H. We show first of all that a §-equilibrium state must satisfy (a}as) = 0
whenever the sets T = (e;,,...,¢;,) and S = (ej,,...,e;,, ) are distinct. Indeed, in
this case there exists a vector, say e;, € S, different from all the vectors in T (or else,
T contains a vector different from all the vectors in S). It suffices to consider the first
case and set A = apas\{e;,}- A =a(ej,). Then

Fa,a, (t) = eXp{*it)‘jz}<a§’aS>v
(1e(A2) A1) = — exp{—it); }(apas)

and hence equality (2) is possible only if (a%ag) = 0. Since the other case is treated
in the same way, we find that T = S. Now, again setting A; = ai}aT\{eik} and
Ag = a(e;,, ), we obtain that

Fa, 4, (t+1i08) = exp{—ith;, + A\, B} {a}ar).
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On the other hand,
(1:(A1)Ag) = — exp{—it\;, Hajar) + exp{—it; }(—1)*1 <ai}\{eik }aT\e;, ).
Together with the KMS condition 2), this gives

(@har) = — Do >
GO = (exp{, B + 1) TMen FIT en 2

Continuing in this way, we find that

k
* 4 1
(aTaT> = (*1)‘ |51:[1 W7

where |7 is the sign of the permutation 7 = (1,k+ 1,2,k + 2,...,2k — 1, k,2k), i.e.,
on all the monomials a%.ag the state (-) coincides with the free state defined by the
operator (16). A proof that the 8-equilibrium state is unique for a dynamics 74 with
an arbitrary operator h can be found in [49]. Since

Ker B = {0}, Ker(E — B) = {0}

for the operator (16), we have H; = Ha = H, and thus the GNS space induced by the
B-equilibrium state for the dynamics 7y coincides with the space F,(H & H*), where
H* is obtained from by H changing the inner product (13%), and the operator Hans
is given by

Hgns = dF(h (5] (—h)).

LEMMA 6. The free state (-)p is a ground state for the free dynamics T generated
by h if and only if

(18) B = E(_w,0) + BoFEfoy

where By is a selfadjoint operator on the space Ho = Eyoy’H such that 0 < By < 1,
and {Ex, A C R'} is the spectral family of projections for the operator h.

PRrOOF. Consider A; = a*(f) and A2 = A(g). Then the function Fa, 4,(t) =
(A17¢(Az2)) has the form

(19) Fa, 4,(t) = (7" Bf, g) = /e_ithdef,g()\)»

where pprq(A) = (EABf,g) is the spectral measure. The function (19) can be ex-
tended to a bounded analytic function in the upper halfplane if and only if

supp pgf,¢(A) € (—o0,0].
It follows that

(20) B =FE_sgB,
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where B’ is a selfadjoint operator acting on the space H(_oo 0 = E(—oo,0)H and
commuting with h. Choosing A; = a(g) and Az = a*(f), we now obtain that

(21) Faya(t) = / P dpis- 7.0\

and the functions Fa, 4,(t) can be continued into the upper halfplane for all f and g
if and only if

(22) E—B=Ep.)B",

where B” is a selfadjoint operator on H[p o) commuting with h. Relation (18) now
follows easily from (20) and (22). For arbitrary Wick monomials A; =: akag : and
Ay =: a¥ag @ of the form (10), the function Fa, 4, (t) is a sum of products of the form
(a*(f)a(e™g)) and (a(g)a*(e®*" f)), and by what has already been proved, each factor
extends analytically into the upper halfplane. The same is thus true of Fa, 4, (t), and
the lemma is proved.

We again obtain that the GNS representation for a free dynamics with ground
state (18) is defined on the space

Fa(H1 @ H3),

where H1 = H+ @H{O}@KGF(E*B()), Hz = Hf@H{O}GKer Bo, and H+ = E(O,oo)Hv
H- = E_w,0H, Hioy = Kerh. The GNS operator is of the form

dr(hs & (~h_)),

where hy = hlp, .
Let a one-particle operator be defined on H, i.e., a positive Hamiltonian h with
discrete spectrum
O=XM < < <M<

where the eigenvalues are listed in increasing order and A,, — 0o as h — oo. Let {¢,}
be an orthonormal set of eigenfunctions corresponding to the A,. Let

hy = h+ pE,

where p is real, be a one-parameter family of Hamiltonians. The spectrum of the
operator dI'(h,) on F,(H) consists of eigenvalues of the form

Aiy + )+ 4 Qi + 1),
where i1 < 15 < --- < i} are integers, and the associated eigenvectors are given by
i,y = a7 (Pir) - - - a” (03, )S2.

Evidently, if ¢ > 0 the smallest eigenvalue of dI'(h,) is zero, corresponding to the
eigenvector 2 = @ ;,. If 4 < 0 then there exists an integer r such that

Ar S —pu < )\r+1-

Then it is obvious that the smallest eigenvalue of dI'(h,) is equal to (Ao + p) +-- -+
(Ar + ), corresponding to the eigenvector

(23) D in = a (900) cee a*(%)Q-
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LEMMA 7. The state (A)min = (APmmin, Pmin) is a free ground state for the dynam-
ics T generated by h,,.

PROOF. We first consider the case u > 0. The gauge invariance of the state (-)min
follows from the equality

(a(fi) - a(fn)a”(g1) - - " (gm)$2, ©2)
=(a"(g1)...a"(gm), a*(fn)...a*(f1)Q) =0 for n # m.

The Gaussian property is a consequence of

(a(f1)---a(fn)a”(91) - a"(92), )
= (D (fagw)(alfr) - alfam1)a® (g1) .- a" (i) - - @™ (9)2, ),

which is obtained by repeatedly moving a( f,,) to the right of all the a*(g;). Continuing
this procedure, we obtain an expansion of the form (1). When p < 0 we consider the
following *-automorphism v of the CAR algebra (a canonical transformation), which
acts on the generators a™(f) by the formulas

Y(a(f)) = a(f) = a™(f7),
V(™ (f)) = a*(f) = a(f7),
where f* =370 Cupn, if f =30 cuon € B, qH =M, and {EX} is a spectral
family for the operator h,, and
(a(f)) = a(f) = a(f),
Ya*(f) =a (f)=a*(f), [feH, =Hu.
Note that for the new system of generators (a*(f),a(f)), which satisfy the anticom-
mutation condition, @iy given by (23) is a vacuum vector:
a(f)®Pmin =0,  f€eMH,

and the representation of this system in F, (H) is unitarily equivalent to the standard
Fock representation of the creation and annihilation operators {b*(f),b(f)} in the
space Fo(H), where H = Hj @ H,., and H}, is ‘H,, with the altered inner product
(13%). Thus the proof that (A®yin, Pmin) is free follows from the previous arguments.
The corresponding operator B is of the form B = Eé:oo o and hence by Lemma 6
(+Ymin is a ground state for the dynamics 7.

(24%)

(24%)

The space Hans associated to this state coincides with the Fock space F,(H), and
the operator H* for the dynamics 7§’ has the form

> Ak A+ plbibe = dT(|h+ pl).
k
We note that when written in terms of the operators a; and ai, the operators
dl'(h + 1) = >, (Ax + p)ajar have the form
T
Z [Ak + plagar + <Z(>\z + H)) E,
k i=0
i.e., apart from a constant they are unitarily equivalent to the operator Hfyg. In
the case when the spectrum of h is arbitrary, the new system of operators a*(f),
a(f) obtained via the canonical transformation (24?), (24°) may fail in general to
be unitarily equivalent to the standard system of Fock operators, and therefore the
operator dI'(h+ p1) + sE may not be unitarily equivalent to H{,yg for any constant s.
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84. Fock representation for the dynamics of free systems

Here we will consider some examples showing that for certain free systems the op-
erator Hgns, defined by a free dynamics and equilibrium state, is unitarily equivalent
to a Hamiltonian of the form dI'(h) on a suitably chosen Fock space F, s(H), where
h is a one-particle operator on H.

1. The classical ideal gas. Recall that the state space for an infinite ideal gas is
the collection € of all locally finite (unordered) sets X = {(g;,v:)}, (¢i,v:) € R* X R,
i.e., sets such that only finitely many elements (g;,v;) € X are contained in any
bounded region G C R” x R”. The Gibbs distribution py = ug’ﬁ for an ideal gas
coincides with the distribution of the Poisson field in R¥ x RY given by the measure

v/2
(1) d\ = p(%) exp{ - %UQ} dg dv.

This field can be described as follows:
1) The number np(X) of elements (g,v) in the configuration X contained in a
bounded set B C R¥ x R” obeys a Poisson distribution

(2) Pr(np(X) =n) = AB)" -xs)

n! ’

where the measure A(B) of B is given by equation (1).

2) For any two disjoint sets By, Ba C R”, the quantities np, (X) and np,(X) are
independent.

This distribution is described more fully in [21]. If 9T denotes the collection of all
finite sets X € (), we have a partition

Mm = U M.,
where 901, is the collection of all n-element sets; 91, can be represented as the quotient
M, = (R” x R*)"/Sp

of the space (R” x R”)™ of ordered sequences {(q1,v1), ..., (qn,vn)} by the action of
the group 5,, permuting the elements. We can thus introduce on each space 9, the
measure

3) IX — dqidvy . .. dgpdvuy,

)

n!
which we can regard as a measure on the whole space I,,.

REMARK. It is clear from the definition (3) that the set of collections {(q1,v1),
..y (Gn,vp)} for which at least two elements coincide has measure zero, i.e., the
collection M C M of all finite subsets X C RY x R” (i.e., collections all of whose
elements are distinct) has full measure. For the same reason, the collection ' C Q of
all locally finite subsets X C RY x R” has full measure o (see [21] for more details).

The correlation function po(X) = p,, (X) on M for the Poisson field given above
is equal to

” po(X) = pN ) H (%)m exp{ - %2}

X =A{(gi,vi)} € M,
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where N(X) is the number of elements in X. A definition of the correlation function
for any point field, i.e., for any distribution on €, is given in [14]. The following
property will be important for us. Let o(X), X € 91, be a finite function on the
space M, i.e., such that

only if N(X) < Ny = No(p) and X C G, where G = G(yp) is a bounded subset of
RY x R”. Then the functional

(5) Fow) =) ¢(X)

XCw

is defined for all w € Q. A functional of the time (5) is usually called a summing
functional. The formula

(6) (Fplw)) = /{m (X)pu(X) dX

can be shown to hold for any point field in R¥ x R with probability distribution u
on  for which the correlation function p,(X) exists.

If the function ¢ in (5) does not have compact support but is integrable on 9t
with respect to o-finite measure p,dX then the summing functional (5) is defined for
almost all w with respect to u, and equation (6) continues to hold as before.

Now consider the space H = Lo(R” x R”,d\) of functions f(g,v) on R” x R¥. The
symmetrized nth tensor power

(R = M),
(with inner product equal to 1/n! times the usual inner product on Hg;ﬂ)n) is eas-
ily seen to coincide with the Hilbert space La(9,, po(X)dX), where the correlation
function po(X), X € M, is given by (4). Thus, the Fock space Fs(H) coincides with
L2 (SDI, podX).
We now define a unitary transformation of Lo(9M, podX) onto the space

L2(9Q, po), as follows. For each finite function f € Lo(9M, podX) we define another
finite function

(7) 05X = [ FOrUD )Y O()

and the summing functional

(8) Fl(w) = Fyy(w) = Y os(X).
LEMMA 1. The transformation f — F1 is isometric:

(9) /m FEOTX)po(X)dX = (FIFTY,,

and after extension to all of La2(M, podX) gives a unitary equivalence with all of
LQ(QMMO)'
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PROOF. Let f € La(M,,, podX). We will show that for every finite element g €
Lo (M, podX), m < n, the inner product

(Fvag) = <FfE>#07

where Fj is defined by (5), is equal to

(10) (Ff . F,) = { Jon, F(X)G(X)po(X)dX, :::
Indeed,
(1)
(FIF,), / (XZ pr(X )(XZ E(X’)duo(w))
/Q < Z pr(X1UX2)g(Xa U X3)> dpo(w)
XCw

X1,X2,X3:X1NX2=X2NX3=X1NX35=0
X=X1UX2UX3

_ /m ( 3 01 (X1 U X2)g(Xa U Xg))po(X) ax

X1,Xz,X3:X1ﬁX2:X20X3:X10X3:®
X=X1UX2UX3

:/ o5 (X1 U X2)g(X2 U X3)po(X1)po(X2)po(X3) dXy dX2dXs.

Mm

The last equality in (11) is based on some straightforward combinatorics and also uses
the multiplicative form of pg(X). Furthermore, in all of these formulas X7, X5, X3

may be taken to be finite subsets of R” x R” (see the above Remark). Inserting ¢
from (7) into the last equality and using the readily verified identity

/{m < > w(X’)) X)X = | p(X)h(XU X ) dX d X,
X'CX
we find that
P = | ( ) <_1>N<f<>)

XCX
X f(X2 @] XQ)?(XQ @] Xg)po(Xl)po(XQ)pO(Xg)XmdXQng

Since Z;{CX(—l)N()NQ =0, if X1 # (), we obtain finally that

(FI o = | F(X2)g(Xa U Xa)po(Xa)po(Xs) dXz dXa,

from which (10) follows. Since for f € La(9M,,, po dX) we have ¢ = f + f, where

[ € @y La(My, po dX), it follows from (10) that for f € Lo(9M,, po(X)dX) and
g € La(M,, po dX), we have

(F/,F9) = mn/ f(X po(X)dX.
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This already shows that the mapping (7) is isometric. Now let Fj (w) = Fj(X), where
X = wnNA for a bounded set A C R” x R", be a local function, depending only on
the part of the configuration w contained in A. Then any such Fj can be expressed
as a summing function (5) by setting

p(X) = 3 (~)NEXD By (x),
X'CX

where X C A is a finite configuration in A. The summing functionals (5) are thus
dense in Ly(€2, o). On the other hand, the map f — ¢y (7) is a bijection of the set
of finite bounded functions with itself. In fact, its inverse is given by

700 = [ (XU Dm(T)ax.

Thus, the map f — F/ extends to a unitary transformation from Ly (9, pgdX) onto
L2 (Qv ,U()) .

REMARKS. 1. Let H,, C Lo(€2, o) be the image of the space Ly (M, podX) under
the map (8). To get a better idea of the structure of these spaces, we consider the
form of the functionals F/ € H,, for n = 0,1, 2. Clearly, H, is the space of constants,
while H; is the closure of the functionals of the form

(11%) F)= 3 fav)+fo

(gv)€w

v/2 2
fo= p<%> /R"><R“ f(q,v)eXp{ - %}dqdv,

and the function f is bounded with compact support in R” x R¥. The term fy in
(11) ensures that the functional (11) is orthogonal to all constants. The space Ha is
the closure of the summing functionals of the form

(12) F= Z f((qlvvl)(qQ7v2))+ Z fl(qvv)v

{(q1,v1),(g2,v2)}Cw (gv)€w

where

where

flao) == [ fa.0)@D)(@7) dids,

where f((q1,v1), (g2,v2)) is a symmetric bounded function with compact support in
(R¥ x R¥)2. The second term in (12) ensures that F' is orthogonal to the constants
and to functionals of the form 3° )., 9(¢,v).

2. Let B C R” be a bounded set and let the function f € Lo(9M,,, podX) have the
form

f(X):HXB<QZ)7 XZ{(QZ"UZ')} emnv

where xp(+) is the characteristic function of the set B. Then a simple calculation
shows that
F!(w) = PYPl(kp(w)),
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where kp(w) is the number of particles in the configuration w that lie in the set B,
k > 0 is an integer, and P*(k) is the Charlier polynomial

n (k)

Py (s) = Z(*l)nfkmﬂnfkv

k=0

where o
S(k):{s(sl)...(skJrl)k—'!, k>0,
1, k=0.

These polynomials are orthogonal with respect to the Poisson distribution on Z_1~_ with
rate pu:
pret dma

sl

o0
> Pi(s)Ph(s)
s=0

We now consider the dynamics 74 on the space €) given by

Tthwt:{(qavf)}’ wz{(Qi'-'Ui)}v

13
(13) af = qi + vit, v = ;.

Since certain locally finite configurations whose velocities increase very rapidly at
infinity may cease to be locally finite (i.e., may collapse, see 1.1) after a finite time ¢
for the dynamics (13), we will need the following lemma to ensure that our definition
is correct.

LEMMA 2. The space Q contains a set ' of full uo measure such that for every
w e, we have ryw € ', for all t > 0.

The proof of this lemma is omitted.

REMARK. Recall that we have already encountered in 1.1 the analogous assertion
for v = 1, but in the more complicated case of a nonideal gas.
We may thus consider the dynamics in §'.

LEMMA 3. For all p and 3, the Poisson measure pg = ug’ﬁ on ' is invariant
under the dynamics (13).

PROOF. Define a transformation of the function F(w) on £’ by the formula
(UeF)(w) = F(r; 'w).

It is easy to see that for summing functionals Fy of the form (5), we have

(14) UiFf = Fg,;,
where
(15) (Uf)(X) = f(r7'X), X e

Under the transformation 7;: 9t — 9, the measure dX and correlation function
po(X) are easily seen to be invariant; from equations (6) and (14) we conclude that
(UpFf)py = (Ff)uo- This remains true for any function F' € Lo(9M, podX), which
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proves the assertion of the lemma and thereby establishes that the group {U;,t € R'}
is unitary on Lo (€, po).

Under the correspondence between the Fock space Fy(H) = Lao(9M, podX) and
Ls(R2, po) given in Lemma 1 (here H = Lo(R” X R, d))), the dynamics Uy on La (2, o)
is unitarily equivalent to the dynamics [7,5 on La(9M, podX). The latter dynamics is
readily seen to be of the form (7} = I'(ut), where u; is the one-particle dynamics in
given by

(utf)(qv ’U) = f(q - ’Ut, ’U).

Its infinitesimal generator h is

(1f)(a0) = 105,

whence the infinitesimal generator H of the dynamics ﬁt is equal to
Hf:dF(h)f:Zivka—f f € Ly(M, podX).
- avk ) )

We note that the spectrum of h is Lebesgue and fills the entire line (—oo, 00). Thus
H has a Lebesgue spectrum with infinite multiplicity which also fills all of (—oo, 00).

2. Stochastic gas. We now consider another stochastic dynamics defined on the
space 2 of all locally finite collections w = {¢;}, ¢; € R”.

For each fixed configuration w € ) we consider the collection of independent Wiener
processes Y = {y,, } starting at points in w:

yQi(O)Zin 1=1,2,....

The distribution of the process Y (¢) in the space S, = @), c,, S of all collections
of trajectories wy = {wg, (t)}, where S, is the space of trajectories of an individual
Brownian motion starting at ¢;, is the product dW = [] dW,, of the Wiener measures
defined on each space S, .

LEMMA 4. For any locally finite configuration w, almost all (with respect to the
measure dW) sets of trajectories wy = {wy, (t)} are such that for every 0 <ty < o0
the configuration

Wty = {wth‘ (t0)7Qi € (.«J}
is locally finite.

A stochastic dynamics {w;} is thus defined on the space €; we denote by P} (-)
the associated transition measure,

Pf)o (A) = P’I”((.L)t S A|wt:0 = (.L)O).

Then for any probability measure 1 = pg on  we can define the evolution of the
measures {y¢, 0 <t < oo} in the usual way by setting

(16) MW:AﬁWWW)
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LEMMA 5. The distribution uf of the Poisson field in R generated by the measure
pdx on R is invariant under the evolution (16) for any 0 < p < co.

The proof is similar to that of Lemma 3, and can also be found in [16].

Thus, the unitary group U; on Ly (€, 1) generated by our dynamics can be carried
over via the isomorphism (8) to the Fock space Fs(H), where H = Lo(R”, pdx), and
it coincides there with the group I'(u¢); uy = €*2 is the group acting on Lo(RY, pdz),
where A is the Laplace operator. The infinitesimal generator of the group U; thus
coincides with dI'(A).

REMARK. A similar construction is valid for any dynamics on 2 generated by the
independent dynamics of the individual particles in a configuration w € 2. The Pois-
son measure pf is invariant under every such dynamics, and the corresponding group
U; on Fs(La(RY, pdx)) is of the form I'(u;), where u; is the one-particle dynamics in
Ly(R”, pdx).

85. The Euclidean approach

1. Brief sketch of the method. We recall that in the introductory chapter
(5.0) we discussed the two basic ideas that form the basis of the general method in
mathematical physics called the “Euclidean approach”:

1) Introduction of an “imaginary time”, i.e., the operator semigroups exp{—tH },
t > 0, are studied in place of the unitary group exp{itH}, —oo < t < oo, where H is
the Hamiltonian of the system. By studying the semigroup exp{—t¢H } one can extract
a certain amount of information concerning the spectral properties of the operator H
which can then be brought to bear on the analysis of exp{itH }.

2) The renormalized Feynman-Kac-Nelson formula: let the operator H acting on
the Hilbert space Lo(X, dvg) be of the form

H=Hy+V,

where Hj is selfadjoint on Lo(X,dvy) and coincides with the infinitesimal generator
of the stochastic semigroup J for some stationary Markov process & = {&,t € R'}
with values in X and invariant measure dvg, and V' is a multiplication operator given
by multiplication by a real-valued function on X; moreover, H has a ground-state
eigenvector @ with eigenvalue A\g. One can then construct a new stationary Markov
process n = {n,t € R'} with values in X and invariant measure dv = |®(z0)|?dvy
such that the infinitesimal generator H™"°™ of the associated stochastic semigroup
J acting on Lo (X, d) is unitarily equivalent to the operator H — Ao E. The probability
distribution p in the space 2 = XB of trajectories {z¢, t € R'} of the process 7 is
obtained as the Gibbs limit of the distribution po for the process £ in

2 = li
(2) p= Jom, pr,

where the distribution pr (7T is a finite closed interval on the R! axis) is determined
by the density

3) e ZiTexp{ - v<x<r>>dr},
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and Z7 is a normalization factor,

ZT/QeXp{/TV(:E(T))dT}d/LO.

The ground state of the operator H™™°™™ ig the function &g = 1 € Lo(X,dv) with
zero eigenvalue, and the rest of the spectrum of H™"°™ describes the energy of the
“excited states” of the system.

The same method can also be used for infinite-dimensional quantum systems
(fields). The only difference is that now there is no initial Hamiltonian H, and the
Hamiltonians Ha (1) are defined for finite subsystems of the infinite system (the lat-
ter are indexed by the elements A of an increasing ordered set); the subsystems are
described by the Hilbert spaces Ha = Lo(X A,dug), where the X, C X are subsets
of some set X. For every A we construct as described above a stationary Markov
process np with values in X, and distributions ua in the space Qp = X /}\%1, and then
take the limit A 1. This gives a limit stationary Markov process n = {n;, t € R'}
with state space X and distribution p,

= 1'
po=1im

on Q = X7 The infinitesimal generator H™"°™™ for the stochastic semigroup J; of
this process is declared to be the Hamiltonian of the infinite system (in its “ground
state”).

There are a few infinite systems for which the dynamics 7+ can be constructed by
taking a limit A T of local dynamics

N = exp{itHz YA exp{—itH,}, A e B(Ha)

in a suitable quasilocal algebra A = J, An, where Ay € B(H) and the ground state
(A) for this dynamics is obtained as the limit of ground states of the form

(4) <A>A = (A(bgv (1)6\)711\7 A€ An,

as A T (here ®} is the (normalized) ground-state eigenvector for the Hamiltonian
Hp). For such systems, H™"°™ turns out to be unitarily equivalent to the operator
Hgns for the dynamics 7 on the space Hgns constructed from the ground state (-).

We will now illustrate this general scheme in the case of the following very simple
example. Let an infinite system of interacting oscillators be given on the lattice Z¥
(this system was analyzed in §2). The formal Hamiltonian is given by (see 1.2)

1
(5) H = Z pi + Z Zaxl,xzqr1qﬂt27
xeZv

where {ps, .,z € Z"} is the system of “momentum” and position operators, and
A ={ay, 4, 1,22 € Z¥} is a infinite matrix defining a strictly positive operator on
15(Z"). The introduction of the formal Hamiltonian (5) means that for every finite
set A C Z% one must choose a Hamiltonian

Zpif"'i( Z am,wz%clqwz)f

zeEA T1,L2€EA

o*f 1
:—Za—q%‘f’Z( Z a11,12q11q12)f’

zeA T1,L2€A

Hpf
(6)
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acting on the space Lo(R™, d*q). As we have already shown in §2, the operator
Hp — M E (where )\ is the smallest eigenvalue of Hy) is unitarily equivalent to the

operator
f
Hrcnorm — Z + Z ml,quxl 6

16/\ z1,L2€EA

acting on the space Lo(R™, p(q)d™q), where

1
(8) p(q) = const €Xp { - 5 Z bgl,mqul qxs }7

z1,T2€A

and
1/2
By = {02 .,y = AY? Ap = {ag, 00, 71,72 € A}
Here H}*"°™ is the infinitesimal generator of a stochastic semigroup for the stationary
Gaussian Markov process £ = {¢2(z), € A} with mean (¢ (z)) = 0 and covariance
matrix

(9) (€D (1), €1 (2)) = (AY? exp{—AY |1 — t2]})as -

Letting A T Z¥, we now obtain an infinite-dimensional Gaussian stationary process
& = (&, t € Z7} with zero mean and covariance matrix of the form (9), where Ay is
replaced by the matrix A. The stochastic semigroup J; for this process acts on the
space Hpnys = La(R?", dvp) of functionals of & that depend on the values {&—o()}
at the time t = 0. Here 1y is a Gaussian measure with zero mean and covariance
matrix A~1/2.

Passing to the new Markov process

- Z Cw,w’ét(x/)

z'eZv

where the matrix C' = {Cy, »,} = A%, we obtain that for every fixed t = to the
random variables {n:,(z)} are independent and have a normal distribution dug(x)
with variance 1. The covariance of this process is equal to

(10) (ne()ne (2')) = (exp{—A"2[t = #'[}),ar-

The space Hpnys = La(r? ", dwp) coincides with the space Ly(R?", dpp) of function-
als of the values {ni—o(x)} of the process at time ¢ = 0, and dyy is the product
[1.cov duo(z) of the normal distributions.

Choosing an orthonormal basis

(11) Fio(@1) 120 (22) 1o g (25) 7= oy ) (k)
of Ly(R?", dDy), we can identify Lo(R?", dDp) with the Fock space Fy(lo(Z")), as was

explained in 3.1. Next, a straightforward calculation of the matrix elements for the
operator J; in the basis (11):

(12) (TR (w110, (k) R (@l ) s (21, ,7))
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together with equation (10) and the standard diagram technique for computing means
of the type (: {x, : -+ : &x,, 1), where &x, = [[Lex, 5&“ and the {&g),x € X} are sets
of random variables (see [26] for more details), shows that under the above identifi-
cation of Lo(R?", diy) with Fy(lo(Z")), Ji goes into the operator I'(exp(—tA'/?)) on
Fs(l5(Z")), and hence H™"°™ is unitarily equivalent to the operator dT'(A'/?). On
the other hand, we showed in §2 that for the dynamics 74 on the Weyl algebra con-
structed from the formal Hamiltonian (5), the operator Hgng found for the ground
state (-)
(4) = Jim (48], ),

of the Weyl algebra is also unitarily equivalent to dI'(A'/?), i.e., Hgng is unitar-
ily equivalent to H™"™ (here ®} is a normalized ground-state eigenvector for the
Hamiltonian (6)).

The setup described above also applies to the more complicated anharmonic-
oscillator Hamiltonian given formally by

Hanharm = Z pi + Z Ay 2942, 9o + A Z Q(q:v)

(13) xeZv T1,x2EZY reZv
= Hharm + V7

where Hpapm is the formal Hamiltonian (5) for harmonic oscillators with the poten-
tial V=AY . Q(¢z) and Q(-) is a polynomial bounded from below. However, to
construct the distribution p for the limit Markov process corresponding to the Hamil-
tonian (13), it is technically easier to use a Gibbs modification of the limit Gaussian
measure fg = harm already constructed above for harmonic oscillators, i.e., to set

(14) on = lim HA,T,
N
TTR!
where

(15) dpar _ 1 exp{—AZ Q(qm))ch},

d - Z
Mharm AT TN T

and Z, r is a normalization factor.

We note that the proof that the limit (14) exists requires subtle methods in sta-
tistical physics and quantum field theory (e.g., cluster expansions, or correlation in-
equalities, etc.).

Finally, we can use the remark at the end of 5.0 and take as the starting point
for the construction of the limit measure not the formal Hamiltonian H, but rather
the formal Euclidean classical action S({¢;(7)}), which for a system of anharmonic
oscillators has the form

Sewa({a:(n) = i [ (%Zq +3

_ ¢ gharm anharm
- Z<SEucl + SEucl )

Z Ozy,w0qz, oo + Z Q(%))dT

T1,T2 x

(16)

The term in (16) quadratic in {¢,(7)} generates a Gaussian measure pg for harmonic
oscillators, and its Gibbs modification by means of the perturbation iSEﬁ}C‘?rm coincides
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with the modification (14) and (15). This last approach is convenient because it makes
it unnecessary to introduce the hamiltonians H explicitly, and it is the one most often
used in the Euclidean approach to the models of Euclidean quantum field theory to
be described below.

We conclude this section by stressing that, as we have seen from the examples
given above, one very convenient way to study infinite physical systems in the ground
state, which avoids the need to explicitly construct the Heisenberg dynamics (in some
suitable C*-algebra), is to construct the Markov field and introduce the associated
Hilbert space Hpnys and a stochastic semigroup acting on it (i.e., what is usually
referred to as a “Euclidean object”). Then the dynamics itself (more precisely, the
associated GNS representation for the ground state) is defined on the space Hphys in
terms of H™"°"™  the infinitesimal generator of the semigroup J;.

2. Euclidean quantum fields (general axioms). For Euclidean quantum field
models, the appropriate “Euclidean object” (when fermion fields are present) turns
out to be less familiar than the random probabilistic processes encountered in the
above consideration of boson models. We will therefore begin our treatment of the
Euclidean approach to the quantum field models with a discussion on a widely adopted
system of axioms.

Field algebra. A boson field algebra €% = % (R**1) is a commutative topological
algebra with unit 1 (and a metrizable topology) and a distinguished set of genera-
tors {&,, ¢ € S"(R"™!)} indexed by the elements of the Schwartz space S™(R”*1!)
of infinitely differentiable functions that decay rapidly at infinity (see [38]) and are
defined on R**! with values in C™ (or R"). The map

Sn(R”+1) —E&prp—&,

is required to be linear and continuous. Thus, £ is the completion of the commu-
tative algebra of polynomials in the elements {{,} of Eg. A fermion field algebra
En = ER(RYT1) is a (topological) Grassmann (super) algebra with unit 1, and hav-
ing a distinguished set of odd (anticommuting) generators {4y, ¢, ¢ € S™"(R"*1)},
indexed by the elements ¢ € S"(R**!'). The maps S"(R*T!) — &%:p — 9y,
and p — Ew are required to be linear and continuous. The full field algebra & =
Erm(RVTY) = ER(RYTY) ® ER(RYT1) is the tensor product of the boson and fermion
algebras.

A EBuclidean quantum field is a quasistate (-), defined either on a boson algebra %
(boson field) or fermion algebra £} (pure fermion field), or on the full algebra £™™.

Positivity in the sense of Nelson and Symanzik. We assume that the boson
part of the field (-) on £}, i.e., the restriction of the quasistate (-) to the boson
subalgebra £}, is realized as some generalized random field. More precisely, this
means that there exists a probability space (2, %, ) (X a o-algebra, p a probability
measure defined on X) such that the algebra £p is (topologically) isomorphic to the
algebra EOO(Q, o) = ﬂ1<p<oo L,(9,%, 1) and for every element F € Ep

) = [ Fap.

where F € Lo (Q, %, ) is the image of F' under the imbedding g HEOO(Q, 3, p); and
the topology on the algebra L is defined by a countable family of norms || - [|z,. It
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follows from these hypotheses that the Schwinger functions (the moment functions
(Eprs- -5 &p,) for the boson field) are separately continuous in each variable ¢; €
S™(R¥*1). In the case of a general field (-) on the full field algebra, this property is
postulated for the complete Schwinger functions

<§<Pl T f‘Pkw‘PkJrl T w‘Pk+sw<Pk+s+1 te w@k+s+m>'

Translation invariance. We will always assume that the field (-) is translation-
ally invariant. This means that the quasistate (-) is preserved by every homomor-
phism U,: &€ — & of the algebra & into itself, s € R**! acting on the generators by
the formula

Us€p = Ep(-—s)
(and similarly for v, and Ew):
(17) (UsA) = (4).

Physical positivity (Osterwalder-Schroeder positivity). We first introduce
the following involutions:
i) In the space R”,

Vo = (=2 2',... 2"), r= (22" ... 2").

(One usually calls 2° the time coordinate, and v is the time involution.)
ii) In the space of functions

/ (Vbos(P)(w) = @(VCL'), p e Sn<RV+1)7
ar) 8 1
(Vierm®) (7) = ep(V), Y e Sm(RU+ ),

where P is the vector whose coordinates are the complex conjugates of those of ¢,
and ¢ is an m x m matrix satisfying €2 = E.
iii) In the algebra &, with the action on the generators given by

@&p = 5”})05907 @¢<p = Eyfcrmnpy @Ey; = 'l/)Vfcrmgo-

The involution © defined on the generators is then extended to a continuous antilinear
involution of the field algebra £ by means of the relations

(17”) @(AlAQ) = @(AQ)@(Al), Al,AQ c€.

The field (-) is said to be ©-invariant if for every A € €

(04) = (4).
Evidently, for any ©-invariant field (-) the bilinear form
(18) (A1, As) = (BA, As)

is Hermitian.

We denote by £ C € the subalgebra of €& with unit 1 generated by the elements
{€, 0,1, } such that ¢ C suppRY = {x: 2° > 0} (the “future” algebra). A ©-
invariant field is said to be OS-positive if the Hermitian form (1) is nonnegative on
the subalgebra £1, i.e.,

(A,A) = (©AA) >0

forall Ae&T.
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The physical Hilbert space. Let (-) be a scalar OS-positive field. We use the
nonnegative Hermitian form (18) to define an inner product on £*. Let Iy C £ be
the subspace of all A € £ for which

(A,A) =0.
We define an inner product in the quotient space £ /Iy by
([A1], [A2]) = (As, A2),

where [A] € £T /1y denotes the coset class of the element A € £T; the completion of
ET /1y with respect to this inner product is called the physical Hilbert space Hphys-

The transfer matrix. Consider the map
U ET =& A— U A, >0,
where we write Uy = Uy, ... 0y and the vector (7,0,0,...,0) € R+l is directed along
the positive time axis.

LEMMA 1. For every A € ET and 7 > 0 we have the inequality

(19) (U, A, U, A) < (A, A).

For the proof, see [38].
It follows from (19), in particular, that U, Iy C I, so that we have a well-defined
operator on Hphys:
Jr thys - thy57

acting on the elements [A] € £; /I by the formula
(19%) J-[A] = [U-A].

LEMMA 2. The family of operators {J.,7 > 0} forms a strongly continuous semi-
group of selfadjoint contractions on Hpnys.

Proor. That J; is a semigroup is obvious; its strong continuity and the contrac-
tion property follow from (19), while the selfadjointness of 7, is a consequence of the
evident equality

(20) oU,=U_,0.
The semigroup J; is usually called the transfer matriz of the field (or more precisely,
the transfer matriz semigroup).

Lemma 2 and Stone’s theorem [36] imply that
Jr = eXp{fTH},

where H is a nonnegative selfadjoint operator acting on Hpnys. Plainly, [1] = Q,
where 1 € £ is the identity of the algebra £, is a ground-state vector for H with zero

eigenvalue,
HQ =0.

The operator H = Hppys is called the (physical) Hamiltonian of the field, and € is
its vacuum vector.
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Momentum operators. It is clear that every homomorphism Uy 5 = Us, where
5 € RY, takes the algebra T into itself, and also, by (17) and (20), Hpnys into itself.
Thus it generates a strongly continuous unitary group Us, § € R” (the group of spatial
translations) in Hppys which commutes with the semigroup J;. By Stone’s theorem
we have
Us=expli(s'P  +---+ D)}, 5= (s'...,5"),

where P = (Py,...,P,) is a set of mutually commuting selfadjoint operators, called
the momentum operators. They all commute with the Hamiltonian H, and

PQ=0, k=1,...,0.

Other symmetries. If a group of homomorphisms G acting on the algebra &
corresponds to symmetries of the field (such as spatial rotations, “isotopic rotations”,
and so on) that take £ into itself, preserve the quasistate (-), and commute with the
time translations U,, then we have a unitary representation ¢ — T,, g € G of G on
Hphys which commutes with the Hamiltonian Hppys of the field.

3. Markov field (boson case). In practice, one often uses another (equivalent)
construction of the space Hphys and semigroup Jr which is based on the reversible
Markov property and the stability of the boson field under reflection. We assume here
that the Nelson-Symanzik axiom is satisfied, that the Euclidean boson translationally
invariant field is realized as a probability distribution x on a measure space (€2, 3), and
that the field algebra € coincides with the algebra Loo (€2, X, 1) = Mi<p<oo Lp(EL 2, p).
For each ¢t and € > 0, we define ¥f C ¥ to be the o-algebra generated by the random
variables {£,,¢ € S™(R"T!)}, for which the function ¢ is supported in the strip
{z:]2° —t] < e}

We write X = (),.q2:. The boson field (-) will be said to have the reversible
Markov property if it is ©-invariant and for all A, € £ and A_ € £~ (the “past”
algebra £~ is defined analogously to the “future” algebra £T), we have

(20°) M(ALA_[S0) = (A /So)M(A_[S),

where M(-/3g) = (-/%g) is the conditional expectation relative to the o-algebra ¥
(see [11]).

A reversible Markov field is said to be stable under reflection if every element
Fe EOO(Q, 3, p) transforms under the involution © by the formula

OF = F.

LEMMA 3. Let the boson field (-) be stable under reflection and have the reversible
Markov property. Then it is OS-positive, and the space Hpnys constructed in the

previous section is canonically isomorphic to the space Hpnys = EOO(Q,E,M). This
isomorphism is defined on the elements [A] € ET /Iy, A € ET = Loo (0, S, 1) by the
formula R

[A] = (A/%0) € Loo(§2, X0, 1)
(here the o-algebra ¥ is generated by the variables {&,, supp ¢ € R{T'}). Under this
isomorphism, the semigroup Jr on Hpnys goes into the unitarily equivalent semigroup
A acting on Lo(2, X, 1) by the formula

7Tf: <UTf/EO> :POUTf7 f GLQ(Q,EO,H),
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where U, is the unitary operator on L2(Q, 3, u) corresponding to “time translation”
by 7, and Py is the projection of La(Q, %, i) onto the subspace La(€2, X, 1).

PROOF. For any A € £t = Z(Q, Y4, u) we have the decomposition
(21) A=A+ A,
where Ag = (A/%0) € Loo (€2, S0, 1) and (A'/%) = 0. Further,
(A, 4) = ((8AA/%)) = ((OA/Z0){A/%0)),

where we have used the Markov property. From the decomposition (21) and the
stability under reflection, we see finally that

(AvA) = (AOaAO) = A |A0|2dp,.

The remaining assertions in the lemma are proved similarly.

We note that the spatial translations 2 — x + (0,3), 5 € R, in R**! generate a
group of unitary operators {Us, 5 € R”} on Hpnys that commute with the transfer
matrix J-.

Example. Free scalar neutral field in R**!. In this case the generators &
are indexed by real functions ¢ € S(R*™1). The field is Gaussian with zero mean and
covariance

@) (e = (A ) ) = [ PP g,

where ¢ > 0, m > 0 (m > 0 for dimensions v = 0,1), A®*+1 is the Laplace operator
on R¥T1 (- +) is the inner product in Ly(R**!, dT), and ¢(p) is the Fourier transform
of ¢ € S8 The above field is called a Nelson field (see [58]), or (for v = 1) an
Ornstein-Uhlenbeck field (process), see 5.0 above.

The formal Euclidean action for the field (22) is

SEucl = ic/ L(p)d" Tz,
Rl/+1
where the Lagrangian L(p) is given by

(23) L(p) = (Ve(2))* + mp*(z).

LEMMA 4. The Gaussian field (22) is stable under reflection and has the reversible
Markov property; it is invariant under the motions of the space R¥1'. Every scalar
neutral (i.e., real) Gaussian field with these properties is of the form (22).

We will not prove this lemma here (see [32, 33]). We observe further that the
Markov property of (22) reflects the local nature of the Lagrangian (23) for this field.

One finds without difficulty that the space Hpnys for this field is isomorphic to the
Fock space Fs(H_1/2), where H_;,5 = H_;/5(R") is the Sobolev space of functions
of x € R” with the inner product

v 2\—1/2 _ o1 (p)@z(p)
(AW 4 m?) = <P17<P2)/Rumdp,
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and —A®) is the Laplace operator in R”. The transfer matrix 7, coincides with the
operator

F(exp{—(—A(”) + m2)1/27}), >0

on FS(H_l/g).
More complicated (non-Gaussian) boson scalar Markov fields can be obtained by
modifying the Nelson field by a self-interaction of the form

V=[Pl dn,

where P is an even polynomial of degree, at least four, which is bounded from below,
and : - : denotes the Wick ordering corresponding to the Nelson Gaussian field (22)
(see [26]). Such modifications in the case when v = 1 have been widely studied using
a rather difficult and refined technique based in part on cluster expansions (see the
books [12] and [38]).

4. The Markov fermion field.

A. Digression on probability theory on a Grassmann algebra. We will
need some results from the theory of quasistates on a Grassmann algebra; this theory
has some formal similarities with ordinary probability theory.

Let & = Ayn, where N = {1,...,n}, be the Grassmann algebra with 1 on finitely
many generators asq,...,a,. Every element 2 of can be expressed uniquely in the
form

(24) f = Z CTaT,

TCN
where the sum is over all subsets of NV, and
QT = Q4 Oy .. Qg T:{i1<i2<"'<ik}.

We observe that an element f has a two-sided (left and right) inverse if and only
if its free coefficient C,, is nonzero. Every invertible f € 2 can be written uniquely as

(25) f=Cpexp{f},

where fe 2 is an element with C, = 0. Conversely, every element of the form (25)
is invertible, with inverse given by

;7 =Gyt exp{=f}.
We note that the algebra 2l is the tensor product
A=A @ Ay,

(in the sense of superalgebras, see [23]), where each A, k = 1,...,n, is the two-
dimensional Grassmann algebra with 1 on the single generator ay.
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The Berezin integral. There exists a standard quasistate (-)¢, called the Berezin
integral, on the algebra 2. It is defined as the product of the quasistates <>§ on the
algebras A, k=1,...,n, given by

(16 =0,  {a)g =1.
Thus, for an element f expressed in the form (24) we have

(25") (flo=Cn,

where Cy is the coefficient of the highest monomial oy . .. a,. The standard nota-
tion for the quasistate (-)¢ is

(26) <f>0—/mfd041-~-d04n—/mfd0w-

The density of a quasistate.

LEMMA 5. Every quasistate (-) on the algebra 2 is uniquely representable in the
form

(27) (f) = /mfgdaw,

where g € A is called the density of ().

PROOF. Let
My = (ar)

be the moment of the quasistate (-). Then if we set

(28) g = Z (*1)7T(T)MT/OZT,
TCN

where T/ = N\T = (¢},...,i¢,_,), T = (i1,...,1), and m(T) is the sign of the
permutation

(P A PR O

we see that (27) is satisfied for all f € 2. The uniqueness of the representation (27)
is obvious.

Note that (28) shows that for an even quasistate (i.e., one which vanishes on all
odd elements f € ) and even n, the density g is an even element of . We will
always assume henceforth without further mention that (-) is an even quasistate and
n is even.

A quasistate (-) on 2 will be called regular if its density g is invertible, i.e., according
to (28), if the total moment is nonzero:

(28) My #0.
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Partial Berezin integral. Let T C N be a subset with an even number of
elements and let 2 C An be a Grassmann subalgebra of 2. We define the partial

Berezin integral
/ f daN\T
AN—T

to be the linear map A — 2Ap given on monomials ag, S C N, by

/ ; - { 0 ifN\TZS,
Qgdan\T = (_1)7r(S,T)aTﬂS it N\TCS,

where 7(S,T) is the sign of the permutation taking all the elements ¢; € TN .S in
the set S = {i1,...,ix} to the left of all the elements in N \ T C S (and preserving
the ordering of the elements in "N S and N \ T considered separately). It is easily
verified that the repeated Berezin integral satisfies

(29) /QlT </21NT fdaN\T> dar = /mfdaN~

For any subset T C N of even cardinality, we write (-)r for the restriction of the
quasistate to the subalgebra 27, and gr is the density of (-} on . It follows easily
from (29) that

gr =/ gdan\r.
AN\T

According to (28'), the quasistate (-)r is regular if
My #0.

The characteristic functional. Let (-) be a quasistate on an algebra 2 with
density gr and let F' = {f1,..., fs} be a set of odd elements on A. We enlarge 2 by
adding new Grassmann generators 7y, ...,7ns. The partial integral

(28") /ﬁexp{f}m + famz + -+ fansYgday = ¢r € 2,

is called the characteristic functional of F' (here 20 is the Grassmann algebra with the
unit on the generators 7y, ...,7s).

Moment formulas. The linear operations f9/9n; and 9f/0n; (left and right
differentiation) for f € 2 are defined on the algebra 2 as follows. On monomials np
they are given by the formula

anT{Oa ZgTv

I (17" Oy gy, €T,

where ol¢™ (i) is the number of factors in nr preceding 7;. The right derivative n7-0/dn;

is given by the same formula, except that o’ (i) is replaced by o}ight(i) the number

of factors in nr that follow n;
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LEMMA 6. The formula

o 0 0 0
(30) <fi1 o f1k> B (3771'1 877i2 o 37h'k wF) n=0 N (%d]F) n=0

holds, where (h)p,—o denotes the free coefficient on expansion (24) for h € 2.

PROOF. The result (30) follows from the identity

exp { mez} = [+ fin) =1+ fir fio -+ fix i, - My
i i (it iz}

for the exponential.

Conditional expectation. Let (-) be a quasistate on 2 and T'C N a subset of
even cardinality such that the state (-)7 on 2t is regular. The conditional expectation
(f | Yr) is defined as the linear map A — Ap given by

def

B1) () = (f]7) / fgdanr(gr) ™ = g7 /91 Jgdax_r,
N\T N\T

where we recall that gr is the density of the quasistate (-)7 (the last equality in (31)
follows from the evenness of the element g;l). The element

(32) 997" €

is called the conditional density of (-) relative to the algebra 2Ar. We note that
the definitions (31) and (32) are formally the same as corresponding concepts in the
classical theory of probability.

It is not difficult to check that the conditional expectation (- | T') has the following
properties, which again are reminiscent of the properties of the classical conditional
expectation.

(i) Let T € T» C N be subsets of A of even cardinality and such that the states
()7, and (-)7, are regular. Then

(33) (fIT2)|T1) = (f|T1).

This is verified by a straightforward calculation, see [52].
(ii) If h € A, then

(33%) (RFIT) = h(fIT),  (fRIT) = (fIT)h.

Moreover,
1T) =1.

(iii) For every f € 2, we have

({F1T)) = (f)-

The last two properties (ii) and (iii) uniquely characterize the conditional expec-
tation in the classical case. In the Grassmann case, we have the following result.



§5. THE EUCLIDEAN APPROACH 115

LEMMA 7. Let a quasistate (-) be given on A and let T C N be a subset of even
cardinality such that the quasistate ()1 is reqular. Then there is just one map 7: A —
A7 having the properties (ii) and (iii), i.e.,

m(hf) =hn(f),  w(fh)==(f)h,  heAp,

(34) Tl=1

and

(35) (m(f)) = {f)-

It coincides with the conditional expectation (- | T).

PROOF. By (34) we see that

n(ar) = (~1)"Papr(as) = (~1)"EPap Y Kfay,
L

where P=RNT,S=RN(T\N) C R, n(S, P) is the permutation taking the set
P to the left of the set S C R, and K7 are the coefficients in the expansion of the
element 7(ag) € 2Ar. Further, by (35) we have

(36) (m(ar)) = (=1)" N " Qp LK} = Mpys,

where QP,L = <CLPCLL>, L,P g T.

For fixed S and P running over the entire subset T', we can regard the right-hand
side of (36) as a system of linear equations with matrix {Qp,} for the coefficients
{K%,L CT}. One computes without difficulty that

Det{Qp.r} = +({ar))?" #0

(in view of the regularity of (-)7). Thus the coefficients K7 are uniquely determined,
and hence 7 coincides with (- | T').

Conditional characteristic functional. Let (- | T') be a conditional expectation
with density g(gr)~?t, and let F{f1,..., fs} be a set of odd elements of 2. We again
enlarge the algebra 2 by adding new generators 71,...,7ns and consider the partial
integral

%)nd:/ exp{f1771+"'+fs775}daN\TemT®§lN’
AN-—T

where 2 is the Grassmann algebra with 1 on the generators 71, ..., ns; this integral is
called the conditional characteristic functional. The conditional moments satisfy the
formula

0 0
36’ T( o Cond> ,
(36') {fir - fu|T) o)

where (h),—o for h € Ar ® 2 denotes the part of the expansion (24) for h that does
not contain the generators 7;, ¢ = 1,...,s.
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Independence. The two sets F' = {fi,...,fs} and H = {h, ..., h;} are said to
be independent relative to the quasistate (-) if for every f € 2p and h € Ay we have

(fh) = (F)(h),

where Ap C A and Ay C A are the subalgebras with 1 generated by the sets F' and
H, respectively.

Let 2 be a subalgebra of 2, where T is a set of even cardinality, for which the
conditional expectation (- | T') is defined. The system F' = {f1,..., fs} is independent
of the algebra 27 if and only if the conditional expectation for every element f € Ap
is given by

(36”) {(fIT) = (HL.

;From this it also follows easily that the system F' is independent of 2 if and only
if the conditional characteristic functional satisfies

(36///) cond c 2[

e., its expansion (24) does not involve any generators «; € Ar.

Gaussian gauge-invariant quasistates. We consider the Grassmann algebra 2
on 2n generators (n arbitrary), which are divided into two groups: aq,. .., an, @y, . . ., G,
where the indices are ordered as follows:

I<l<---<n<n

(below we frequently omit the bar over the subscript k& and write @, for ax).

In §3 above, we defined Gaussian gauge-invariant quasistates on a CAR algebra.
This definition carries over verbatim to the case of a Grassmann algebra with gener-
ators aq,...,ap, @i, ...,q@,. Here we provide some information on Gaussian gauge-
invariant quasistates and formulas associated with them. Each such state is defined
by its covariance matrix D = {d;; }, where

dij = ().

We will need the formula (Gaussian Berezin integral)

(37) /exp { Z cijaiaj} d&n dOén PN d&l dOél = det{cij},

where C' = {¢;;} is an arbitrary matrix. This formula follows easily by expanding out
the exponential in expression (25") for the Berezin integral.

LEMMA 8. Let {-) be a Gaussian gauge-invariant quasistate on the algebra 2 with
a nondegenerate covariance matriz D. Then the density of (-) is equal to

(39) g = (er-C)) M exp { - Ve,

where the matriz C = {c;;} is equal to D™ .
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PROOF. We first observe that by (37), the element given by (38) is the density of
some state (-). We will show that this state is a Gaussian gauge-invariant quasistate
with covariance matrix D. To this end we consider the characteristic functional of

a system of generators aq,...,qy,a1,...,0,, which we write in a form somewhat
different from (28"):

Y= <eXp { > (e + ﬁ@')}>

i

(39) = det(—D / exp { Z cwala]} Z( a;n; + 7;0;) doy
= exp { > dijﬁinj}'

ij

Indeed, if we introduce the elements
:az_zdijﬁja &} i =04 Z ij Ty
J

and use the change-of-variables formula for Berezin integrals (see [5]), we arrive at
equation (39) after some straightforward algebra. For the characteristic functional as
defined in (39), the moments (ag), where @ = TUT, T = {i; < iy < -+ < iy},
T ={j, <-<js} are given by the formula

0 0 0 0

40 ag) = .
40) Q) on;  On;, Onmi, O,

Applying this to 1, we arrive at equation (1.3) for the moments of a Gaussian qua-
sistate. It follows from (40) that

(aiaj) = (@;a;) =0, (aqaj) = dyy.

The lemma is proved.

Wick ordering. In an algebra 2 equipped with a Gaussian (gauge-invariant)
quasistate, one can define the : - : (Wick ordering) operation in exactly the same
way as for a free quasistate on the CAR algebra (see (6.3)). Moreover, the Wick
monomials : ag : in 2 can be defined using the Wick exponential:

L exp { (Z i + @iﬁi) } = exp { (Zmai + @iﬁi) }wl
= exp { (Z nic + aiﬁi) - Z dijﬁmj}-
i i

Namely, we have the formula

o= (g g oo (Saeran) g )
: = X 187 i T)i Cr~— )
@ \om, 377“ om0 ) oo
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where

Q:TUTv T:{]laajs}’ T:{Zlvalk}

and (+)p=0,7=0 is defined as in (36").

In computing the moments and semi-invariants (see [26]) of the Wick monomials,
one can use the diagram technique described in [26] (with proper allowance for the
signs involved in the ordering of the factors). For example, the mean

(41) (o, ::aq, 1)

is equal to the sum over all such “pairings” of the factors in ag, and ag, (as in the
general formula in [26]), in which a factor in ag, can be paired only with a factor in
aQ,-

(From this it follows in particular that the mean (41) is nonzero only when @ =
T1 UTl and QQ = T2 UTQ, where |T1| = |TQ| and |Tl| = |T2|

Conditional expectation. Let A7 C 2 be a subalgebra with generators {«;, @;, i €
T'}. The restriction (-)7 of a Gaussian gauge-invariant quasistate (-) to r is clearly
again Gaussian gauge-invariant, and its covariance matrix is Dy = {d;;,7,j € T'}.
Recall that the matrix D is nonsingular. Then the density of (-)7 on 2y has the
form (38), hence by (25) (-)r is regular and the conditional expectation (- | T is
defined. The rule stated in the next lemma is useful for calculating (- | T'). We can
write the matrix D in block form as

D{ Dy Dr 7 }
Dy Dvmw |

where Dy p = Dp, Dp y\r = {dij,i € T, j € N\ T}, and so on.
LEMMA 9. A) The following formulas are valid:
<a1|T> = Zbijaj = a?, 1€ N\T,
JjeET

(@|T) =Y cya;=aj, ie€N\T,
JeT

(417)

where the matrices B = {b;;} and C = {c¢;;} are given by
(42) B=Dnrr(Drr) ", C = Dy Drvr)"”
B) The elements
B = o — (u|T), B; =@ — (@|T), ie N\T
do not depend on the algebra A (with respect to the quasistate (-)).

C) The restriction {(-)r of a quasistate (-) to the Grassmann algebra UAp with 1
generated by the set of elements F = {3, 34,1 € N\T} is a Gaussian gauge-invariant

quasistate, and its covariance matriv Dp = {(3;3;)r} is equal to

(43) Dr = Dnr,n\T — DN\T,TDilTDT,N\T-
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The proof of this lemma is based on an explicit calculation of the conditional
characteristic functional for the set of generators {a;, @;,i € N\ T},

peond = <6Xp { > (e + ﬁi@i)}|T>,

%

for which we find by Gaussian quadratures that

(44) et = exp { D digmms + 3 (bisain; + cijmaj)}.

% .3
Here the matrices Dp = {d;;}, B = {b;;}, and C = {¢;;} are given by (43), (42).
Formula (41’) now follows immediately by using a formula analogous to equation (40)
for the conditional moments. Moreover, from (44) we find the expression

(49 o { S}

i,J
for the conditional characteristic functional for the system {£;, 3;,i € N\ T'}, whence
part B) follows upon recalling (36""). Part C) also follows from (45), and the lemma
is proved.

Using the explicit expression for the Wick monomials and the independence of the
sets {0, 0;,1 € N\T} and {a;,@;,j € T}, it is easy to show that the Wick monomial
satisfies

:Poas =:10g - rag:.

Furthermore, using (36’) and the preceding lemma, we see that

(: Bg :|T) =0.
Thus for every monomial aig we have

T
(ag:|T)=ag

where the monomial ag is obtained from ag by replacing all the factors a;, @; by ol
and &iT, respectively.

B. Reversible Markov fermion fields. We return once more to the fermion
Euclidean field, i.e., to a quasistate on the field algebra £r. The preceding construc-
tions of “conditional probabilities” on a finite Grassmann algebra serve as a prototype
for defining the conditional expectation on the infinite Grassmann algebra Ep.

As in the case of the boson field, we consider e-neighborhood

YP ={z:|zg —t| <e}

of the time slice Y; = {z : 29 = t}, and the Grassmann algebra £ generated by the
elements 1y, 1, for which supp ¢ C Y;*. We write

&=J¢&,

e>0

and evidently

& = &.
Let a ©-invariant quasistate be defined on £r. Define the Hermitian bilinear form on
&o by

(46) (Fl,FQ) <U756F1U5F2>, Fi, Fy 650,

= lim
e—+0

where U, is the homomorphism of £ induced by translation by ¢ along the time axis.
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DEFINITION. A quasistate (-) on the fermion field algebra Ep is said to be reversibly
Markov if:

1) it is ©-invariant;

2) the Hermitian form (46) is nonnegative:

(F,F) =20,  Fe€&;

3) for every t > 0, the conditional expectation (- | &) is defined as a linear con-
tinuous map of p into the subalgebra & which satisfies properties ii) and iii) for the
conditional expectation for a finite Grassmann algebra (see the preceding subsection).
Here it is assumed that this mapping is unique;

4) for all t and any two elements F, € & and F~ € & (the algebras & are
generated by the elements 1(¢), ¥(p) with suppyp C R = {xg > t,(+), or zg <
2 <_)})7

(FiF_|&) = (FL| &) (F-|&y).

We note that 1) and 3) imply that
(OF|&) = O(F|eo).
LEMMA 10. Let a reversible Markov translationally invariant quasistate (-) be given

on the algebra Ep. Then (-) is OS-positive and the Hilbert space Hpnys = £ /1o (see
subsectition 2 above) is canonically isomorphic to the Hilbert space ﬁphys, where

ﬁphys:E"O/NOv NOZ{FGEOv(FvF):O}C‘SOv
is the completion of the quotient space Ey/Ny with respect to the inner product
([F1], [F2]) = (F1, F2), Fi, F; € &,

and [F| = [Flo € &/No is the class of the element F € &. On the elements [G] =
(G4 € Ef /1y, G € EF, this isomorphism is given by

(G]+ — [(G]&0)]o € €/ No.

Under the isomorphism the semigroup J, goes into the semigroup J, acting on the
elements [Fy] € £ /Ny by the formula

(460’) j-,—[F]O = [<U7—F|50>]0, 7T >0,

where U is the homomorphism of Ep induced by translation by 7 > 0 along the time
azxis.

The proof is similar to that of Lemma 3. As in the boson case, a unitary group
{Us,5 € R"} of spatial translations commuting with 7. acts on the space Hpnys.
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Example: the free Dirac field in R*. This is a Gaussian gauge-invariant field
on the field (-) algebra £p with generators 1y, 1,,, where the functions ¢(z), z € R*,
take values in the four-dimensional complex space C*. The covariance of this field is
given by

-1

(V1P :Z/R4 /R (Z’Ym% +m) ﬁ(w,x/)»
5 (2)@5 () d*xd* ’—Z/ (Zmpﬁm) 71 ()75 (p) dp,

(47)

where {¢%(z), a = 0, 1,2, 3} are the coordinates of the vector ¢(z) € C* with respect
to a basis of C*%, and ¢ is the Fourier transform of the function ¢(x); the Vo, Y=
0,1,2,3 are the four Dirac matrices, which are selfadjoint and satisfy the relations

(47/) YoV + V' Y = 26uu/a 122 //4/ =0,1,2,3.

We will assume here that the basis of C* has been chosen so that the matrix 7o is
diagonal,

10 0 0
o1 0 o
=10 0 -1 o0
00 0 -1

The formal Euclidean action corresponding to (47) is

0 x —
/ [mea(x) Zwa (o0 %i 7) &gf;i ) 25 () .

In the definition (17’) of the involution ©, the matrix ¢ is taken equal to € = ~p; the
field is then ©-invariant. The algebra & is generated by the elements

wtp(i)(s(wo) = 1/)@7 Ew(f)é(mo) = ’l/)Lp7

where T = (71,72, 73) € R3, and p € S4(R?) is a function on R? with values in C*. A
simple calculation shows that on a generator ¢, ¢ € S4(R?) the Hermitian quadratic
form (46) is equal to

Gt =% [ K‘Qj*”“+m)m+4 5(0)35) p.
Vel T | Pt m2 s

p = (p1,Dp2,D3),

where @(p) = {@a(p), a = 0,1,2,3} is the Fourier transform of ¢ € S*(R3).
Similarly, we find that

ot =7 [ [ (FEEDEEN] o s
@y P 9 RS \/m 70 a,ﬁgoa b)ep\p b
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It is not difficult to verify that for each p € R the matrices

. 3
—i 31 WuPu m) ]1/2
0

N e

As(p) = [Ei (

are selfadjoint, Ay (p) > 0, and

>
S
I
R
S
N
a
\’Hk

Im
(48)
Im

and
dim C_(p) = dim Cy (p) = 2.

The restriction A+(p)|c, (p) coincides with the identity operator on the two-dimensional
space C4(p), respectively. We can thus introduce the Hilbert spaces

Hy = @ s C+(p) dp,

where @fm ...d%p denotes a direct integral of Hilbert spaces, i.e., just, space of
functions {p(p),p € R3} such that for each p the value ¢(p) € C+(p), respectively.

The space H4 describes the state of a particle (electron), while H_ describes the
state of an antiparticle (positron). The fact that for each fixed momentum p € R3
the spaces Cy(p) are two-dimensional means that there are two possible values for
the spin of a particle or antiparticle (see [4] for more details). We write

H=H OoH_.

(According to (48), we have H = La(R3,C*), the Hilbert space of functions with
values in C*.)

LEMMA 11. The Dirac field is a reversibly Markov field, and its state space Hphys
coincides with the Fock space Fs(H). The transfer matriz J, of the field coincides
with the operator I'(exp{—th}) on Fs(H), where h acts on H by multiplication by the
function \/p% +m?2. The Hamiltonian H of the Dirac field is equal to

H = dI'(h).

The simple proof will be omitted. Note that in this example, as in the case of the
Nelson boson field, the Markov property of the field follows from the local nature of
the Lagrangian.

5. Euclidean fields on a discrete space. In this book (Chapter 3) we will
study Euclidean fields defined on a set X x R! (or X x Z'), where the “space” X is
a countable set, while R! (or Z1!) is the “time” (continuous or discrete). Such fields
arise either by “discretizing” continuous Euclidean fields (see [38]), or as objects in
their own right in certain models in statistical physics.

The concepts used here (O-invariance, OS-positivity, the physical Hilbert space,
the transfer matrix, and the reversible Markov property) are analogous to those used
in the discussion of Euclidean fields in a continuous space. However, in contrast to
fields that take their values in a finite-dimensional linear space, for the case of a
discrete space we will introduce a larger class of “chiral” fields, i.e., boson fields with
values in an arbitrary (finite-dimensional) manifold (or even in a finite set). We will
first describe these fields and then also consider fermion fields on a discrete set.
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A. Boson Euclidean fields on a discrete set. We will limit ourselves to the
discrete-time case Z!; the case of continuous time R' is treated similarly.
Thus, assume that a random field

fz{gy»y: (17,170) € X x Zl}v

is defined on the set X x Z! =Y, i.e., we have a system of random variables &, defined
on a probability space (€2, %, i) indexed by the elements y € Y and taking values in
some topological space S (the space of “spins”). In what follows we will assume
without loss of generality that € coincides with the space SY of field configurations
(i.e., of functions on Y with values in S), and that the o-algebra ¥ coincides with the
Borel o-algebra with respect to the Tychonoff topology on SY .

As above, we consider the field algebra & = EP(Q,E,M) = Noosp>1 Lo(2 2, ).
Suppose further that a finite set of scalar functions {¢,,« € M), M an index set, is
defined on the space S so that the polynomials

Py.a(§) = pal(&y), yeyY, ae€l,

in the field variables for a dense set in £. We assume also that if ¢, is in the set
{¢a, @ € M} then so is its complex conjugate function P, = @,~. The map

(49) x: M —M:a—a"

is called charge conjugation.

For any t € Z*', let Eti C & be the subalgebras generated by the field variables
{Poy, a0 € M,y = (z,2°),2° > t(+) or 20 < ¢(—)}, respectively.

We now make the following hypotheses regarding the field £, which are analogous
to the ones made before for continuous fields.

Translational invariance. Let Z¥ be a group of transformations of the space X
which is isomorphic to the v-dimensional lattice Z¥ and such that the quotient space
X/Z" (the orbit space for the action of the group Z” on X) is finite.

Together with the transformations s € Z"on X , which will be called spatial trans-
lations, the time translations (z,2°) — (x,2°—7) generate a group of transformations
on Y isomorphic to the group Z¥*!, which we will call the group of translations. In
addition, we introduce the time reflection 9: (z,2°) — (z, —2°). The translations and
time reflection induce transformations in the space of field configurations, thereby giv-
ing rise to corresponding homomorphisms Uy, U,, and an antilinear involution © of
the field algebra, together with corresponding transformations U g(T), ©* on the space
of measures on ().

We assume that the random field £ satisfies the following conditions:

1) it is translation invariant, i.e., its distribution p does not change under the
action of the translations Ugi(T);

2) it is reversible in time, i.e., p is invariant under ©*;

3) ¢ has the Markov property.

The definition of the Markov property for the field £ on Y is identical to (20%)
given above for the case of Markov boson fields in the space R¥*t!.

For any 7 € Z! we denote by X, C Y the time slice X, = {y = (z,7)} and write
Y, for the o-algebra generated by the values {§,,y € X} for configurations in the
slice X,.



124 II. CONSTRUCTION OF AN EQUILIBRIUM DYNAMICS

Exactly as in the case of boson Markov fields on R¥*!, we define the physical
Hilbert space Hpnys by

Hpnys = L2(Q, Lo, 1) C La(Q, %, ).

It consists of all square-integrable functionals of the field £ that depend only on the
values of £ on the zero time slice Xo C Y.
The transfer matrix J; on Hphys is given by the formula

T-f = (U f|%0) = Pr,,,.U-f, >0, T€Zt,

where {U,, 7 € Z"} is the unitary group of operators on Lo(€2, 3, ) induced by the
time-translation homomorphisms of the algebra &, and Py, . is the projection of
Ly(2, %, 1) onto the subspace Hpnys. As before, we have

LEMMA 12. The family of operators {J,,7 € Z',7 > 0} forms a semigroup of
selfadjoint contraction operators on Hphys-

The selfadjointness of 7, follows from the time reversibility of the field, while the
semigroup property follows from the translation invariance and the Markov property
of £&. The generator J = J; of the semigroup 7, is usually called the transfer matriz
of the field. In analogy with the continuous time case, the Hamiltonian is the operator

1
H= §lnj2.

The homomorphisms Uy of the algebra £ induced by the spatial translations (and
preserving the algebra & = & U&; ) extend to a unitary group of operators {Us, s €
Z¥} on Hphys that commute with the transfer matrix J.

B. Gibbs modifications. As we have already noted several times, for many
physical models the Euclidean field £ that describes them is a Gibbs modification
of some comparatively simple “free” field (independent or Gaussian). The general
construction of such modifications, and also the principal method for studying them
(the cluster expansion technique) are discussed in [26]. Here we briefly recall the main
ideas and results relating to Gibbs fields, and we introduce some special assumptions
regarding them.

Assume that a probability measure v is defined on the spin space S, and let the
probability distribution pp = 1§ on SY be the infinite product of identical copies of
the measure vy (i.e., the distribution of an independent field on Y).

1) Euclidean action. For each finite set A C Y we define the Euclidean action
V(&) of the field to be the polynomial

(50) Va(§) = Z Ry H(‘ba (gy))n(y’a)»

Y,a

in the field variables, where the sum is over the multi-indices n = {n(y, «)} (nonnega-
tive integer-valued functions on Y x M that are nonzero at only finitely many points)
such that

suppn C A x M.

The coefficients { R, } in (50) (which do not depend on A) are called the potential of the
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interaction. The set 2 of multi-indices n for which R,, # 0 is called the support of the
potential. We make the following assumptions concerning the interaction potential

{Rn}.
a) Translation invariance and time reversibility. Let g be a spatial transla-
tion, time translation, or time inversion acting on Y. Then

(with the obvious action of g on the multi-indices n). It follows from (51) that
Vor(€) =Valg™'),  ACY

(again, the action of g on the configuration £ is defined in the obvious way).

b) Charge invariance. We postulate that
(52) R.- =Ry,

where n*(y, @) = n(y, a™) and * is the charge conjugation in M (see (49)); (52) implies
that the action V) is real.
We assume that an integer-valued metric p is defined on the set X and define a

metric on Y by
Py, y2) = plar, @) + 217 — 2V,
yi = (xi,x?), 1=1,2.

Henceforth, if n is any multi-index, we denote by ssupp n the projection of the support
suppn CY XM onY.

c) Finiteness and Markov property. For any multi-index n € 2 (i.e., such
that R, # 0), the diameter of the set ssuppn is uniformly bounded:

max diamssuppn < oo (finiteness).
ne

Moreover, for any two points y1 = (z1,2%), y2 = (v2,29) € ssuppn, we require
|:1:§0) - x§0)| <1 (Markov property).
The degree of the multi-index n = {n(y, a)} is defined to be
In| = n(y,a).
Y,

d) Boundedness of the degree. The degrees of all the multi-indices in the
support of the potential {R,,} are assumed to be uniformly bounded:

max |n| < oo.
neA

REMARK. The various hypotheses on the interaction potential {R,,} made above
imply that the set of values taken by the coefficients R,, is finite, and therefore

max |R,| < oo.
ne
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2) Gibbs modification. For any finite set A C Y we define the probability
measure gy on (£2,¥) by means of the Gibbs modification of the measure py,

a dﬂA _L _ QY
(52°) T = e} en=5",

where (3 is a parameter and the normalization factor Z, (partition function) is given
by

7y = /Q exp{—BVA(€)} dpo.

LEMMA 13. Let the set of field variables {¢a,a € M} consist of bounded functions,
and assume that the interaction potential {R,} satisfies all the hypotheses a)—d).
Then there exists a number By > 0 such that for all 8 with |B| < Bo:

1) The weak limit

53 =i
(53) p= i pa
exists, where p is a probability measure on the space €.
2) The random field & on Y with values in S and probability distribution u is
translation tnvariant, time reversible, and Markowv.

Statement 1) can be proved using the cluster expansion for the measures pa
(see [26]). The field properties stated in 2) follow easily from our assumptions re-
garding the interaction potential {R,}.

C. Examples of Euclidean (boson) fields on a discrete space. Here we
present some examples of Euclidean fields of the above type that are frequently en-
countered in the literature.

I. Spin fields on the lattice Z¥*!. In this case X = Z" is a v-dimensional
lattice, S = {1,—1}, and vy is a uniform distribution on S: vp(1) = vo(—1) = 1/2.
The field variables are the values of the field,

& = +1, yeZvrL.

Evidently, every monomial (50) is of the form

§B = Hg’y?

yeB

where B C Y is a finite set, and thus the action of the spin field is given by

VA = Z RpéB,

BCA

where the interaction potential { Rp} is defined on finite subsets B of the lattice Z**!
and satisfies the analogs of hypotheses a)-d) above.

For the simplest and best-studied spin field model (the Ising model), the potential
Rp is nonzero only for subsets B that consist of a single point and for subsets of
cardinality two, consisting of a pair of neighboring points in Z¥*+!.
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I1. Rotator model. As before, we take X = Z¥ (i.e., Y = Z¥"1), S =T is the
circle, and dyy = d€ /2w, where d¢ is Lebesgue measure on T. The field variables are

O, = exp{Li&,}.

The action V, is given by

Va=e > cos(§y, — &)

y1,Y2€A
ly1—y2|=1

(53%)
=€ Z (D1 ()P o (&) + Py, (§) Py, (€))-

y1,Y2€A
ly1—y2|=1

Here the metric p(y1,y2) = |y1 — y2| on Z¥*1 is given by the formula

1 =l = Dl — 2],
i=0
yk:(x,io),x,il),...,x,(:)), k=1,2.

III. Yang Mills lattice gauge field. Here Y = E**! is the set of edges of the
lattice Z¥T!. This set can be expressed in the form

E"Y =B x 7',

where the time coordinate is explicitly indicated. Here E" is the set of edges y =
(x1,72), such that one vertex lies in the zeroth slice Z¥ C Z¥*! of the lattice
ZvH {xy = (29, 21),29 = 0}, and the other vertex lies either in the zeroth slice
or in the first slice: {wy = (29, 22), 29 = 0,1}.

Here the space S = G is a compact group, v° the normalized Haar measure on G.
The action of the field V3, A C E¥*! is given by

(54) Vi = Z ReXO(gp)v
p:OpCA

where the sum is over all two-dimensional faces p of Z¥*! with boundary dp =
{y1,y2,y3,y4} C A; the edges y; in Jp are given in the order in which they are
encountered in going around the face, and g, is given by
I = 95194295391

where g; = 1 if upon traversing the boundary of p in the given orientation, the edge
y; is traversed in the direction of the corresponding unit vector (es, s = 0,...,v)
of the lattice Z¥*!, and &; = —1 if y; is traversed in the opposite direction. Now
let xo be the character of some “fundamental” irreducible representation g— Tg0
of the group G (see [20]). It is easy to show that the value of Rexo(gp) depends
neither on the orientation of dp nor on its origin, i.e., it is uniquely determined
by the face p itself. The representation g — Tg is “fundamental” if and only if
every irreducible representation g — T, of G is contained in the tensor product
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(T)e™ ® (Tg)®"2, for suitable n; and ng, of tensor powers of the representation
g — T} and its contragradient g — Tg (see [20]).

We write @2‘1)% (9) = (Tgnal,naz) for the matrix elements of the representation
g — Tg0 in some fixed orthonormal basis {1, } of the space on which the representation

acts (then the matrix elements for the contragradient representation g — Tg are given
by B2, (9)). We take the field variables to be the functions

(I)zl,ag,y = @gl,ag (gy)7 (b;l,ag,y = @gl,ag (gy)v y S EV+1'

It is readily verified that the above model satisfies all the above hypotheses a)—d) and
hence for 3 in (52) sufficiently small, there exists a random field on E**! obtained
by taking the limit (53). It is called the Yang-Mills gauge field.

The action (54) and hence also the limit field are invariant under the group J =
G2 of gauge transformations

gy = V(s1)gy7 7 (52), Y= (s1,52),
where 7 = {7(s),s € Z""1} is a function on Z**! with values in the group G.
We write L§™"#°(Q, X, u) C L2(Q2, X, u) for the set of all gauge-invariant functionals
in La(Q, %, p1) of the field g = {g,}, and HETE = Hpnys N LE(Q, 3, ).

The space HE[ % is evidently invariant under the transfer matrix J of the gauge

field, and one checks easily that J acts trivially on the orthogonal complement

gauge
thys S thys '

Thus we need only study the part
jgauge _ jT/Hgauge

phys phys
of J acting on the space HE} 5.

Remark concerning the radial gauge. A somewhat different (but equivalent)
definition of the space HE?;EC and transfer matrix Jff;fc is also often used. Note that
the functionals f € L§*#°(2, %, ) are constant on the orbits of the gauge group J in
the configuration space 2 of the gauge field. We may therefore limit our attention to
a smaller class ' C Q of field configurations g = {g,} and replace J by the smaller
group J', which acts on €’ in such a way that the set of orbits remains the same.
This can be accomplished, for instance, by setting

(55) gy = e  (the identity of G)

for all edges y parallel to the time (“vertical”) axis eg € Z¥*! (radial gauge). The
gauge field g = {gy} is thus in fact specified only on the set Y of “horizontal” edges:
Y =E"x 7,

where EV is the set of edges of the lattice Z¥. With (55), we see that the action
of the field is the same as before, and there exists a limit distribution p’ on the
configuration space €)' for the new field. The gauge group J’ now consists of only
those transformations {v(s)} that do not violate the condition (55) (i.e., the function
~(s) does not depend on the time coordinate s(®) of the point s € Z*+1).

It is easily verified that the space HZ) '8 C Hphys, and also the gauge-invariant part
Tawes of the transfer matrix in this space, remain unchanged. However, in contrast
to the preceding case, the transfer matrix now acts nontrivially on the orthogonal

complement Hpnys © HE .
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C. Fermion fields on a lattice. It is usually convenient to specify a fermion field
on the lattice ZVT1 = Z¥x Z1, where Z! is the lattice of half-integers {4+1/2,4+3/2,...}.
The field Grassmann algebra £ is generated by the elements {t,(z),v,(z),z €

Z”“,a € M}, where M is a finite index set. The elements of Ep are series of the
form

(56) A=Y Cova,

where t¢ is a monomial in the variables 1, (), 1, (), which are given in lexicographic
order in the set Z¥*! x M, with all the () appearing to the right of the v (z).
We assume that the coefficients Cg of the series (56) satisfy the condition

(57) > IColr? = 4], <
Q

for some fixed r > 1, and |@)| is the number of factors in the monomial 1)g. Equipped
with the norm (57), £ becomes a Banach algebra, with

[ArAz|| < || vl || Azll-

All the concepts and constructions introduced above for the continuous case the qua-
sistate (-), involution ©, O-invariance of (-), OS-positivity, definition of conditional
expectation, reversible Markov property, construction of the physical Hilbert space
Hphys, and transfer matrix 7, carry over without change to the discrete case. We
merely note that the physical Hilbert space is constructed in the standard way (see
above) via the quotient £ /5/Ny of the algebra &)/, generated by the set

{wa(x)vaa(x)va € va € }/1/2}7

where Y} /5 = {z: 2° = 1/2} and Ny C &/ is the subspace of elements with zero
norm ((OF F»))Y/2, Fy, Fy € £ /5 (see above).

The quasistates (-) found in the various examples are usually Gibbs modifications
of independent or Gaussian quasistates (see [26]). In the next chapter, we will study
the transfer matrix for the Gibbs modification of an independent Gaussian quasistate
(-)o on Ep, defined by the conditions

(Ya(@)1hp(2))o = (Yo (@) Pg(a))o =0,

(53) Jo=
<¢a($)¢g($ )>0 = 6a,ﬁ6m,m’-

The Euclidean action generating this modification is given by

(587) Va=XA > Rqig,
Q:supp QCA

where the 1) are even monomials and the coefficients Rq satisfy the analogs of
conditions a)-d) introduced above. We write supp @ C Z"*1 for the set of points
z € Z"*! for which the generator 1, (z) or ¥, (z) lies in 1 for some o € M. In
addition, for every set A C Zv+l symmetric with respect to the plane z(®) = 0, we
postulate that:
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1) the action Vj is invariant under the involution ©:
(59) OV = Vj,

2) the part

Z Rqovq

supp QCY_;/2UY7 /2

of the sum in Vj involving the monomials 1g that couple the “past” and the “future”
can be expressed in the form

(60) ZCkaGFk,
k

where the F, € £/, are homogeneous elements of £ /5 (i.e., each F} is either even or
odd), and ¢ > 0.

LEMMA 14. Let (-) be an independent Gaussian quasistate, and suppose that (3
is sufficiently small. Then if the action (58%) satisfies all of the above conditions,
it induces a Gibbs modification (-)g of (+); (-)g is translationally invariant and has
the reversible Markov property on the algebra Ep. Moreover, (-)g is ©-invariant and
OS-positive, and in addition it admits a cluster expansion.

The cluster expansion of the quasistate (-)3 follows from the general constructions
set forth in [26]. From this and the properties of the coefficients R¢, we see that (-)s
has the Markov property. The invariance under © and the O.S positivity follow from
(59) and (60). The translation invariance follows from the translation invariance of
the coefficients Rq.

E. General case. One often also encounters fields on the full field algebra 2 =
Ep ® Er, which includes both fermion and boson variables.

As an example, we consider a Dirac fermion field on Z4 interacting with a gauge
field with gauge group U(1) = {€’®,0 < © < 27} (lattice model of Euclidean quantum
electrodynamics). In this model, the field algebra is generated by the Grassmann
algebra €F with generators {1, (), v, (7),r € 24,04 = 0,1,2,3} and by the field
algebra {gy} of the gauge field (taken with the radial gauge). The Euclidean action
for this field is

(61) Va=m Y va@o(@)+r Y va@Tas®)gts(y) + A cos(gy),

zENa b=(z,y),a,3

where A C Z4 is a finite set and m, Kk, \ are parameters; the summation in the second
sum in (61) is over all (ordered) pairs of neighboring points (z,y), and b = (z,y) is the
edge starting at « and ending at y; {I'a,3(b)} = E = £(b)y,, where £(b) = +1 if the
edge b is directed along the unit vector e,,, p = 0,1,2,3, and €(b) = —1 otherwise; the
Yy are the four Euclidean Dirac matrices (see (47')). The sum ) cos(g(p)) coincides
with the Euclidean (Wilson) action for the Yang-Mills gauge field with gauge group
U(1) (see (54)). For each finite A C Z* we can define the quasistate

(62) (F)n = o [ Fe " [ dvalo) [T 0o [] dov
T, a,T b
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on the field algebra A, generated by {1a(z),7%,(z),2 € A,a = 0,1,2,3,g5,b =
(z,y) C A}. In (62), Za is a normalization factor, [ ---T[, , d¥a(x),[], ., di () is
the Berezin integral, and [], dgy is a product of Haar measures on the group U(1)
(since g, = g~ *(b) and we are using a radial gauge (see (55)), the product [], is taken
over the set of unoriented “horizontal” edges in A).

For symmetric about the plane xy = 0, the quasistate (-), is reversible-Markov and
OS-positive, provided the matrix defining the involution © is equal to vy: ¢ = 7,
and £ > 0. For small enough « and 3, the thermodynamic limit (-) = lim(-), exists;
it is a reversible-Markov, OS-positive, and translation-invariant quasistate on the full
field algebra.

This field is invariant under gauge transformations (homomorphisms) of the algebra
2A, which act on the generators by the formula

Yoo =7 H@)gy(y), b= (z.y),
Vo) = 7(@)0a(r),  Yalz) =7 " (@)Y, (z),

where v = {v(z)} is a function on Z* with values in U(1).

§6. Euclidean fields for temperature states. The modular operator

Given an “infinite” dynamics a; on a C*-algebra, one can also study the tempera-
ture states by using the Euclidean Markov approach. Another possible (“algebraic”)
method is based on a deep theorem of Tomita and Takesaki and uses the notion of
modular operator. We will briefly describe both approaches. This information is
given only for completeness and will not be used elsewhere in the book.

1. Euclidean temperature fields.

Case of a finite system. The constructions given below are once again based on
the Feynman-Kac formula, which we have already discussed several times: the kernel
of the operator exp{—0H }(z,y), x,y € S, where H = Hy+ V', Hy is the infinitesimal
generator of a Markov process {&;} with values in S, and V is a function on S, can
be expressed as an average over the trajectories of the process on a time interval,

exp{—BH}(z,y) = < oxp { B /OB V&) dT} >§0_z,55—y

(see 5.0 for more details).

We now consider a temperature state defined on the algebra B(Ly(S, 1)) of oper-
ators acting on the Hilbert space Lo(S,1p), where vg is a stationary measure for the
process {&:}, by the formula

) (A)s = 5 Tr(Ae™")

(Z = Tre BH). When A = F is the operator given by multiplication by a function
F defined on S, the numerator in (2) is equal to

Tr Fe PH = /Sduo(w)<exp{ - /Oﬁ V(éT)dT}>EO_§B_IF(:E)

= (F(&(B)) expq — BV(&)dT ,
0 go=¢p

3)
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and the denominator is

(4) z- <exp{ -/ ﬁV(&)dT}>§0_§B,

where in both formulas (3) and (4), (-)¢,=¢, denotes an (unnormalized) average over
the set of “periodic” trajectories of the process {&}, i.e., trajectories taking the same
values at the endpoints of the interval [0, 3].

The original Markov process {{;:} can be used to define a new Markov station-
ary “periodic” process {n?,t € Tg}, i.e., a process on the circle T = [0, 3]. Thus
equation (2) takes the form

- (F(n2) exp{— [ V(n2) d7),
5 F\s =
(5) (F)g = ol TV dr)

where the mean (-),, denotes an average over the distribution o on the space of
trajectories of the process {n),t € Tz}. We will show below how to construct the
periodic process {nY}. Here we merely observe that the Markov property for {n? }
means that for any two points t1,t2 € T and any two values s1, s2 of the process 1y
at these points, the values of 1, on the two arcs bounded by the points ¢; and t2 on
the circle T are independent with respect to the conditional distribution generated
by the conditions
N, = S1, Ny, = S2.

The stationarity of {1} means that the distribution pg on the space of trajectories
does not change under rotations of Tj.

The last step now is to introduce the Gibbs modification of the process {n?}, i.e.,
define a new distribution p on the space of trajectories by the formula

dp  exp{- fo (ns)dr}

dNO exp{ fo 777' dT}>H0

then (5) becomes

(6) (F)g = (F(11-—6))ps

where (-),, denotes the mean with respect to the measure p. It is easy to show that
the process {n, t € T3} with probability distribution p is also Markov and stationary.
We have already seen that for a finite system, say one contained in a finite region
A C RY and described by an explicit Hamiltonian H = H,, a temperature state (-)g
is expressible in the form (6). But for infinite systems (obtained, e.g., by taking the
thermodynamic limit A T R¥), (6) can again serve as the definition of a temperature
state and its associated Hamiltonian H, exactly as was explained in the case of the
ground state (see also below). We will shortly describe the corresponding infinite
Euclidean fields on the set T3 x R”, but first we explain how to construct the periodic
Markov process {n?} mentioned above.

To simplify the discussion we take S to be a finite set. The finite-dimensional
distributions of the process {n?,t € Tz} are defined as follows. Let 0 =ty < t; <

- < tp, < B; then

Pr(ny, = s0,. .-, = $n) = Q~ v0(50) Pr, (50, 1) Pry—t, (52, 51) - .. Pa—t, (sn; 50),
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where Q = 7 g v0(5)Ps(s, s), and the P;(s, s') are the transition probabilities for the
stationary process {£;,t € R'}. Note that the distribution of the values {n},t € T}
at any point ¢ € T is given by

Pr(n: = s) = Qflyo(s)Pg(s, s).

Infinite Euclidean temperature fields. Here we consider general fields on the
space T3 x R”. These are general objects defined in analogy with the definition of
Euclidean fields for ground states given in §5. We will confine ourselves here to the
case of a boson field.

As before, we will consider a (generalized) random field £, on a probability space
(Q,%, 1), where ¢ = @(t,z) € S(Tg x R”), and Tg x R" is the space of infinitely
differentiable functions decaying sufficiently rapidly as |z| — oco. Averages over the
distribution p will be denoted by (-),. As above, the field algebra & is defined by

E= ] L3, pm).

co>p>1

The Schwinger functions Sy, (¢1,...,¢n) = (&4, - &p.)u are also defined as previ-
ously, and they are assumed to be continuous in the variables ¢1, ..., @,. We further
require the field to be translationally invariant, i.e., the mean (-), is invariant un-
der the homomorphisms U(s,y), (s,y) € Tz x R” of the algebra &£, induced by the
translations

U(s,9)8 = Eo(-—(s.))

of the generators. This group of homomorphisms of £ generates a group of unitary
operators on La(£2, X, 1), which we will continue to denote by U(s,y). The homomor-
phisms U(s,0) = U(s) and U(0,y) = U(y) will be called time and space translations,
respectively.

The involution © induced by time reflection with respect to the zeroth slice {0} x R”
in the algebra &, and the ©-invariance of the mean (-), are defined exactly as in §5.
The definition of OS-positivity is defined similarly: one requires the positivity of the
Hermitian form

(7) (F,F) = (FOF) >0

for all elements F' € £, C &, where £ is the subalgebra generated by the elements
with supp ¢[0, 3/2] x R¥. The form (7) is used to construct the physical Hilbert space
Hphys just as in §5.

Because the mean is invariant under the space translations U (y), and since U (y)E4 =
&4, the spatial translations induce a well-defined group of unitary operators on Hpnys,
which will again be denoted by U(y).

However, because the time translations U(s), s € T, do not take the algebra &4
into itself: U(s)€4 ¢ &4, to construct the Hamiltonian H we must proceed somewhat
differently than in §5.

For any t € [0, 3/2] we consider the subalgebra & C &£, generated by those &, for
which supp ¢ C [0,3/2 — ] x R”.

LEMMA 1. Let the element F € & be such that

| F||? s = (FOF) = 0.

phys =
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Then for every 0 < s <t we have

(8) 1U() F|phys = 0

PROOF. First suppose that 0 < s < t/2. Then

(U(s)FOU(s)F) = (FU(—s)0U(s)F)
= (FOU(2s)F) < [|Flpnys[|U (25) F|lpnys = 0.

Here we have used the translation invariance of the mean (-),, under the homomor-
phisms U(s), the commutation relation

U(-s)© =0U(s),

the fact that U(2s)F € &4, and the Cauchy-Schwarz inequality for the nonnegative
form (7) (considered on the algebra £;). Next suppose that /2 < s < 3/4¢. Then
U(s)F' = U(s1)U(t/2)F, where s; = s —t/2. We have Fy = U(t/2)F € &5, and by
what has already been proved, its norm || Fi|/pnys = 0. Since s1 < t/4, application
of the previous argument to F; leads to (8). The case 3t/4 < s < Tt/8 is considered
similarly, and so on. We have thus established the lemma for all s < ¢t. For s = ¢
we must use the continuity of the form (U(s)FOU(s)F) in the variable s, which
follows from the continuity of the Schwinger functions and the estimate |(FOF)| <
HF||%2(Q,E)“). The lemma is proved.

For any ¢ € [0, 3/2] we define the (nonclosed) subspace D; C Hpnys as the image of
& in the quotient £4 /I used to construct Hpnys (see §5). By the lemma just proved,
the operator
P Dy — Hpnys, PA] = [U(t)4]

is well defined on the subspace Dy C Hpnys, where [A] € Hppnys denotes the image of
A € &, in the quotient £y /Iy. The family of operators {P;,0 < t < 3/2} form an
object called a local symmetric semigroup.

DEFINITION. A family of operators {P;, D;,0 < t < T} acting on a Hilbert space
H, where Dy is the domain of P; (in general, nonclosed), is called a locally symmetric
semigroup if the following conditions are satisfied:

(i) The subspaces D; are monotone decreasing (do not increase), and the largest
subspace Dy is dense in H.

(ii) The family {P;} has the semigroup property in the following sense:

a) PO = E,

b) P(s)D; C Dy—s for 0 < s <t < T;

c) P(t)P(s)f =P(t+s) forall f e Dyys, where0<s,t<T,0<t+s<T.

(iii) Each operator P; is symmetric on D;:

(faPtg):(Ptfvg)v fagEDt-

(iv) The family {P;} is weakly continuous: for f € Dy, s > t, the quadratic form
(f, P;f) depends continuously on t € [0, .

One checks without difficulty that the operator family constructed above on the
space Hphys satisfies all of these conditions. The main result in the theory of local
symmetric semigroups is contained in the following:
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THEOREM 2. Let {P;, D;,0 <t < T} be a local symmetric semigroup on a Hilbert
space H. Then there exists a unique selfadjoint operator H on H with domain Dy such
that Dy C Dexpi—tmy and Py coincides with the restriction of the operator exp{—tH}
to Dy for 0 <t <T. Moreover, for any 0 < 7 <T the subspace

D.= |J U pD

0<t<r 0<s<t

is contained in Dy and is a core (domain of essential selfadjointness) for H.

We refer to [53] for a proof of this theorem. The operator H for the local symmetric
semigroup {P;} was constructed above, and it serves as the field Hamiltonian on
Ts x R.

REMARK. A field &, having the Markov property (in the sense explained
above) is OS-positive, and the physical Hilbert space Hpnys can be identified with
Lo(, Xqoyuqs/2ys 1), where Yioyuqp/23 C X is the o-algebra of events depending on
the behavior of the field at times t = 0 and ¢ = 5/2 (i.e., on the set {0} x R¥U{3/2} x
R”). This assertion is verified in exactly the same way as in the case of Markov chains
on R' x RY.

2. The modular theory of Tomita-Takesaki. We first discuss some abstract
facts concerning von Neumann algebras, which will then be related to the Heisenberg
dynamics

C — exp{itHGNs}C eXp{—itHGNs}, Ce %(HGNS),

which acts on operators in the Hilbert space Hgns and is constructed from a C*-
algebra 2 and a state (-) on 2 which is a S-KMS state relative to the dynamics
a¢: A — A on the algebra 2.

I. Let MM C B(H) be a von Neumann operator algebra acting on the Hilbert
space H, and let 9V C B(H) be the commutant of M, i.e., the algebra of operators
commuting with every operator in 91. We assume that there is a vector 2 € H that
is cyclic and separating for 9t. That is, the set {MQ, M € 9} is dense in H, and
MSQ =0 for M € 9O implies that M = 0. Then it can be shown that  is also cyclic
and separating for the algebra 9 (see [7]). We define antilinear operators

S(MQ) = M*Q, M em,
F(M'Q) = (M')*Q, M e
on the dense sets {MQ, M € M} and {M'Q, M’ € 9} (these are well defined because
() is separating for both 91 and ).

It is proved in the Tomita-Takesaki theory that both these operators are closable,
and their closures S and F' have uniquely defined polar decompositions

(9) S =JAY?

with an analogous decomposition for F. Here A is a positive selfadjoint operator on
‘H called the modular operator, and the antiunitary operator J is called the modu-
lar involution (an antiunitary operator is an invertible antilinear operator such that

(Je, Tn) = ((€,m),&,m € H). We have the relations

A =FS, At =SF, J=J1
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and

ATY2 = JAYV2].
The main result of the Tomita-Takesaki theory is that

JMJ =9’
and the unitary automorphisms of B(H)
(10) @ (C) = ATHCA™

take the algebra 91 into itself.
Here for all A, B € 9t such that AQ, B2 € Da, we have the relation

(11) (AAQ, BQ) = (JA*Q,JB*Q) = (B*Q, A*Q)
from which it follows readily that the state
(12) (A) = (AQ, Q), AeM

on M is a B-KMS state with respect to the dynamics (10), with § = 1.

We note that any operator satisfying (11) for all A € 9% and B € 9t must coincide
with A.

II. Now let 2 be a C*-algebra with unit, and let (-) be a faithful KMS state on 2
with respect to the dynamics a; (a state (-) is said to be faithful if (A) > 0 for every
positive nonzero element A € (). In this case, it is clear that Hgns is the closure of
2l under the inner product

(13) (A,B) = (B*A)

(see §2). We recall that under the GNS homomorphism 7: 2 — B(Hgns), acting by
the formula
W(A)B =AB € ‘HaNs, A,B e A,

the dynamics oy on 2 goes over into the dynamics
(13" m(aA) = exp{itH }w(A) exp{—itH} = a,(n(4))

on B(Hgns). Here the selfadjoint operator H is the generator for the unitary group
on Hans acting on elements A € Hgns by

UtA = Q¢ (A)

(see 2.1). The vector 2 = 1 is cyclic and separating for the algebra 7(2l) C B(Hans)
and satisfies the condition
exp{itH }Q) = Q.

We can rewrite (13) as

(r(A)Q, m(B)Q?) = (B* A).
In order to exploit the KMS condition, we write
Fay,a,(t) = (Ao (A2)) = (m((A2))Q, 1(AD)Q) = ("7 m(A2)Q, 7(A])Q)

for any A; and Ay in 2; hence, under the hypothesis that 7(A2)Q € Dexp—gmy, the
domain of the operator exp{—0H }, the KMS condition implies that



(e ePHT (A0, m(ANQ) = (7(A1)Q, e w(A5)Q)
and for £ = 0 we find that

(14) (" (A28 AN bT AR ADPRRAFEAL).

Now let 9 be the smallest von Neumann algebra containing the algebra 7(2(). We
can rewrite (14) for any C, D € MM(C, D € Dexp{—pm}) as

(ePHCQ, DO) = (D*Q, C*Q)

and thus exp{—FH} = A, where A is the modular operator for the algebra 9t (with
separating and cyclic vector ). Consequently, the group of automorphisms (13")
coincides with the modular group (10),

(15) A-HIBBAS,

up to a change of parameter.
This conclusion has the following important consequence relevant to the practical
construction of the operator Hgng (and the dynamics) for a temperature state.
Assume that for every finite system described by a Hamiltonian Hy on a Hilbert
space Ha we are given a Heisenberg dynamics

ap(t)A = exp{itHp}Aexp{—itHp}, A e B(Ha)
and an invariant 8-KMS (Gibbs) state

_ Trexp{—BH\}A
A = T op (0}

Passing to the infinite system by taking the thermodynamic limit A, we must construct
both the thermodynamic limit

(4) = lim(4)5

of the states, in terms of a state on a suitable algebra 2, and also the limit dynamics

ai(4) = limal(4)

on 2 (or some extension of it), in such a way that the KMS condition is satisfied.

Under the assumption that the first limit exists and induces a faithful state on
2, the Tomita-Takesaki theory makes it unnecessary to establish the existence of the
limiting dynamics, because the limit state can be used directly to construct the space
Hens, the homomorphism 7: 2 — B(Hgns), the smallest von Neumann algebra 9t
containing 7(2() with cyclic and separating vector = 1 € 2, and the modular opera-
tor A. The required dynamics is then defined by the group (15), and the Hamiltonian
is given by

1
H=_—InA.
B

137



138 II. CONSTRUCTION OF AN EQUILIBRIUM DYNAMICS

For a Euclidean field theory on T3 x R¥, the associated modular theory is described

n [53]. The von Neumann algebra 9N is taken to be the algebra generated by all
operators of the form exp{itH} f exp{—itH }, where the operator f acts on Hphys =
La(2, Boyuqs/2y, 1) (see above) by the formula

fF = [F,

where f € Loo(€, X0y, ) is an essentially bounded function that depends on the configu-
rations in the zeroth slice {0} x R”. The modular involution coincides with the antilinear
involution given by reflection in the point 3/2 (and it takes the subspace La(€2, X0y, 1) C
Lo(2, Xqoyuqs/2y, 1) into the subspace CHARFTHEB, 41 1)); the modular operator A turns out
to be exp{—FH}. We refer to [53] for more details.

SPECTRAL ANALYSIS OF THE

EUCLIDEAN FIELD TRANSFER MATRIX

In the previous chapter we have seen that in many cases, the study of the Hamiltonian
Hgng of an infinite quantum system in its ground state can be reduced to the analysis
of the transfer matrix J; (a semigroup of stochastic operators) of some suitable Euclidean
(Markov) field. As we have seen, this problem is also of independent interest in the study
of quantum Euclidean fields.

In this chapter we consider the case of Euclidean fields obtained as Gibbs modifica-
tions (see 5.2) of certain simple “free” fields (e.g., independent fields), when the interaction
generating these modifications is small, i.e., the Euclidean fields studied here are small per-
turbations of these “free” fields. This makes it possible to study them by use of cluster
expansions.

For this case we develop here a general method for constructing and analyzing the “highest
branches” of the spectrum of the transfer matrix J;, i.e., the largest (in absolute value)
elements in the spectrum of J;, when 7; is restricted to certain special invariant subspaces
(because of the equality J; = exp{—tH}, where H is the Hamiltonian of the field, the
highest branches of the spectrum of 7; correspond to the lower branches of the spectrum of

As already indicated in Chapter 0, the highest invariant subspaces of J; to be constructed
below in a certain natural sense describe one-particle, two-particle, ... , n-particle states of
the field, i.e., in the case considered the usual physical ideas regarding the corpuscular
picture for elementary excitations of the ground state are indeed borne out.

In our treatment we focus on ordinary random fields defined on a discrete space-time.
Fermion fields (also on the lattice Z¥*1) are then analyzed; finally, we briefly consider the
case of fields with discrete space and continuous time.

Thus, we begin with the spectral analysis of transfer matrices for Gibbs modifications
of an independent field on the space X = E x Z' (here the “space” F is a countable set



§1. CLUSTER EXPANSION OF THE TRANSFER MATRIX 139

(graph), and Z! is the “time”). We first recall the basic hypotheses regarding these fields
introduced in §5.

Let {&, © = (y,t) € E x Z'} be an independent random field labeled by the points
z € E x Z! and taking values in a spin space S equipped with a probability measure v.
The distribution of the field ¢ = {&,;, € E x Z'} is assumed to coincide with the measure
#o = [l,cmxz1 Vo, an infinite product of identical copies of the measure v, and is defined
on the space Q = SF*Z" of all realizations of the field. Let further ® = {¢1,...,¢,} be
a finite set of bounded functions on S, which without loss of generality can be taken to be
orthonormal with respect to v and orthogonal to the constants. For simplicity we consider
only the case when the action V, defining the Gibbs modification p of the measure pg is of
the form

(0) Va= Y Rihpa(&)ps(&),  AcCZ

a,B
z,y,p(z,y)=1

where A C Z" is a finite set and the coefficients R, satisfy all the conditions a)-d) in part 5
of Chapter 2, §5. Interactions of the general type (50.5.11) will be discussed separately. Thus,
in this chapter we will study the transfer matrix J for a Gibbs field with the interaction
(0), although the methods developed here carry over to more general interactions.

§1. Cluster expansion of the transfer matrix

The analysis of the spectral properties of the transfer matrix J for a random field is
based on a special expansion of the operator J called the cluster expansion.

The first step in constructing this expansion is to construct a basis in Hpnys having a
particular multiplicative form. The matrix elements of (7 in this basis will be seen to admit
a cluster expansion.

1. Multiplicative basis. Let {¢,, v € N'} be an orthonormal basis in Ly (S, v) consist-
ing of polynomials in the field variables ¢, and containing ¢, and 1. We assume that all
the ¢, are jointly bounded.

We take the index set A to be a connected graph with a distinguished vertex 6; ¢y = 1,
and the degrees of the polynomials ¢, and ¢,/ at two adjacent vertices of N differ by at
most 1. The distance from a vertex v to the initial vertex 6 (i.e., the length of the shortest
path in A/ from 6 to v) is called the rank N(v) of ~.

It is assumed that the product ¢, ¢, of two polynomials can be expanded as

(1) e > C2, P
YN (71)=N(2) [N ()N (1) +N(y2)

where the constants C7, ., are all uniformly bounded. It follows from (1) that the number
of polynomials with rank N(v) < n is bounded by ¢" for some absolute constant c.

We denote the tth time slice by Y; = E x {t}. As was observed in subsection 5 of §5 in
Chapter 2, the Hilbert space Hpnys can be identified with Lo(SY0, u|y,), where ply, is the

restriction of the measure i to the space S¥°. The functions

2) er@) = [[ 50,6, T={a)zeYe}, €8

FISG)

form an orthonormal basis in the space La(SY°, ugly,), where pg is a free (independent)
measure. Here @iﬁi)(fm) = 0y (&), and T' = {y(z),z € Yo} is a multi-index, i.e., a finite
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function on Yy with values in A (the finiteness of I means that only finitely many v(x) differ
from 6). In the sequel we will construct an orthonormal basis in the true space La(SY°, uly; )
having a form

(3) Ur = H 'L/),(yggi)

z€Yp

analogous to (2). Here I' = {v(z),z € Yy} is a multi-index, and {1/1%96),95 € Yo} is a family
of bounded quasilocal functions defined on SY°, which we now describe.

We introduce an order on the slice Yy(= FE) and for any point € Yy denote by V,, C Yj
its “past”:

(4) Ve={yeYo:y<uz}

For each fixed configuration Z(w) = {gy,y e V.1, Ey € S defined on the set V., we define
functions of the values of the field £, at the point z by

1, v=0,

5 ~(z) z;—(w) { N
) PGS = ) — on €D, 20,

where (- | Z(z)> to the conditional distribution u(-/&|y, = Z(z)) of the field, subject to the
condition that the values of &€ on V;, are fixed and coincide with £€®*). We next introduce the
conditional Gramm matrix of functions {QZ(VI),'V eN}:

(6) Gp = GoE7) = (@D 1) en}

and orthogonalize {@Eyz)} (for a fixed configuration E(”) with respect to the conditional

distribution u(-/&|v, = _(z)). That is, we set

(7) P (€8 Zm EED (€8,

where the matrix M, = {m(ﬂ,(é(“)} is equal to
M, = (G,)~'/2.

(We will show below that the matrix (G,)~!/? exists and has an explicit series expansion.)
For any v € A and = € Y; we now define functions on SY° by

(8) ) =9 (s élv,), €€ 8.
The definitions (5), (6), and (7) imply that

(x) -

The system of functions {¥r} in (3) is defined using the functions in (8).
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LEMMA 1. The system {¥r} forms an orthonormal basis in Hpnys.

PRrROOF. First we show that {Ur} is orthonormal in Hpnys. Let z(I') € suppI' be a
maximal point in the set suppT’ = {z € Yj: v(z) # 0}. Let I and I” be two multi-indices.
Then two cases are possible: a) z(T') # z(I'), and b) 2(T") = z(I"). In case a) (supposing
for definiteness that z(I') > z(I'")), we find that

(Y, V) = <H1/’$E;) Ha(jzw)>

—( TT o2, T30 i) el - ixed) ) =0,
z#z(T) x

9)

Here we have used the fact that for x < «(T), 1/)$8) depends only on the values of the field

on Vyry, and <¢§x)|§|vm is fixed) = 0 for v # 6 by the construction of W”).
In case b), with (T") = (I") = z, a similar calculation leads to the equality

(10) (Ur, Ur) = (Y5, U5 )0s(2) v/ (2)»

where the multi-indices T' and I are obtained from I and I" by replacing the values v(z)
and +'(z) by 0. Applying this repeatedly, we get from (9) and (10) that

(11) (\I/F,\IJF/) = 5F,F’-

To prove that the system {¥r} is complete we will need the following expansion of the
function ™).

LEMMA 2. For «y # 6 we have the equality

(12) WP =+ Y B erel,
FeN
IisuppI'CV,

where the coefficients Bl(ff%’v satisfy the bound
(13) [BELT| < L(CB)™r e

Here L and C are absolute constants (depending on the geometry of the graph E, the basis
{¢~}, and the coefficients RZ% in formula (0) at the beginning of this chapter, but not on
the parameter (3). The exponent dr 5., where v,57 € N, T' = {y(y),y € V,.}, is given by

(14) dryme = min | { Z n(T)},

n={n(t

where the minimum is taken over all nonnegative finite integer-valued functions n = {n(7)}
which are defined on the edges T = (x1,22) of the graph X and satisfy the following condi-
tions:

1) suppn is a connected set of edges;
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2) for every y € V, we have

> n(r) = N(y(y) (rank of ¥(y));

TYET

3) > nlr) = |N() - NF)L;

T:XET

4) no edge T € suppn lies completely in V.

REMARKS. I. In the calculations to follow, it will be helpful to have the estimate

1 _
(15) e 2yl dumroin + X NG +IVG) - N@I,

yesupp I’

where for B C X, dp is the length of the smallest connected set of edges of X such that B
is contained in the union of their vertices.
II. We will sometimes write equation (12) more compactly in the form

a x —(:v),
(15%) P = > B e,

Tisupp PCV,U{z}

where the B( o are easily expressed in terms of the coefficients Blgr%,v'

PRrROOF. We first derive the expression

(16) WOEDY = ST B erEY),

T:suppI'CV,
for the conditional mean, where the coefficients Eﬁx),v satisfy the inequalities
(17) B < L(C/B)roe,
L’ and C’ are absolute constants, and dr ~,z = dr.~,9,-. We now use the well-known expan-

sion of the mean over a Gibbs field distribution as a series in the semi-invariants (see [26]).
In our case, this expansion takes the form

1) ) =3 EEE S e v uh (”i,)oHRZZ’EI

n=0
where the semi-invariants (-, -, ..., )¢ are calculated relative to the free measure g, and the
sum is over the ordered sets of edges {71,...,7,}, 7 = (24, 2}) such that 7, ¢ V,, and over

the pairs of indices {(a1,51),. .., (@n,Bn)}. The sum on the right in (18) can be rewritten
as

(19) > H

n 1,08

nocﬁ( )

<50v ,Hcpmaﬁ(ﬂ >

naﬁ

where we write o 5(7) = @&y)gog ), 7 = (y,y’) an oriented edge of X, and the sum is over

all nonnegative integer-valued finite functions n = {nq, g(7)} defined on triples («a, 3, 7) such
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that n4,8(7) = 0 for every edge 7 C V,. Furthermore, each semi-invariant in the sum (19)
can be written in the form

@ (I Tm) = T e
0
(

a,B,1)
T=(y,y"),y€Va

< 10 (¢<ﬁy>)na,g<r>< @ ] o)

(v, 3,7) (v, 3,7)
T=(y,y"),y €Va TAV,=0
HI (a(ﬁyl))lna,gﬁ)7 H/ ((p((ly/))/na,g(r)> )
(o, 8,7) (e, 3,7) 0
T=(4,¥'),y€ Vs T=(y,y'),y' EVa

In view of (1), we can express the product of the field variables in (20) as

H (o) yna.s(7) H @gy’))na,ﬁ(r)

(a,B8,7) (a,8,7)
(21) 7=(y,y"),y€Va =(y,9"),y' €V
= > Drer,
Ti:suppI'CV,

where the sum is over the multi-indices T' = {~(y),y € V.. } such that for every y € V,

(22) > Nas(t) = K(y) > N(v(y)),

(e, B,7):TNVe={y}

and the coefficients Dr do not exceed [], ¢ ppr m& W) where m is an absolute constant, (de-
pending on the coefficients C% +» N equation (1), and also on the number of field variables).
We note further that the semi-invariant in (20) is nonzero only for those n = {nq g(7)} for

which the set of edges {7: na,5(7) # 0 for some pair «, 3} is connected, and

(23) Y nas(m) = N@).

(e, B,7):zET

The expansions (19) and (21) lead to equation (16), while (17) follows from inequal-
ities (22), (23), and the bound on the coefficients Dr, together with general bounds for
semi-invariants discussed in [26] (see, e.g., the estimate (8.7.I1) for partially independent

variables).
Repeating the previous arguments as applied to the mean (gp(% <p72) | 5(3”)), and using

(16) and equation (1) to expand the product of the means ((p%) | § > (gpw | § ) in terms
of the monomials ¢r, we find that the Gramm matrix G, = {g%m} has the form

T )71, z(@)
(24) g'(yl)'yz = 5'71»'72 + Z D; ) ¥r (f )7
Iisupp I'CV,
where the coefficients D{™"7""7 satisfy an estimate analogous to (13). From the representa-

tion G, = E + D, we obtain that

(25) (G,)~ V2 = E—l—Zak
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where the o}, are the binomial coefficients. The last assertion of Lemma 2 follows from this
by use of (24) and equations (1) and (7).
It follows from Lemma 2 that the functions ng) are jointly bounded by

Wi < C

for sufficiently small 3, where C' > 0 is an absolute constant.
Upon expanding the matrix Ggl/ % as

(26) (G2 = E+Zﬁk ,,

(z)

we find that the function ¢~ is expressible in the form

(27) SD(VI) — Z( 1/2 ZR 1) 1/1(90) Z Flg,l%»(z)ﬁ(prwéz)’

5 7, i#supp I'CV,
where the coefficients Flgl%(r)"y satisfy an estimate similar to (13).

To prove the completeness of the system {Ur} it suffices to show that every monomial
wr can be uniformly approximated by sums of the type

(28) > Rpur.
r

()

For simplicity, we consider a “one-point” monomial ¢’ and write each monomial ¢r ap-

pearing in the second summand in (27) as ¢r = wgll)gpr, where z1 = z(T'), 11 = (1), and
T" is the multi-index obtained from I' by replacing the value v; at the point x; by 6. Again

expressing @S,l) by an expansion of the form (27) and using relation (1), we find that

(29) SD(VI) — Z R(Q) Ur + Z F(2) ($)77\I’ oI,
T r,r’

where the sum ) . is over all multi-indices I" such that |suppI'| < 2, and the sum ZF,F, is
over all pairs (I',T') of multi-indices, where T is as above, supp IV # ), and z(I'") < suppT.
(This means that the inequality z(I'") < 2’ holds for each 2’ € suppT'.) Repeating this
procedure n times, we obtain the expansion

(30) @Eyz) — Z R(n)\If + Z F(’ﬂ) ($)7’Y\I/FSOF/
r I,
The sum ) . is over all multi-indices I' with supp T’ = {z1,22,..., 2}, z; <z, i =1,...,k,

k < n, and the sum ) ., is over the pairs (I',\I”) with I' = {z,, < zp—1 < -+ < 21},
z; < x, with suppI” # 0 and suppI” < z,.

By induction on n, we get the following estimate for the Flgnr),(x) 7

(31) UL < L(OBY™(CB) 2 s rommo oo (C) 3NN,

where N(I') = >° N(y(x)), I' = {v(z),z € Yo}, and C > 0 and L > 0 are absolute
constants. From (31) and the uniform boundedness of the ©{” and ") we find that for
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sufficiently large n, the last summand in (30) becomes uniformly small, so that the function
ng) is approximated by sums of the form (28). Similar arguments show that the same is
true for any monomial r.

This completes the proof of the lemma.

REMARK. The above proof that the functions {Ur} are complete in Hpnys relies on several
special properties of the cluster expansion of the measure p (the expansions (12) and (24),
the smallness of (3, etc.), and in this sense it is a bit rough. For instance, it seems likely
that for the basis (3) described here, completeness should always hold when the measure u
is ergodic.

Under the assumption that our ordering < on Yj is preserved under all spatial translations
Ts, the system of functions {¥r} is also invariant under the group (Us, s € Z") of spatial
translations in Hpnys, and

(31%) UsVUr = Urqs,
where I' + s = {§(z), € Y} is the translation of the multi-index T' = {v(x),x € Yy} by s,

F(x) = (15 ),
and 7y is the action of the group Z* on F.

2. The cluster expansion. We begin with some conventions concerning terminology
and notation. For any subset Y C X, we write (Y for the set of multi-indices T = {y(z),
x € X} with nonempty supports ) # suppI’ C Y; we write M(Yy) = My. A set of multi-
indices {I'y,...,I',} is said to be disjoint, if suppI'; Nsuppl'; = 0 whenever i # j, and
consistent if

F1'|supp I';NsuppT; = Fj|supp I';Nsupp';

for all pairs ¢ # j (any disjoint set is clearly consistent). Evidently, given any consistent
set of multi-indices {I'y,...,T',} there exists a multi-index I' such that supp I’ = |J, suppT';
and I'suppr; = Lilsuppr, for all i =1,...,n. We call T the sum of the set {I'1,...,I',} and
write I' = \/!"_, T';. Further, any representation of a multi-index I' as a sum I' = \/;_ [;
of a disjoint set of multi-indices {I'q,...,T,} will be called a partition of T'. Finally, if two
disjoint sets 7 = {T'1,..., [y} and 7/ = {T"},..., ", } are partitions of the same multi-index
r=V.nr= \/;il I, and for every i = 1,2,...,n we have suppT’; C suppT”; for some
j=1,2,...,n/, then we write 7 < 7’ and call 7’ a refinement of 7. The set of partitions
{T';} of a fixed multi-index T' = M(X) clearly forms a chain with respect to the relation <;
we will denote it by r.

Let Hipys = Hphys © {const} be the set of functions ® € Hpnys such that (@), = 0.
Evidently, H;)hys is invariant under the transfer matrix J and the group {Us}, and in the
sequel we will study the action of these operators on H;)hys without indicating this specifically
(we will continue to write J and Uy). The functions {¥p, T’ € 9y = M(Yy)} clearly form a
basis in H}, .. For any I', " € My, we write

(32) ar,rr = (\Dp,j\lfrv) = <\IJF\,I\IF/>

for the matrix elements of the transfer matrix J in the basis {¥Ur}. Here Ur is the field
function

\I/I" = er \I/F’ = Hlﬁif(}w
Nx) (z)
/lp,y/(m) - UeO/lp’Y(m’)’



146 III. SPECTRAL ANALYSIS OF THE EUCLIDEAN FIELD TRANSFER MATRIX

where U,, is the operator on Ly(S¥, 1) corresponding to the unit translation along the
positive time direction.

If we expand the function f € H},, . in terms of the basis {Wr}:

f=>Y fO)or,

remMo

then the coordinates {f(I')} of f transform under the action of J by the formula

(33) (THT) = arr f(I).
=

Because the function \Tlp depends on the values of the field £ on the slice Y7, it will sometimes
be convenient to regard the second multi-index I'V in (32) as “translated by the slice Y17, i.e.,
to regard suppI"” as lying in Y7, so that every pair (I',I") € 9y x My can be represented
as a single multi-index I' = DV I’ € M(Yo UY;). Any I € M(Yo UY;) (ie., such that
suppl' NYy # 0 and supp NY; # () will be called a standard multi-index.

Using the well-known expression for the moments of random variables in terms of their
semi-invariants (see [26]), we obtain that

(34) ar,rv = ap = E Wp, WE, -+ WP,
7=(I1,....T'n)

where the sum is over all partitions of the standard multi-index [ into disjoint unordered sets

T= {fl, ..., 'y} of standard multi-indices. Here the quantities w; are the semi-invariants:
! (x) / 7\($)
(35) Wi =wr = H 1/@(@’ H Yoyr(ay )-
yesupp I zesupp

In deriving (35) we have used the fact that for any ' € 91y the semi-invariants satisfy
/ () 1 =(z)
z€supp I’ zesupp

as follows from the equalities (Up) = (Up) = 0 for all ' € My and the formula expressing
the semi-invariants in terms of the moments (see [26]).

LEMMA 3 (cluster estimate). The semi-invariant wy satisfy the estimate
(37) lwil < L(CB),
where L > 0, C' > 0 are absolute constants (depending on the quantities Rzzyﬁ, the geometry

of the graph X, and the system of functions ¢, but independent of 3). Moreover, the
quantities dy are defined in analogy with dr 5z in equation (13):

(38) dy. :mgnZn(T), I = {7(z),z € YoU Y1},
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where n = {n(7)} is an integer-valued nonnegative finite function on the edges of X, and
the minimum in (38) is taken over all functions whose support is a connected set of edges
and such that for every x € supp I’ we have

(39) > n(r) = NGF(x)).

T:XET

PROOF. The estimate (37) can be derived by the arguments used in [26, Chapter 6,
§2] to estimate the semi-invariants of bounded quasilocal functions (the analytic method).
Specifically, using the cluster expansion for a suitable Gibbs distribution, one can show that
the semi-invariant wy is analytic in the parameter 3 (|3| < o), and then conclude that ws
is of order (CB)% for small 3. This assertion is obtained from the cluster estimates for
the semi-invariants by using equation (15%), expanding the semi-invariant wy as a sum of

semi-invariants of the form (I' = (I',I"))

[T 5079 T 67T on)

z€supp I’ zesupp '

and then expanding the expectation <H;@Fz , H;@pz>, in terms of the semi-invariants of an
independent field, as in (18) in the preceding paragraph; see [26]. The estimate (37) now
follows readily.

Formula (34) for the matrix elements ar s together with the cluster estimate (37) is
called the cluster expansion of the transfer matrix.

We note that since the transfer matrix J commutes with the group {Us}, (31%) implies
that

(40) AT 45,V +s = QT
and also that

(41) Wr4s,V 45 = W,

REMARK. We note that our constructions remain valid for a field with an action of the
form

(42) VA = Z ngoka

where k = {ka(y)}, ox = [I, . @Za(y)(f(y)), and Ry are the coefficients. In this case, to
define the quantity d appearing in the estimate (37) for the semi-invariant wg, one must

minimize the sum
> n(d),
A

where n = {n(A)} is an integer-valued function defined on A = supp k, the support of the
potential Vi in (42). The minimum is over the set of functions n = {n(A)} for which the
set {A: n(A) # 0} is connected, and for every y € suppI" the estimate

Y n(Akaly) > NGE®W),  T={F@)}

AyeA

holds. Here ka(,) is the smallest power of the field variables ¢, (£(y)) appearing in the
monomials ¥, and in (42) suppk = A.
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§2. Cluster operators. Definition and basic properties

Upon introducing a basis {¢r,I' € Mo} in Hpnys, we can identify Hpnys with the space
12(My) of functions f = {f(T')} on the set My such that

(1) £l = > £

ey

Under this identification, the group {Us} acts by

(2) U )(I) = f(T =),

and the operator J by the formula (33.1). We now introduce a more general class of
operators acting on lo(9My) and called cluster operators; they include, in particular, the
transfer matrices of Gibbs fields.

Let the operator A be defined by the formula

(3) ANT) =S arr F(I)
2

and write ar 1 = ag for its matrix elements, where T is the standard multi-index generated
by the pair (T',T”):
r=r\/T

(the multi-index I is regarded as “translated” by the slice Y7, see above). The matrix
elements are assumed to admit a decomposition

(4) ap= Y w....T),

T:(f‘lv---vf‘n)

where the sum is over all disjoint partitions of T into sets of standard multi-indices fl, - ,fn;
and w(T'y,...,Ty,) is a function defined on the collection of all unordered sets 7 = (I'y,...,Ty)
of standard (in general, nondisjoint) multi-indices, and satisfies the followmg conditions:

1. Independence of clusters: for every set of standard multi-indices (Fl, . ,F ) and every
n-tuple of vectors {s1,...,8,}, 8; € Z”, we have
(5) w(fl—l—sl,...,fn—f—sn):w(Fl,...,Fn).

2. Cluster estimate: there exists a number A, 0 < A < 1 (the cluster parameter) and a
constant L such that for every set (Fl, e, r ») we have the estimate
(6) w(T1,...,To)| < LT[ A%

i=1

The function w(fl, . ,fn) appearing in (4) is called the cluster function. We now make

some remarks concerning the above definition of cluster operators.

I. Condition (5) expresses the basic physical idea of the cluster property, that is, a mul-
ticomponent system breaks apart into several “noninteracting” subsystems (clusters) that
move independently of one another in space.
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We note that the expansion (4) involves the values of the cluster function
w(fl, e ,f‘n) on disjoint sets. In essence, condition (5) provides a way of defining
w(Ty,...,Ty) on all sets (I'y,...,T,) of standard multi-indices.

II. The cluster estimate (6) shows that the main contribution to the matrix element ar,r
comes from those partitions 7 = (fl, e, fn) of the multi-index I whose blocks I'; are not

too “spread out” in space (i.e., the quantities dsuppf- are as small as possible). Here the

matrix elements ag themselves are small for multi-indices I = {3(z)} with sufficiently large

powers N(I') = supp, N ((z)).

The cluster expansion (6) chosen here is quite convenient in applications and agrees well
with the cluster estimate (37.1) for the semi-invariants ws; of course, this estimate could be
replaced by various others of similar type. In particular, in the study of the transfer matrices
for Gibbs Euclidean fields defined by an action of the general type (42.1), one must change
the definition of the dy in (6) as was explained in the remark at the end of the preceding
paragraph.

We now establish some general properties of cluster operators.

LEMMA 1. The cluster function is uniquely determined by the cluster operator.

In other words, it is impossible to find two distinct cluster expansions (4) for the matrix
elements of the cluster operator, with distinct cluster functions w; and ws, respectively,
satisfying conditions 1 and 2.

PRrROOF. Let 70 = (fl, e ,f‘n) be a disjoint set of standard multi-indices. Note that the
expansion (4) together with conditions (5) and (6) implies that

(7) | llIrll a\/?zl(riﬂLSi) = B(To) = Z w(T),
Si— 8517700 <70
i#£] -

where the sum is over all partitions 7 refining 79. We write 2z for the structure? of partitions
of the standard multi-index I" into standard multi-indices. We see from equation (7) that

the sums

> w(r) = B(7)

T<T
are uniquely defined by the operator itself. Applying the M&bius inversion formula, we
obtain that

w(r) = Z s (7, 7)B(7T),
T:T<T

where pg is the Mobius function for the structure . The lemma is proved.

Let W), be the class of cluster operators acting on lo(9), where they satisfy the cluster
estimate (6) with a fixed cluster parameter A. Evidently, W, is a linear space which is
complete with respect to the norm

(8) Ay = suplw(r) [TA™%,  AeWn,

fET

where the supremum is over all disjoint sets 7 = {I'} of standard multi-indices.

3Translator’s note: That is, directed set with respect to the partial order given by refinement.
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LEMMA 2. For X\ sufficiently small, every cluster operator A € W is a bounded operator
on l2(My), and

9) [ Al (mo) < CAIIAL s

where C' > 0 is an absolute constant.

Proor. It follows easily from the general formula

HAle(fmo) = sup (Afvg)
f,g€l2(Mo)
LflI=llgll=1

that the norm || Al|;,(on,) satisfies the estimate

1
(10) Alhony < 5 (00 2 lor | +5up Y lar e ).
1N Iy

where the ap v are the matrix elements of A. Using (4) and the bound (6), we compute
easily that for small A

(11) Y laror| < (@O OIA]],

T/

where C' is an absolute constant; a similar estimate holds for > . |ar r/|. The result (9) now
follows from these estimates and (10).

The set of cluster operators (with a sufficiently small cluster parameter ) turns out to
form an algebra. More precisely, we have

LEMMA 3. There exists an absolute constant C such that for every sufficiently small A
and every set of cluster operators Ag, A1,..., A, in Wy, the product

(12) B = A4 ... A,

belongs to the class Wg,, and

(13) lIBllley < @N)" [T 114l
=0

Proor. Clearly, the matrix elements aﬁr, of the operator B are equal to

B _ Ao Ay An
(14) ag = E ar,ar, r, - Op -
(F17F27-~~>Fn)

In what follows we will regard each multi-index I'; as lying in the slice Y; (suppI'; C Y;) and
define standard multi-indices

To=(T,T1),T1 = (1,T),...,0 = (T, T)
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with supports suppT; C Y; UYiyy (suppl; NY; # 0, supp T N Yip1 # 0), such that the set

of multi-indices (I'y,T'1,...,T;,) is consistent, so that the multi-index
N n+1
r=\/T, swpl'c |V,
i=0

is defined, and suppI'NY; #0,i=0,1,...,n+ 1.
For every unordered set

a={IY, i=01,....,n, j=1,...,506)}
of standard multi-indices such that
suppl} C V; UYipy
we define w(a) by
(15) wla) = wA T, .. TIO)Ar @ TIWy WA (DL M),

The set o = {fi, i=0,1,...,n,7=1,...,5(i)} is said to be admissible if:
1) for every i = 0,1,...,n the sets {fjl, .. ,fg(l)} are disjoint;

2) the entire set {I'} is consistent, i.e.,

VIl = VI,
J J

Y, i=1,...,n.

For every admissible set {f{ } we introduce the following multi-indices
F<a) = \/ fzv Fo(a), Fn-‘rl(a)
5]

which are such that

supp I'o(a) C Yy, supp I'pi1(a) C Yigq,

Fo(a”yo = F(a)|Yov Fn+1(a)|Yn+1 = F(a)|Yn+1'

(From (14), (4), and the definition (15) we get the formula

(16) aﬁr, = Z Wa

a:To(a)=0,Ty41(a)=I"

the sum being over all admissible sets a of standard multi-indices with fixed first and last
multi-indices To(a) and Ty, 41 ().

An admissible set o = {fz} is called a bond if the union of the supports {supp fz}
is connected. A set of bonds 8 = {ai,...,am,} is said to be regular if the collection of
multi-indices T'(av1), ..., T'(uy) is disjoint. Since every admissible set a = {fg} of standard
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multi-indices can be uniquely decomposed into a regular set of bonds 5 = {a1,...,am},
where the ay, are the connected components of a, we can write (16) in the form

(17) afr= 3w

B={ay,...,am}
where the sum is over the regular sets of bonds 8 = {aq, ..., am,} such that
(18) V To(ex) =T, \/ Tnga(ax) =T
k=1 k=1

Here, for every set of bonds 8 = {ag, k = 1,...,n} we define w(8) = w(a(B)), where a(8) =
{f{ (k), 14,4, k} is the set of standard multi-indices appearing in the bonds ag, k =1,...,m,
each multi-index in «(f3) being repeated with a multiplicity equal to the number of bonds
ay, containing it. We say further that the set of bonds 8 = {«1,..., .} is connected if the
system of subsets

supp I'(a1), supp I'(aa), . . ., supp I'(ayy,)

is connected. We now define the cluster functions w? of the operator w? by the formula
(19) (O T),...,(Ts,T)) = > D(B1)...D(Bo)w(Br UBaU---UBy),
{/617"'753}

where the sum is over all unordered sequences {31, ..., [8s} of connected sets of pairwise-
distinct bonds §; = {a%c, k=1,...,m} such that the following condition holds: for every
l=1,...,s the sets of multi-indices

(199)

taken individually are disjoint, and

m(l) )
(19b) Fo(aé) =17, F’ﬂ+1<a§c) = F;’
k=1 k=1

m(l

where ;1 U---UBs = § is the set of bonds appearing in the sets 8; (and repeated in § with
multiplicity equal to the number of sets 3; containing them). For every 5 = {aq,...,am} we
define the quantity D(5) as follows. Let Gg be the graph with vertices labeled by 1,...,m
and such that the edge (i,5) € Gg if and only if

supp I'(a;) Nsupp I'(av;) # 0.

Let 25 be the structure? formed by the partitions of G into connected subgraphs (see [26])
and let pig(, (+, ) be its Mobius function. We set

(20) D(f3) = pa, (0, 1),

where 0 is the smallest partition (the partition of Gg into vertices) and 1 is the largest (the
partition into the connected components of Gg).

4Translator’s note: That is, the directed set with respect to refinement.
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LEMMA 4. Let B={a1,...,am} be a fized set of bonds. Then

&1 S(8) = > D(B1)...D(Bs) = { L if 8 is regular,

(B, },B=F1UB2U--Ups 0 otherwise.

The sum is over all partitions (B1, ..., Bs) of B into connected subsets: = 1 UBaU---US;.

Proor. Let G; = Gg,,G2 = Gg,,...,Gr = G, be the connected components of the
graph Gg. Evidently,

(22) S(B) = S(Br) .- S(B).

On the other hand, for any connected graph G = G and any partition € = (04, ..., 0,) into
connected subgraphs Gg,, we have

(23) D(B) ... D(Bk) = pc(0,¢).

It follows from the definition of the Mo6bius function that

S (0, { 1 if 0=1,
pral\Y,e) = .
e 0 if 0<1.

(From this and (22), (23) we see that S(8) = 1 only for a completely disconnected graph,
i.e., for a regular set of bonds 3; S(8) = 0 in all other cases. We observe that if the multi-
index sets {I'1,...,[s} and {T",...,T%} in (19) are separately disjoint, then for every set
(Bi,--.,Bs) on the right in (19), the union 8 = 1 U--- U Bs = {al} contains only pairwise
disjoint bonds, and the sets of their first and last multi-indices T'o(at) and T',41(ak} are
disjoint. If we write I'o(8) =V, Io(al) and T'py1(8) = Vik Tpy1(al), then it is plain that

every partition 8 = 3, ... 3, into connected subsets 3, gives rise to a disjoint decomposition
(flaﬁl)a ERE (fga F§)

of the pair To(8), I's11(3) satisfying (19%) and (19°). From this remark, Lemma 4, expres-
sion (17), and equation (19) it follows that the matrix elements af ., of the operator B admit
a cluster expansion (4) with cluster function w®”. Property 1), expressing the independence
of the clusters, now follows directly from the definition (19). The cluster estimate for w?
and the bound on the norm [||B|||cx (where C' is some absolute constant) now follow from
(19), the cluster estimates for the functions w4, and the following bound on D(f3), where
8 = {ar}" is a set of pairwise distinct bonds:

(24) D@ < JT Ctormren
k=1

here C is an absolute constant and dp for B C X is defined in Remark I, §1. The bound
(24) is derived in [26, Chapter 2, §6]. We also need the inequality

Z dri(g) = n+ dp,
1,5,k



154 III. SPECTRAL ANALYSIS OF THE EUCLIDEAN FIELD TRANSFER MATRIX

which is valid for any connected set of bonds 8 = {ax, k = 1,...,m}, ap = {I‘;(k)}, for
which (19%) is satisfied and

V(@o(ar)) =T,  \/(Toi1(ew)) =T".

k k

Here I' = (I, T”) denotes the standard multi-index determined by the pair (I',I") (we regard
I as a multi-index with support in the slice Y7). This completes the proof of the lemma.

Now let Ag, A1, ..., A, be a fixed set of cluster operators, A; € W), i=0,1,...,n, where
the parameter X is sufficiently small: A < Ag. Let B = B(Ag, A1,...,Ay) be the set of
operators expressible in the form

(25) B = Z wil,...,ikAil Azk ET(Ao,Al,...,An),
{ilv”%ik}
where the sum is over all finite ordered pairs {i1,...,ix}, is = 0,1,...,n, s = 1,...,k,
k=1,2,..., and the coefficients z;, . ;, are such that
_ k
(26) T(Ao, Ar, o An) = D i@V TT ALl < oo
{il ..... ’ik} s=1

The lemma just proved shows that B(Ag, A1,...,A,) € W, and that it is an operator
algebra. Defining a norm on B by

|B|>\ = H,}f |T(A07A17 .. '7An)|7

where the infimum is over all representations of B € 9B as a series (25), we have the estimate
I1Blllzx < 1BIx

and moreover,

(27) |B1Ba|x < CA|B1|x|Bala, By,By € 8.

Let A be a cluster operator with cluster function w; then its adjoint A* is again a cluster
operator, and its cluster function w* is given by

(28) w*(r) = (),

where 7/ is obtained from the set of pairs 7 = {(I'1,I']), ..., (I's,I',)} by transposing each
pair, i.e.,
' ={(T},T1),...,(T% T}

A cluster operator A whose cluster function w is a product

W(T) :w{(rlarll)’ R (PS’PIs)}a

(29) 7={(C,TY),-... (s, T},



§2. CLUSTER OPERATORS. DEFINITION AND BASIC PROPERTIES 155

will be called a multiplicative cluster operator; here w{(I',I”)} is the value of the cluster
function on sets consisting of the single pair (I',I"). We see from (34.1) that the transfer
matrix for a Euclidean field is precisely of this type (for small 3). It follows further from
equation (19) that the product of two multiplicative cluster operators is again a multiplica-
tive cluster operator. Moreover, if A € W is a cluster operator and 7' is a diagonal operator
of the form

(TF)(T) = &N (D),

where N(T') = > N(v(z)) is the rank of the multi-index ', 0 < k < 1, then T A and AT are
again cluster operators, and

(30) ITA[l[x < s[IAlx

with a similar estimate for |||AT|||x. Let 9§ C My, for & > 0 an integer, denote the set of
multi-indices ' = {y(x), z € Yy} C My with rank

(31) NT) =k
and for any subset R of the natural numbers denote by 9 the union
mgt = ) mg.
kER
An operator A: I5 — 152 acting by the formula
(32) (AHT) = > arpf(I’), Tem
F/em’t?l

will also be said to be a cluster operator if its matrix elements are expressible in the cluster
form (4). Here I£ = I5(ME) and Ry, Ry can be any subsets of the natural numbers. The
cluster function w? of A, which as before satisfies conditions (5) and (6), is defined only for
the sets {(I'1,T%),..., (s, %)} for which

(33) > NT)€Ry, > N(T}) €R.

Extending the definition of the cluster function w? so that it is zero for all other sets, we
can extend A to a cluster operator acting on the whole space l3(9y) and will continue to
denote it by A. We then have

(34) PV CKerd,  ImAC k.
Let R C N be a finite set of natural numbers, with M = maxn, and let T: 1§ — 15 be
the diagonal operator on [£,
(Tf)(r) = KJN(F)J%F)’ I'e mé%’

where x > 1. Then for every cluster operator A € W, such that Im A C I, the operator
T A is again cluster and

(35) T Al < &M [[|A]l |-

For every cluster operator A such that Ker A D ZQ/\R, AT is again a cluster operator and

its norm |||AT||| satisfies the estimate (35).
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§3. Invariant k-particle subspaces of a cluster operator

A cluster operator A: lék} — l;k}, k is an integer, is called a k-particle cluster operator.
Now let A act on a Hilbert space H and commute with a unitary representation {Us, s € Z"}
of the group Z¥ on H. A subspace W C H invariant under the operators A and {Us, s € Z"}
will be called a cluster k-particle invariant subspace of A with respect to (E, N), where E
is our initial “space” and A is the graph of the indices 7 (described in §1), provided there
exists a unitary transformation of W onto the space lék) (M) which takes Alyy (the part of
A acting on the invariant subspace W) into a cluster k-particle operator, and the Uy into
the operators (2.2).

It turns out that under quite general conditions, a selfadjoint cluster operator A with a
small enough cluster parameter A\ admits k-particle invariant subspaces Hg, £k =1,2,..., N
up to a certain N = N()) depending on A\. We will now state these conditions and construct
the associated subspaces.

To this end, for any cluster operator A we define its principal part A° to be the cluster
operator whose cluster function w is defined as follows. We see from the definition (38.1)
that for any pair of multi-indices [ = (I',I') the quantities d = dr,r satisfy

1) i > 5(N() + N(I)),

where equality dr - = (N(T') + N(I))/2 is clearly possible only if N(I') and N(I") have
the same parity. A pair of multi-indices (I',T) for which

2) e = 5(N(T) + N ()

will be called minimal. We set
40 wA(r) if 7= {(T;,I"})} consists only of minimal pairs,
3) wt (1) = )
0 otherwise.

For any two subsets Ri, Ry of natural numbers we write AR1F2

(4) AR1R2 = QRl AQR27

where Qr is the projection operator onto the subspace I£ of I2(9).

When Ry = Ry = {1,...,k} = Ry we will write Ay for A%  We now assume that
for some integer N the cluster operator A, with cluster parameter A and norm |||Al|| > 1,
satisfies the following conditions (the N-particle separability conditions):

i) All the operators AY, acting on the spaces I£ for k = 1,..., N, are invertible.

ii) Each of the operators (A9)~! (on [3™*) is expressible as

[C R e
_ “w _ “w _
() (AR) = (T )T AT )T
where A’g is a cluster operator acting on lf’“ with cluster parameter A%, where 3, = m,
and with norm ||[AQ|||ys. > A%, where ¢ = 1/4, and T}' is the restriction to 155 of the
diagonal operator T# on I3 (My):

(6) (T )(T) = (W)Y £(T)
and
) u = L0

2
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THEOREM 1. For any integer N there exists \g = \o(IN) such that if A is a selfadjoint
cluster operator with cluster parameter A < Ao and norm |||Al|| < 1 satisfying the N-
particle separability conditions, then there exist N invariant mutually orthogonal subspaces
Hi, ..., Hn, where Hy, is a k-particle cluster subspace, k = 1,...,N. The spectrum o(Alx, )
of A restricted to Hy, is bounded by

(8) CoNFH3/8=80  p 2| < sup |Z|<Cl)\k75/8+A(kl)7
ZGJ(Alﬁk) U(A‘Hk)

where C1, Cy are absolute constants and

1
Al(f) _

o _ 1
(9) Al = T3

T k42

The spectrum of A on the orthogonal complement Hy = (EBibvzl Hp)t to the sum of the
subspaces Hy, satisfies the bound

(10) sup |z| < CANTE s

where C > 0 is an absolute constant.

REMARK. According to (8) and (10), the spectra of A on the subspaces Hi, ..., Hun,
‘Hx are pairwise disjoint.

Before proving this general theorem, we consider the cases N = 1 and N = 2 in more
detail.

Case N =1 (one-particle subspace). For any minimal pair (T', ") such that N(T') =
N(I”) =1, the supports of I and I coincide and counsist of a single point:

(10%) supp’ = supp I = {z},

and N(y(z)) = N(/(z)) = 1. Thus, the matrix elements of the operator A?_, on the space
lél} are given by

(11) af v = w((0,T7)) = b (5(2)) 0 v,

’
e’

where {2} = suppT, {2’} = suppl”, a = y(x), o/ = y(a’) are the indices of the field vari-
ables, and s(x) is the orbit of the point 2 € Yy under the action of the group of translations
in E (=Yp). The numbers bSL/(s) are less than \:

(12) ()] < A

and we will denote the matrix {bszl,(s)} by B (s). Thus, AY_, has an inverse if and only

if all the matrices {B™M)(s), s € E/Z"} are invertible, and in this case the matrix elements
of (A%_,)~! have the same form as before:

(13) atpt = b5 (5(2)) 000

a,a’
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where {ba o "(s)} = (B (s))~1. When the estimate

_ 1
(14) IbS)@;/ s)] < PNESVZ)

holds, the representation (5) is valid for the operator (49_,)~!. Thus if the cluster operator
A has a small enough cluster parameter A and conditions (13) and (14) are fulfilled, then
A possesses a one-particle subspace H;. It follows further from the estimates (12) and (14)
that the eigenvalues {F,(s), a € M, s € E/Z"} of the matrices B()(s) lie in the intervals

(15) ETINFYA < B (s) < kA,
where k is the number of field variables. The next theorem gives more precise information

concerning the location of the spectrum of A on the invariant one-particle subspace Hj.

THEOREM 2. When conditions (13) and (14) are satisfied, the spectrum of Al is con-
tained in a CA*-neighborhood of the eigenvalues Eo(s) of the matrices B(s), s € E/Z",
where C' is an absolute constant.

The case N =2 (one- and two-particle invariant subspaces exist). We consider
more closely the form of the operator A%,_, on the subspace l?z, where Ry = {1,2}. Every
minimal pair of multi-indices (I',I") for which N(T') < 2, N(I') < 2 is either of the form
(10%), with N(I") = N(I'") = 1, or of the form
(16) suppl' =supp” = {z},  N(v(z)) = N(v/(z)) = 2.

Hence we find that the nonzero matrix elements alQI, must have one of the following three
forms. Either they are given by (11) with N(y(x)) = N(v/(x)) = 1; or they are of the form
1,1
(17) aF o= bflh(iz,al o) , (8(21), 8(22))dsupp 0 supp 17+
supp " = {z1, 22},
where 21 < z2 for a suitable ordering on E, and «; and «} index the field variables:
Qv :7(x1)7 O/i:'y/(xi)v Oéi,Oé; €M, 1=1,2

or, finally, they are of the form

af s = b8 (5())80.00,

(18)
suppl' =suppl” = {z},  N(v(2)) = N(7'(2)) = 2.
The numbers {b((ll1 1022 ol ,(s1,52)} = B&Y(s1,59) and {b(2) } = B®)(s) are bounded by
1,1 2
(19) max{[p) (512l 2 (5)]} < A2,

It is clear from (17) and (18) that the inverse operator (A%_,)~! exists if and only if
the matrices B (s), BMY(sy,55), and B3 (s) are invertible, and in this case the matrix
elements aloﬂ’,l?,l of the inverse are given either by (13), or by equations (17) and (18), in which
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the matrix elements of the matrices B((Slf;) and B®)(s) are replaced by the elements of the
inverses:

(1,1) -1 (1,1),—1
o) (BOD (s1,52)) 7 = G0 (s1,2)),

(BP ()™t = (b2 (s)}.

Finally, the two-particle separability condition is equivalent to the estimate (14), together
with the estimates

1

1,1),—1 2),—1
(21) b5 o oy (515 52)1L 05727 (9)] < S

! !
ay,az,0f,a VY

Thus if (14) and (21) are satisfied, then there exist two invariant cluster subspaces H; and
Ho (one-and two-particle subspaces, respectively). We now assume that the cluster function
w of the operator A is nonzero only for sets {(I'y,I}),...,(I's,I'",)} such that for each pair
(T, T%) of multi-indices the ranks N(I') and N(I"”) have the same parity:

(22) N(T) = N(T') (mod 2).

In this case also the matrix elements a%r, are nonzero only when (22) holds. The location
of the spectrum of A on Hs is given more precisely by the following theorem. According to

(19) and (21), the eigenvalues {EL!, (s1,s2)} and {E§2)(S)} of the matrices B (sq, 55)
and B®)(s) lie in the intervals

(23) 02)\2+1/4 < |E1’1 (Sl,Sz)l < Cl/\z,

1,02

where Cq and Cy are absolute constants; similar estimates hold for {EA(YQ)(S)}

THEOREM 3. Under the above hypotheses (21) and (22), the spectrum of Aly, is con-
tained in a C\3-neighborhood of the eigenvalues of the matrices B1V (s1,55), B (s) (C is
an absolute constant).

The verification of the separability conditions for N > 2 is more complicated than for
N =1 or 2, because A) may contain off-diagonal elements when k > 2 (due to nondiagonal
minimal pairs (I',T’) of the form suppT' = (x1,z3), where x1, x2 are adjacent points and
N(y(x1)) =2, N(y(z1)) = 1, supp " = {z, N(y(z)) = 1}).

PROOF OF THEOREM 1. Let A € 7, be a selfadjoint cluster operator satisfying the
hypotheses of the theorem. We begin by constructing an increasing chain of subspaces

(24) L4 CﬁQC---CﬁNCZQ(mo)

invariant under A and the group {Us, s € Z*}. The subspaces H}, will then be defined by
taking successive orthogonal complements:

(25) Hy =Ly, Ho = L6 Ly, Hy =LN O LNn_1.
Construction of the subspaces Ly, k=1,..., N. The direct sum decomposition

15 @ 1\
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of 12(9Mp) induces a matrix decomposition
k k
an (4 A8
Ay’ Agy

of the operator A, where Agli): l?k — l?k, Agg): lé\[\Rk - l?ﬂ and so on. Here Aﬁ) is
expressible in the form

(26) A =40 + A,

where A,io) is the restriction of the principal part A© of A to l?’“, and A,(cl) is expressible as

(1) (2)
o7 A =1 A

where g,(cl) is a cluster operator with cluster parameter A® and norm

~ @ 1-7
(28) AP < 47, = 120

LEMMA 4. Assume that the separability condition (5) is satisfied. Then the operator Aﬁ)
is invertible and its inverse (Agﬁ))_l is of the form

(29) (AD) T = () AR (),

ik : 70 7 g =i :
where Ay is a cluster algebra in the algebra B(A, ", A", Ty, ) of series of the form
(25.2), and

(30) A e < 2/N7%,
PROOF. Using the decomposition (26) and expressions (5) and (27), we can write the
operator (Agll))_1 as
k)y— - _ _
(AR) 7 = ()71 = (A AP A T -
+ DA TAT A AT A

n times
(1) ~ ~ 1) _ . (2) ~ 1) (2) ~
ey = @AY — AP @E AN @A
~, 1) _,(2) ~ 1), (2) ~
+ (71)71‘41&0) (T:k H, )—1A§€1)(T:k H, )—1AI(€0) -
~ 1) (2) ~, (2)
e AR (e T TLAD (T )

We take ﬁﬁ) to be the sum of the series in square brackets in the last part of equation (31).
)

~ ~ ~ M _
The norm |A§§)|/\gk in the algebra %(A;CO), A,(cl),T:k HE7) is at most

~0 e ~(0) 1 1m M_,@ "
A e+ > AP IEEITEE 7 AL yo (CAP)

n=1

1 - 1/2—e—(k+1/2)Br\n12n 2
<F<1+Z(>\/€< L <
1
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if1/2—e— (k+1/2)8r > 0 and X is sufficiently small. This completes the proof of the
lemma.

Now we want to find each subspace Lj as the graph
(32) Lo={f+SWf, fel}
: lf’“ — lé\/\R’“

of some operator S*) . The invariance of L under A is equivalent to

A + Al SE = SW (A + Af) 5D,
which in view of the preceding lemma can be recast in the form
k k)y— k k)y— k E)y—
(33) S = A§1) (Agl)) L A§2)S(k) (Agl)) t- S(k)Ag2)S(k) (Agl)) .

We take this as the equation defining the operator S*). Note that the operators Agg) and
Agi) are expressible as

(2) ~

~ )
(34) AN = APTLAY = T A
where /Té’i) and /ngg) are cluster operators with cluster parameter A% and norms
~ ~ @)
(33) A e IS o < A4,
We can view Ag;) as a cluster operator with cluster parameter A?* and norm
@)
(36) 1455 flxen < X270,
LEMMA 5. Equation (33) has a solution S*®) belonging to the algebra
70 1) 5k 5k F(k _
BAY, A4, A A, A (1)

and its norm |S®)| s, in this algebra is bounded by

1

(37) |S(k)|)\5k < O )\3azkT9) ,

where C' is an absolute constant. A similar result holds for the adjoint operator (S*))*.

PROOF. We first expand the solution of equation (33) as a series in the operators (Agli) )7L,

Ag), Agi), Ag;). For any pair a = (s,q) of integers with s > 0, ¢ > 0 we introduce the
operator

B)vs 4 (k) 4(k)y—
(38) By = (A§2)) A§1) (Agl)) (o)
and for a sequence {aq,...,q,}, a; = (8;,q;) we set
k k k
(39) Bon...cn = By AV B, A . AW B, .
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The sequence (aq, ..., «,) will be called regular if the sum
Si=s1+sa+-+s, Qi=q+--+a
satisfies the conditions

QiESi—i—(i—l), t=1,...,r—1,

(40) Qr = Sr + (T - 1)

and ¢go > 1 for r > 1. We show that equation (33) has a solution expressible as a series

(41) S(k) = Z xal,...,ozTBal,...,aM

(1. y0p)

where the sum is over all regular sequences (o, ..., ;). Substituting S*) as in (41) into
equation (33), we obtain the following recursion relations for the coefficients zq, ... a,:
1) for r =1,

(42) T(sq) = T(s—1g-1), >0, ¢>0,
Zo,0 = 1, 20, = Zs,0 = 0, s>0, g>0,

2) for r > 1 and oy # (0, q),

r—1
(43) Lay,..,ar = Lag,a,...;00 — E Loy,..,aplapyi,...,drs
p=1

where for o = (s,q), @ = (s —1,q) (for s > 0) and & = (s,q¢ — 1) (for ¢ > 0). When
ag = (0, q) the term xz, a,,...w, does not appear in the left-hand side of (43). We note that
if the sequence (a1, ..., a,) is not regular, then neither is the sequence (@, ..., @), and for
any p=1,...,7—1 one of the sequences (a1, ..., ap) or (&y41,...,&: ) must be nonregular.
Thus, our requirement that z,, .. o, = 0 for all nonregular sequences is consistent with the
relations (43). It follows from (42) that when r =1,

Ts,q = 58#17

while the coefficients z,, ..., for the regular sequences (o, . .., ;) can be recovered uniquely
from the recursion relations (43). Let us show that

(44) Z |$a17--.,ar|usr7f <0

for sufficiently small u and v. For this purpose we introduce the coefficients yq, ..., (where
(a1,...,q.) is a regular sequence) satisfying the recursion relations
Y(s,q) = 6s,q7r =1,
(45) Yaq,...,ar = Yaq,...,a, + Z yal,...,apyap+1,...,&r
p

for r > 0 and aq # (0,¢) (if a1 = (0,¢) then the first term yga, a,,... &, does not appear in
the right-hand side of (45)). Evidently, we have yq, ... o, > 0 and

(46) 1Zas,.anl < Yar,an
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Defining
(47) )/s,r = Z Yoq,..., Qe
(@1,e,00):
S;=5>0

we easily get from (45) that for » > 1 and S > 0,

(48) Yor=Ys_ 1, + Z Yo, pYSy.r—ps

S1+52=S8
1<p<r—1

and forr >1and S=0

r—1

(49) Yor =Y Yo,Yop r
p=1

Finally,

(50) Ys1=1.

[ From this we readily conclude that the function

(51) w(u,v) = Z Y ruo”
5>0
7>0

satisfies the quadratic equation
(52) w = v+ uw + w?, w(u,0) = 0.

For small u, v the solution of (52) vanishing at v = 0 is analytic in the variables v and wv.
Thus the series (43), and hence also (44), converges in a small neighborhood of the point
u=uv=0.

Inserting expressions (29) and (34) for the operators (Aﬁ))’1 and Agi), Ay;) into (38),
we obtain

(k) ~

B)vs (k (k) _ _ & ®) o~k QN ~(k ()
(53)  Ba = (AW (A (@ )y AR (@ )2 AR (R A (1)

(g+1) times

Thus, again using expression (34) for A§’§>, we find that

K)ns, T (k QIO
Bay,.an =(AR)* (A (12 7)1

.....

~(k N ~(k By _ 00~ k) s
x AV (@)= AR @ )T A (A%

(g1+1) times

~(k *)_ ) QN ~(k & _ o
x ARy Tyt AR (e 2 AR (e e

(g2+1) times

(k) 4(k)\s k)yso (k) i =\ -
x AR (AR (A= A (@ )

~ (k) ~ (k)
x AR )2 AR )

(g2+1) times
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(k) _, (k)
(0) 7@ —u§\
Since A§1 is given as a power series in the operators A ) A ) nd (T;" "% )7L we see

that (41) does indeed imply that S®) belongs to the algebra
) k)
%(A](CO 7A ) (T#Z ) I’T:I 7Aél§)7A:(l]§)7A ) %k’
and in view of (30), (35), and (36) the norm |S(*)| s, is bounded by

k
1S < 3 Jzayan - 1A 11155,

QL yeen, Oy
~(k r k *® .
IS AR NN ") 2
~(k e . ) e
XHIA&)HI?B: m(Tﬂl )2 (A S Qo
< D= Pk (ke41) (2 1)~ Bih(2r—1)]

% A[—a(Qrm—%k(wrmwk<sT+QT+3r—2>]
% 2Q7‘+TCS7‘+Q7‘_3T_2

< _3[202)\1 (2k—1)Bk— 5] T[404)\1—(4k+3)5k—2€]r/\—%+a+(2k——)ﬁk
2C

Here we have made use of the regularity condition (40). Thus, provided that 1—(2k—1)8)—
£>0,1— (4k +3)Br — 2¢ > 0, we see that the series (41) converges and the norm | S|,
satisfies the estimate

|S(k)|>\ﬁk < Cl/\%—a—(ﬂc—lz—l)ﬁk _ C)\m7

for absolute constants C1,C > 0. Thus, S*) is a cluster operator with cluster parameter
CoN*, and for ¢ = 1/4, \ sufficiently small, and

1 11 1
2 7 <2k_ 7)5’“ T 1(12k + 4)

its norm |||S™) || loyaei is very small.
The operator (S®*))* is treated similarly. This completes the proof of the lemma.

We have thus constructed a subspace Ly of the form (32) which is invariant under A.
Moreover, Ly, is also invariant under the translation group {Us, s € Z"}, since it is plain
from the construction of S*) that it commutes with every Us. We now derive bounds for
the spectrum o (A|z, ) of the operator A on £, and on the orthogonal complement Li:.

We first observe that the cluster operator (S*))*S®*) maps the subspace lf’“ into itself,
and both its norm |||(S*))*S#) || |cox#e and the operator norm || (S*))*S®) || are small. This
implies, in particular, that we have a well-defined map

Vit 1% — Ly f — g = (B, + (SK)*(SK))~1/2f

)"
(55) + S (B + (W) (W)Y, feth

where Ej is the identity operator on lf’“ and Vi maps lf’“ unitarily onto all of £;. The
quadratic form (Ag, g), g € L is equal to

(56) (Ag,9) = (Bif.f),  f=V,'gell*
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while the operator By acting on l?k and unitarily equivalent to A|., is given by

By =(Ey, + (S®)*(s®))~1/2[4% 1 A% s®
(57) +(SEN AR 4 (SW)* AW (B + (SE)r(5™))~1/2
=(Bx + (S®)*(s®)~1/2(AR) + AR 5W) (B, 4 (ST (5®))=1/2,

Here we have used equation (33).
We have further

k k k E)N—1 7 (k
(58) A§1) + A§2)S(k) = A§1) [Ex + (Agl)) 1A§2)S(k)]
and using (29) and (34) we find that

(k)
2

(k) ~ (k) _ ~
(AW TLAW s® = ()=t AR (e AR 5

and the norm of this operator in the algebra By is at most

Cy A~ (TR ke = Brlt (575 (k1) —e— (2K+ ) B
_ cvl)\17267(4k+3)ﬁ;C < C)\_2(4k112)7

where C) is an absolute constant. The norm of (Aﬁ))’lAg)S(k) is thus small. From (57)
and (58) we find that By is invertible, and by (30) its norm satisfies

(59) 1B < I(ARY) T < oA/,
(From this we see that the spectrum o(By) = o(A4|z, ) is bounded from below:

(60) rp = inf ){|z|} > CA\RF(R=1)Bk+1/4

z€a(Alz,

where C is an absolute constant independent of k and \.
We next note that the orthogonal complement Eé‘ of the subspace Ly, is of the form

L ={f — (S®) 1, f e V)
and the map

(61) Vil g f— g=(Bsp+ S (sW)=1/2f
— (SN (Bor + 5P (SO)) g penM

takes 15\t unitarily into £ (Fsy is the identity operator on IV By Arguing as above,
2 k 2
we find that A] ot is unitarily equivalent under this map to an operator By, on ZQ[\R’C of the
form
Bi = (Bsi + S®(SW))2(A) — S® AR ) (B + 5B (50)) 7172
JFrom the expansion (41) of S®) and representation (34) for A, it follows that the norm
1S® AR)| 5, is less than Cy AF+D=3k+98e \=1/4 and thus || S AR || < AR —BR+0)8:—1/4,
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Using the obvious estimate || A% || < CAF+1 we find finally that | By || < CAk+1)—(3k+4)8.-1/4
and thus,

(62) T = suppo(Al,L) < CAFFD-(Bk+4)5—1/4

Since 1 — (4k+3)0, — 1/2 = lew > 0, we have x} > Ty for sufficiently small A, i.e., the

spectrum of A, is separated from the spectrum of A on L.

It follows from the above that £, = H(—o0,—zx) & H(wk,00) and L =
H(—Zk, Tx), where {H(A), A C R'} is a spectral family of invariant subspaces for the
selfadjoint operator A.

We use the procedure described above to construct subspaces Ly for every k = 1,2,..., N.
For k > 1 we see from estimates (6) and (62) that xx_1 > T, so that L1 C L. The
subspaces are thus well defined by (25). They are invariant under A and {U,} and mutually
orthogonal. We find from (60) and (62) that

_ 7 .
CiNP8~sms < g = inf 2| < sup |z
(63) z€o (Al ) z€0(Alw,)
— 5
< Tpoq < CzAk_5/8+_8(k+2) ,
whence we obtain (8).
We now show that each of the invariant subspaces constructed above is a cluster k-particle

subspace. For & = 1, the unitary transformation V;: lfl — L1 = H; takes Aly, into the
operator B; given by (57) with k = 1:

(64) By = (B, + (SW)y*sM) =124 4 4D sWy(B 4 (SMW)*gM)=1/2,

Since (F; 4 (SM)*SMW)E1/2 = B + D¥, where the DI are cluster operators, we see from
(64) that By is a cluster operator belonging to the algebra 9.

In the case when k& > 1, we construct a unitary map Wy l;k} — Hy. We first define the
transformation —
Wi 1) S Hy o f =g = Pey (f+SMf) € Hy,

fe lék}, where Pﬁkil is the orthogonal projection onto the space £;- ; orthogonal to Lj_1.
To find P explicitly, we note that for every ¢ € lo(9Mp)

Pr o=y + 8%y, el
_ % N
P p=¢—(SEye, gen M

Hence we have

Qs =1 =1~ (S*7V)¢,
Qpryp = g = &+ SE Dy,

where Qlﬁk,l, QZN\Rk are the projections onto the corresponding spaces. Eliminating v
2 2

from these relations, we get

€= (Bs (o) + SEFD(SED) ) Ty — SEV ),
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where E.(;_1) is the identity operator on lé\[\R’“ and the inverse operator (E>(k,1) +

Sk=1)(§(k=1))*)=1 is taken on this space. We thus have

Pri o= (B> (k—1) + (S(kfl))*)(Exk—l) + SED (S Y oy — Sy,
Recalling that Qlﬁk,lf =(f+ S(k)f) =0for f € l;k}, we find finally that
2

(65)  Wif = (Esgen) + (SU))(Eseory + SED(SED)) 7 (F + 50 ).

;From this we find after some straightforward algebra that

(Wit Wif) = (Egy + Di)f, f),

where Eyyy is the identity operator on l;k} and Dy, is a selfadjoint cluster operator acting

on l;k} and belonging to the algebra B, of series with generators in the algebras Bj and
B._1; moreover, the cluster norm of Dy is small. We have thus defined a map

(66) Wif = W(Egy +Dy)~"2,  feit™,

that takes lék} unitarily onto H. The operator B, = W AW} acting on lék} is then
unitarily equivalent to A|y, and is a cluster operator, as is easily seen from equations (65)
and (66). This concludes the proof of Theorem 1.

PROOF OF THEOREM 2. We note that the eigenvalues {E,(s)} of the matrices B™M)(s)

comprise the spectrum of the operator Ago) (which is of infinite multiplicity). Since the norm

of Aﬁ) is less than C)\? (as follows from Lemma 2.2), the spectrum of Agll) is contained in
a C)? neighborhood of the eigenvalues {E,(s)}, where C' > C > 0 are absolute constants.
For k = 1, equation (33) reads

(67) SO = A (AF) 1+ AR SD(AF)) 7 - 5D AR s Ay

The right-hand side can be regarded as a map T of the space of operators S € Qtl{l} AYEI
2 "2

S i — MY ingo itself. Since

(68) ASDIL 1ASH I A | < Cor?,

where Cj is an absolute constant, and |\(A§11))*1|\ < A\7%/4) as follows readily from the

separability condition for A(()l) and the estimate CA2, we see that there exists a constant
C > 0 such that T takes the ball

(69) {S: sl <Ca¥*y

in Qtl{l} PRaYES: into itself and acts as a contraction. Hence equation (67) has a solution S
2 "2

with norm at most (69), which is easily seen to coincide with the series (41). Using the
estimates (68) and (69), and also equation (57) with k& = 1, we obtain that the operator By

on lél} unitarily equivalent to Ay, is of the form

B =AY 1 ay,
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where ||G|| < CA%/2. Theorem 2 now follows.

Theorem 3 can be proved similarly if we observe that when condition (21) holds, the
subspaces [5V°" = lév even and lgdd = lév °dd where Noven and Nyqq denote the even and odd
positive integers, are invariant under A and the group Us, and the subspace Ha C I§V" is
the “highest” invariant subspace in I§¥°" (i.e., the absolute value of the spectrum of A is
greatest for the subspace Hs).

REMARK. It follows from the computations given in the proof of Theorem 1 (see, e.g.,
equation (57)) that the operator Az, restricted to the invariant subspace Ly is unitarily
equivalent to Aﬁ) + A§’§>S<k>. On the subspaces H; and H,, which coincide with the
corresponding subspaces £1 and Lo (under the hypotheses of Theorem 3), the spectrum of A

coincides with the spectra of the operators ASY + A1) 51 and A + A2 )| respectively.

84. Some examples

We consider here some applications of the theory developed above to some specific models
that were mentioned in Chapter 2, §5.

1. High-temperature Ising model on the lattice Z"*!, v > 0. This model was
described in Chapter 2, §5. We recall that the space of spins is S = {—1,1}, and the
measure vy is given by vo({1}) = v9({—1}) = 1/2. An unperturbed basis for S’ consists of
the functions

wolo) =1, p1(0) = o, o=+l

The set of multi-indices in this case coincides with the set Cz. of all finite subsets of the
lattice Z¥. The results of the previous paragraphs specialized to this model show that the
transfer matrix of the Ising field is unitarily equivalent to a multiplicative cluster operator
A acting on lo(Czv) with cluster parameter A = Cy3, where Cy > 0 is an absolute constant.
It is easy to check that the minimal pairs x, 2’ € Czv (see §3) for A are of the form

(1) X =X"={z}, whereze 2",

i.e., they consist of the same one-point subsets, and the operator A(®) (the principal part of
A, see §3) is diagonal with matrix elements

(2) % x = [[ wl{z}. {z})oxx,

zeX

where w(X,Y) is the cluster function for A. A simple estimate of this semi-invariant shows
that

3) w({z}, {z}) = C18 + O(5?),

where C} is an absolute constant. It follows that for small enough 5 < 8y(NN), the N-particle
separability condition is satisfied for the operator A, and consequently the transfer matrix for
the Ising model possesses N  invariant cluster  subspaces  Hi, Ho,...,
Hy on which A has the cluster form (for a suitable choice of basis in Hy). In particu-
lar, on the space H; we find that A|y, = A; acts by convolution:

(@) Arhy =Y alY h,
yezZv
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in terms of the basis {h,,z € Z"}, where hy = W1hY, h(T) = 0(,y,r, and the operator W,
was defined in the previous paragraph. In (4) the function a¢, £ € Z¥ can be estimated by

(5) lag| < L(Co3)",
as follows from the estimates and formulas in the preceding paragraph. Moreover,
(6) |a0| > Dﬂ?

where L, Cp, and D are absolute constants. The bounds (5) and (6) imply in particular
that the inverse operator A;l exists and acts by the formula

(7) (A7 Dhe =Y bt by,
Yy

where

(8) b < %(C*oﬂ)‘ﬂ,

where L is an absolute constant.

Let us examine the operator As = Ay, in more detail. Because A, is a cluster operator,
with respect to the basis {he, ¢y, 21,2 € ZY, hay zy = Wahl, o0, BY o) (T) = 07 {20} } its
matrix elements ar 7 admit the cluster expansion

(9) ar, T = w((xlﬂxll)v ($27$/2))w<<$1’x/2)7 ($27$/1)) + w<T’ T/)’

where T = (x1,22), T' = («},2}), and the cluster function w satisfies the cluster bounds
(6.2) with parameter Ay = (Co3)%2, Cy is a constant, and B2 = 1/40 (see the previous
subsection).

THEOREM 1. There exists an orthonormal basis {ﬁmw} in Ho such that the cluster

expansion (9) continues to hold for the matrixz elements of As in this basis; furthermore,

(10) w{z1, 2t} {2, b)) = ol al)

1 —x) Txo—xh)

where ag is the function defined in (4).

PrROOF. We will assume as usual that H; and Hy are subspaces of l2(Czv). Then it
follows easily from the constructions in the preceding paragraph that the functions {h,(T),
x € Z"} have the form

(10%) ha(T) = { Oy +ha({y}), T ={y},

ha(T), IT| > 2,
where hy (T) satisfies the estimate

(11) [he(T)| < L(CB)* =T,
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To construct the required basis Bml,xz in Hz, we consider the system {ﬁxl,m} of functions
in I3(Czv) defined by

O’ |T|:17
Borea (D) =4 > hay(T)hey(T2), |T]>1.

ThWUT>=T

Ty NT>=0

Using (11) and the fact that A is a multiplicative cluster operator, one can show that

(Aﬁxl,z2)(T) = Z (Ahxl)(Tl)(AhI2)(T2) + 9oy a0 (T)

ThWUT>=T
TiNT> =0

(12) = Z axlﬂc’lhx’l(Tl)axzfx’zhz;(jb)+9x1,xz(T)

ThWUT>=T
Ti1NT=0

= Z (aml—w’lawg—m’z + awl—m’zamg—w’l)hw’l,m’z (T) + 511,12 (T)7
{a1,25}
where gy, 5, (T") satisfies the estimate

(12%) |§z1,z2(T)| — L(CAQ)d{ml,zz}UT'

We introduce the two families of functions

5

(13) e
9;11)@2 = PHJ-gLEhlﬂz’

= PHthhxz?

where H* is the orthogonal complement to the direct sum H;@®Hs and Py 1 is the projection
onto HL. We obtain from (12) that

. (1) )
(AS ) (T) = D7 b o) a0t 0 (T) = Gy (1),
o)

where

(14) Oy ,22).(a%,04) = Gay—af Gwa—afy + Gy~ Gy~ -
We will have occasion to use the following result, whose proof will be deferred.

LEMMA 2. Let Ap be the cluster operator on ZQ(C(Z%,)) (where C(ZQL,) is the set of two-point
subsets of ZV) defined by
(14%) (AT = Y brpf(T)), TeCy,
T'eC?)
2

where by 7 is given by equation (14). Then Ay is invertible on 12(C%.) and its inverse Ay*
is again a cluster operator with cluster parameter CAs and norm

(15) 1A Il < LB~2,
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where C and L are constants.

—1

We denote the matrix elements of A;' by L
) ) 1

.y and rewrite (14%) as

-1 1¢(1) (1) _ -1 ~(1)
(16) D 0w gy (AT 00 o)) (D) = 000, (1) = D000y g oty Oy (D)

! ! ’ ’
Ty,To T7,T3

where AL = A|y..

Now consider the space K of families of functions {0z, z,(T), (z1,22) € C(ZQU) } such that
8z, 2y € HE for all {x1, 22} and the estimate

(17) 160100 (T)| < L(CAg)dterzator
is satisfied, where L is a constant. The norm in K is defined in the usual way:
6] = inf L,

where the infimum is taken over all L for which (17) holds. Using the results in the previous
subsection, one can show that

I{A65, 25}l < CB[16]|k-

Thus, in view of estimate (15) the map

K—K:6="{00m}— { > B oy et gy Adar 0y {21, 0) € 0;23}

Il
11,12

is a contraction. From this and estimates (15) and (12) we see that the family {(5;11)12} has
a finite norm (of the order of a constant). We next consider

5;21)@2 = Pthxl>x2 = Z Cacyl,mghyv
Yy

where

(&4 = (hyaﬁm,wz)-

1,T2

It is easily established from the estimates for h;, ., that

(&

Z1,T2

| < L(C)Q)d{xl,xz}u{y}

so that it follows that the family {5;21)952} satisfies the bound (17). Now set

(18) hwl,wg = 7L$17JE2 - 5(1) - 5(2) S Hz.

Z1,T2 Z1,T2

The Gramm matrix G, ,y for this family is given by

z2},{z)x

(19) Gy o2}y oy ay) = (Panns hat 2) = 0fay ma) (o 2} T Diwr e} {220}
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where Dy, 1} satisfies the bound

zo} {x],x
(20) D oot oy} | < L(CA) Errmivisiongy,

It follows that the matrix G~1/2 is also of the form (19), and hence that the orthonormalized
system of functions

~ 1 2:
hxl,xz =G / hzl,xz

is of the form _

=~ ~
hxl,xz = hxl,xz + 5961,9627

where gmlm satisfies (17). From expression (10%) for h, it is easily shown that ﬁmlm gives a
basis in Hs. The matrix elements of A; with respect to this basis admit as before a cluster
expansion (9), as follows from Lemma 3.2, and (10) follows in view of equation (12) and the
uniqueness of the cluster expansion. The theorem is proved.

REMARK. Equality (10) means that on H;@®Hs the operator A has a multiplicative cluster
form. This plainly remains true for any NN: in each of the subspaces Hy, k = 1,..., N one

can find a basis {hy, T € C(Zku)} (C(Zku) is the set of all subsets of Z” consisting of k points)
with the property that the operator A on @ivzl ‘H}. has the multiplicative cluster form.

PROOF OF LEMMA 2. The space l3 (0(223) can be identified with [5™ (2" x Z¥) C I™(Z" x
Z"), the space of symmetric functions F'(x1,x2) of two variables x1, 22 € Z¥ such that
f(z,z) =0.
Taking the Fourier transform

flar,ms) = flan,mg) = ) elOrmrCemllf (g, a,)

T1,T2

(where Aj, Ay € T are points on the-dimensional torus), we find that Ag in (14°) goes into
the operator A° acting on I5¥™ (T x T") by the formula

(Aof) (A1, A2) = D1, A2) F(Ar, Aa)

- / W(per, p2)0(A1 + Ao — pa — p2) f(per, p)dpadps,
TV xXTV

where LY™(T" x T") C LY™(T" x T") is the space of symmetric functions f(A1, A2) of two
variables A1, Ao € T¥, such that

FA1, A2)0(A1 + A2 — A)dAidAa =0
TV xT"
for any A € TV (dX is the normalized Haar measure on the torus), and @(A1, A2) is the

Fourier transform of the function a¢, ag¢,. An easy calculation shows that the inverse Ay Lof
the operator Ay is given by

! {f()\l»/\z) - ( / (@ (1, o))~ dpdpa) ™!

Ao L
( 0 f) W()\l,)\Q)
p1tp2=X1+A2

X / S, p2)@ ™ (pa, M2)dulduz>} .
p1+p2=A1+A2
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Passing again to functions f € Zv;ym(Z“ x ZV), we find that Aal acts by the formula

(Aalf)($1,$2) = Z b;l_w/lb;;_wéf(iﬁlpwlz) - Z K($1,$2;LL’/1,.’L'/2)][(!EI1,LL'/2),

(x1,3) (w1,23)

where the kernel K (z1,x2; 2}, %) is given by

K(z1,z9; 2, 25) = wal bos o p(t —2)b, ! /b:x/,

and

—1
p(§)=/ ei<A,5>(/ w‘l(ul,uz)dmduz) dA.
v p1t+pz=A

Note that by (5), (6) the function w(A1, A2) ™! is analytic in a strip
|Tm \;| < C1871, i=1,2,
where O is an absolute constant. Using the same arguments, we find that the function

< / w1, p2) dpny dm)l

p1tuz=A

depends analytically on A in the strip
| ImA| < 626_1.
(From this and the estimates (5) and (6), it follows that p(¢) satisfies the bound

Ip(&)| < LB*(CB),

where L and C are absolute constants.
Thus, the kernel K (z1,x2; ], 24) is bounded by

< %(Cﬁ)d{xl,xz}u{w;,w;}_

Lemma 2 now follows from this and estimate (8).

|K($1,ZE2;I/1,I/2)|

2. The rotator model. We recall (see Chapter 2, §5) that in this case S = T is the
circle, the field variables are @1 = €? and @y = e, § € T, and the basis in Ly(T",dO) is
given by

{on=2¢m n=0+1,...}.

The set of multi-indices M thus coincides with the set of all finite-support, integer-valued
functions on Z¥. If I’ = {n(z), x € Z"} is such a function, we have N(T') = >" |n(z)|. For
small 3, the transfer matrix for the rotator model is unitarily equivalent to a multiplicative
cluster operator A on l3(My) with cluster parameter \g = Cy3, where Cj is an absolute
constant.

We note that two symmetry groups preserving the interaction (53%.5.2) act on the field
configuration space Q = §%":
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1) the one-parameter group
G: 0(z) — 0(z) + «, acT!, x € ZY,

2) the involution
J:0(x) — —0(x).

These symmetries generate unitary operators {U,, A € T*} and U, acting on Hpphys and
commuting with the transfer matrix J and the group of translations {Us, s € Z"}. From the
procedure described in §1 for constructing the multiplicative basis {¥r}, under the unitary
equivalence the group U, acts on l2(9) by the formula

(21) (Uaf)(I) = D f (1),

where n(T') = )~ n(z), while the action of Uy is given by

(22) U N)(IT) = f(=T).

Clearly, the desired invariant subspaces of the transfer matrix must be required to be in-
variant under the symmetry group U,. Applying the previous constructions to the present
model, we obtain the following result concerning the one- and two-particle invariant sub-
spaces for the transfer matrix 7.

THEOREM 3. 1. There exist two one-particle subspaces H{ and Hy which are mutually
orthogonal and invariant under J, the translation group {Us}, and the group of symmetries
{U.}. For every f € Hi we have

Uaf = eiiaf

and
(23) UsH = Hy, UsHy = Hi.

Here, as usual, the transfer matriz J on each of the spaces Hf is unitarily equivalent to
convolution with the functions a*(&); and by (23) a* (&) = a= (&) = a(€), and the function
a(€) satisfies the estimates (5) and (6). The spectrum of the transfer matriz on the spaces
Hi': is contained in a C3?-neighborhood of the values €3, where € is the interaction constant
in (53%.5.2).

2. There exist three mutually orthogonal two-particle subspaces H;E, HY invariant under
the transfer matriz, translation group, and symmetry group U,. For f € 7‘(2i we have

Ua,f — ei2io¢f
and for f € HY
(24) Uaf =f, UMy =HMF,  UsH3=H).

There exist bases {hljf’o} in HE" labeled by multi-indices T = {n(z), = € Z"} such that
N(D) =2 and n(T) = £2,0 (in HE and HY, respectively), with the property that the matriz
elements of the transfer matriz in these bases possess multiplicative cluster expansions, i.e.,
for any pair of multi-indices with one-point supports the function w({T'1,T1},{T2,T%}) is
equal to the product

(25) w{T1,T7},{T2, 15}) = w({T1, T} Hw({T2,T5}),
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with w({T,T"}) = a(x — o), where {x} = suppl”, {2’} = suppT.

The spectrum of J on all three spaces Hf, HY lies in a (CB)>-neighborhood of the point
e3?, where C is an absolute constant. By (24), the spectrum of J on H;‘ coincides with the
spectrum on Hy .

Almost all the statements of the theorem follow immediately from Theorems 1.3, 2.3,
and 3.3. The proof of the assertion concerning the multiplicative cluster property and the
cluster function is similar to the proof of the corresponding assertion for the Ising model.

REMARK. It would be of interest to determine whether there exist three-, four-, and
higher k-particle invariant subspaces of the transfer matrix for the rotator model. This
problem is nontrivial because nondiagonal minimal pairs exist for this model (cf. the remark
after Theorem 1 in §3).

3. Yang-Mills gauge field. We start by considering a gauge field with abelian group
U(1) (the complex numbers z such that |z| = 1). Introducing a radial gauge as explained in
5.2 (i.e., setting g(b) = 1 on all “vertical” edges of Z¥*1), we shall consider a field defined
only on the “horizontal” edges of the lattice, and the zeroth slice Yj coincides with the set E”
of edges of the lattice Z”. The set S = U(1) = {e??, 0 < 6 < 27} coincides with the circle,
which we take with the standard normalized Haar measure df. As initial basis we choose
the functions {¢, = €™’ n = 0,£1,%2,...}. We consider well-oriented edges, i.e., ones
directed along the unit vectors e, of Z¥. Writing each such edge in the form b = {zo,e,},
where x( is the initial vertex of b, we can introduce a lexicographic ordering in E¥. Then
as described in §1, we construct a basis in Hpnys of the form

(26) U = [ ¢bw.

where I' = {n(b)} is an integer-valued function on E¥ with finite support. From the con-
struction of the functionals wz(b) described in §1, we conclude easily that under a gauge

transformation {e’*(®)} of the field they transform according to the formula

(27) Yoy — exp{in(b)(a(zo) — a(w1)) 1oy ),

where x; and z( are the endpoint and initial point of the edge b. It follows that the elements
of the basis {Ur} transform as

(28) Ur— [ exp{oD)(x)o(x)}

z€supp O

under gauge transformations. Here 0T is the function on Z¥ defined by

(29) (@)(z) = Y n)(=1)"",

besupp I’

where the sum is over all edges in suppI" incident on the point x; (b, ) = 0 if the edge b
leaves x, and (b, xz) = 1 if b enters x.

According to (28), the matrix elements (JUr, ¥r/) of the transfer matrix 7 in the basis
{WUr} are nonzero only if

(30) or = or.
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They admit the cluster expansion (34.1)

k
(30%) ap,r = Z Hw(l“i,l“é),

{(C0, 01, (T, } =1

where the sum is over all partitions of (I',I”) into pairs ({I';,I}}) for which condition (30)
is satisfied. Moreover, by a remark made in §1, in the definition (38.1) and (39.1) of the
quantity dr - = dy appearing in the cluster estimate for the semi-invariants w(I',I'), the
function n = {n(p)} should be regarded as defined on the two-dimensional faces (plaquettes)
of the lattice Z”. It follows from (28) that the vectors {Ur} that belong to the space Hphys
of gauge-invariant functionals are precisely the ones for which

(31) or =0.

Simple estimates show that if a multi-index I" satisfies (31) and the matrix elements (7%, Ur)
are maximal, then we must have suppI’ = dp = (b1, be, b3, bs), where p is a plaquette (a
two-dimensional face of the lattice), and the values n(b;) of the multi-index I" on the edges b;
are equal to either +1 or —1 (the same choice holding for all four edges). All the plaquettes
in Z” can now be divided into k = v(v—1)/2 classes o1, . .., o) consisting of the orbits of the
action of the translation group. Thus, upon fixing a representative p,, in each class o;, we
see that every multi-index I" for which (JUr, ¥r) is maximal is given by a triple (o, z, u),
where o is the class of the plaquette p, x is a vector taking the chosen representative p, into
p, and p = £1 are the values of T on the boundary of p. Using the expansion (29) and the
cluster estimates, we verify easily that for such a multi-index T’ = (o, z, 1)

(JVr, ¥r) ~ .

Moreover, if (I, ") is any pair of multi-indices such that either I' # IV or else T' = IV but
(J¥r, ¥r) is not maximal. Then we have

(JUr, ) < 3°.

An analog of the one-particle separability condition thus holds here, and the following the-
orem is valid.

THEOREM 4. For a gauge field with gauge group U(1) on the lattice Z"*! there exist
v(v — 1) one-particle subspaces Hli’a invariant under the transfer matriz J and the group

of translations {U,}. In each of these subspaces one can choose an orthonormal basis {hE+,
x € Z¥} such that

(32) Thi? =3 arh”,
where the functions agi’a = a¢ coincide for all the subspaces Hli’o and ag is of the form
ag = F*d¢.0 + O(8%).

The subspaces Hli’a introduced above describe excitations of the gauge field whose energy
41n 3 is minimal (these are the so-called ground-state gluons). These are followed by the
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lowest excited gluons, with energy 61n 3. The spaces describing these states are obtained by
slightly perturbing the spaces spanned by the vectors Up, where supp I is a loop consisting
of six edges b1, ..., bg bounding two adjacent plaquettes, and n(b;) = +1.

Similar arguments can also be used to treat the more general case of nonabelian, compact
gauge groups. Let us consider the case SU(2) (the 2 x 2 unitary matrices v with det u = 1).
As a basis on SU(2) we choose the functions

oy (u) = V20 + 1a£n7n(u), v =(,m,n),

where the afn’n(u) are the matrix elements of the irreducible representation u — T of
SU(2) in the “canonical” basis {¢!,, m = —I,...,1} of SU(2). The number [ is called the

weight of the irreducible representation (it can assume any integer or half-integer value),
and m,n = —I,...,1 (see [9] for more details). As above, we can choose a multiplicative

basis in Hpnys given by
vr =[50,
b

The action of the gauge transformations ug = {ug(z), x € Z¥} on the vector \I'Z(b) is given
by

b _ b b
(33) U Wy = > Ch o,
v (y) =)

where C,l;),y, = al, .. (uo(xo))al,  (uo(x1)), with v = (I, m,n), v = (I, m’,n’); zo and x; are
the origin and endpoint of the edge b.

Formula (33) can be used to construct an orthonormal basis {\IJ{A):(LI)} } in Hphys by
taking linear combinations of the vectors Wr. Specifically, consider a multi-index I' =
{l(b), m(b),n(b)}, b an oriented edge of the lattice Z"}. We will say that I" is regular if for
every point x € Z¥ we have the conditions

1) the equality

(34) Y omd)= > n(b)

bEsupp I’ besupp I’
b enters x b leaves x

holds;
2) the tensor product

(35) & T

besupp I’
b incident on z

of representations contains the identity (trivial) representation (possibly with multiplicity
> 1) as an irreducible component.

Let A denote a connected set of oriented edges b and let L = {l(b), b € A} be a function
on A taking integer and half-integer values, and such that condition (35) holds for every
point € AA. Choose a vector

v =3 ] o)

I' zeA
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where the sum is over all regular multi-indices T' = {i(b), m(b),n(b), b € A} such that
suppI' = A, the function {I(b), | € A} is equal to L, and I';, = {I(b), m(b),n(b), b € suppT,
b incident to z} is a regular multi-index.

The numbers C,’,\zfllk are the coefficients of one of the invariant vectors n*

yMs M1y M—s

(the superscript A distinguishing these vectors) in the tensor product of representations

®1

in the basis .
(®¢i) o (@e)
=1 =1

For an arbitrary (nonconnected) set A we define the functions \I/{L)‘(Am)’meaA} by

k
(36) WE):(Ax),xeaA} _ H \IJE?T(Ai))IGaAi}7
i=1
where Ay, ..., A are the connected components of A, L; is the restriction of the function

L to A;, and {\;(z)} is defined similarly.

One can show that the vectors (36) form an orthonormal basis in Hpnys in terms of which
the matrix elements of J admit a natural cluster expansion. Using this expansion and
some precise estimates for the leading matrix elements of 7 in this basis, one can prove the
following analog of Theorem 4.

THEOREM 5. Let J be the transfer matriz for a Yang-Mills field with gauge group SU(2),
and suppose that B is sufficiently small. Then there exist v(v — 1)/2 invariant one-particle
subspaces HS , where the superscript o labels the classes (orbits under the translation group,
see above) of the plaquettes in Z¥. The spectra of J on all the spaces HS coincide and lie
within a (CB)%-neighborhood of the values 3* (C > 0 is an absolute constant).

REMARKS. 1. The number of highest one-particle subspaces for the gauge group SU(2)
is seen to be one-half the number for the group U(1). This comes about because every
irreducible representation of SU(2) is selfadjoint (i.e., coincides with its contragredient rep-
resentation, see [9]).

2. Asin the case of a U(1) gauge field, so also for SU(2) there exist a series of one-particle
subspaces which are invariant under the transfer matrix J. The spectrum of J restricted
to these subspaces is ~ 3%, and they describe excited gluons.

4. Random walk of a particle in a stochastic medium. Here we will illustrate
the techniques discussed above for studying stochastic operators by considering the random
walk of a particle along the lattice Z”, on which a Markov field is given, and the particle
interacts with the field. Let x; € Z¥, t = 0,1,... be the position of the particle at time ¢
and let & = {&(z), x € Z”} be the field configuration, taking the values & (x) = £1 at time
t.

The transition probabilities for the particle-field random system are given by

Pr(& € Aoy = |1 = 0,001 = 2)

37
(87) =Pr(& € Alg—1 =n, 21 = 2) Pr(zy = & =, 241 = 2),

where A C {—1,1}?" is an arbitrary (measurable) subset of configurations and 1 = {n(y),
y € Z¥} is a fixed field configuration on Z¥. In other words, the changes in position of the
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particle and the field configuration for fixed n and z are conditionally independent. We now

introduce the following hypotheses regarding the transition probabilities of the particle and
field:
1. We have

(38) Pr(z: = x|&—1 =n,2e-1 = 2) = po(x — 2) + c(x — z;n(2)).

Here po(z — 2) is the probability that the particle will go from z to = on the lattice: Pr(z —
x) =po(x — 2), c(u, s),u € Z¥, s = £1, is a function on Z” x {—1,1} such that

Z c(u,s) =0, s = =1,

uezv

and po(u) + c(u,s) > 0 for all w € Z¥ and s = £1. An additional condition on c(u, s) will
be given later (see equation (46%)).
2. We have

(39) Pr(& = &(x), 2 € Alg1 =n,21 = 2) [ [ au(€w),n(y); 2),

yEA

where A is an arbitrary finite set of Z¥, € is any field configuration in A, and
’ qO(S,SI), y#zv
ay(s,s’s2) = ,
q1 (87 S )7 y==z
where the two stochastic matrices qg, q1 define ergodic Markov chains in the state space
{—1,1}. We will henceforth assume that the field interacts weakly with the particle, i.e.,

max |c(u, 8)| =g < 1
u,s

and
max |go(s,s") — qi(s,8")| = e1 < 1.
5,8

In addition, the functions p®(u) and c(u, s) will be assumed to have finite support:
po(u) =0 and c¢(u,s) =0 for |u| > R.

We will now prove the next result.

THEOREM 6. For sufficiently small €9 and €1 and for any initial distribution II of the
values of the field &y, the probability for the particle to move a distance xy —xg = u from its
initial position is given asymptotically for large t by

1/2
(40) Pr(z: — xg = u) = Lexp{ — %(A(u—bt)}{l—i—o(l)},

(2mt)¥

where b € RY is a v-dimensional vector, A(+) is a positive definite quadratic form on RY, and
D is its determinant. The vector b and form A(-) do not depend on the initial distribution IL.
The asymptotic formula (40) is valid in the interval |u — bt| < t'/2%2, where ¢ is sufficiently
small (£ < 1/6).
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ProoOF. We introduce the space C(Q2 x Z") of functionals ®(&,z), £ € Q = {—1,1},
x € Z" depending on the coordinates of the random system, continuous in £ (€ is endowed
with the Tikhonov topology), and tending rapidly to zero as & — oo. Define on C(Q2 x Z)
the operator

(41) (T) (1, 2) = / B(¢,2)dP(E, 2], 2)

Qxzv

(this is the stochastic operator, or the transfer matrix, for the random system).

It is easy to check that J does indeed take C'(2 x Z¥) into itself. We fix the initial
position of the system: xzg =y, & = 7, and for any functional ® € C(2 x Z") consider the
conditional mean

<(I)(§t7$t)|€0 =1n,To = y>7

where (&, x+) is the position of the system at time ¢. Then it is clear that

(D&, z1)|€0 =m, 20 = y) = (T'®)(n,y).

Hence in particular,
(42) Pr(z, = Tlao = y) = /Q () (1, 9)d1(1),

where ©,(&,2) = 0, 7.

Let {mo(s), s = £1} be the stationary distribution of a Markov chain with transition
probability matrix go(s,s’). Consider the initial distribution Iy = ()% and write H =
Lo(Q,T1)®I12(Z"). Now set eg(s) = 1 and let e; be a normalized eigenvector of the stochastic
matrix

(Qe1)(s") = D ao(s,s")er(s)

s==+1

with eigenvalue p, |u] < 1. We choose the basis

(43) \I]Q,z(fvx) = H el(g(y))éz,wa
yeQ

in ‘H, where @ is a finite subset of Z¥, z € ZV.
In view of the obvious relation

Z mo(s)e1(s) =0

and the condition

Y mls)er(s)]® =1

the basis {¥g .} is orthonormal in H. Any element ® € H has an expansion

(439) o= f(Q2)7q.
(@)
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which gives an isomorphism H — I3(Czv x Z¥), where Oy is the set of all finite subsets
of Z¥. The transfer matrix J defines a bounded operator on H which under the above
isomorphism has the form

(TH(Q,2) EZRQ (7 —2)£(Q, %)
(44) +(1-=x(Q-2) ZG o (2 — 2)F[QU {2}, 2)
Q-z ZH Aoy (' = 2)f(Q\ {2}, 7).

Here we have written
1 if0eqQ,

0 otherwise.

(@ ={
Next, for Q # () we have
Rq(u) = 1191 po () + x0(Q) 1?1~ (@10 (0) + c1(u)) (b1 + biar + ag),

(45) Go(u) = pl® = {aopo(u) + boper (u) + aobocr (u)},
He(u) = pl%er (u).

For Q = 0,
(46) Ry(u) =po(u),  Go(u) =0,  Hy(u) = c1(u).
Here the constants «g and aq, bg, b1, and the function ¢1(u) are defined as follows:

Z(%(S» s') = qo(s, s))e1(s) = ag + azer(s'),

e1(s)er(s) = by + brei(s),
c(u, 8) = co(u) + c1(u)eq(s).

Assuming further that
(46%) Z c(u, s)mo(s) =0

(as can always be arranged by modifying pg), then c¢o(u) = 0. We note that the representa-
tion {U,, v € Z"} of the group of lattice translations, acting on H by the formula

(UU(D)(fvx) = (b(é. —U,T— ’U),

where £ — v denotes the translate of the configuration £ by the vector v, goes over into the
operators

(va)(va) = f(Q - U,z _U)

on the space l2(Czv x Z").
We note further that any function on Czv x Z¥ of the form

[2(Q,2) = p(Q — 2)e'™?),
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where p(Q) € I3(Czv) and k € T” (the v-dimensional torus), is a generalized eigenfunction
in the continuous spectrum of the operators U, (see [10]) with eigenvalue exp{i(x,v)}. We
denote the space of such functions by H (k). It is evidently isomorphic to l3(Cz» ), and every
function f € l3(Cz» x Z¥) has a unique integral decomposition

£@.9) = [ on(@-2)explitu. 9},

where dk is the normalized Haar measure on 7. Since J commutes with the group {U,},
it generates a family of operators {7 (), K € T"}, each acting on the space H(k) or, in view
of the above isomorphism, on l3(Cz-). We have

(I0@2) = [ (7(9)(Q - 2 explili, )}
and the operator J (k) acts on l3(Czv) by the formula

(T(R)e) (@) = Y [Row)e(Q —u)

uesv
(47) + (1= x0(Q))Gauoy W)e((Q — u) U {—u})
+ x0(Q)Hon g0y (w)p((Q — ) U {—u})le™ i),

where Rg, Gg, and H are defined by (45) and (46).

We now consider the case of an “unperturbed” random walk: ¢(u,s) = 0 and gy = ¢1 so
that the particle and field evolve independently. In this case the operators J°(x) act by the
formula

(48) (T(R)e)(@Q) = pl? Y po(w)p(Q —u)e™ ™).

uezv

We observe that the space l2(Cz») splits as a direct orthogonal sum of the subspaces l2(C%. ):

2(Czv) @ Io(C3),

where C%, is the set of n-point subsets of Z” (I2(C%.) is a one-dimensional space). Each
l5(C%. ) is invariant under the operators J°(k). In particular, the one-dimensional subspace
15(C%.) = {Bdg} is an eigenspace for J°(k) with eigenvalue

Z Po(§ Z(K 9,

fezv

The norm of J°(x) on the orthogonal complement

I3 (Czv) @12 %)

is bounded by
1T (81t (I < IHal-
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This is readily shown from the explicit formula (48). Now consider a neighborhood Vs of
0 € TV such that
min [po (k)| > || + 9,

where 0 < § < 1— |u| is a constant. Thus, the eigenvalue py(k) for k € Vs is separated from
the rest of the spectrum of J%(k) by a gap of width at least §. Since for small g, 7 the
operator J (k) is nearly equal to J°(k), for each x € Vs it has an eigenvector x, € lo(Czv),
normalized by the condition x, () = 1, with eigenvalue p(x) very close to po(k). Both x,
and p(k) depend analytically on k for k varying in some complex neighborhood of Vs. In
addition, it is not difficult to verify that

(49) P <1, p0)=1,
and the real part of the quadratic form satisfies

AfiiAfij

0*p
(50) Re » o > 0.
i 1Y) Ik

Consider the subspace H; of elements of the form
(51) f(Q,2) = / Xx(Q — 2)p(k) exp{—i(k, z) }dk, © € La(Vs,dr).
Vs

Clearly, H;s is a subspace of lo(Cz» X Z¥) invariant under J and {U,,, v € Z"}. Now consider
the operator J* on H adjoint to J. Arguing as above, we construct an invariant subspace
‘Hj for J* in the same way that Hs was constructed. The orthogonal complement

Hs = (H3)*
is plainly invariant under J, and the space lo(Cz» x Z) splits as a direct sum
lo(Czv x Z¥) = Hs + Hs.
A similar splitting holds for the space H:
H = 7/'25 + ﬁg,
where ﬁ(; CH, ﬁ(; C 'H are the inverse images of the spaces Hs and Hs under the isomor-

phism (43%).
We check further that under the decomposition

(9)

T

b, = @555) + 0 @;5) S ﬁg, 6;6) S ﬁg

of the functional ®, (¢, z) = d,,, both components satisfy
o 3 e c@x zv)

and we have ®
17®, lc@xzvy = O((lul + 8)").
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It follows that the computation of the asymptotics of the probability (42) reduces to evalu-
ating the integral

/Q(Jt@f))(my)dﬂ(n) - / (U0 ()T ()

Q

- / (@) ()9 s,
Vs

ok, y) = ¢°(1) Y xe(Q — y)ag,
Q

where ag = [, ®o(n) dIl(n), and ¢°(k) is the function appearing in (51) for f(Q, z), the
coefficients of CI)OA with respect to the basis ¥q .. Applying the method of steepest descent,
we obtain the asymptotic expression (40) where the quadratic form A(-) is defined by the
inverse of the matrix of second derivatives

o (o

and the vector b = {ig—,f |k70}. We see from (49) that b is a real vector, and since expression
5 k=

(40) represents a probability, the matrix (52) is positive. This concludes the proof of the
theorem.

85. Spectral analysis of the transfer matrix for a fermion field

In this section we generalize the methods for analyzing the spectrum of the transfer matrix
for ordinary random (boson) fields to the case when the field algebra contains Grassmann
variables (fermion field). We will begin by studying the case of pure fermion fields, and then
illustrate the general mixed case by means of an example.

We assume that a Gibbs modification (-) of an independent Gaussian quasistate (-)o has
been defined on the normed algebra £p by means of the Euclidean action described in 5.2
(with small parameter )\); here £ is generated by the set {1, (), ¢, (z), x € ZV*! =
ZY x Zl, a € M}, where M is an index set. We recall that the perturbed quasistate (-) on
Er is invertibly Markov (see 5.3).

The general approach to analyzing the transfer matrix J for such a field is similar to
the one described above for boson (probability) fields. However, there are some technical
differences stemming from the fact that the inner product (-, ) on the algebra & /, (generated
by the elements 1, (2) and ¥, (z) “living” on the time slice Y, = Z x {1/2}) is defined
using the involution ¢, which takes & /5 into the different algebra £_; /5. In order to preserve
the previous construction for the multiplicative basis {¥r}, we define a Hermitian bilinear
form on &5 by the formula

(1) (1, o] = (F1, 9F2), F1, Fa € €9,

where 9 is the antilinear involution on &/, acting on the generators by

Wa(r) = > aata (),

a’'eM

19%(90) = Z ga,a’wa’(x)'

a’eM

(2)
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Here € = {€q4,o/} is the matrix defining 6 in € (see 5.2, paragraph 2). We can then extend
¥ to all of & /5 by the analog of relation (17”) in 5.2:

(A1 Az) = 9(A2)9(Ar).

The Hermiticity of the form (1) follows from the ¥-invariance of the state (-) on the algebra
5}7‘2

(OF) = (F),

which in turn follows from the representation

(3) IF = U.,,OF.

Without loss of generality, we may suppose that the matrix e is diagonal,
(4) €a,a’ = Eala,a’-

We now construct a multiplicative basis {¥r} in &/, analogous to the basis (3.1) for the
case of ordinary random fields (the multi-indices I" will be described below), orthonormal
with respect to the form (1):

(5) [\I/FU\I]Fz] = <_1)Q(F)§a7(¥”

where the function «(T") that determines the sign will be given below. We first consider the
case of an independent Gaussian state (-)o (unperturbed field) and construct the basis for
it. For any point xg € Y/ we write 2A(2¢) C &£/ for the Grassmann algebra generated

by {%a(x0),%,(20), @« € M}. For each a € M we denote by nZ(xg), n°(z0), ng(xo) the
elements

Nt (z0) = Ya(zo), My (w0) = Yolzo),  mo(xo) =1,

10.(20) = a(w0) Py (z0) — 1.

Consider the monomials

(6) ns(xo) = H 773(&)(550)»

aeM
in A(zg), where s = {s(a), s(o) = 0,0, %} is a multi-index, and the factors in (6) appear in

order of increasing « (we assume that M has been ordered in some way). We easily compute
that these monomials are orthonormal with respect to the form [, +]o

(7) [7751 (xo), UED (IO)]O = <7751 ($0)197752 (x0)>0 - 581,82 (71)0(51)7

where o(s) = Z e(a)s{a: a =0}. We further introduce the multiplicative basis
a:s(a)#0
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in & /2, where the factors are given in lexicographic order and the multi-index I' = {s(z) =
{s(z,a)}} is orthonormal with respect to [+, ]o:

(9) (@2, D)o = or,r (—1)7™),
where o(T') = ) o(s(x)), and is orthogonal to the unit element:
[®%,1] = 0.

We will now construct a basis ®r for the perturbed field (-).
As before, for each = € Y}/, we define the elements

Ms(z) = ns(z) — (s (2)IE75),

where (F | £55) € €55, F € &£1)2, denotes the conditional expectation relative to the

1/2 1/2° W
subalgebra €1</I2 C &1/ generated by {¢a(y),¢,(y), ¥y < z, « € M}, and we use the

lexicographic ordering on Z”. Consider the conditional Gramm matrix
Ds,s’ = <ﬁs(x)19778’ (x)|51</12> € 51</$2’

whose entries are homogeneous elements of the superalgebra 51</§ Applying as before the

cluster expansions for the conditional means with respect to the quasistate (-) (see [26]), we
obtain that

(9(1) Ds,s’ = 55,5’(_1)0(8) + Ms,s (x)a

where the my o () € 51</I2 are “small” and can be expanded as a series (8) in the monomials
oY

(gb) ms,s (¥) = Z Cp™® (I)IO“'

T:supp'<z
The coefficients Cj>* in this expansion satisfy the cluster estimates
(10 C2o| < (Ox)femrsmr,

where dp for B C 7V is the cardinality of the smallest connected collection Ay, ..., Ag of
the supports of the potential in (58%.5.2) covering the set B.
We now observe that if we pass from the basis 75(z) to the basis

(11) hs<$) = ZBS,S/(x)ﬁS(x)?

where B g () = Ef/z, then the Gramm matrix {Ds « (z)} for the new basis is given by

D = B(x)D(2)B* (x),

where {B; s (z)}, and B*(z) = {B} ,(v)}, where B} , = 9B, ¢ (z). Applying successive
transformations of the type (11), we now reduce D(z) to the diagonal matrix

(117) {176,



§5. FERMION TRANSFER MATRIX 187

The set IV of values of the multi-indices can now be divided into the two subsets Ny =
{s: (=1)?®) = £1}. Then the Gramm matrix D can be written in block form as

D= <D+,+ D+,—)

(12) D_, D__
Di,=D,y, D_=D__,  Di_=D__,,
where Dy = {D;s 4,8, € Ni}, Dy ={Dsg,s € Ny,s € N_}, and so on. By (9%),
D+’+ = E+M+’+, D,,, = *E+M7)7, D+,, = M+,,, D7)+ = M7’+, Where the matrices
My + = {mss, 8,8 € Ny}, ete., are “small”. Applying a similarity transform using the
matrix
(E+ My )~/ 0
Bl = ’ —1/2 ’
0 (E—-M__)

we arrive at the Gramm matrix N
E Dy _
D_,. -E )’

where ﬁ_7+ = ﬁiﬁ, and both ﬁ+,— and ﬁ_7+ are small with entries admitting an expansion
(9°) with cluster estimates (10) for the coefficients.
Transformation by the triangular matrix Bs,

By = <(E + D+,7OD17_)*1/2 (E + D+,,Df%_)*1/2p+,, )

takes the matrix (12) into (11?). Thus, for each x € Y7 /5 we have constructed a conditionally

orthonormal basis {hs(x)} in 513/2 (the algebra 513/2 C &1)2 being defined analogously to
51</§):

(13) <h5($)19h5/ (x)|51</§> = (71)6(5)58,5“

The basis

Ur = H hs(;v) (.’,E)

is easily verified to be orthonormal with respect to the form [-, -]:
(14%) [Up, Up/] = op o (—1)70),

Here I' = {s(x), v € Y5} is a finite multi-index, and the factors in the product in (14) are
taken in lexicographic order on Y7 5.

Just as we did above for the case of ordinary fields, we can show that for all sufficiently
large 7 > 1, the system of elements (14) is complete in &, with respect to the norm || - ||,
defined by equation (57.5.2). We also note that the basis {¥r} is invariant under spatial
translations:

U’U\IJF = \IJIHLv,

where I' + v is the multi-index T" translated by the vector v € ZV.
Let £9,, C &1 /2 be the linear span of the basis elements Wr. Then for F' € &Y we have

1/2 1/2
the expansion
F= Z fF\Ilrv
T
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where the sum is over some finite set of indices I'. This induces a map &Y 12— lphys (M) into

the set of finite-support functions on My (where My is the set of multi-indices I'). Given
two elements F,G € 510 12 We have

(F, G)phys = (FOG) = ZDF,F’ngFH
r,r’

where {Dp -} is the (transpose) of the Gramm matrix for the basis {¥r}:
(15) Dr = (U, Ur)phys = (U 0Tr).

We will describe the physical Hilbert space Hpnys in terms of the functions f = {fr,I' € My}
on the set M.

Again as in the case of an ordinary random field, we find from (15) that the matrix
elements Dr 1+ have a cluster expansion

(16) Drp = > (=)™ (D, T7) .. w(Tk, ),
T={(C1.0)) s (TR}

where as in (34.1) the sum is over all partitions {(I',I")} of a pair of multi-indices into
disjoint (nonempty) pairs of multi-indices, and

an w(r,r'>< I hw@. ] ohs/(m/><x'>>

zesupp I’ z’ Esupp IV

are the semi-invariants of the two sets of elements
{hs(z)(x),z € suppT, hg 2y (2'), 2" € suppI"'},

arranged in a suitable order (lexicographic order in the first set, antilexicographic order in
the second); the sign (—1)™(") depends on the parity of the permutation induced by the
partition 7 (see [26] for more details).

Using once again the techniques discussed in detail at the beginning of this chapter (and
also in [26]), we obtain that when X in (58.5.2) is small, the semi-invariants w(T', ") satisfy
the cluster estimate (10):

(18) (I, T)| < (CN)hawwrrom suenr,

where dg, B C Zv*+1 was defined above, C' is an absolute constant, and ¥ is time reflection.
It follows from this estimate that the matrix D = {D(T',T)} defines a bounded selfadjoint
operator

(DAHT) = Y DIT)FT),  f€l@o),

Irem

on the space l3(9MMy), with moreover the property that

(Df,9amey = Y, D) I)F(T) = (F, G)phys,
r,1)

F.Ge&),,  F=) f(0)¥r, G=> g(I)dr,
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for all finite-support functions f, g in l3(9My). This means that we can enlarge the algebra
&1/2 to the Hilbert space &1/ of elements of the form Y . f(I)¥r, where f = {f(T)} €
[2(9Mp). This Hilbert space is isomorphic to l2(9Mp), and as before the bilinear form

(F, G)phys = (FOG)

is well defined and continuous on &; /2. According to Lemma 11.5.2, the physical Hilbert
space Hpnys is equal to

(19) Hphys = (21/2/N)»

where N C &5 is the subspace of £1/5 consisting of elements with zero norm (||F[|2, =

phys
(F, F)phys = 0), and the completion is with respect to the inner product (-, +)phys-
Let Ko C 12(9My) be the subspace

Ko = Ker D

(it is isomorphic to N) and let K7 be its orthogonal complement:
Ki =ImD = Kg C l5(M),
which can be identified with I2(9%)/K,. The bilinear form

(Df, 9)1,0m0) = (f, 9)phys

on K, induces the inner product (-, )phys, and hence the space Hpnys is isomorphic to the
completion of K; with respect to (v, *)phys, which we will denote by K.
For each element of the basis {Ur} we now consider the expansion

(20) (Ueo ¥r|&1/2) = Zar,r/‘l/r/-
(From equations (14%), (1), (3), and (33.5.2), we find that

ar;r = (—1) V(U Up|E) o), Uri] = (Uey Ur|E )00 ) (—1)7 1)

(21) / / ’
= ((Ueo Ur, 9%r)) (=1)7") = (=1)° TN (@pPr) = (=1)°T) Dp .

For every F € £ we have
F=Y f@)¥r, (Uy,FlEp) = fD)Tr,
r r

where

F@O) = arr f=(-1)""Dpp f(I).

Thus the conditional expectation operator (U, F' | £;/2) extends to a bounded operator

on the space &, /2, which under the isomorphism of & /2 with Io (M) goes into the cluster
operator

(22) A=JD,
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where J is the diagonal operator

J(H(T) = (=17 f(D).

Note that Ker A = Ker D = K. Together with equations (46%.5.2) and (19), this implies
that under the identification of Hpnys with K1, the transfer matrix J of our field coincides
with the closure (with respect to the norm || - ||pnys in K1) of the operator

(23) Pk, JD,

acting on Ki, where D is the part of D acting on the invariant subspace K7 and Pk, is
the projection of I3(My) onto the subspace Kj.
Note that the map

1/2

ImDY? - Ky:f—D;Y?f, f=ImD|*c K,

extends to a unitary transformation
U: K 1 — Fl,

where we take K; and K; with the inner products (-, Jiz(mmo) and (-, +)pnys, respectively.
We easily check that under this transformation the operator J acting on K; goes into the
unitarily equivalent selfadjoint operator

(24) J' = D}?5 D)2,

acting on Ky, where J; = Pk, JPk,. We remark that (24) is the restriction to the invariant
subspace K of the operator D'/2JD'/2 acting on Iy (My).

Although useful in some respects, equation (24) is not well suited for direct calculations
with the operator J, because no effective methods are available for obtaining a cluster
expansion for the square root of the positive cluster operator D (or even for establishing
that the square root has the cluster property).

It is therefore more convenient to deal directly with the cluster operator A. We have the
following simple lemma.

LEMMA 1. Let £ C l2(9My) be an invariant subspace for the operator A on la(9My) such
that for all f € L

(25) I ASf l1z0m0) > Cllflliaom0)>

for some constant C > 0. Then:
1) the quadratic form

(25a) (Dfaf) = (f?f)PhyS >€Hle2(fm0)7 f €L,
where C > 0 is a constant;

2) the space L is complete with respect to the norm || ||phys-

3) The map

j: ZQ(mo) — ZQ(mo)/DO C thys
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takes the space L into a (closed in Hpnys) invariant subspace L of the transfer matrix J,
and j: L — L is unitary (with respect to the norm || - ||phys on L£).
4) The operator A on L is unitarily equivalent to the transfer matriz J on L:

JAlRi =Tz
The first statement of the lemma follows from the estimate

(Af,Af) = | Df|]?> = (D*f, f)
< (Df,f)"*(D*f,Df)"* < (Df, ))*|D|"*|Df]|.

Hence || Afl|1,me) = D fllizeme) < |DIIY2(Df, £)/? and (25%) follows from (25). The
remaining assertions of the lemma are obvious.

Constructing the invariant subspaces for the transfer matrix J in Hpnys thus reduces to
constructing invariant subspaces for A in lo(9My) satisfying condition (25).

REMARK. If the invariant subspace £ for A in I3(9My) constructed above does not satisfy
(25), so that (26) may also be violated, then one must consider the space £1 = LS (LN Dy)
(the orthogonal complement being taken with respect to the inner product in l2(9%)) and
the operator ﬁl = P;,D:1P,, defining the inner product (-,)phys in £1. The space £1
is then unitarily equivalent to an invariant subspace L C Hphys of the transfer matrix

~

J, and the restriction J|; is unitarily equivalent to the operator D}/Qjﬁiﬂ on Ly (cf.

equation (24)). In some simple cases (for one-particle subspaces, say) the operator DV/? is
not hard to compute.

THEOREM 2. Let the coefficient X in the action (58.5.2) modifying the free Gibbs field
(58.5.2) be sufficiently small, and assume that the N-particle separability conditions (see
Theorem 1.3) are satisfied for the operator A = JD on lo(My). Then lo(My) contains N
invariant cluster subspaces Hi,...,Hn for A, on which the spectra of A are disjoint and
lie in the intervals given in Theorem 1.3 (and in particular, they satisfy condition (10.3)).
These subspaces are mutually orthogonal with respect to the inner product (-, +)phys-

The proof follows along the lines of the general Theorem 1.3 for a selfadjoint cluster op-
erator. The fact that A is not selfadjoint relative to the inner product (,-);,(am,) (but is
selfadjoint only with respect to the form (Df, f)1,m,) = (*,*)phys) leads to some additional
complications which we will now indicate. We first note that the IN-particle separability
condition can be used to construct IV invariant subspaces Li,...,Ly for A just as was
done in the proof of the theorem. These spaces are constructed by using the operators
SM . S which map the spaces l?”“ (M), kK = 1,..., N, respectively, into their or-
thogonal complements lév R (My). Using the estimates given above in Theorem 1.3 for the
operators S*) we can easily obtain the lower bound

inf Af —
FELKN Fllig(amg)=1 | ng(zmo)

for the norms, where ¢, is equal to xy (see (60.3)).
We now consider the adjoint A* = DJ of A. This also satisfies the N-particle separability
condition and has N invariant subspaces
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defined by the operators S (k) lf’“ — (lf’“)J-. We observe that the orthogonal complements

Eé- to these spaces are invariant under A, and L; N L = (0), the trivial element, so that
their sum is direct, and we have

(26) Ly + L = 1,(Mo).

This is easily proved by use of the norm estimates for S*) and Sk urthermore, as in the
proof of Theorem 1.3, we obtain the upper bound

inf | A5 om0) = b
FELENFlligomg)=1 2(8Mo)

where by, = Ty, see equation (62.3).
As above, we note that

(26%) e > b > Crta

for all k =1,..., N. From this, together with (25) and the selfadjointness of A relative to
the inner product (-, +)phys, we conclude that

LiCLyC---CLN
and consequently,
LI DLy DD Ly.

We now define R
Hy = Ly, N L7y

Clearly, Hy, is an invariant subspace and the spectrum of Al is contained in the intervals
(8.3). Since by (26) the subspaces L), and Li- are orthogonal with respect to the inner
product (-,-) for all k, the same is true of the subspaces Hj, ..., Hy. We must now prove

that Aly, is a cluster operator, i.e., find in each Hj, a basis {ﬁp, Te zmg’“)} (in general,
nonorthogonal) such that the matrix elements bp v of Al in this basis:

(27) A/f;r = Z br,rfﬁrl
r

admit a cluster expansion (4.2) and, in addition,
U’UEF = ﬁFqu, veZ.

We note that the orthogonal projection Py, onto the subspace Hy, of I2(9%) is constructed

using the cluster operators S*) and Sk ip exactly the same way as in the proof of Theorem
1.3, and is of the form

(28) Py = P + D™,

where D) is a cluster operator of small norm and P, is the projection onto the subspace
2

lék). Consider the basis hyr = Py, er in Hy, where ep(I”) = épr v is the standard basis in

(), The Gramm matrix relating the two bases is given by

(28%) BY), = (er, hr) = o0 + DY,
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where the Dlgk%, are the matrix elements for the cluster operator D) in the basis {er}.
Thus if we pass to the bases

er = g Srrrer: = er + E Ur rer
I I

and

(29) hp = Z Sr,rhrr = hr + Z Urr hr,

I I
where Sr v = (E + D(k));{ﬁ/ = or,rv + Ur v, and {Up} is a cluster operator with small
norm, these bases will be biorthogonal:

(30) (ap,/ﬁp/) = 5F)F/,F,F/ € i)ﬁék)

We conclude from (27) and (30) that the matrix elements of Al with respect to the basis
{hr} are br o = (Ahr,ér/). (From this and equations (28), (28%), (29) we find that the
br,r- admit the cluster expansion (4.2). This proves the theorem.

As an application of the results established in this and the preceding subsections, we
consider the lattice model for quantum Euclidean electrodynamics on 23+1, which was
introduced in 5.2 and describes a Dirac fermion field interacting with a gauge field (with
gauge group U(1)). Recall that this model contains three parameters: the fermion mass
m (which we take equal to 1); the interaction parameter k£ > 0 for the interaction of the
fermion with the gauge field; and the parameter 8 (the coefficient in the Wilson action for
the gauge field). The results described below are valid for sufficiently small x and 3.

We note that the rotations of the lattice Z2 act differently on the invariant subspaces
of the transfer matrix. We therefore consider the algebra homomorphisms T;: & /2 — &1/2
that correspond to the representation g — T} of the orthogonal group O(Z?) of rotations
of Z3 (i.e., the subgroup of the rotation group O(R?) of three-dimensional space taking the
lattice into itself). On the generators of the algebra &; /5 the homomorphism Ty acts by

Tya(®) =Y sap(9)ts(g™" @),

where s(g) = {sa5(9)} and g € O(Z3) is the matrix for the spinless representation of O(Z3)

(see [9)),
T,u(b) = u(g™'b).

Consider for each z € Y}/ the following quadratic forms in the generators:

9 =2 ba(e)Bu(e)

psc Zﬂ)a ’Y5 0451/)5( )
vcct Zﬂ)a ’Y,u aﬁl%( ) B = 172737

pvcct Zﬂ)a ’Y,u’y5 «a 51/)5( ) n= 172737
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where v5 = Yov17273-
These formulas are gauge-invariant, and under translations  — x + s, s € Z¥, x € Y79,
we have

Do (x) — Dee(z + 8)

and similarly for the other forms. Under the action T}, of the rotation group on &/, they
transform as scalar, pseudoscalar, vector, and pseudovector fields, respectively:

qu)SC(a:) = (I)SC(gilx)v
Ty®pse () = det gPpec(9~ '),

T q)vect {E) = Zgu7u'q>56ct<g_1x)v
l"l
T(](I)gvect ({E) = detg Zgu,u’q)gvect (g_lx)-

w

We now consider the linear spans of the corresponding forms:

Ly = Z Cwq)sc<$)
vect - Z C:E vect

and so on, where almost all the coefficients ¢, are zero.

The subspaces Lsc, Lpscs Lvects Lpvect constructed above are invariant under gauge trans-
formations, translations, and rotations. One finds that for sufficiently small k > 0 and
B|*/? (¢ > 0 some absolute constant), there exist two highest J-
invariant subspaces Hpsc and Hyect close to the spaces Lpsc and Lyecs, respectively. On
these subspaces, the spectrum of the transfer matrix J is ~ x?. More precisely, we can
choose orthonormal bases {hb*, x € Y7i,5} and {h;cﬁt, r €Yy, p=1,2,3} in Hpe and
Hyect which transform under translations and rotations in the same way as {¥ps(2)} and

{®!.ot(2)}, and on which the transfer matrix acts by the formulas

jhpsc — Zapsc<$ _ )hpsc’

vcct vcct vect
J h E a hy AR

where

aP> (&) = 4k%6¢ 0 + O(K*),
a’et () = 4/&255,0 —+ O(Ii4).

The spaces Hpsc and Hyecr describe pseudoscalar and vector “meson” states in our model.
On the other hand, the quadratic form (FOF), F € L pvect, is seen to be of order K23
when restricted to the spaces Ly and Lyyect, and it is therefore more difficult to construct
the corresponding invariant subspaces (scalar and pseudoscalar “mesons”) for them. This
problem remains unsolved.
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§6. Continuous-time models

Here we will consider Gibbs fields defined on the “space-time” Z¥ x R!, where ZV is
the space and R' the continuous time; the fields will take values in some finite set S. Let
an ergodic Markov process 19 = {no(t), t € R'} be defined with values in S and let the
measure 1 be stationary. The “free field” on Z* x R! is defined as the set of identical copies
{ne = {n.(t), t € R'}, x € Z"} of the process 7, one for each point x in Z”. We assume as
above that a finite number of “field variables” {¢;,i = 1,...,k} are defined on S, and that
we have an orthonormal basis {¢,, v € N} in l2(s,1p) consisting of polynomials in the ¢;
(including the functions ¢; themselves) which satisfies condition (1.1).

We will assume that the infinitesimal matrix a(s, s’) for the transition probabilities for
the process 79, defined by the relations

. Pr(s — s’ during time At) = a(s,s")At + o(At), s# s,
) Pr(s — s during time At) =1 — a(s, s)At 4 o(At),

where

a(s,s) = — Z a(s,s)

s#s!

is symmetric, so that the process n(t) and hence also the free field {n,(t)} are invariant
under time-reversal.
For any finite set A C Z” and time interval T C R', we define the action

(2) Sar=0 3 /T B o1 (10 (8)) o5 (my (1)) dt

x,y)GA
lz—y|=1

which we use to get a finite Gibbs modification pa 7 of the measure pg (the “free field”
distribution).

As was shown in [26], for § small enough this measure admits a cluster expansion. Specif-
ically, the expansion reduces to the study of a discrete Gibbs field on the lattice Z¥ x Z},
where Z! is the one-dimensional lattice with spacing a = |In 3|, and the cluster expansion
for this auxiliary lattice field is used to get a corresponding expansion for the original field
(the small cluster parameter A in this expansion is given by A = C8|In 3| (see [26]), where
C > 0 is an absolute constant). The resulting cluster expansion implies, in particular, the
existence of the thermodynamic limit

= 1.
po=lm par

of the measures py 7. This limit field is a Markov process with state space SZ . Writing
Q for the space of field configurations n = {n,(t), (x,t) € Z" x R'}, let Hpnys C La2(Q, 1)
be the subspace of functionals depending only on the values 19 = {n,(t = 0), x € Z"} of
the configuration at zero time. As above, one gets a contraction semigroup of stochastic
operators J;, t > 0, which are selfadjoint by virtue of the symmetry of the matrix a(s, s)
and the form (2) of the action. Representing this semigroup in the form

(3) Ji = exp{~tH}
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we get a nonnegative selfadjoint operator H > 0, which is the Hamiltonian of our field. As
above, for the case of continuous time we can also construct a multiplicative orthonormal
basis {¥r} in Hpnys of the form

where the quasilocal functionals wﬁ(@ admit an expansion of the form (12.1). The matrix
elements af. ., = (J;¥r, /) thus have a multiplicative cluster expansion of the form (34.1):

(4) af“,r’: Z Hwt(Fi,I‘g)
{r.ry) e

and the semi-invariants w? satisfy the cluster bound
lw!(T,T7)] < (C)\)dsupp TUsupp(T4+t)

where dg, B C Z¥ x R! is the length of the smallest connected graph with vertices lying in
the finite set B C Z¥ x R'. Here the metric on Z¥ x R! is defined by the formula

o (@' ¥) = p (2,07) + [u} |

where [t] is the largest integer < t.

We thus see that for t = a the operator J, is a selfadjoint cluster operator, and if the
k-particle separability conditions are fulfilled, then 7, has k invariant spaces H1, ..., Hx, as
described in Theorem 1.3. These subspaces are also invariant under the Hamiltonian H.

Moreover, the cluster expansion (4), valid for all ¢ > 0, implies that the matrix elements
brr of H in the basis {¥r}, which are equal to

d
(5) bF,F’ - %a%)r/

have the form

(6) b=y, W),

(T, T c(r, 1)
M\F=I"\T"
where
_ d £= =
(7) W(I,I7) = —w" (I, 1Y),
dt +=0

and the sum is over all pairs of multi-indices (T, f/) subordinate to the pair (I',T"), and such
that the restrictions

_ = / N T
F|SUPP F\SUPPf =T \ F’ r |supp F’\suppﬁ =T \F/

coincide. The formula is easily derived from the representation (4) by observing that ar v —
5{*)1‘*/ ast — 0.



§7. SPECTRAL ANALYSIS OF k-PARTICLE CLUSTER OPERATORS 197

As an example, we consider the quantum Ising model. Here S = {1, —1} and the transition
probability matrix defining the unperturbed process is given by

as,s =1, s# s, as,s = —1.
The invariant distribution vy on S is given by vy(1) = vo(—1) = 1/2. The action Sy r is
Sar =0 Z /sw(t)sy(t) dt.
z,yEN
le—y|=1

If B is small enough, the N-particle separability condition holds for the transfer matrix J;
of the limit field in this model (for ¢ > a = |In3|), and hence it also holds for J,. Thus,

there exist k-particle cluster invariant subspaces Hi, ..., Hy for the entire semigroup J;.
Now the operator H|y, = H; is given by convolution
(8) thm - Zam_yhy
Yy

with respect to a suitable orthonormal basis {h,,z € Z¥}, and |ag| < (CA)l, ¢ € Z¥. In
the two-particle subspace Ha we can choose a basis {hqy, z,y € Z"} in terms of which
Hy = H|p, has the form

(9) Hshg yy = E , gzt Pty + E , Qy—y gy + E , Baywy by
z'ezv y' ezv xy'ezv

where the function a¢ is the same as in (8), and the kernel B, , ./, satisfies the estimate
|Bx,y,x/,y’| < (C)\)d{z,y;z’,y/}

(where both pairs (z,y) and (2’,y’) lie in the zero time slice).
The proof that the functions ag¢ in equations (8) and (9) coincide is similar to the proof
of the multiplicative cluster property for the operator 7 in the discrete-time Ising model.

§7. Spectral analysis of k-particle cluster operators

For a more detailed analysis of the spectrum of k-particle cluster operators (k < o), it

is helpful to use the Fourier transform in the space lék). For this purpose we introduce the
following class of operators, which will be called cluster operators in the p-representation.
Let Lo(TY,dp,N') = Lo(T”,dp) x l2(N) = Lo be the Hilbert space of functions f(p,~)
defined on the Cartesian product 7% x A, where T is the v-dimensional torus, dp is the
normalized Haar measure on 7%, and N is a finite or countable set. Let F,(L2) be the Fock
space on L, i.e., the space of sequences of functions

(1) F= {vafl(pv 7)7f2((p17’>/1)7 (p2772))7 . '7fn((p17’>/1)7 R (pny")/n)) s }7

symmetric under all permutations of the pairs (p;,v;) € NV x N.
We write F C Fs(Lg) for the subspace of sequences (1) whose members satisfy the
condition

@) / Fal®170)s -, (Prs )V hpi + p3)dpsdp; = 0
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forall m,i,j =1,...,n, 4 # j and all functions h € Ly(T").
Let Fj, C F be the subspace of sequences (1) for which f,, = 0 for all n # k. Clearly,

3) F-DFA
k=0

and every operator A on F can be expressed as an operator matrix A = {A,, »}, where
Apn: Fn — Fm.

Definition of a cluster operator in the p-representation. Consider an operator A on F
such that each block A,, , is given by a (distribution) kernel

(4) Ko ((P1,71)s -+ (P Ym)s 01,71+ -5 (P V) E:aee»

where the sum is over all partitions of the pair of sets M = {1,.. .,m}, M ={1,...,n}
into pairs {(51,61), .-, (B, B1,)} of nonempty subsets 5; C M, §; C M’, and

57H5& Phy).

Here, given (3;, 3)) C (M, M’ andanytwosets D1, ...y Pm), (P}, ...,p.) we have written
g i 1 n

(5) Ps=> pr,  Ph= D

kep kep’

and §(-) is the usual é-function on the torus T%. Moreover, a. in (4) is a smooth (analytic)
function defined on T's x N™*" where I'; is the submanifold of (7)™ defined by

(6) FE:{(pl?"'?pm);(p37"'7p;1):p,gi:p//3£7 i:17"'7k}'
The kernels K, ,, in (4) are assumed to be symmetric both in the variables {p;,v;} and in
{pi i}

As previously, let 9%y be the space of multi-indices I' = {y(z)}. By convention we write
each multi-index T" as an unordered sequence of pairs {x;,v(z;)} for some enumeration of
the points in supp .

The space l2(9My) can thus be identified with the subspace of the Fock space Fs(I2(Z" x
N)) consisting of the sequences
(7) U= {1/)0,%((171»71))7 s 77/}71((:171771)7 RN ($n7’)/n))7 cee } € fS(ZQ(ZU X N))v
for which

wn(($1,71)7 R (xn,’)/n)) =0,

whenever z; = z; for some ¢ # j. Evidently, the Fourier transform
v — {f07 fl(plv’yl)v ceey fn((xlv'yl)? ceey (fm’Yn))v s }7

where

fn<<p1a71)v ) (pnv'yn))

®) = Y [T eplitn ) n (@) (@n )

takes Fy(l2(Z” x N)) into Fy(lo(T” x N)), and l5(9My) goes into the space F.
Under Fourier transformation, the translation group {Us,s € Z”} acting on 12(9) b
equation (31%.1) goes into a group acting on F by the formula
(9) (USF)W((plv’yl)”(pnaPyn))
= eXP{i(Sapl 4 +pn)}fn((p17'71)v R (pnv'y’n«))
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LEMMA 1. Let A be a cluster operator on lo(9My) with cluster parameter X. Then under
Fourier transformation (8) A becomes a cluster operator in the p-representation. The func-
tions ac in (4) are analytic in a complex neighborhood of the manifold T. and are bounded
there by

|a£<<p1a71)7 RS} (pmﬁm)ﬁ((]?/u%)a ) (p;zaﬁ)/':z))l

k
(10) <TITI Aveorz T avoorz,

l=11€3; €3]

where € = {(B1,81), -+ (Br; B1,) }-

PrOOF. We have

Kn,m(<p1a71)7 ety (1%»%))5 ((pllv'yi)’ AR (p;naﬁ)/;n))

= 3 al@ ), @ 1)) (@A), (s V)
(11) (1,0 n)

(zh sl

n m
x [ [ expli(a;, )} [ exp{—i(=}, 05},
j=1 j=1
where 3 indicates a summation over sets (z1,...,2y), (z},...,2),) with pairwise distinct
elements in each set. We remark that the function K, ,, is separately symmetric in the pairs
{(pi,vi)} and {(p},~})}. Since in (11) we sum over 1, ..., Tn, 2}, ...,z for fixed v1,...,n,
Vi -5V, in what follows we will suppress these variables so as not to burden the notation.
Using the cluster expansion (4.2) for the function a, we can rewrite (11) as

!/
GOESY > > w({wy, g€ Bt xh. i €fl=1,... k)
ko e={(BB) =10k} ()2

(2,0l

k
< [T IT expliCzsp)} T] exp{—i(a),pj)}-

I=1j€B i€

Further, for a fixed partition € we can write

(I/l ----- x/n) (1, Tn) (1,0 T0)
($17“'71m) (x,hz/n) (IIV”%IIn)

where 3" denotes a sum over sets (x1,...,x,), (},...,2,) in which elements with indices
in the same block §; (or 8]), I = 1,...,k, are distinct; S°" denotes a sum over pairs of sets
(X1,...,xp), (24,...,z,,) with the same property, but at least one of which contains two or
more elements that coincide but have indices in different blocks 3, and 3, (or £, and ),
11 # la. Recall that the cluster function w is still defined for such sets, because the clusters
are independent (property (5.2)).

Now consider the first sum Zla and pick the smallest element s; in each block §;. We
note further that (again because the clusters are independent) this sum can be rewritten in
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the form

!
st({xj - Islvj S ﬁl}?{x_/j/ - xslvj/ S ﬂl/}?l = 17' . 7k)

) <1 ( T explites - 2om))

=1 “jep;

X H exp{—i(a — x,,p})} exp{i(zs,, (Ps, — PB{))})'
J'€B]
Having fixed the x;,, we sum over the variables y; = x; — x,, y;-, = x;-, — x4,. By the cluster

estimate (6.2), the sum (12) converges and represents an analytic function of the variables
{piti=1,...n {p;/}jle,,,,,m and satisfies the bound (10). Summing over the z,, leads to

additional factors Hle 6(Pg, — Pgy).
Turning now to the sum Z/s', we observe that to each pair {xj}j:17.,,,n, {x;.,}jle,___7m

appearing in the sum we may associate the pair (y1, ... ,y;) (y1,---,Yy,,) consisting of the
distinct elements in {z;} and {2, }. To each y;, j = 1,...,n’ (and consequently to each yj,,
j'=1,...,m') we associate the set a; C [1,...,n] (or ozj Q [1,...,m]) such that z; = y; if

and only if i € a; (similarly, }, =y}, if and only if i’ € o). We now associate to the two

sets {y;}j=1....n and {y}, } ;=1 the partition &= {(B1,5,),..., By, B,)} of the pair of
sets (1,...,n), (1,...,m’) into pairs of subsets (51,51’) which is obtained by “gluing” the
blocks of the original partition along the “intersecting blocks”. More precisely, this means
the following. From the blocks (8, 5]) of the partition we form a graph in which edges join
those pairs of blocks (3;,,8],) and (8,,3],) for which either 3;, and 3, both intersect the
same set «j, or else §;, and 3], both intersect one of the a,. We form the new partition
of the pair of sets (1,...,n), (1,...,m) by combining into one block all the blocks in the
original partition lying in the same connected component of our graph. Going now from the
sets {z;}j=1,.n and {x;,}j/zl,___,m to the sets {y;};=1,..n» and {y;-,}j/zl,____,m/, we get the
desired partition. The number of blocks in € is clearly less than k. We can thus write the
sum > in the form

22 X 2

n’,m’ (a1,eemyaly) p<kz= ﬁu

(a1> Ot’ /) = 1 p
a X Z &({ijjGﬁs}v{y_;/vjlgﬁ/s}VS:lv7p)
(129)
YlseerYnt
YooY
AL eo{i(o Xo) ) I eo{-i(n X o))
s=1 658 tea; j’eB; t’E(X;_,

The function @ of the sets of clusters {y;, j € 55}, {y, j' € Bg}, s=1,...,p, satisfy both
the conditions (5.2) and (6.2) in the definition of cluster function.

For each partition in the sum (12%) we must now repeat the preceding arguments and
again separate the terms in (12%), which gives rise to a product of p §-functions in the
expression for K, ,. The remainder will again be a sum of the form (12%), and the partitions
involved in it contain fewer than p blocks. Repeating this procedure several times, we arrive
at the expression (4). This proves the lemma.
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Note that in the p-representation, a k-particle cluster operator on lg(i)ﬁgk)) becomes an
operator F for which the kernels

Ko (P1,71), 5 Py Y ) (01, 71) 5 -+ 5 (D Vo)

are nonzero only when
m n

(and thus, m,n < k).

We consider here the spectrum for a one- or two-particle cluster operator in more detail.

Case k = 1. The Fourier transform takes the one-particle operator A acting on Iy (imél))
into an operator A on the space LQ(TV X N(l)) acting by the formula
(13) ANP) = D By @A),

Y ENM
where B(p) = {B, (p), 7,7 € NV} is a family of selfadjoint r x r matrices, r = [N
(N C N is the set of indices  for which N'(v) = k). Let
e1(p) 2 ea(p) = -+ = &(p)

be the eigenvalues of the matrix B(p). Clearly, the spectrum of A coincides with the union
of the ranges of the functions eg:

= U Imeg(p)
-1

If A is the one-particle part of the transfer matrix for a Gibbs field, then its eigenvectors
(corresponding to the eigenvectors es(p) of B(p)) can be interpreted physically as states of
elementary particles (or “elementary excitations”) of a field with quasimomentum p € T".
The energy of these particles is equal to —In |e5(p)].

Case k = 2. Here a cluster operator A on l2(9y) goes into an operator acting on the Loy
space of pairs of functions

(14) {.7), fo(p1s7), P2.72))} =F, v eN®, 3,7 e NO.

The function f2((p1,71), (p2,72)) is symmetric in the pairs of variables (p1,v1) and (p2,¥2)
and satisfies the general condition (2),

/fz((pu%), (p2,72))h(p1 + p2)dp1dps =0

for every function h € Lo(T"). The action of AonFis given by the formula

(AF Za(’) () f1(p,Y)

2,2
+ Y / a2 (0P ps) Fa (0, 31), (P 75)) lph dpy,
V172 pl 4 ph=p

(AF)a((pr, 1), (P2,72)) = D@2 (01 + poi p1, p2) fi(p1 + p2, )
’Y,
2,2
(15) + Z ag’h’Y)ZW{»Vé (plvp?)f?((plv’yi)a (p237£))
Y1:Y5
2,2
+> / b2 (01, p2: P 0b) (P 1), (P, %)) dph dph.

7 /
7172 pl +ph=p1+p2
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Switching to the variables P = p; 4+ p2 and writing p = p;, we can express the space Ly as
a direct integral:

(16) Ly = / Ly(P)dP

of the Hilbert spaces Lo(P), consisting of pairs F' = {f1(7), f2(71,72,p)}, where for each

(1)

pair y1,v2 € M~ we have fa(71,72,p) € Lo(T"), and in addition f, satisfies the conditions

(17) N fo(y1,72,p)dp =0
and
(18) f2(1,7v2,0) = f2(v2, 71, P — p).

The operator Aon L5 can also be decomposed as a direct integral
(19) A= / A(P)dP
of operators A(P), each acting on Lo(P) by the formulas

(A(P)F)1(7) = _as ) (P) Z/ all?)  (Pp) fa(41,7%:p) dp,

/

Y ')’1 ’YQ
~ =(1,2) ~(2,2
(20) (A@EFRO0720) = ) a5, (Pip)Fi(y + 3@ L (Pip) (31, p)
v Y13
+ 2 / & iy (Pip ) (31,75, 9
')’1 ’YQ

where the kernels a(*V, @12 and so on, admit a natural expression in terms of a(*1), a(12) .

We can also express U, as a direct integral of operators U, (P), where U, (P) = e/>") Ep,
and Ep is the identity operator on Lo(P).

The operators (20), sometimes called generalized Friedrichs operators, have been studied
by a number of authors (see [22, 41]). Applying those results to the present situation, we
obtain the following information concerning the spectrum of A(P).

There exists a (unique) subspace Ho C L2(P) which is invariant under the operators
A(P) and U,(P) and such that the restrictions A(P)|3;, and Uy(P)|3, to Ho are unitarily
equivalent to the operators

(AP) ) (r,72,0) = D @22, (Psp)F(31: 75 p),

V1Y%

Us(P) f) (11,72, p) = " P9 F(41, 75, D),

which act on the space LY (T x N’ x N) of functions f(y1,72,p) satisfying (18). The
orthogonal complement Lo (P) & Hy is finite dimensional.
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Denoting by

(21) E§P)(p)Zﬁép)(p)Z"'Zg_((]P)(p)» g=7‘2=|j\/(1)|2,

. (2,2
the eigenvalues of the matrix {a( )
Y1,725715Y2

consists of the union of the ranges of the functions {EEP) (p), p € T"} plus, possibly, a finite
number of eigenvalues

(P;p)}, we obtain that the spectrum of A(P)

pi(P) = pa(P) = ... ps(P),

where s = s(P).

Because the functions a*!),@(12) ... appearing in expression (20) for the operators A(P)
are analytic in the variables p and P, we see that for all P, except possibly for a set Sc,
of P € T consisting of finitely many manifolds of dimension less than v, the eigenvalues
u1(P), ..., us(P) lie outside the continuous spectrum of A(P) and depend continuously on
P. In other words, this means that there exist a finite number of regions G, ..., G, on the
torus T and continuous functions {u;(P), P € G;}, each defined on G, such that for every
PeT¥ P ¢S, contained in the regions G, ,...,G,,, the eigenvalues u1(P),. .., ps(P) of
the operator A(P) coincide with the values of the functions i (P), ..., pj, (P).

Turning now to the complete operator A, we can state the following result.

THEOREM 2. Let a two-particle cluster operator A be given on ZQ(DLRORz). Then there
exists a subspace Ho C lo(IMF?) which is invariant under A and the group {U,}, such that
the restrictions Aly, and Us|y, are unitarily equivalent to the operators

(Aof)((p1, 1), (p2,72)) = Y @22 (p1;p2) F((p1:7): (P2, 7)),
(22) Y15

(Us £)((p1,m), (P2,72)) = expi(s, (p1 +p2)) }f((p1,71), (P2,72))s

which act on the Hilbert space Lo(TY xT" x N XN(l)) of functions that depend on two pairs

of variables (p1,71), (p2,v2) and are symmetric in them. Here the function afi’i)?,y/ o (p1;p2)
V2571972

is defined in (15).

The orthogonal complement [o (93152) & Hp splits as an orthogonal direct sum of a finite
number of subspaces Hj, ..., Hs invariant under A and U, and on which A and U, are
unitarily equivalent to the operators

(Af)(P)=p;j(P)f(P), PeG,,
(U9 F)(P) = P f(P),

which act respectively on the spaces La(G;), where Gy, ..., Gy, are suitable regions on the
torus T and the u;(P) are continuous functions defined on G, respectively. For each
PeT Pe(_, Gj, the values p;, (P),...,u; (P) lie outside the set consisting of the
union of the eigenvalues egp) (P)y---s 5£,P) (p) as p runs over the torus T%.

The (generalized) eigenvectors of A|yx, correspond under the unitary isomorphism Hy =
Lo(T" x T x N x ND) to the eigenvectors I, (p9,p3)d(p1 — p?)d(pa — p3) of the oper-
ator (22), where I,,(p},p9) is an eigenvector of the matrix {a., 15y, (9, P9)} with eigen-

0 0
value &,,(pY, p3) = agﬁp 2) (pY). According to the physical interpretation, these eigenvectors

describe the “free” motion of two particles with quasimomenta pJ,py € T" and energy
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—1In|en (p?, pY)| (“scattering states”). The generalized eigenvectors of the operators Aly;,
j = 1,...,k, corresponding to the eigenvectors e;(FPy)d(P — Py) (Py € G;) of the oper-
ators Xj with eigenvalues p;(Pp), describe the motion of two bound particles with total
quasimomentum p; + ps = Py and energy —In |p;(Po)| (“bound states” of two particles).

Assume further that we are given a two-particle cluster operator (15) in the p-representation
with a small cluster parameter \. In this case, the “principal part” Ag of the operator

(AoF)1( Za"’ () f1(p. )

(AoF)2((p1,m), (p272)) = D afl’?mﬂé(pl;pz)fz((pl,%), (p2,72))

V1Y%

has lower order of smallness in A than the additional terms in (15). If the matrix function
A = {ay, ~piy; 4 (P13 p2)} is assumed to be a function of “general position” (see [3]), it is
possible to effectively describe the number of possible “bound states” H;,...,Hx, and also
the regions G; C TV of the total quasimomentum in which each of them exists. We will
suppose for simplicity that the index - takes only one value, and that the off-diagonal terms
in (15) are zero. The operator (15) then splits into one- and two-particle parts, the latter
being of the form

(Af)(p1,p2) =N° [a(pl»pz; A) f(p1,p2)

- / a(p, ph; A) f (0. py)dp' dpy

Py +py=p1+p2

o B<p1,p2;pa,pa;A>f<pa,pa>dpadpg},

Pl +py=p1+p2

fe E;ym(T” xTV) = {f : / f(p1,p2)dprdps =0 for all P € T”},
p1+p2=P

where A is small, and for all A the family a(p1, p2; A) consists of functions in general position,
which stay away from zero by a finite distance independent of A. Upon subtracting the total
momentum p; + p2 = P, we get the family of operators

(Apf)(p) = Nlapp; N f () — / ap(Ps N f(P)dp" + X | Kp(p,p's ) f(p')dp'],
v TV

where ap(p; ) = a(p, P — p; \), Kp(p,p'; \) = B(p, P —p,p’, P —p’; \), each acting on the

space L,(T") of functions satisfying the conditions

- f(p)dp =0,  f(p)=f(P—p).

We first consider the low-dimensional cases v =1 or v = 2.

Case v = 1. We observe that the function ap(p; A) always has two critical points of the
form p° = P/2, p¥ = P/2 + 7, which we will call the principal critical points. All other
(supplementary) critical points p., € T” occur in pairs per, pL,, where p.. = P — per # Per-
Note that

ap(per; A) = aP(p::r; A)
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and
Kp(Pers Peri A) = Kp(Der, Dy A) = Kp(Peys Pers A) = Kp (Do Deri A)-

It will thus be convenient to regard a pair of supplementary critical points (per, ph.) as
a single point. For the family of functions ap(p; A = 0) (in general position) there can
exist only finitely many caustic values Pfaust ... Pust of the parameter P, at which the
function apeaust (p;0) has a degenerate absolute extremum (which is taken either at one of
the principal critical points, or at a pair of supplementary critical points). Moreover, for
each Pf*"* the degeneracy at the extremal point is such that only the first three derivatives
of the function a peanst (p;0) vanish there. For all sufficiently small A, this behavior is also
preserved for the family ap(p; ). For each caustic value Pf*"st|,_, we define

82Kppaust

B'i = )
Bp(’“)p’ Pp=p’ =per,A=0

which is always real since the kernel Kp is selfadjoint; here p.; is the point at which the
(degenerate) extremum a peaust (p; 0) is reached.
We now consider multiple values Pt ... Pmult of the parameter P (of which there are

also only finitely many), i.e., values such that the functions apcaust (p; A = 0) have at least

two critical points p((;llr), pg), at both of which the function has either an absolute minimum

or an absolute maximum (recall that paired critical points are regarded as being the same,
() and p( ) are not paired). We note that the number m of points P;“““
does not change for small A\, and their positions (like those of the multiple critical points
pg) and pg), vary only slightly for small changes in A. For each value ijult, j=1...,m
we define the (real) quantity

Bj =K pmu (P, p) X =0)+ K pma: (PP, p® X =0)

cr cr

i.e., the points pcr

- KP]F“““ (pgr 7pc%) A= O) KP]F“““ (pcr)vp(:llr) A= 0)

A caustic or multiple value P will be called regular if the associated B; is < 0 and the de-
generate or multiple extremum is a minimum, or if B; > 0 and the extremum is a maximum.
In all other cases we say that Pt or P]‘?aLuSt is irregular. It turns out that for sufficiently
small A, bound states can occur only near regular caustics or regular multiple values P.
More precisely, we have the following

THEOREM 3. Let Py = Pf"st or Py = Pm“lt be a regular value of the parameter P. Then
for sufficiently small X there exists an mterval G CTY, Py € G in a neighborhood of Py such
that for all points P € G the operator Ap has a unique eigenvalue u(P). This eigenvalue lies
to the right (respectively, left) of the continuous spectrum if Py corresponds to a degenerate
or multiple maximum (respectively, minimum) of the function ap, (p,\ =0). The distance
from p(P) to the nearest edge of the continuous spectrum (the gap width) is less than C\*
when Py = P and less than C)\2 when Py = P;“““, where C' is an absolute constant.
For small A\, the only values of the parameter P for which a bound state can exist belong to
the intervals G near the reqular caustics or multiple values of P.

We now turn to the case v = 2. Again, the function ap(p;0) = a(p, P — p;0), where p
and P € T2, has four principal critical points

PCOI‘)O = i7 & ) PCOI‘,,O = ﬁ + 7T7 & )
22 2 2

/ P P o P, P,
PO <_17_2+7T>7 pYo <21+ 22+ )
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P = (P, P,) and, possibly, some paired supplementary critical points (per, pl,), where pl.. =
P — pe;; we will again regard each such pair as a single critical point. Note that in contrast
to the one-dimensional case, for the types of degeneracy possible for a family of functions in
general position when v = 2, the degenerate critical points are not associated with bound
states of the operator A; the latter arise only when the function ap(p; A = 0) has multiple

minima or maxima. Let A" < T2 be the set of P € T2 at which ap(p; A = 0) has at least

min
k distinct critical points corresponding to the absolute minimum. The set Aﬁffﬁx is defined

similarly. For v = 2 and a function a(p1, p2; A = 0) in general position, only A® and A®)

ext ext
can be nonempty (where ext = min or max); moreover, Agi)t is finite, and Agi{ decomposes
into a finite number of arcs Aggﬁ,v ceey Agi)t)s with endpoints at the points PiPle ¢ AS’({, and

Agi{a, A((:Q)t,fﬁ converge at each point PiPle in AL

(2
exactly three arcs A ) < ext

ext, 1

(see Figure 1).

FIGURE 1

It turns out that bound states of the operator A can be present only in some neighborhood
G of the set Agi{, and for each P in G the operator Ap has at most two eigenvalues p(P).
The following figures show all possible structures of the part of G containing the triple point

ptirle Figure 2 shows two regions,
Gsmanl C Ghig,
and for all P € Ggman there are two eigenvalues (here ext = min)
,Ubig(P) < Nsmall(P)~

The eigenvalue fismai(P) vanishes on the boundary of the region Ggman, while ppig(P) re-
mains the same throughout the region Gpig. The “width” of Gyig (and also the diameter of
Gsman) is of the order exp{— const |A\| !}, and Gp;; may be somewhat “elongated” along all

the arcs A% A®  AQ)

: triple
min,1’ —min,2’ —min,3 converging at P .

FIGURE 2
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Figures 3-5 illustrate the cases when only one eigenvalue u(P) exists in a neighborhood
of PtiPle  Tn all cases the width of the depicted region is ~ exp{— const |A\|7'}, and it is
elongated by a finite amount along one, two, or three of the arcs. Another case is also

possible, in which the triple point P%"P!¢ does not lie in G; the case when G contains only
(2)

interior points of one of the arcs A

can also occur (Figure 6).

FIGURE 3

FIGURE 4

FIGURE 5

In all these cases, the eigenvalues u(P) lie to the left of the continuous spectrum of Ap
by a distance ~ exp{— const |\|~1}.

FIGURE 6
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A similar situation is found in a neighborhood of the set Aggx, except that the eigenvalues
1(P) now lie to the right of the continuous spectrum of Ap.

There are some explicit recipes for determining which situation arises, but they are quite
elaborate and will not be given here (see [28]). For dimensions v > 2, small A, and a generic
function a(p1, p2), the operator A may fail to have any bound states at all.

A proof of all these results can be found in [28]. Let us note that in the case of an arbitrary
k-particle cluster operator A, the structure of spectrum of A is qualitatively similar to that
for a k-particle Schrodinger operator: each branch of the spectrum is determined by a
partitioning of the k particles into bound groups (clusters), each of which moves “freely”
(see [36] and [17] for more details).

§8. Asymptotic decay of the correlation functions for Gibbs fields

As an application of the results described above, we consider the asymptotic behavior of
the correlation functions

(1) (Fa, Fata) = (FaFata) — (Fa)?

as || — oo; here (-) denotes an average over a translation-invariant Gibbs field on the lattice
Zv*+1 Fj is a locally bounded functional of the field, and Fa,, = U,F}4 is the translation
of F4 by the vector x € Z¥*1. For simplicity, we will examine only the case when A C Yj is
contained in the zero slice of Z¥*1, and the vector x = (t,0) points along the “time” axis.
Then

(2) <FAFA+,5> = (k7tFA7FA)thys’

where J; = J¢, J is the transfer matrix.

Let us suppose that we have succeeded in finding the highest one-particle subspace H; of
the transfer matrix J, such that the spectrum of 7 restricted to the orthogonal complement
Hi of H; is separated from the spectrum of J on H;:

(2) Supo(J |z ) = ma < inf o(T |, ).
We have the orthogonal decomposition

Fa=F+FV 4+ FY,
where F§ = (Fa), Fxgl) € Hi, ﬁf‘l) € Hi. Then (1) and (2) imply that
(3) (T'Fa, Fa) = (Fa)? + (T'FY FD) + (T FP FY).
The last term is of order
3 O(m3).

Fourier transformation in the space H; takes the element Fl(l)

{f(p,7)}, and the second term in (3) becomes

into the function f =

(4) (JFY,FY) = Z/T b, () f (0, ) f(p, 7" )dp,
el
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where the b _,(p) are the matrix elements of (B(p))" (see (13.7)). Finally, diagonalizing the
matrix B(p) for each p € T", we find that the expression on the right in (4) in equal to

6 > [ el

k

where the fi(p) are the components of the vector {f(~,p)} with respect to a basis of eigen-
vectors of B(p) (with corresponding eigenvalues €5 (p)). Let

my = IgakXIEk(pﬂ = ko (p0) > 0,

where for simplicity we take the largest eigenvalue of B(pg) to be positive of multiplicity
one. If we further assume that fi,(p) is continuous at the point p = pg, then the sum (5)
behaves asymptotically as

| fro (Po)I?

(6) i1+ ol1)

In view of (2') and (3'), the expression (6) does in fact give the asymptotics of the correlation
function (1).

The above computation breaks down if the projection Fxgl) of the function F4 is equal
to zero. This will be the case for the Ising field, e.g., whenever F is an even function (i.e.,
expressible as a sum of even monomials in the variables {o,,z € Z"}). Let us now suppose
that in addition to the one-particle subspace H; we have also constructed a two-particle
invariant subspace Hs for the transfer matrix J, and let

(7) F=(Fa)+FQ + F?,

where ) € Hy, FO) € (Ho+ My + Ha): = H.
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Suppose further that the spectrum of 7 restricted to Hsy is separated from the spectrum
of J on H. Then as above, the asymptotic behavior of the correlation function (1) is given
by

8) (TFP, FY),

where J5 is the part of J on Hy. Two cases may be distinguished:
1) The regular case

(9) ma = sup ex(p1,p2) > sup pu(p).
k,p1,p2 l,p

Here the ej(p1,p2) are the eigenvalues of the matrix {afflf)’)%')’i»'}’é (p1,p2)} appearing in ex-

pression (15.7) for the two-particle cluster operator J», and the p;(p) are the bound states
for jg.

2) The nonregular case, for which (9) is replaced by the opposite inequality.

In the regular case, calculations involving the resolvent of J> (see [18]) show that the
asymptotic behavior of (8) is given as follows:

1)forv=1

A (1 1 o)),
2) forv =2

c(Fa)m

amoe o)
3)forv>3

A (1 1 o)),

where ¢(F4) is a constant depending on Fjy.
In the nonregular case, the large ¢ behavior is given by (6) with m; replaced by mo =
supy p, [ (p)|:
c(Fa)mb

In the case when the vector z in (1) is directed at an angle to the time axis, the large ¢

behavior of (1) for Fzgl) # 0 is of the form (6), where m; = m4(«) depends on the direction
o of the vector z.
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CHAPTER 1V

ASYMPTOTIC COMPLETENESS FOR
INTERACTING FERMION SYSTEMS

In the previous chapters (see 4.0 and 3.1) we have considered the quantum dynamics of
fermion systems defined on a CAR algebra A(H), for an appropriate one-particle Hilbert
space. Our treatment was most complete for a quasifree dynamics, generated by a Hamil-
tonian

H = dr(h),

where h is a one-particle Hamiltonian acting on H (see 3.1). The spectrum of the energy
operator Hgng in the GNS representation for such a dynamics relative to a quasifree KMS
state was seen in 1.2 to consist of finitely many “branches” (“k-particle” branches), each
describing the free motion of k “quasiparticles.” If H = La(R") (or H = 12(Z")), i.e., the
particles move in v-dimensional space (or on a v-dimensional lattice) and the dynamics a(t)
on the CAR algebra is obtained from the free dynamics by adding a small interaction among
the particles, then it behaves much like a free dynamics, provided that the dimension v is
not too small (usually v > 3 suffices, but in certain cases it may be necessary to require
v>4orv>5).

In precise language, this means that there exists a =x-automorphism of the
algebra A(H) taking the dynamics 7(t) into a quasifree dynamics 7°(¢). This implies,
in particular, that for a dynamics with interaction, the operator Hgns gener-
ated by a representation with respect to some KMS state is unitarily equivalent
to the operator H(%NS for the free dynamics (with respect to the corresponding quasi-
free KMS state). Among other things, this means that the spectrum of Hgns still
consists of branches that describe the motion of mutually independent quasi-
particles.

We note that the assumption that the particles interact weakly (and that the dimension
is large enough) is essential, because for strong interactions bound states can appear in
the spectrum of Hgng — these are spectral branches that describe the motion of a group
(cluster) of finitely many mutually bound particles. For one- or two-dimensional particles,
such branches can be present even for arbitrarily weak interactions. The similarity between
7o(t) and 7(¢t) alluded to above can be proved by use of methods borrowed from the general
theory of scattering in quantum mechanics, and it belongs to the circle of problems in
scattering theory generally known as the asymptotic completeness problem (see [36] for
more details).

We will begin by considering some cases involving an interaction in a pure
fermion system. In the last section of this chapter we will analyze the analogous
problem for a system consisting of a fermi gas interacting with another type of
distinguished particle.
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§1. Fermi systems with bounded interaction

1. Mgller morphisms. Let H be a separable Hilbert space and let A(H) C B(Fas(H))
be the CAR algebra for the bounded operators acting on the antisymmetric Fock space
Fas(H) generated by the creation and annihilation operators {a(f), a*(f), f € H} in
Fas(H). Let further hy be a selfadjoint operator on H, Hy = dI'(hg) its second quanti-
zation (see 3.1), and let 70 be the group of *-automorphisms of 2(H) generated by Hy:

(1) 72(A) = exp{itHy} Aexp{—itHy}, A e A(H).

As was indicated in 3.1 and 3.2, this is called the free dynamics on 20(H) generated by the
one-particle operator hg. The fact that 70(A) € A(H) for all t and A € A(H) follows from
the formula

o (a?(f)) =a (e f),  feM

(see (9%.3.2)), where a(f#) is a creation or annihilation operator.
Now let V' be a selfadjoint element in 2((H) and

2) H=Hy=Hy+V
be the “perturbed operator”. The perturbed dynamics 7\ on 21(H) is defined by
(2%) 7V (A) = exp{itHy }Aexp{—itHy}, A e A(H).

That 7Y (A) € A(H) for every ¢ follows from the series expansion
3)  w(A=7(A)+) @) /N [ (DI, (V- [0, (V), 7 (A)]]]] dsa - s,

of the dynamics 7" given previously in 4.0; here for ¢ > 0 we have
AL ={0<s1 < - <sp <,

while for ¢ < 0,
Al ={t<s <---<s, <0}

The series is easily shown to converge for all ¢ with respect to the norm topology on 2A(H).
We now introduce the general notion of Mgller morphisms for an ordered pair (Tt(Q), Tt(l))
of dynamics acting on some *-algebra 2.

Assume that the limits

£ ) .
(4) VI T (A) = lim 72 (7P (A))

t—too

exist (in the norm on ) for all A € 2. The maps

e

) @ ;1)
e A A AL T

(4)

are called the Mgller morphisms for the pair (Tt(Q),Tt(l)).
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LEMMA 1 (intertwining property for Mgller morphisms). If Tt(l) and Tt(z) are two dynamics

on the algebra A, we have the following:
. . () ) @@
a) if the Mpller morphisms vy and vL exist, then

@ SNCOING))

g =hi T
) ) IC) N I
b) if the Mpller morphisms L. erist, then

@0 1)y (2 @0
T+ Te =Ty %

)
. . . (2) (1) (1) ~(2) .
¢) if again both morphisms vL. 7 and~yL 7 ewist, then

@) @M (1) W @
Ty =0+ Ty T+ :

PROOF. Statement a) follows at once from the definition (4). Next,

£(2) (1) .
(2% T )(A) = lim 7 (7B (D (4)))
. F2) @
lim 72 O A)) = 01T 7))

s—+oo

which is just b). Finally, c¢) follows from a) and b).

We now return to the pair of dynamics 70 and 7 (free and perturbed) on the algebra
A(H). Then provided they exist, the Mgller morphisms

(V) (0)

¢ (A) = lim 7Y,(12(A)) = v+ (A)

t—too

-
T+

and (
7% T (4) = lim 727 (4)) = F=(A)

t—+oo

are called the forward and inverse morphisms, respectively.

We now give a simple method which dates back to Cook [see (36)] for proving the existence
of the morphisms 7.

LEMMA 2 (Cook’s method). Let 70 and 77 be a free and perturbed dynamics on the
algebra A. Suppose there exists a dense subset Ay C A such that

5) | o)A <o, A
Then the forward morphisms v+ (A) exist.

PROOF. One checks readily that the element
Ay = 7Y (12(A)) = exp{—it(Hy + V)} exp{iHot} A exp{—iHot} exp{i(Hy + V)t}

satisfies the equation
dA .
St =i (R ([ (V), ).
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Upon integrating over ¢, it follows that

A=A =i [P0, A

t1

Since ¥ and 79 are norm-preserving, we have
t t )

to
140 — An| < / 12, (V), Al de

and by (5) we find that for A € A° the limit . ligl A = v+ (A) exists. It now follows easily
that this limit exists for all A € 2 because the maps 4 are isometric: ||v+(A)|| = || 4]

2. Existence of the forward Mgller morphisms for bounded perturbations of
a free dynamics. In 2(H) we have the dense *-subalgebra A°(H), the set of all finite
linear combinations of monomials in the creation/annihilation operators a* (f) for functions
f € Ly(RY) whose Fourier transforms are in C*°(R").

Consider the C*-subalgebra 2;(H) of A(H) generated by the monomials in the creation
and annihilation operators containing an even number of factors. The elements of the C*-
subalgebra 20;(H) will be called even. The set AY (H) = A°(H)N2A;(H) is a dense x-subalgebra
of A (H).

We introduce the following classes of bounded interactions. Let V = V* and V; be given
by

M;
(6) V= Z Vi, Vi= cxa” (fi(ﬁ)) e a*(fi(,];)”)a*(fi(,:)”_i_l) - ~a*(fi(,]:7)”+ki)»
i=1 k=1
where d and M; are finite, m; + n; > 0, ﬁ(f;) € C*(RY) for all i, j, k (f is the Fourier
transform of f).
We say that V € AY if the sums m; + n; in (6) are even for all 4, and that V € A if
m; > 0 and n; > 0 for all i. Both classes AY and A° are evidently contained in A°(H), and
A? C 2A(H).

REMARK. All the results discussed below remain valid for less restricted classes A and
A; of smooth bounded interactions V', namely those for which V' = V* is of the form

d
(7) V:Z/‘/7;<$17"'7xmi7$mi+1"'"xmi+ni)a’*<$1)"'
i=1

" (T, )0 Xmy41) - - @(Tmyn; ) A2 -« o dTiytnys
with
V. C S(Rmﬁ_nl), mi +mn; > 0.
If m; + n; is even for all 4, then V € A;. If on the other hand m; > 0 and n; > 0, then
V € A. The theorems in this section will be proved for the most part only for interactions
in A° or A?, and only brief comments will be made concerning the corresponding proofs for
interactions in A, A;.
In (6) and (7) we write, respectively,

Mmax = MaXM; = Maxn,,
3 3

Mmin = MinMm; = minn;
3 7
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(that max; m; = max; n; and min; m; = minn; follows from the selfadjointness of V).

We also introduce the following class H of one-particle Hamiltonians h on La(RY). We
say that h € H if the operator h (in the Fourier representation) is given by multiplication
by a function h(k), h € C*(R"), k € RY, and h and its first two derivatives are bounded
by a polynomial on R”. In addition, we require

diSt(Sh, Gh) > 0,

mes Sy, = mes Gy, =0,

where Sy, = {k: Vh(k) = 0} is the set of critical points of the function h, and G, is the set
of k € R for which the matrix of second derivatives of h is singular.

We note that the class H includes the nonrelativistic Hamiltonian —A + u, as well as the
relativistic Hamiltonian (—A 4+ m?)Y/2 m > 0, both acting on La(RY).

We will henceforth assume that the free dynamics 7 is generated by a one-particle Hamil-
tonian h in the class H.

THEOREM 3 (existence of forward Mgller morphisms). Let v > 1; then for V. =V* € A;
the morphisms

v+ (A) = lim T‘_/tTtO(A), A e H(H)

t—+oo

exist.

PROOF. The cases v = 1,2 differ slightly from the case v > 3, so let v > 3. By Cook’s
method, it is enough to exhibit a dense subset A C 2A(H) for which condition (5) is satisfied.
Let 20 = A°(H), i.e.,

A° = D{a*(f1)...a*(fm)a(g1) .. .algn), m,n >0,
fid, €CR(RY), i=1,....m, j=1,...,n}

where D{-} denotes the linear span of the set {-}.

If we show that (5) holds for A = a#(f), where f € C§°(R”) is an arbitrary function,
then since 7,77 is a *-automorphism for any fixed ¢ € RY, it will follow that v (A) exists
for all A € 2°.

For A = a(f) we have

I (V), All| = I72,(V), All| < |l[a(e™ f), V]|
d M; m;
= I D e )
(8) i=1 k=1 j=1
< a*(f{) . at(f8) e (f)
(k) (k) cV, f)
X a(fim11) - a(fimiin;) ‘ < ENZE

where the symbol ~ over a*(f; ;) means that this factor is to be omitted. Then by the
method of stationary phase (see, e.g., [3]),

C(f. 1)

(k) ith
(9) I(fiy e )l < W,
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where C(f, fi(?) is a constant and

d M; m; mi+mn;
(10) =SS ele £ TT 181 < oo
i=1 k=1 j=1 l#j

Since the right-hand side of (8) is a function in L (R%), v+ (a(f)) exists by Cook’s criterion.
The case A = a*(f) is treated similarly.
For v = 1,2 we choose the dense subset 2A° in 2((H) to be

= D{a*(f1)...a*(fm)a(g1) .. a(gn), m,n>0, fi,G; €CC(R"\ Sh)}.

For the function f; € C&(RY \ Sp,) we integrate by parts ¢ times for |t| > 1 to get the
estimate

Co(f, 1)

ith ¢(k)
(11) e f5) < =

)

where the constant Cy(f, fi()];)) still depends on ¢. Taking ¢ > 2, we get a function in
Li(R\ [-1,1]) in (8).

This proves Theorem 3 for an interaction in AY. To prove it for V' € A;, we note that only
the estimate (10) needs to be verified. For this, it suffices to write the interaction V' € A; in
the following form:

(12) V= ZZ > Ny, .o Ny, )a™ (en,) - .a*(en,,,)

i=1 N; Nijtng

X a<€Nmi+1) s a(eN7ni+ni)’
where ey, || =1, en;, € Cg°(R"), and the N; run over the countable set \; moreover,
(13) ZZ > lei(N1, o Nonyyn,)| < 00

i=1 Ny N, it

and for all N, N’ € N and f € C§°(R") we have the bounds

it c(f)
(14) |(€N76 hf)| < <1+ |t|)67
it ¢
(15 (exve )| < e

where C(f) is a constant depending only on f, and C and § are absolute constants with
0>1.

It is easy to see that (12)—(15) imply the bound (10).
Let us now prove that V' € A4; can in fact be represented in the form (12). Assuming first
that the Fourier transforms of the kernels V; satisfy

Vi € Cg°(RV(mitni)y,
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we can choose L such that supp‘N/i C [~L, L]*tmitm) for every 4. Let

k(k) exp{2min}
dn, ’

(16) en(k) =

where k(k) € C§°(R) satisfies 0 < k(k) < 1 for all k and k(k) = 0 for |k| > B. The constants
d,, are chosen so that |le,|| = 1.
Choose A and B so that L < B < 2L < A. Then

D;
(17) Vi=>_ a@) [T en, k),
~ j=1
where N = (n1,...,np), D; = v(m; +n;). Clearly, for every q there exists a constant C(q)
such that
Clg) ~
18 vl < =2, N|= ng|.

(2

Plainly, for ¢ > max; D; we have the estimate

Z le;(N)| < 0.
N
For the functions

EN = Henj(kj)a EN' = Hen;(kj)
j=1 j=1
N=(ny,...,n,), N' =(n},...,nl)

v

we have the following estimates, uniformly in N, N’ € Z":

it ¢
(19 enve™en)| <
i c(f)
(20) |<€N’ € thf)| < (1 + |t|)1//2—5’ ’

where the constant 6’ > 0 can be chosen arbitrarily small, C = C(v,¢"), C(f) = C(f,u, ).
Inequalities (14) and (15) now follow upon taking § = v/2 -6 >0forv > 1,46 < 1/2 in
(19) and (20).

On the other hand, if V; € S(R(™i*m1)v) then we use a partition of unity

(21) S ag(k) = 1,
N

where diam supp a7 < const uniformly in N. We can then express the kernel ‘71 as a sum
‘Zaﬁ of kernels with compact support, and using the analog of (10) for the ﬁaﬁ, with
suitable translations of the functions ey, we can repeat the previous proof.

This concludes the proof of Theorem 3.
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3. Existence of inverse Mgller morphisms for small bounded perturbations of
the free dynamics. To prove the invertibility of the forward Mgller morphisms, it suffices
to prove the existence of the inverse Mgller morphisms. As in the case of ordinary wave
operators, the proof that the inverse Mgller morphisms exist for k-particle quantum systems
is considerably more difficult than the existence proof for the forward morphisms.

THEOREM 4 (invertibility of the forward Mgller morphisms). If v > 3 and V =V* € A;,
then there exists an €9 > 0 such that when |e| < eg, € € R the forward Mpller morphisms

v4(A) = hm =V r0(A), A€ A(H),
exist and are invertible, and
(22) V =yrdyi',  teR
COROLLARY. Let v > 3. Then for V.= V* € A; there exists an €9 > 0 such that for
le| < &, € € RY, the C*-dynamical systems {A(H), 70} and {A(H), 7V} are equivalent.
We preface the proof of Theorem 4 with two remarks.

REMARK 1. In contrast to the forward Mgller morphisms, when v = 1,2 the inverse
Mgller morphisms may not exist for any nonzero value of the coupling constant . An
example may be constructed as follows.

EXAMPLE. Let V = —a*(fo)a(fo); then 75V € V is again a free dynamics, generated by
the operator h. = h + Py, where Py is the projection on the vector fy. For A = A% (f) the
inverse Mgller morphisms look like

(23) T2 (A) = T 70V (a#()) = a* (W),
where Wi are the ordinary invertible wave operators. It is well known that if h = —A and

the function fo is such that fo € Cg°(R¥) satisfies
(24) folk)dk < oo,
RV
then the operator h. has an eigenvalue A. < 0 (with eigenvector e.) for arbitrarily small €.
Therefore Wye. does not exist, and hence neither does J+(a? (a.)).

REMARK 2. In Theorem 4 with v > 3, the essential reason for requiring ¢ to be small
is to rule out bound states, which may be present for large . The previous example with
v > 3 and large || illustrates this phenomenon.

PROOF OF THEOREM 4. By Cook’s criterion and the remark made in the proof of The-
orem 3, to show that 4, exists it suffices to prove that

7" (V), a® (NIl € La(R4),

that is, that
|1 W)t il < o
for all f € C§°(RY) for both values of #.
Using equation (5.4.0), we obtain
/0 7Y (V). a® (£l dt < /0 Il (V). a® (£)]]] dt

(25) o -
+Z|s|"/0 /A I[a® (), 72 (D) 72 (V), 22(V)] .. ||| dsu - . . dsy, dt.
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LEMMA 5. There exist a constant C = C(V,v) independent of f, and a constant C(f,V)
such that the following estimates hold:

(26) / Tt ()l ds < C - O V;

[ M0, 58 L 8, 0720 Dl s

< C"HLO(f, V).

(27)

REMARK. Evidently, Theorem 4 follows from Lemma 5 with ¢g = C 1.

PROOF OF LEMMA 5. We first estimate the integrand in (27) by a sum:

(27%) 1™ (), e, (V) L [ (V) 7)< DY Wa(sts - 8ms8),
G

where ) . is taken over all admissible diagrams with weight W¢. These admissible diagrams
G and their weights will be described below. We now estimate

/000 (/AS [ZWg(sl,...,sn,s)} dsl...dsn) ds < C"TLC(f,V)
]

by means of a special technique for estimating sums of diagrams. To each s;,7=0,...,n+1,
where s,+1 = s and sg = 0, we associate the vertex with subscript n + 1 —i. We have

M
(V)= 3D ea (@ fir) (@ fim,)
(28) i=1 k=1

k
x a<ei8jhfi,mi+1) s a(‘?ithfi,mH'm)'

Expression (27%) is an (n + 1)-fold commutator, which we will expand out in n + 1 steps.

In the first step, we work on the innermost commutator [70 (V),7{ ,1(V)] and use the

Sn
canonical anticommutation relations to move the creation and annihilation operators in

70 (V), i.e., the factors a¥ (e’*»" f; ;) past the operator 70 (V). In other words, we use

the formulas

a(f)alg) = —alg)a(f),
a(f)a*(g) = —a*(g)a(f) + (f,9)1
and their analogs for a*(f). This shuffling process gives rise to new factors of the form
(29) (€isnhfi7_j, ei8n+1hfi,,jl)

or their adjoints. The generation of these factors will be called “pairing”, and they will
be shuffled one by one: first we move the leftmost creation/annihilation operator a? (f) in



220 4. ASYMPTOTIC COMPLETENESS FOR INTERACTING FERMION SYSTEMS

each term in 70

produces a term

(V) past the entire operator 70 || (V). In each pairing the operator a#(f)

(30) (e fi g, €l fir i)W,

where W is a monomial in the creation/annihilation operators a#(e’*n"f; ;) or
a# (e +1hfy ;). These terms will henceforth not be further disturbed, and instead we
shuffle the next operator a#(f) in 70 (V) past 70, (V), again picking up a set of terms of
the form (30). Continuing this process and noting that since V' is even, the unpaired terms
are reduced to 70 (V)77 (V), we see that the commutator Wy = [r0 (V),70 (V)] is a
sum of terms of the type (30). To each such term we associate the edge (s, Sp41), with
contribution (29).

Continuing, we can represent the commutator [r) — (V),W1] by means of an analogous
shuffling procedure, in which creation/annihilation operators of the form a# (e?*»-1" f; ;) are
moved past W7. At the second step we get some factors of the form

(eisnflhfi,j, eisn+lhfi’,j’)

or ) .
(=" fi g, € fir jo).

In other words, the commutator [r?

s (V),W1] is a sum of terms

(el f5 et £2 ) (e ) et W

3

where Kk = n or n + 1, and W is a monomial involving creation operators of the form
at (etsn=1h f) ¥ (elsnl f7) a# (el*n+1" f'). We associate the edge (s,_1,5%) to the factor
(eisn'*lhfi(j-), eish 1-(,23-,). Continuing this procedure, we get at each step v an edge (s, Sy ),

where v/ = v'(v) > v, with a factor of the form
Tyt = (eisu hfi,j, eisulhfi’,j’)-
Clearly, for all 1 < 7,7,47,j' <d, 0 <wv,v" <n+1 we have the estimate

C

(30%) |ro,v| < ;
(|SU - Sv/(v)| + 1)6

where 6 = v/2— 06" > 1, ¢’ is an arbitrarily small constant, and C' > 0 does not depend on 4,
4, ', 4, v, v, 8y, 5. In the last step we shuffle the operator a¥ (f), so that the (n 4 1)-fold
commutator

a* (N, (V) [70, (V)7 (V)]

is now expressed as a sum of terms of the form

(31) Hr(v,v')w,

where W is a monomial in creation /annihilation operators of the form a# (e?*»" f), and the
set {(v,v")} forms a diagram G with vertices at the points 0 = 59 < §1 < +++ < Sp41 lying
on the real line and listed in increasing order. From each vertex s, there is exactly one
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right-directed edge (s, S.r), i.e., one such that v’ > v, and at most 2mmpyax edges (s, Syr)
going to the left (v < v). Such a diagram G will be called admissible. Noting that the
number of monomials of the form (31) corresponding to the same diagram G is at most
Cy, and the norm of each monomial is also bounded by C7', where C; and Cy are absolute
constants, we obtain finally the estimate (27%), where the sum on the right in (27%) is over
all the admissible diagrams G described above, and the weight W is given by the formula

C
(|SU - Sv’(v)| + 1)6

We = (CoC)" [
It follows from (27%) that the integral (27) is bounded by
/ ZWG S1y.v+y8n,Spy1)dst .. .dsy
n+1
= ()" dsy...dspt1,
"X it s

AT @)} v

(32)

where each v corresponds to a unique number n+1 > v'(v) > v and the sum ),y is over
all sets {v'(v), v =0,...,n} such that at most 2mmax of the numbers in {v'(0),...,v'(n)}
coincide with [, where [ takes the values 0,1,...,n+ 1.

The next lemma will be used to estimate the total contribution from all the diagrams.

LEMMA 6. Let g € L1(R), g(t) > 0 for all t € R*. Then for all n we have the bound

(33) /A ( > ot — tow) )dtl...dtn+1§C"[/Rg(t)dt]n+l,

{v'(v)} v
where the sum Y is over all sets of admissible diagrams, and the constant ¢ > 0 is indepen-
dent of n.
Lemma 5 clearly follows from the estimates (32) and (33).

PrROOF OF LEMMA 6. We consider the Riemann sum approximations to both sides of
inequality (33) and prove that for them, (33) holds for any d satisfying

d"( > > et~ tv,(v))) < dn+1cn<zg(s)>n+1

0<t1<-<tn {v/(v)} v 570

(Z 3 ﬁg@i)),

81750 Sn,+17£0 =1

(34)

where d is the step size used in the approximation. The sum in (34) is over all ;,s; € Zg,
where Z; is a one-dimensional lattice with spacing d.

We will use an algorithmic procedure to show that for any set (sg, ..., sp+1) with sg = 0,
to the corresponding term on the right in (34) there are associated at most C™ admissible
diagrams on the left-hand side, with contribution

g(s1) - g(8n+1)-



222 4. ASYMPTOTIC COMPLETENESS FOR INTERACTING FERMION SYSTEMS

The algorithm stops after at most 2myaxn steps, which we enumerate
(L, 1), ..., (1, 2mmax), - -, (0, 1), .y (0, 2Mipax)-

At step (1,1) we take s; and construct an edge from the first vertex in s1; we have thus
constructed vertices 1, s; and an edge joining them. We now continue inductively. Assume
that edges of length s1,..., s, have been constructed and that we have reached step (3, j);
we now proceed according to the following rules:

1. At each step we either construct one edge, or else we do not construct any edge (and
correspondingly, one vertex or no vertex at all).

2. If an edge is not constructed at step (i,7), then no edge will be constructed in the
subsequent steps (i,7'), j' > 7.

3. At step (i, 1) we choose one of the vertices v; already constructed, and in the subsequent
steps (1,1),...,(1,2mmax) We can construct edges only from the vertex v;. We say that v;
is “used” at step (i,1).

4. The choice of the vertex v; is uniquely determined by the following rule: v; is the first
(has the smallest index) of the vertices that have already been constructed but have not
been used in the preceding steps, with the exception of the zero vertex; if all the vertices
constructed have been used, then we pick a new (not previously constructed) vertex with
smallest possible index (excluding the zero vertex).

5. The algorithm stops either at step (n, 2mmax), or when there are no unused vertices,
or when all n edges have been constructed, i.e., all the s1, ..., s,+1 have been exhausted.

Evidently, any diagram G can be constructed using this algorithm, and each set s1, ..., Sp41
will be used at most CV times, where C' depends on myax, since at steps (i, 1), . . ., (i, 2Mmax)
(for each i, 1 <14 < n) the algorithm can branch only in the following ways:

a) an edge can go to the right or to the left;

b) during these steps, at most 2mmax edges can be constructed from the v;th vertex;

¢) if the edge is directed to the right, then it may terminate in the zero vertex or it may
not.

Inequality (33) follows from (34) by letting d — 0. This proves Lemma 6, and hence also
Theorem 4 for an interaction V in the class AY.

To generalize the proof of Theorem 4 to interactions of class A;, it is clearly enough to
express V € A; in the form (12) in such a way that the estimates (13)—(15) are satisfied,
and it was shown in § 2 that this is possible. Theorem 4 is thus completely proved.

4. Unitary equivalence of the Hamiltonians for a free and bounded perturbed
Fermi gas in the ground state. In the previous sections we proved the existence of the
Mgller morphisms as *-automorphisms of the CAR algebra for two dynamics: the free Fermi
gas, and a Fermi gas with a bounded interaction. In the case of an interaction V € A, i.e.,
when each monomial in V' contains annihilation operators (appearing as always to the left
of the creation operators), the vacuum ) € F,, as remains a ground-state vector for both
the free and the perturbed dynamics (there is no “polarization” of the vacuum), i.e., the
ground states for both dynamics are of the form

(A) = (AQ,Q), A€ AH).

The GNS representation of the CAR algebra constructed from this state is defined in a

Fock Fermi space, and the operators HgNS and Hé}/NS for the free and perturbed dynamics

coincide with the Hamiltonians Hy = dI'(h) and Hy + V, respectively. Thus in essence we

need to determine when the operators Hy and H acting on F,s are unitarily equivalent.
We prove the following theorem.
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THEOREM 7. Let H = Lo(RY,d"x), Hy = dU'(h), H. = Ho + eV, where h ¢ H, V € A.
Then for v > 3 there exists an g9 > 0 such that when |e| < gq the forward wave operators
exist and are invertible, and

— _ : 7it(H0+€V) itHo
(35) Wy =s tllrinoo e et
(36) Ho +eV = WiH()W:El.

REMARK. For an interaction V € A; N A, Theorem 7 follows from Theorem 4. Indeed,
because there is no polarization of the vacuum in this case, i.e., V = 0, we have

(37) 6it(Hg+V)Q _ eitHOQ e

for all ¢.
Therefore, for

(38) A=a*(f1)...a*(fn), fi€CC(RY),

the limit

1im e—itHoeit(Ho-‘rEV)AQ
t—+too
_ tl}gloo e—itHoeit(Ho—i-aV)Ae—it(Ho—i-aV)eitHoQ _ &:l: (A)Q
exists by Theorem 4 for sufficiently small €. But since linear combinations of vectors of the
form AQ, with A given by (38), are dense in F,s, the inverse wave operators exist. The

same is evidently also true for the forward wave operators.

PROOF OF THEOREM 7. Again, there is no polarization of the vacuum when V € A;
however, we cannot use Theorem 4 here because V' may contain odd monomials. But we
can use the idea of the proof of Theorem 4.

Let

q)N:(SDO,(Pla---a(PN,(),---)6-7:0,570, @kECSO(RUk)

The inverse wave operator W, ®y is expressible as a perturbation-theoretic series

(39) n=1 vt

Wﬂ: = tl}+moo W+(t)7
where A%t = {(t1,...,t,), 0 <ty <tg < - - <t, <t}
V(t) = etHoyeitHo,

The integrand is a product of Wick monomials and can be expressed as a sum

(40) V(tn).. Vi, =Y Valtr,... tn)
G
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of Wick moments indexed by Friedrichs diagrams (see §2 below). But there are too many
of these diagrams, so we will use another expansion, in which we in fact carry out a partial
resummation of Friedrichs diagrams. We write the vector ® as a polynomial P in the
creation operators, applied to the vacuum vector €2, and insert this expression for @y into
equation (39).

We further associate to the monomial V' (¢,) the vertex v of some graph and single out
the right-most annihilation operator in V'(t,) of the form a(f*)(t,)), where

FO (k) = et p)

which, by using the anticommutation relations

@) a(fOt))a (f (b)) = =a*(F (E))alf @ () + (FO (t0r), £ (1))

can be moved over to the right so as to act on the vacuum vector Q.

During this shuffling, one of the two terms on the right in (41) is generated. If it is the
first term, we continue the shuffle, while if the second term is generated (i.e., there is a
pairing) then we say that a line (v,v’) of the diagram has been generated. If no pairing
occurs when the annihilation operator is moved over to the right, then the term gives a zero
contribution because a(f)Q2 = 0 for all f € H. We thus get precisely n edges (v,v'(v)),
v =1,...,n. If a pairing occurs with a creation operator in the polynomial P then we say
that v'(v) = 0.

Evidently, we have

C
(1 + |tv - tv’|)u/2.

(42) |(f(vl)(tv’)7 f(v) (tv))l <

Consider the resulting graph G with vertices n,n+1,...,1,0 and edges (v,v’(v)), which
by construction is connected. We denote the class of all such graphs by C%;.

We note that the graphs in C%, differ from the corresponding admissible graphs described
above only in that the zero vertex may belong to several edges (not just one), but in any
case this number is at most N.

It is easy to see that in this case we have the estimate

(43) IV (tn)...V(t1)®n| §0(<I>N)CN< > H 1+|t — (o )|)6)'

{v'(v)}eCy v

LEMMA 8. Let g € L1(R), g(t) > 0 for all t € R*. Then for all n we have the estimate

(44) /A ( > et /(v)dtl...dtnSN!C"</Rg(t)dt)n,

{v"(v)}eCy, v
where the sum Y is over all sets of admissible diagrams, and the constant ¢ does not depend
on n.

The proof of Lemma 8 is completely analogous to that of Lemma 6, and Lemma 8 implies
Theorem 7.
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5. Unitary equivalence of the Hamiltonians for the free and boundedly per-
turbed Fermi gas in KMS states. We consider a free Fermi gas with dynamics 7 defined
by a one-particle Hamiltonian h = —A+ i on the space La(RY), and its unique S-KMS state

<>% on the CAR algebra. Assume further that we are given an interaction V= V* € &

generating the dynamics 7 (see (2%)). We have the next lemma, which is proved in [49].

LEMMA. For the dynamics 1) there exists a unique 3-KMS state <>g It is given by

(F*AF)S,

<A>}3/ = W7

where the element F' € A is defined by

F 3t o—B/2(Ho+V) ,6/2Ho
(45) o0 B/2 ps1 psn-1
:1+Z/ / / o (V)T (V) ot (V) dsy ... dsy,
o170 o Jo

and the series (45) converges in norm.
DEFINITION. A C*-dynamical system (2, 7) is said to be L;(A°) asymptotically abelian
if

(40 [ iam @ < o

— 00

for all A, B in a norm-dense *-subalgebra 2" of 2.
The KMS states are related to Mgller morphisms in the following simple way.

ASSERTION 10 (see [49]). Let (A(H),7Y) be L1(A°) asymptotically abelian. Then for
every V. =V* € A% the forward Mgller morphisms

Ya(d) = Tim 7V(70(4), A€ AMH)

t—=*oo

exist, and if (-)v is a (1V,3) KMS state with 3 # 0, then (y+(-))v is a (10, 3) KMS state.

Note that (;(H),70) is L1 (AP (H)) asymptotically abelian, where 7 is generated by the
one-particle Hamiltonian h.

THEOREM 11. Letv >3, 840, and V =V* € A;. Then there exists an eg = eo(V,v) >
0 such that for |e| < g the operators HgNS and Hé‘{ls constructed from the corresponding
KMS states are unitarily equivalent.

PROOF. By Theorem 4, there exists an g9 = ¢o(V,v) > 0 such that for |e| < eg the
Mgller morphisms 74 exist and are invertible. It follows from Assertion 10 that (4 (+))ev is
a (17, 3) KMS state on 2;(H); but such a state is unique (see [49]). By the gauge invariance
of (-} and (). we have

(47) (v (A))ev = (A)o

for all A € 2A(H).
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We now define the operators Uy : H g — VEXs by
(48) Ux(m0(A)Q0) = mev (72 (A))Qev,

where for brevity we have set mo = 7.y, Tev = 7y, Qo0 = Qy,, Lev = Qpy
The operators UL are unitary. Indeed,

eV’

(Usmo(A)Q0, Usmo(B)Q0) = (mev (74 (A)) v (72(8)) Qv (72(B))Qev)
= ((7=(B)) v£(A))ev = (7= (B*A))ev
= (B*A)o = (m0(A)Q0, m0(B)Q).

Clearly, RanUy = HGNS and the invertible operators U Lare given as follows:

(49) Uz (mev (A)Qev) = mo(7z ' (4)20)

for all A € A(H).
By the definition of HQy\g and HEXg, we have

citHSxs m0(A)Qo = o (1 (A))Q0,
e”Hé‘{“SWav(A)st = mev (7Y (4)) Qv

Hence since 75Y (A) = y+707v5 ", we have

Ut e Maxs Upmg (A)Qo = Up teMexs oy (14 (A)) Qev
= U£ TeV (Tt ('Yi(A)))Qev = WO(’Y;:thEV'Yi(A))QO
= 1o (2 (A))Qp = € HENs 0 (A)Qp.

Thus,
(50) eitHens = UpleHaNsy,,  teR,
and consequently,

(51) UL HERsUs = Hins.

6. The operator Hins on the Hilbert space Hans. Let (H gm0, Q0), (HENs: Tev,
Q.v) be cyclic representations of 2A(H) with respect to the 5-KMS states (-)¢ and (-)cv,
respectively. Let Hyg and H(E}KIS be the generators of the unitary groups acting on H&yg
and HZ{g and induced by the dynamics 7 and 75" on 2A(H).

We define the operator U: HE\s — Hexg by

(52) Uﬂ'gv(A)QEV = Cgvﬂo(AF)Qo,
where

(53) C.y = (F*F),
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and F' is given by expression (45). We observe that U is unitary. Indeed, for all A, B € A(H)
we have
(Unev (A)Qev, Urrev (B)Qv) = C2 ((BF)*AF )
== C§V<F*B*AF>0 = <B*A>5V = (ng(A)Qav,Trgv(B)ng).

We will assume that the perturbation €V is polynomial in the creation and annihilation
operators a” (f), where F is an analytic vector for the operator h (see [49]). For small € the
element F of the C*-algebra 2A(H) is invertible, and (see [49])

F~1 = ¢—B/2Ho ,B/2(H+eV)

B/2 Sn DY
— 143 (o) / / / ti0 (V) 7iss (V) oo 7is, (V)ds1 - . dsp.
0 0 0

Therefore, the inverse operator U~1: Hyg — HsGVNS acts by

(54)

U tmo(A)Q = Cmey (AF 1oy

ASSERTION 12. The operator Hé‘ﬁs defined on the space H%VNS is unitarily equivalent to
the operator H' acting on Hans by

(55) Hlﬂ'o(A)QO = H(O}NSTF()(A)QO + i€(7T0(VA)QO - WO(AVB/2)QO)7
Jor all A € A(H) such that mo(A)Q € D(HQyng); here Vg = T?B/Q(V) € A(H) and
D(HQys) is the domain of the operator HOyg-

PROOF. We will prove that the operator in (55) coincides with the operator U HEX U 1.

We have
(56) UHEsU ™' mo(A)Q0 = UHEKs (Cof ey (AF ™) ey)
= C} Un.y (i[Ho + eV, AF'))Q.v.

Manipulating (56) further, we obtain
UHEsU ™ mo(A)Q = mo(i[Ho + eV, AF 1 F)Qg

(57) = mo(i[(Hoy + V) A])Qo — mo((1AF ™ Hy + V) F)Q
= mo(i[(Ho + V) A])Q — mo(iAT;5/2(Ho + V),

since

(58) F~Y(Hy+ eV )F = e B/2Hocf/2(HoteV) (F) 4 cV)

e~ B/2(Ho+eV) B/2Ho _ ,—B/2Ho (Ho + Ev)eﬁ/zHo = ceB/2Hoy oB/2Ho | H,.

Here we have used the following facts: 1) the operators Hy + eV and eEAHo+eV) commute;
2) we have

(59) eP/2(HoteV) o=f/2(HoteV) — | )

on the set of analytic vectors of Hy in F,s(H); 3) the operators Hyp and e+h/2Ho commute;
and 4) we have

(60) e—B/2Ho ,B8/2Ho _ EFaS(H)

on the set of analytic vectors of Hy. Formula (55) evidently follows from (57) and (58).
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§2. Asymptotic completeness for interactions with
vacuum polarization (linked cluster theorem)

In subsection 5 of the previous section we considered a perturbation V € A of the free
Hamiltonian Hy that preserves the vacuum: V{2 = 0, and we established under some general
hypotheses that the operators Hy and Ho+V acting on F,(H) are unitarily equivalent. In the
present section, we consider a more general perturbation V' € A; which no longer preserves
the vacuum. In this case, strictly speaking, the operators Hy and Hy + €V are no longer
unitarily equivalent, but this is not very important: for small & there exists a real A; such
that the operator Hy + €V is unitarily equivalent to Hg + A\.V, i.e., the spectra of these
operators differ only by a translation.

On a formal level this fact is well known, e.g., from the famous “linked cluster” theorem,
which is a basic computational tool of perturbation theory in many-body quantum theory.
The main result of this chapter is the proof of this theorem. This will allow us to rigorously
establish all the formal consequences presented in the classical books by K. Friedrichs [42]
and K. Hepp [44].

We will consider the following two situations:

1) Fo = Fas(L2(R")) is the antisymmetric Fock space over Ly(RY), v > 3, H = Hy+€V,
where Hy = dT'(h), or in the k-representation

(1) Hy = / h(k)a* (k)a(k) d”F,
and V € A;, with either
h(k) = (K> +m®)Y2, m >0 (relativistic case),

or

h(k) = Lk*, L >0 (massless case).

Since V = V* € A(H), we have that H = Hp + €V is a selfadjoint operator on F, with
the same dense domain of definition as Hy.

2) Fo = Fas(12(ZY)), Hy = dT'(h), h = —A + u, where A is the lattice Laplacian, p > 0.
We express the operator Hy in the k-representation. The Fourier transform takes lo(Z")
into La(T"), where TV = [0, 27" is the v-dimensional torus, F, = Fas(L2(T")), and

2) Ho = / h(k)a” (W)ak)dk,

v
(3) h(k) =Y 201 —cos(k:)) + p, k= (k... k).
i=1
Since we are assuming that p > 0, the spectrum of Hy is nonnegative. In the present
case we limit ourselves to an interaction V € A; of the form

d
(4) V=> ca*(fin). a (fim)alfimt1) - a(fimitn,),
=1

where m; + n; is even and f; ; € C*°(T%) for all 4, j.

Although all the results proved below are valid in both cases, for ease of exposition we
will give the proof only for case 2).

Later, in subsections 5 and 6, we will dispense with the requirement that the one-particle
Hamiltonian be nonnegative (i.e., the condition p > 0).
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1. Friedrichs diagrams. Algebra of Wick exponentials. The operations I'L
and I'. We consider the vacuum (ground) state

(5) (4) = (AQ,9)

on the C* CAR algebra (L2 (T")); this is a quasifree gauge-invariant state.

The effect of the Wick ordering with respect to this state (see Chapter 2) is simply to
reorder the factors so that the annihilation operators appear to the right of the creation
operators and the rule of signs is observed. In other words, the Wick ordering has no effect
on monomials of the form

W =a"(f1) @ (f)alfons1) - - afonin):

The product of several Wick monomials can be expanded as a sum of Wick monomials.
The relevant rule is easily formulated in the language of diagrams. To a monomial

W; = /wi(kih vy Kimg s Kimat1s - Kimgtng)

(6) @ (kin) - a* (kim )a(komss1) - - a(om. 4ms)
X dkll . dklml dkimi+1 . dkzmanl

we associate a diagram G; with m; labeled left (right) legs, where the jth left leg corresponds
to a*(k;;) and the jth right leg to a(Kim,+;)-
Then

(7) WiW,.. . We=> W,
G

where the sum is over all possible pairings (giving rise to the diagram G) in the disjoint
union of the diagrams G;, and

(8) We = /sz HdkinI5(kij — kirgr) : H//a#(kij) (=)™,

where the product [] is over all lines (paired legs i, j and ', j') of the diagram G, and
[1” is over all the unpaired legs. Formulas (7) and (8) are easily proved by using the
anticommutation relations to move each annihilation operator to the right of the creation
operators. Then 7(G) is equal to the total number of such transpositions.

The following example will clarify our notation:

Wi = a*(f1)a(f2), Wo = a™(f3)a™(fa)a(fs),
WiWy = - WiWy: +Wy — - — Wy
= a"(f1)a"(fs)a™(fa)a(f2)a(fs)
+ (fsf2)a™ (fr)a™ (fa)a(fs) — (fa, f2)a™(f1)a" (f3)a(fs)-

Alternatively, we can express this graphically as
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Note that : W1 W5 : is the term in the expansion of W1 W5 in which no pairings are formed
when the annihilation operators are moved.

We introduce the following terminology:

(Wi,...,Ws). is the sum over all connected diagrams G in (7);

(Wi,...,Ws)o,0 is the sum over all connected diagrams without external legs in (7);

(...) = (...)c(---)o,o is the sum over all connected diagrams in (7) with at least one
external leg;

(...)or is the sum over all diagrams in (...)r whose external legs involve only creation
operators.

We will need some algebraic properties satisfied by series involving Wick monomials.

Given a formal power series

A= Z xmynAm,nv

m,n

where the A,, , are Wick monomials, we define
A= mey” At
m,n

ASSERTION 1. Let

A= Z xmynAm,m B = Z xmyan,n

m,n m,n

be formal power series in even Wick monomials A, Bmn (M +n is even). Then the
identities

(9) A:expB:=:(A:expB:).expB:,
(10) cexpB:A=:(:expB: A).expB:
hold, where as before (-). indicates that only connected diagrams are considered.

The proof reduces to simple combinatorial arguments, in which the coefficients of like
powers 2™y" are compared (see [42, 44]).

DEFINITION. The left connected product W1 £ : Wy... Wy : (respectively, right con-
nected product : Wa ... W, : XW7) is the sum of all Wick monomials in Wy : Wa ... W :
(respectively, in : Wy ... W, : W7) whose graphs are connected. (We recall that each vertex
of the graph is labeled by the factor W;.)

REMARK. The identities (9) and (10) are usually written as

A:expB:=: (AL :expB:)expB:,
cexpB:A=:(texpB: 1LA)expB:.

DEFINITION. We define the Friedrichs operation I'y, on the monomials

Unp = /ump(kl, coskmap)a™(kr) . ooa" (km)a(kmg) - alkmap)dkr .. dkmp
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for k > 0 to be given by

11
(11) :/ump(kl, s kmip)[Be — Eq £ik] 71
xa*(k1)...a"(km)a(km+t1) - .. a(kmap)dks ... dkmtp,

and I'y (Upyp) is defined to be the strong limit of I'y,(Up,p) as £ — 0, where

m m+p
E.=) h(k)), Ea= Y hik)).
J=1 j=m+1

The Glimm operation T" is defined by

F(Ump) = /Ump(kla s ,km—&-p)EC_la* (kl) co.a” (km)

(12)
X a(km+1) ...... a(km+p)dk1 . dkm+p.
We also define the operation
. det d . _,
(13) [H5™, Unp] = — (™70 (Unnp)] :
dt t=40

It amounts to replacing the kernel U,,, by the kernel

Z'(]”np(kh AR km+p)(Ec - EA + Zl’i)

ASSERTION 2. For k > 0 we have the following formulas

(14) HE T e (Unp)] = Un

(15) (5", exp(Tn (Unmp)) 2] =2 Unp exp(C e (Ump)) : -

PRrOOF. The first equality (14) follows from the definition of the operation I'x,. In turn,
it implies that

[H5 ™", exp(Ft (Ump)) <]
= [H(?:K -7 Pir(Unp) = P (Unmp) — - Hgm] exp(l'+x(Ump)) 1

where ° stands for all the Wick monomials with a single pairing. But the expression in

square brackets is equal to Uyy,yp.
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2. Adiabatic wave operators (linked cluster theorem). We introduce some more
notation. For —oo < t, s < oo and k > 0, we define the evolution operator (with no adiabatic
cutoff) to be

(16) U(t,s) = eitHo o—i(t—s)H jisHo

and U*(t, s) is the corresponding operator with adiabatic cutoff, defined by the equation
t
(17) Ur(t,s)=1— z/ VE(r U (r, s)dr,

where V= (r) = e~ 7eirHoy g—irHo,
It is well known that for finite ¢, s the formula

s,t
n

(18) Ut s) = 1+ i(—ia)"/A dtr .. At V() .. V(b))

is valid for k > 0 (see [44]), where A% = {(t1,...,t,): s <t; < -+ < t, <t} and the series
converges in norm.
The integrand in (18) is a product of Wick monomials and can be expressed as a sum

(19) VA(t). . V() = > Walts,. .. tn)
G

of Wick monomials indexed by Friedrichs diagrams.

Using the equality
t

(Can(V))(t) = i / V= (s)ds,

+o0

for k > 0, after integrating over A%* in each term of the series (18), we obtain that
(20) Ur(0,+00) =1+ i(—ia)"l"im(V oo T (V. (V)),
n=1
and upon integrating over AT>0 we get that
(21) U"(F00,0) =1+ i(*%)”Fim(- - (Pi2p(Cen(VIV) .. )V).
n=1

THEOREM 3. There exists an 9 > 0 such that for |e| < g, the series

(22) S (—ie)” / dtr . dta (VE(t1) . VE(E)e L UR (1, ).
n=1 Aiwt
is norm-convergent in each of the two cases

—co<t,s<oo andk>0;

—oc0<t,s<oo andkr>0.
Moreover, ¢ does not depend on t, s, or k. The same result is valid if (... ). is replaced by
(...)070,(...)[/, or (...)CR.

The next result can be derived from this theorem.
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THEOREM 4 (linked cluster theorem). Under the hypotheses of Theorem 3 we have the
equalities

(23) U™ (t,s) =: exp(U"(t, 8)c) =,
Us(t,s) _ 5 ,
(24) U exp(U"(t,8)L)

where the exponentials on the right in (23), (24) are defined by the usual series expansion
in powers of U"(t, s)c,, which are norm-convergent.

Let

r def U”(t,s)
(25) Tis = (Q,U"(t,s)Q)"

THEOREM 5. For v > 3 there is an €o such that for |e| < €g the following limits exist:

(26) s- hm T 100 def (toward adiabatic wave operators),
(27) s—lirén TE0 Lf 7+ (inverse adiabatic wave operators).
K—

THEOREM 6. Under the hypotheses of Theorem 5, the renormalization constant

2
(28) z—1def

exp (Z(e)”(F(V .D(V)).. .)CR) Q

n

n times

is finite, where n is the number of Friedrichs operations. The operator \/ZT* is unitary
and gives a unitary equivalence

(29) HT* = T*(Hy + \.),
where
(30) e = (, (VLTHQ)

(VL. T* is a left connected product).

Before turning to the proof of Theorem 3-6, we will give a formal proof of Theorem 6
(see [44]), in which all series will simply be assumed to converge.
Formal proof of Theorem 6. By (20) and (24), we have

(31) T"(0, +00) =: exp (i )" s (V -Fi2m(vrim(v))'--)L) G

hence for k — 0 we get

(32) T+ = exp(P+(Qx)) :,

where

Qr =Y (—ie)"(VI(V...T+(VI£(V))...))L.
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Using Assertions 1 and 2, we have
(33) HoT* =TT Ho+ : QT+ :
and
VI*T = (VATHT* == (VTH).T*:
e (VIE) L, TE : 4e: (VTF) 0T :

o0

=Y ()" (VI(V...T+(VIL(V))...))LT*

n=1

+ (Q,e(VTF)0,00) T,
where the last step follows from the relation (see [42])

(34) Qr=eVA:exp{-T4(Qs)}: —e(Q VAL :exp(-T1(Qx)) : ).
From (33) and (34) we get Theorem 6 with

(35) Ae = (Q,e(VIF)0,0Q) =D (—e)"(Q, (VI(V...L(VL(V))...))0.09),

where n is the number of operations I', and we have replaced 'y by T, since in (35) a
contribution can be nonzero only if there are no annihilation operators, since a(f)2 = 0 for
all f e H.

REMARK. These results can all be proved without recourse to the operations I'+ by using
the identity
d
—UM(t,8) = —ic(VF(t) : expUP (¢, 5). :
. GUOt5)e = —i=(VII (1) exp U (1, 5). 2
U (t,t), = 1.

DEFINITION. The S-matrix (or scattering matriz) is defined by
(37) S=ZT{T  =:exp(2mi y (—)"AVI_(V...T_(VI_(V)))...)L),

where the operation A applied to a Wick monomial Up,, means that its kernel U, is
replaced by
Unp(k1, -« s kmp)d(Ee — Ea).

It follows from Theorem 6 that the S-matrix is unitary.

3. Proof of Theorem 3. Decomposition into clusters and mode expansion. We
first consider the case Kk = 0, —c0 < s, t < 00, v > 3. We will be occupied with estimating
the expression

(38) /As’t(V(tl) L V(E)edts . dty

whose absolute value will be shown to be bounded by |t — s|c¢™, where ¢ is a constant
independent of s, ¢, and n. Theorem 3 will be derived from this estimate.

The main obstacle to proving the estimate is the large number of diagrams involved. This
number will be reduced by working in “time clusters or sectors”.
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Partitions. The subscripts 1,...,n are the vertices of the diagrams. Any subset o =
(1,...,a), a1 < ag < -+ < ay, of the set (1,...,n) defines a partition of (1,...,n) into
intervals

11:[1,041):{i21§i§041},

I = [ag—1, @), Iiy1 = o, n).

Sectors. Every partition « defines a subset A, of the region A%* which will be called a
sector. It is uniquely determined by the following conditions:
a) if 7, j lie in the same interval I; of the partition «, then there exists an M such that

tit; € [M,M+1) < Ty,

b) if 4, j belong to I; and I;, respectively, then ¢; and ¢; belong to distinct intervals IAM

~

and I, M # L.
Clearly, J, Aq = A%'. In the sequel we will refer to I; as the jth group of the sector.

Subsectors. A subsector Ay (M, ..., Myy1) of a sector A, is defined by the partition «
and integers M1 < My < -+ < M1 to be the set of all (¢1,...,t,) such that if ¢ € I; then
ti € [Mj, Mj41).

Modes. We choose an orthonormal basis {enx}nezv in the space La(T"), where ey =
Cexp{i(N,k)}, k € T”. The members of this basis will be called modes. Let

d
def
S = U{fi71""afi,mi+ni}-
i=1

Fix a subsector A, (M, ..., Myy1). Since if ¢ € [My, M7 + 1) we have t = M; + dt,
0 <ot <1, it follows that

d
(39) V(t) _ Z a* (6iM2h6i6thfi,1) o a(eiMlhethhfi,mthi)'

i=1
Mode expansion. We expand the vectors e f, f € S, in terms of the basis {ex}:
(40) elth f — Z en f(dt)en.
Nezv

Note that for every v > 0, there exists a constant ¢(v) such that the coefficients ¢y, 7(dt)
of the series (40) are bounded by

v

c\y i
(a1) xs @01 < R0k, N =30 N0
i=1

uniformly in f € S, |6t] < 1. The bound (41) is proved by integrating by parts. We now
choose v > v + 1 so that the inequality

(42) D7 len s (0t)] < C < o0

Nezv
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holds, where the constant C' is independent of f and |dt] < 1.
Given a partition a = (aq, ..., ), we write B, for the following subset of [0, 1]™:

Ba:{(étl,...,étn):0§5tl < .. <5ta171,
Ogétal <"'<6ta2—17"'70§6tak <<6tn}

Using the above notation, we can write expression (38) as

n

(13) > Y [ [aen ¥ S we

@ My,...,Myiy ?Boi=1 {Ni.f5} G

where we have (scanning (43) from left to right)
1) sums over all partitions;
2) sums over all subsectors;
3) integrals over each subsector;
4) sums over all modes;
5) sums over all admissible diagrams.

Diagrams. A diagram is a graph with vertices 1,...,n; m; right legs (corresponding to
annihilation operators) and n; left legs (corresponding to creation operators) are incident
on each vertex. A choice of modes amounts to placing each leg in correspondence with an
element ey of the basis {ey}. Each leg is labeled by an index (v,p), where v is the index
of the vertex and p is the index of the leg at the vertex v. An admissible diagram is a
connected graph formed by pairing some of the legs (v1,p1) and (ve,p2), v1 < v, where
the first leg is a right leg and the second is a left leg. The paired legs are the edges of the
admissible diagram and will be referred to as internal edges (int). The unpaired legs are
called external edges (out).

A weight is associated to each diagram appearing in expression (43).

Weight of a diagram. Assume that a partition @ = (aq,...,qx), subsector (M,
ooy Myy1), vector (dty,...,0t,), and modes N, , have been fixed. We define the func-
tion M(v), v = 1,...,n, to be M(v) = M; if v € I;,i = 1,...,k+ 1. The weight of a
diagram G is defined to be

Wa :(_1)77(G) H(eih(M(v)—M(v’))evap , eNU/,q)

(44) int
X CN,, (é‘t’u)ch/’p (0ty) H a#(eiM(”)hevap),

out

where a” = a* for a right leg (v,p) and a” = a for a left leg (v,p).

REMARK. Suppose G is a diagram having an internal edge (v, p, v’, ¢) that lies completely
in an interval I; for some [. Then (44) shows that if N, , # N, , then Wg = 0, because
M(v) = M(v') and (en,,,en,,) = 0. This fact will enable us to eliminate many of the
diagrams from consideration.

The subset I; of the vertices of a diagram G will be called the [th group of vertices. Let
A;(By) be the set of edges (external and internal) of G that originate from the Ith group of
vertices, are directed to the right (left), and do not pair any two vertices in the Ith group.

Fix a sector o = (a1, ...,ax), the set Ay(Mi, ..., Mgt+1), and the modes {N, ,}. For
each [ =1,...,k+1 we denote by A; some fixed set of modes N; = {eq, ..., e; }; the modes
of the legs A; coincide precisely with Aj.
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LEMMA 7. a) There exists at most one diagram G in G(Ni,..., Npt1) with a nonzero
weight Wg.
b) For each such diagram the sets N contain distinct modes.

PROOF OF LEMMA 7. Both assertions are obvious consequences of the fact that
(45) {a® (™M en,),a” (eM"en,)} =0,
if Ny # Ny (where {-,-} denotes an anticommutator) and

(46) (a® (e™Mhen))? = 0.

If Iy = {i1,...,iq} then we write V;, =V (t;,)...V(ts,).

We fix some V7, and express it as a sum of Wick monomials. According to (45) and (46),
there exists just one nonzero diagram with the property that the modes for the unpaired
right legs coincide with N; and are all distinct. Statements a) and b) of Lemma 7 now follow
from these observations.

We next turn to estimating the expression (43). Since all the sums there (except for the
sums over the modes) are finite, we can move the mode summation and the integration over
B to the left. In view of inequality (41) and the fact that B, C [0, 1]", to prove Theorem 3
it suffices to establish the following bound:

202 X We

o Mi,....Mry1 G

(47) ‘ <t — s

uniformly in the modes; here c¢ is independent of n, s, t, and the modes, while WG is given
as in (44), but with all the factors cy, ,(dt,) removed.

Now assume that the set of modes has been fixed. We can choose the sets Ni,..., Npi1
in at most (2™max)" ways, where mpax is the maximum number of creation operators in the
Wick monomials appearing in V. We may therefore assume also that Ni, ..., N1 have
been fixed. By Lemma 1, every admissible diagram G can be associated to a connected
diagram G with k + 1 vertices My, ..., Myy1 and total number of edges at most mpyaxn.

The weight W@ of the diagram G is given by the formula

(48) Wé _ 1_‘[|(eih(M(v)*M(v’))eNu,p,eNu/)q)|7
int

where

(49) Wl < ciWg

for some constant cj.
For all M, N € Z¥ we have the bound

C

o ST

/ dken (k) Ep (k)eth®)

with ¢ independent of M, N, and ¢, whence, recalling (49) and (50), we see that

1
(|Ml(v,p) - Ml(v’,q)' + 1)U/2,

(51) [Well < (const)" [

int
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where (v, p) is the index of the group a to which the vertex v belongs.
Putting together all the above observations, we have

I~ T S

a Mi,....Mpy1 G

1
< t)" E E | I .
> (CODS ) = (|Ml(’u,p) o Ml(v/,q)| + 1)1//2

My,...,Mp 41

Let M; be an integer lying in the closed interval [s, t].
LEMMA 8. We have the bound

- 1
2. 2 ZHUM[(U My g + 1)/

k=1Ma,...Mj41 & int ) :2)
e’e) c NMmax
(5 )

= 2

v @+ M)/

This result follows by applying the standard cluster expansion technique (see [26]) to
the left-hand side of (53). The summation over M; gives the factor |t — s| in (47). This
completes the proof of Theorem 3 when x = 0, and the case k > 0 is treated similarly.

4. Asymptotic completeness. We can now give a rigorous (nonformal) proof of The-
orems 5 and 6 which will imply the asymptotic completeness of the Hamiltonian Hy + eV
for small e, in the case when the interaction V polarizes the vacuum but is even.

PROOF OF THEOREM 5. We show that for ¢ = a*(f1)...a*(fm)Q2, where f; € C®°(T"),
the limit

0 0
im —ig)" e (k) 4
(54) i—»o En (—ie) /ioo dt /ioo dt, (VY (t1) ... VW () Lt

exists. Consider the nth term in the series (54). We first prove the existence of the limit
for the sum over the diagrams in L, i.e., which have at least one external edge with an
annihilation operator. Repeating the proof of Theorem 3, we see that this sum is bounded
from above by C"e"™, uniformly in . In addition, each term in the sum is easily seen to
have a limit as Kk — oo.

We next analyze the sum over the diagrams having no external edges with annihilation
operators. The external edges here are therefore associated with creation operators, which
give the contribution

(55) Ha*(eitvhinltv‘eNv,p) :/Ha*(kvﬁp)eitvhi’{‘tv‘eNup(k'l))p)dk’”)p'
v,p

We make the change of variables t| =1, th = ta —t1,...,t), = t, — t,—1 and integrate over
t}. Note that

0

(56) lim dth exp {it’l > hkp) — st |} =

k—0
- + v,p

_
Zv,p h<k’U7P)
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belongs to Lo if 1 > 0. We may therefore expand (>, , h(ky,p))~" in terms of the modes.
The method developed in the proof of Theorem 3 can now be applied.

Remark concerning adiabatic cutoffs. In the preceding we considered wave operators
depending on two parameters: the adiabatic cutoff parameter x and the time ¢, and it was
necessary to investigate the repeated limits k — 0, ¢ — o0o. According to Theorems 36,
these limits exist in the strong sense, i.e., with respect to the norm in F,. The question arises
of whether the adiabatic cutoff plays any role and whether it might be avoided somehow.
(We note that adiabatic cutoffs are a typical feature in stationary scattering theory.)

We observe also that if the limit

_li
s-lim U(0,t)
exists with no cutoff, then so does the limit

s—lirél U0, 00),

with an adiabatic cutoff, and the two coincide. This situation occurs, for instance, when
VedAand VQ =0.

Analysis of the proof of Theorems 3—6 shows that their analogs hold for the corresponding
wave operators without an adiabatic cutoff. However, in this case we are obliged to replace
all the norm (strong) limits by weak limits. It remains unclear how the existence of the
weak limits might be exploited to prove asymptotic completeness.

5. Existence of a perturbed vacuum vector. In this and the next subsection we will
show that the dynamics of the fermion system under consideration does not depend strongly
on the chemical potential p. The results in subsections 2—4 show that the perturbed system
is unitarily equivalent to a “shifted” free system in p > 0. This condition is used in an
essential way in the proof of Theorems 3-6.

Notice that if x4 > 0, then the point Ay = 0 of the discrete spectrum of Hy = dI'(h) lies
outside or on the boundary of the continuous spectrum of Hy. When the interaction eV is
“switched on”, g is shifted to the value A..

If 4 < 0, then the discrete spectrum of Hy is contained in the interior of the continuous
spectrum of Hy. It turns out that even in this case the eigenvalue does not disappear, as
might have been expected. For example, such a situation is encountered for the model of
an interacting Fermi gas with spin, in which case an eigenvalue imbedded in the continuous
spectrum disappears when the interaction is turned on (¢ # 0).

In the present subsection we prove that the perturbed operator has an eigenvector for
arbitrary real u. We will use the method for estimating diagrams developed in subsections
2—4 and retain all the terminology used there.

THEOREM 9. Let the one-particle Hamiltonian h be given by (3), u € R, and let the
operator V' be as in (4). Then for e sufficiently small, the operator H. = Hy + €V has an
eigenvector .

PROOF. One can show as in Theorem 6 that for small enough the quantity

Z7' = |lexp { > (=) (T(V,...,T(V))... )CR}QH

is finite. On the other hand, one can show as we did in subsections 2—4 that

1 1
Z—l — 1' . 1. T7 I 7o~ ~\ 1o
(57) tiglo |(Q,U(O,t)ﬂ)|2 tiglo |(€zHEtQ’Q)|2
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Therefore, the operators
pitH:

(-0, Q)

are bounded uniformly in ¢. The next lemma can be proved by the same method as Theo-
rem 3.

LEMMA 10. There is a dense subset D of F, for which a finite limit

L (eitHEQ7 F)
(58) (F) = tlggo m7

FeD
exists.
The following general lemma asserts that this limit exists and is finite for all F' € F,.

LEMMA 11. Let be a separable Hilbert space and o: R — H be a uniformly bounded
function, i.e.,
(59) low]] < M < 0.

Assume that a finite limit

(60) lim (o, F)

t—o0

exists for a set of vectors {F'} that is dense in H. Then the limit exists and is finite for all

FeH.
Since Hilbert spaces are weakly complete, there exists a vector ). such that for all F' € F,

itH,
(61) lim (& F)

i (G gy — ()

We will show that €2, is an eigenvector of the perturbed operator H.. First of all, setting
F =Qin (61) we see that (Q,Q) =1, i.e., Q. # 0. Then for every s € R we have
cilt+9)He Q) ) _ (etH=Q, emisH )

_ i ¢
Q. F) = Jim osmg q) — A (i, o)
(

(62) i eitHEQ’ e—isHe F) ((?itHEQ7 Q)
= l1im - . -
00 (ethEQ7 Q) (€ZtHEQ, €_ZSHEQ)
(Q€7 efisHE F) (eiSHa Qs» F)

(Q67 e*isHE Q) (eisHE QE’ Q) :
That is, for all s € R and F € F, we have the identity

(eiH=Q., F)

O, F) = "=t
( ) (€ZSHEQE,Q)

or
(63) (Qe, F)(e™:Q., Q) = (e"=Q., F).
Differentiating both sides of (63) with respect to s and setting s = 0, we get
(64) (Qe, F)(H:Q,Q) = (HQ, F).

Since (64) holds for all F' € F,, we have H.Q. = (H.Q., Q). , i.e., Q. is an eigenvector of
H_. This concludes the proof of Theorem 9.
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6. Unitary equivalence, general case. Here we consider a further generalization of
the results in subsection 1 to the case of a chemical potential p of arbitrary sign. We will
prove the next result.

THEOREM 12. Let the one-particle Hamiltonian h be given by (3), let u € RY, and let V
be given by (4). Then there exists an g9 > 0 such that for |e| < e¢ there is an Ac such that
the operators He and Ho + A\c E are unitarily equivalent.

REMARK. The proof of Theorem 12 is based on the results of the previous subsection on
the existence of a perturbed eigenvector.
ProoOF. Consider the following two dynamics in the C*-algebra 2A(H):
70 = eitHo gg=itHo
78V = eit(Ho+eV) go—it(HoteV),
By Theorem 4.1, for small enough ¢ the Mgller morphisms

(64%) v+ (A) = s-lim 72Y(72(A)), A€ AH)

t—too

exist and are invertible in the C*-algebra 2(H). Let Q. be a perturbed vacuum vector for
the operator Hy 4 €V, whose existence is guaranteed by Theorem 9; we may assume that it
is normalized, i.e., ||| = 1. We set v = 4.

LEMMA 13. For every f € H we have

(65) (va(f))$2 = 0.
PROOF. Writing a(f) = va(f), we have

(66) lim 777 (a(£)))Qe = a(f)e.

—T
t—o00

On the other hand, using the fact that ). is an eigenvector of H, = Hy + €V, we have
(67) [TV (7 (a(H))Q = lle ™ ea(e™ e = Q.|| = [la(e™ fle™ Qe[| — 0

)

(n)

as t — +o0o. Indeed, suppose that Qg" — ). as n — oo, where {2z’ is a finite linear

combination of vectors of the form

a*(fi)a*(f2)...a"(fm)Q,  fi € C5°(RY).
Let Q™ — Q.|| < 6 for n > Ny. Then
(68) la(e™™" £)Qe] < la(e™ QL + 5] £]]-

Using the anticommutation relations, we can move the operator a(e®” f) from left to right

past the operators a*(f1)a*(f2) ...a*(fm); a(e“hf)ﬂgn) will contain a finite number of terms,
each involving a factor of the form

(69) (€™ f, f5).

It follows from spectral theory and Lebesgue’s theorem (if we use the absolute continuity of
the spectrum of h) that (69) tends to zero as t — oo. Since 0 is arbitrary, this implies the
assertion of Lemma 13.

The next lemma follows easily from Lemma 13.
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LEMMA 14. For every A € A(H) we have
(70) (A2, Q) = (1A, 20).
Define an operator U: F, — F, by
(71) U(AQ) = ~v(A)Q..
Then U is norm-preserving, since
JAQ|2 = (4" AQ,0) = (1(A* )0, Q) = (A%
It is therefore well defined and isometric. Since UA(H) is irreducible on Fq, we have AQ. =

Fa, and hence the image of U is all of Fy, i.e., U is unitary.
For every A € A(H) we have

eit(H0+£V)UAQ — eit(Ho—i-aV),y(A)QE
(72) = V() 0, = e (70 4)0
= MU0 (A)0 = e Ue'tto AQ.
Here we have used the intertwining property of the Mgller morphisms: 7f¥ = y77, and the

fact that ). is an eigenvector of Hy + €V with eigenvalue A..
It follows from expression (72) that

eit(Ho-i-aV) _ eitx\g UeitHOU*
or
H() +eV = U(H() + )\EE)U*

This proves Theorem 12.
We also have the next

THEOREM 15. The Mpller morphisms v+ defined by (64%) are unitarily representable
(i.e., they are given by an inner automorphism).

PROOF. For every B € 2 and operator U given by (71), we have
Y(A)BQ. = v(Ay"Y(B))Q. = UAy Y(B)Q = UAU*BA)..
Since B is arbitrary, it follows that

(73) ~(A) = UAU*.

83. Fermi gas interacting weakly with a particle

In the previous sections we studied a small perturbation of the free dynamics for an
ideal Fermi gas and showed that under mild hypotheses the Hamiltonian for the perturbed
dynamics is unitarily equivalent either to the original Hamiltonian or to a “shift” of it by
some constant.

Here we will study a small perturbation of a free system consisting of an ideal Fermi gas
and an independently moving particle and show that the previous results remain valid in
this case.
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1. Statement of the main theorem. We consider the Hilbert space
K = F,(Ly(R")) ® La(RY),

where F, = F,(L2(R")) is the antisymmetric Fock space over La(RY), i.e., K is the space
of infinite sequences

(1) {Fo(y),Fl(l'l,y),FQ(,’El,!Bg,y), e ,Fn(gcl, e ,:L‘n,y), e },

where z;,y € R and the functions F;, are antisymmetric in the z;.
Let selfadjoint operators hy and hg acting on Lo(RY) be given. We take the free Hamil-
tonian to be the selfadjoint operator

Hy=dI'(h1) ®1+1® (he).

In the sequel we will consider the case when h; and ho are both equal to —A.
Let the total Hamiltonian have the form

(2) H=Hy+¢V, e € R,

where V belongs to one of the operator classes A or B.
Let f =a*(¢y)...a*(¥1)Q ® ¢, where ¢ and ¢; € S(R”); then V € A means that

M
(3) Vv ;/Udz /meﬁnﬁm day ... dm, 4, dy

X K](wl 2oy Tmy T2, Tm+l T 2y T4y — 25 Y1 —Z»y2—2)
X a*(x1) ... 0" (Tm)a(Tm;41) -+ (T )a™ () - a™ (V1) Q@ (Y1),

i.e., in terms of the variables describing the independently moving particle, V' is a translation-
averaged integral operator; if on the other hand V € B, then

M

Vf= E dz dry ... .dTm,; i,
- v Ry (mjtni+1)
Jj=1

(4) XK(@1 =2, ,Tm; — 2, Bmyq1 = 2y ooy Tnjgn; — 2,4 — 2)
X a™(x1) ... 0" (Tm) (T 41) - - T4y )a" () - a™ (V1) Q @ Y(y),

i.e., in terms of the variables of the distinguished particle, V is a translation-averaged mul-
tiplication operator; here M < oo, and K; € S(R¥(mitmi+2)) or K; € S(Rv(mitnit+1)) (in
cases A and B, respectively); zp,ys € RV, p=1,...,m; +n;, s=1,2.

The operator V' is bounded in K and will be taken to be selfadjoint. Then if the conditions

(5) mj >1, n;>1 and m=maxm; = maxn; < oo
j J

are satisfied, H is a symmetric operator on the subset D of vectors of the form

(5%) a*(Pr)...a* (1) @1, ¥, € S(RY),

which is dense in K. In fact, H is known to be essentially selfadjoint on D, and this will
also follow from the convergence of the expansions derived below.
We define the inverse and forward wave operators for finite ¢ by

W = exp{—itHy} exp{itH?},
W, = exp{—itH } exp{itHp}.



244 4. ASYMPTOTIC COMPLETENESS FOR INTERACTING FERMION SYSTEMS

THEOREM 1. If v > 3, condition (5) holds, and V is in class A or B, then there exists
an €9 = eo(v,m, V) such that for |e| < &g the strong limits

Wy = s-lim W,
+ t—+oo t
and
Wi = s-lim W,
t—+too

exist for the forward and inverse wave operators, respectively.

REMARK 1. The hypotheses in Theorem 1 are in some sense best possible. In dimension
v = 1,2, even for particles in an external field, bound states may be present for arbitrarily
small . When mupin = 0, where mu;, = minm;, then as we have seen, the operator H is
“shifted”. The requirements concerning the smoothness of the kernels K; can be weakened,
but only slightly.

A standard consequence of Theorem 1 is the following:

COROLLARY. The operators W, = Wjﬁ and W_ = W* are unitary and give a unitary
equivalence of H and Hy, i.e., for instance,

H = W:HW,.

2. Perturbation-theoretic series. We consider the following series for 0 < ¢t < oo,
FeD:

(6) F+) (ie)" | Vi, ...Vidty...dt,F,
n=1 AR

where
Vi = exp{—itHo}V exp{itHy},

and we recall that A} is the region
AP ={0<t; <ta<---<t, <t} CR"™

The main result to be proved reads as follows:

THEOREM 2. Under the hypotheses of Theorem 1, there exists an €9 > 0 such that when
le| < eo,

1) the norm of the nth term of the series (6) is less than (ecq1)™ca(F), where ¢1 does not
depend on n, t, F, and co(F) is independent of n and t.

2) Ast — oo, the nth term of the series (6) has a limit in the topology of K defined by
the norm.

The first assertion in Theorem 2 implies in the standard way that the series (6) is equal
to W F', while the second assertion implies the existence of the inverse wave operators. The
corresponding arguments for the forward operators W, as well as for W_ and W_ are all
similar.

REMARK 2. When v = 1 or 2 one cannot prove analyticity in e, even for the forward
wave operators; however, their existence (for arbitrary dimension v = 1,2,3,...) is easily
proved using Cook’s method without the assumption that € is small.
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We will prove Theorem 2 for interactions V' in the class A; the proof for V' € B is similar,
except that in equation (11) below the function G,(K,) has to be somewhat modified.
We will first prove Theorem 2 for a dense subset of A and then extend it to include all
interactions in A.

We consider interactions which in the k-representation have the special form

M
(7) vy [ Vi) @ VP(2) dz,
j=171
where
(®) vil(z) = /Heii(z’k’j’p)fj,p(kj,p)a#(kj,p) dkjp
P

for f;, € S(RY), and the plus or minus sign in e**(*#:7P) is chosen according as a¥(k; ) is

a creation or an annihilation operator; # = * for p = 1,...,m;, the order of the creation
and annihilation operators in the product is the same as in (4), and

(9) VA= (,9))f;, ¥ La(R)

for suitable f; and g; € S(R").

Let us write out in more detail the nth term of the series (6) for vectors of the form (5%):

Z/ dtl...dtn/ dzl...dzn/Hfﬂ(y),p(kv,p)a#(kv,p)eﬂ”vhﬂkvvv))
T ? v v,p

x eFzokn) ql a* (1) ... a* (1h1)Q

® / [T etttomrmtohetedtilGomamzd kel £ 3 (B A
v=1

X e_itn(h2(kn+1)_i(znvkn+1))fﬂ_(n) (k

(10)

n+1)7

where 7 is an arbitrary function (1,...,n) — (1,...,M), to = 20 = 0, and fr(o) = ¥. The
sign + is chosen depending on whether the variable k,;, corresponds to a creation or an
annihilation operator, respectively. Since the subsequent estimates will be uniform in 7, we
will take 7(v) = v for brevity.

We integrate over the space variables zi,...,2, and then eliminate the resulting J-
functions by integrating over the variables k1, . . ., k;,, describing the particle. Straightforward
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computations transform (10) into

/A dtl e dtn / H fv,p(kv,p)a#(kU>P)
t v,p

» ei(ithl(kv,p))dkv)p/Hei(tv,lftv)hg(kv)

v=1

X Gv(kv)§<2(j:kv7p) + ky — kv+1)dkv

p
X a* (1) ...a*(P)Q @ (e”theknrs) £ (k1)

(11) :/An dty...dt, H/fv,p(kv,p)a#(k’”)p)
t v,p

% ei(it“(kv’p)dky)p H ei(tv,lftv)hg(EU)Gv(kv)
v=1

X a () ...a*(P)Q @ (e Mnh2bni) £ (f 1)),

where we have written Gy = fr(v—1)Tr ()

n

B 3 (S o) + i )

v/ =v D

and the choice of sign + is as in (10).

3. Expansion in resummed diagrams. Although the norm of the integrand on the
right in (11) is finite, we still need to perform an integration over an infinite time interval.
In order to get the required time decay, we note that the last product Hv,p on the right in
(11) is a product of Wick monomials indexed by Friedrichs diagrams. It is well known that
each diagram decays rapidly in the variable t,; however, the number of diagrams increases
as n!. It is therefore necessary to show that cancellations occur. We will employ another
expansion which is, of course, equivalent to a partial summation of the diagrams.

To this end, for each vertex v we pick the leftmost creation operator a(k,1) and use the
anticommutation relations

(12) a(kp1)a* (kv ;) = —a* (kv j)a(kv1) + 6(kv1 — kur ;)

to move it over to the right toward the vacuum vector Q.

Each such transposition produces one of the two terms on the right in (12). If the first
term is generated, we continue the shuffle, while if a J-function appears (i.e., there is a
pairing) then we say that a line ((v,1),(v’,7)) has been generated in the diagram. This
procedure thus generates exactly n lines ((v — 1), (v'(v),j(v))), v = 1,...,n. Moreover, if
the pairing involves a creation operator appearing in the product

@)@ = [ (T (sl s )9,

then we say that v'(v) = 0. Here, of course, all pairs (v'(v), j(v)) are distinct.
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The result of these operations is to eliminate from (10) the corresponding creation/annihilation
operators a(ky1), GZ( ( ) and to produce a new term

v’ (v),j (v
S T0kes = o) jw)
{v'(v),5(v)}

in the integrand, where the sum Y is over all sets of pairwise distinct pairs such that
v'(v) < v. We take this sum outside the integral and integrate over all variables kyr vy, (v
v=1,...,n. All /-functions then disappear, and if we set

F= Z fv,l(kv,l)fv/(v),j(v) (kv,l)Gv(Ev)v

v=1

the integrand becomes

F H[fv»p(kv,p)ei(ithl (hop) g # (Ko,p)]

X exp(—i Z(tv — tv_l)hg(Ev) + (tv — ty’(y))h1<kv,1))
x Y (e_ich(kn+l)fn(kn+l))v

(13)

where in &, all the Ky (v),j(v) have been replaced by k, 1, and no factors corresponding to v,

1 and (v'(v),j(v)) appear in the product [[; fo,p, = ¥p-
Consider the graph G with vertices n,n —1,...,1,0 and edges (lines) (v,v'(v)). We note
that this graph is connected by construction.

4. Stationary-phase estimates and summation of diagrams. Let us consider in
(13) the integral

1y [rew < P Mt — tu 1) () 4 (b — far))( ) T k..
v=1 =1
1 .
— [ Frexp | - 58D + e di
where we recall that hq(k) = ha(k) = (k)% here k = (k1.1,...,kn 1), and the components

of the vector g are linear combinations of the k, j, j # 1, obtained by expanding out the
square (k)2

We have set
_l(Bkak): i ty — ty— 1 (1)) i(l—’—tv_tv’(v))(kv 1)2
2 - v=1 v=1 7
1 1

(15) = —5(Bik,k) — 5(Bak. b),

- 722
Fi = Fexp{z {t —ty—1)(k, }Jer }

v=1

and E(l) = k,, where all variables other than ki,1,...,kn,1 are set equal to zero; E(Q) =

E . k(l)
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Taking the Fourier transform in the variables (ky 1, ..., ks 1), we can rewrite (14) as
1 1 -
1o (2mi)™/?(Det B)'/? /eXp {Z§<B & ﬁ)] Fi(k = a)ds,
where k = (K11,. .., Kn1)-

Observe that (16) is a function of the parameters k,,, where p # 1 and (v,p) =

(V' (v),4(v)).

The next two results will be needed to estimate (16).

ASSERTION 3. Since the matrices B1 and By are both positive, we have

(17) (Det B)™! < (det By)? H

/(v)| +1)v/2

ASSERTION 4. The integral in (16), which is a function of the variables k, p such that
j(v) # 1 and (v,p) # (V' (v), j(v)), belongs to S(R*N)N La(R*YN), where N is the number of
variables. Moreover, its norm || - ||, is bounded by c1(v)cy uniformly in {t,}, where ca >0
is a constant independent of n.

PROOF. We now set

n /
fl = H fvl(kv,l) eXp{ikE,l}v f2 = H fv/(v),j(v) (kv,l)a

v=1

fs= H//wj(v) (kv1), fo=1] Go(ky)
v v=1

where the product H” (respectively, H/) is over all vertices v paired (respectively, not paired)
with the zero vertex. Then

Fi = fifafsfaexp {iZ[(fU—l - fu)(Ef))Q]}»

v=1

’ [ew [i%(B_lﬁ,ﬁ)} Fu(x — a)de| < 1Bl

< |\frfofsfally = |17 (Fofs) * Falls < Al | Fafalla ]l Fall-

Here we have written the Fourier transform of a product of functions as a convolution

and used Young’s theorem. The norm of each factor can be estimated uniformly in {kf,2),
v=1,...,n) by

1Al = T Ifor (ko) explik? 13,
v=1

—_— !/ o~ "
| fofslli = H ”fv’(v),j(v)HlH %50 15

(18) Ifalh = 27T)17w/2 /‘/GXP{ _’Z Fos Ko,y } (F )vﬁ

1

I
= W/m((D k) det(D |Hdm = <n /|év(m)ldnv>,

=1

dky

v

(det(D™1))(det(D H 1G]l < H 1ol 1G]
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and the constant-coefficient matrix D satisfies k = Dk, where

k:(El,...,En); k:(kl,la---aknl)a

)

k=K1, -, En); &= (R1,-..,Rn),

Since D is triangular with identity diagonal entries, (18) yields the bound

Ififofstall, < (Cp)*mCy,

where

Cy ZHUIH;.X{va,ﬂ 2, || fo,ill1s | for exp{—iky 1 }1} > 1,

Cy :m?X{ij“% H{/;J”l) >1

Using the estimate

H/Q(yl,...,yN>a#<y1>...a#<yN>dy1...dyNH < Q.

valid for any Q € Lo, we obtain Assertion 4 with Cy = (Cf)*™ T2,

Assertions 3 and 4 imply that the nth term in the series (6) is bounded by

(19) C”( >, g 1u/2)
oy o e~ b ”>|+ )

Lemma (6.1) can then be used to estimate the total contribution from all the diagrams.

5. Two-particle interaction. Here we consider an operator H that preserves particle
number and whose restriction to F3 (L2(RY)) ® La(R”) is given by

N

(20) Hy ==Y A, - A, +€ZV H0+EZV

Jj=1

where V € S(RY) and z;,y € R”.

THEOREM 3. Forv >3 and V € S(RY) there exists an g = o(v, V) > 0, independent
of N, such that for all N and |e| < €q the system (20) is asymptotically complete and Hy
s unitarily equivalent to the free Hamiltonian Hy.

This result differs from the previous ones in that the interaction operator in the “second
quantization representation” is given by

E/V V(z —y)a*(x)a(z) dx,

i.e., an extra d-function is present.
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Since the proof of this theorem is a verbatim repetition of the proof of Theorems 1 and
2 apart from the difference just noted, we will merely indicate the changes required in the
proof.

Formally, the difference consists in the fact that in expression (7) M =1, m; = n; =1,
and there is an additional d-function:

V= / V(z1 —y)d(z1 — z2)a™(z1)a" (x2) dz1 dze @ 6y dy,

where §, is the J-function at the point y.

Let V (k) be the Fourier transform of V(z), so that in the k-representation the nth term
of the series (6) for vectors of the form (5%) in the present case takes the form

/A? dty...dt, H { / V(kv2 — ko,1) exp{ity[h(kv,1) — h(kv2)]}
(21) x a” (kv,l)a(kv,2)dkv,1dkv,2}a* (1/)7”) coat (1/)1)9

® {H /ei(tvfrtv)h(ku)(;(,kv)l + kyo — ky + kvﬂ)dkv} dkpy10(k1),
v=1

where h(k) = k2.
We note that this differs from (11) in that all the functions f, =1, g, =1forv=1,...,n;
Jo=1.

Eliminating the §-function in (21), we obtain

/A e H { / V(kue = ko) exp{it,[n(ku1) = h(ku2)]}

(22) x a*(kv,na(kv,z)dkv,ldkv,z}

X a*(Pr,)...a"(P1)Q ® [H /ei(tv1—tv)h(kv)dkn+1w@1)]7
v=1

where

Ev = kv,l - kv,2 + kn+1-

As in (11), we can represent (22) as sums over Friedrichs diagrams. Let v'(v) be the
number of vertices paired with vertex v. Setting v,y = 1 if v'(v) # 0, we see that each
term of the sum is of the form

@) [P IT e*on f{ T ) foo ety TT ko T dhos.

vELo jeI v=1 vEIy
where
F { H V(kv’(v),l . kv,l)efi(tu7tu/(u))h(ku,2)wj(v) (kv,l)}
vel;
(24) o TT Pk = oot G}
vels

X exp {z‘zn:[(t“ - ty)h(Eu))] }

v=1
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and I is the set of vertices with which there is a pairing, I5 is the set of vertices with which
there is no pairing, and I is the set of unpaired legs of the zero vertex.
Consider the function Fy of the variables {k, 1, v =1,...,n} and {ky 2, v € Iz}, where

{HV o (o)1 — Ko, )W) (k }{HV 2 — v,l)zpj@)(kv,l)}.
vely vely

As in (15), we take the Fourier transform in (23). It remains only to prove the analog of
Assertion 4 for the function

Fs(ky2,v € In, kpt1)

) ~ g f | Jow (i3 ko) T

v=1
ASSERTION 6. The function Fy(ky2, v € Iz, kyy1) is in Lo(RYN), where N is the number
of variables {ky 2, v € Is}, kny1; moreover, its Ly norm is bounded by

ﬁ dz,.
v=1

[1E2]| < C"C(¥),

where C' > 0 is a constant independent of n, ¥,¥1,...,¢,, and C(v)) depends only on
wawla"'awr'

PROOF. Set k = (k11,...,kn1), ¢ = (21,...,2,). For each component of the variable

kp1 = (kf)li, ce k:l()yl)) we split the inner integral into the parts over |:1cv | > 1 and |xv)| <1

Integrating the first one twice by parts with respect to k:l()%, we obtain the estimate

n 1 aQunFl(k)
F: kv s I 7kn < n ’
2( 2,V € I2 +1) C //U (|$v| +1)2u (92]{5(1)...62]{(”%
(26) . . ’
<cm 82unF1

H dkv,l H dev =~ 82 k(l ] k(v H dkv 1,

v=1 v=1
where |z, | = |$$)1)| NS |;1c$,”)|.

Note that 1)(k1) depends on at most 2r 4 1 variables, since

- Zkv,Q + kn+1 + Z kv,lv

vel vEl3

where I3 is the set of vertices joined by edges to the zero vertex.

Expanding the product in (26), we therefore get at most C™(2r)?" terms, which involve
derivatives of order at most 4v in the functions V', ¥y, and ,., and of order at most 2rv in
the function .

Consequently,

(27) Falhuz,v € lakurn) < €Y [ 1F®] ] dio.
7 v=1
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where Fl(j ) has the same form as Fy, except that V, 9;, and 9 are replaced by derivatives
of order < 4v or < 2rv, as described above. Hence

iRl <SS [ 10wk
i i v=1
x /|F1(i)(l~c’)| Hdk;,l) I ko2 dbnsa.
v=1

vels

(28)

Each integral in (28) is easily estimated by applying Fubini’s theorem and then using the
estimate |V (k, 2 — k], ;)| < C for v € I, and |1/)(E/1)| < C(v). Making the obvious change
of variables, we get the desired estimate.

REMARK. The result of this subsection remains valid for symmetric Fock space.
Indeed, consider a particleenumber-conserving operator H whose restriction to
FN(Ly(R")) ® La(RY) is given by

N N
(29) Hy ==Y Az —Ay+e) V(w—y),
i=1 i=1

where FN(Lo(RY)) C Fs(L2(RY)) is the N-particle subspace of symmetric Fock space,
V e S(R”), and z;,y € R”.

THEOREM 4. Forv >3 and V € S(RY) there exists an g9 = o(v, V') > 0, independent of
N, such that for all N and |e| < g, system (29) is asymptotically complete and the operator
Hy is unitarily equivalent to the free Hamiltonian HY.

The proof of Theorem 4 is the same as for Theorem 3, except that the boson creation and
annihilation operators a* (f), which are unbounded when considered on all of F,(La(RY)),
are bounded on each subspace FI by (r + 1)/2 times the Ly norm of f. In our case we get
exactly r unpaired creation operators, which for each r enables us to estimate the norm of
their product independently of N.

6. One-particle operators h; and hs of general form. Here we mention a result
related to asymptotic completeness for operators

H=H,+¢€V,
where as before Hy is of the form
Hy=dl'(h1) ®1+1® hy

and the operators hy and hs need not coincide with the Laplace operator, which was assumed
in the previous theorems. Specifically, we assume that after taking the Fourier transform,
h1 and ho are given by multiplication by smooth functions 7L1 and Eg which have finitely
many critical points, which are all of Morse type (see [3]). However, the price to be paid
for working in this generality is that some conditions must be imposed on the interaction
operator

M
V= Z/d:z:l Ty, K (21, -+ Ty Y)
i=1

X a* (1) @ (@, )a(@mi 1) - (Tt
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where the K; are smooth kernels invariant under translations of their arguments.
In the theorem stated below, it is essential that the dimension v be strictly greater than
4; in addition, the nonpolarization of the vacuum

m = minm; = minn; > 0
by the operator V is required to hold in the stronger sense, that is

v+2
m > .

v—4

We now have the next theorem.

THEOREM 5. Under the above hypotheses, for sufficiently small € the forward and inverse
Mpgller operators Wi and Wy for the operators Hy and Hy + €U ezxist.

The proof of this theorem again makes full use of the complicated machinery employed
in the previous proofs (partitions, sectors, diagrams). For simplicity we consider the case

when
, :/ v @ v® s = /Vzdz,
where
(30) VI = a* (i~ 2)) " (f (- = 2alfon( — 2)alfa(- — 2)),

Vg = (g, f(-—2)f(-—2),  f fi € CC(RY).

To estimate the nth term
(31) An(t, ) = / / Vo, (t1) . Vo, (b)Y @ P dzy .. dzpdty ... dty,
A; ( u)n

in the series (6), where 1) = ¢ () @1(?) we appeal to the following inequality for u € C§°(RY),
suppu C [—R, R]":

(319) / e R+ () k| < Cu)I(t, ),
where
1
amnee |zl S Mt
(32) I(t,z) { R M= max |Vh|
araeen 1> M, respn

for every d > 1, and ¢(d) depends on d. Using (31) and (32), one proves without difficulty
that

(33) V) VIR ) el < (VD d)e(VD, d) TT It = tir, 20 = 2im1),
i=1

where t9 = 0, zo = 0. Then (30) and (33) imply the bound

1At )| <c"c(1/1)/ AD (1t D)
(34) An

1
X dty...dt,,
H (1 + |ti _ ti_1|)u/2 1
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where d = 2v and

(35) AD (bt D) =suppe, L, VD) VO 2 ()0 D)

and the constant ¢ depends on v, V()| R = R(V®), where R is such that supp f C [~ R, R]".

We then expand (35) as a sum of Friedrichs diagrams and carry out a partial summation
of the latter which differs from the one employed above.

Namely, we introduce partitions and sectors as was done in subsection 3 of §2. Since
there are at most 2" distinct sectors, we can fix some sector & = (o, ..., a ) and the right
endpoints of its intervals: I'y,..., 'y, whereI'y = 1, T'; = ;1 + 1, i = 2,..., k. Using the
canonical anticommutation relations, we move all the annihilation operators at the vertices

Ty, e =1,...,k, to the right until they act on the vacuum vector. This shuffle gives rise to
lines in the diagrams, each corresponding to a “propagator”

(36) (eitjhlféj) (‘Tj)’ eitihlfggi) (wl))v
which as in (30%) can be estimated by

C(RU))
(1 + |t; — ti—1])¥/?°

Here R = RM (VM) is such that suppfq C[-RM, RM forq=1,...,n

We thus obtain graphs with n + 1 vertices n,...,1,0. A graph will be called admissible
if:

1) each vertex i € I is the left-hand endpoint of at least m lines (these result from shuffling
the annihilation operators from the vertex i € I to the vacuum vector);

2) each vertex 7 is the right-hand endpoint of at most m lines (they result from pairing
with the creation operators at the vertex ).

Since ||a®(f)|| = || f|| for every f, we can estimate expression (34) by the quantity

ZZ/ H (14 |t; — tie u/2H|t *tv71|y/2dt1...dtn

(i,5)€CG

1
< crely ZZ/ I ot i

(4,9) GG

where the sum ) is over all admissible graphs for the sector a.

LEMMA 9. For = (v/2)(1 —1/m) > 2 we have the bound

ZZ/ I oot -d < O

(i,5)€CG

where C' is independent of m.

We refer to [48] for the proof. Theorem 5 now follows from this lemma and estimate (37).
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84. Weak-interaction limit for a quantum
Schrédinger particle interacting with Fermi gas

In the interaction of a particle with Fermi gas, the latter can be regarded as a “heat
reservoir” vis-a-vis the particle, and the motion of the latter can be analyzed under the
influence of the reservoir. More precisely, this means the following. The interaction of
the particle with the gas generates a perturbed dynamics 7¢ (where ¢ is the interaction
parameter) in the algebra 2 = A; ® AR, where the C*-algebra 2, describes the particle and
the C*-algebra (CAR algebra) 2 g describes the reservoir. This dynamics and an equilibrium
state w for the reservoir can be used to define a family of maps 77 of U, into itself by

% (B) = w(r (1% (B) ® 1)),

where 77 is the free dynamics on 2, and A € 2. In general, the family of maps ~;: A —
As (sometimes called the reduced dynamics of the particle) does not form a group, nor even
a semigroup of transformations. However, in the weak-interaction limit

(1) lim ~7(B) = Ts(B)
—0
sgtﬁs
the maps T : A; — A can be taken to define a semigroup. In this section we will study the
existence of the limit (1) in some particular cases.

1. Reduced dynamics and the weak-interaction limit. Let H; = Lo(RY), v > 3,
and let Hr = F,(Hs) be the antisymmetric Fock space over Hg, where Com(H;) is the
algebra of compact operators on H,, and 2, is the C*-algebra of compact operators on
‘Hs with the identity element adjoined. Let Apr be the C*-algebra generated by the cre-
ation/annihilation operators {a(f),a*(f), f € Hs} on Hr. We have the selfadjoint operator

(2) Hy=H;®1+1® Hg,

where Hy; = —A is the Laplace operator on H; and Hr = dI'(H;) is the second-quantized
Laplace operator on Hp; then Hy defines a free dynamics

12(A) = exp{itHy} Aexp{—itHy}, Ae, teR

on the C*-algebra 2; ® Ap.
Let wg be a KMS state on the algebra g corresponding to the inverse temperature 3

relative to the dynamics 77; wg is a quasifree state (see Chapter 2). Consider the interaction
v

v
(3) V=> paV;,
j=1
where p = (p1,...,p,) =iV is the momentum operator on Hs, and

M;
* k * k k k
V= ca(F5) . at (£ )alf i 1) - alfim ) 5
k=1

() fid €C(RY), 1<j<w,
1<i<mj+mn;, 1<k<M;,  M;<oo,
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where : - - : are the Wick dots relative to the quasifree gauge-invariant state wg (see Chap-
ter 2). Let

I={f" eCE®)1<j<v1<i<m;+n;1<k< M}

be the set of all functions by means of which V is defined.

REMARK. The choice of V in the special form (4) is not accidental but corresponds to
a renormalization of the interaction V;. If the Wick dots are omitted in (4), then the
weak-interaction limit may fail to exist.

We set Mmax = max;(m; +mn;), Mmin = min;(m; +n;). Let Dy be the linear span of the
functions f € H, such that fe C§°(R”), and let Fy be the subspace of Hp spanned by the
vectors

a*(fl)"'a*<fk)Q’ ijDOa jzlv"wka

where € is the vacuum vector.
The operator H. = Hy + €V, € € R, is essentially selfadjoint on Dy ® Fy and defines a
perturbed dynamics

(5) TfV(A) = exp{itH.} Aexp{—itH_.}, Aeci, teR

onA. Let A® B € A and set w(A® B) = Awg(B). Extending w by linearity and continuity
to all of A, we can define ~§: A; — A, as follows:

1 (A) =w(rf T (A®]), A
In this section we will be interested in proving the existence of the weak-interaction limit

(6) lim  45(A) =Ti(4), AeA, s>0,
e—0,t—o00
e?t—s

where T is a quantum dynamical semigroup on 2. For this it suffices to prove the existence
of the limit on the left in (6) for all A € A2 for 0 < s < s4, where AY C A is a dense
subalgebra and s4 > 0.

2. Existence of the weak-interaction limit. Let ngﬂp be the subalgebra of 2, gen-

erated by the identity operator and the projections (g, +)f, where the Fourier transforms fv
and g are in C§° and have support contained in S, the ball of radius r in R”. We set

A= Jul,.
>0
The correlation functions {g;;, 1 < ¢,j < v} are defined by
(7) 9i5(s) = wp(Vi,sVj),
(8) Vie.s = exp{isHr} Vi exp{—isHRg}.

The definition of the operator Vj, and the properties of the KMS state wg imply that:

2)

9) lgi;(s)] < const(1 + |s|)~"™min;
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. oo
b) if a;; = [y gij(s)ds, then
(10) Ima;; = Imay;, 1<4,j<y;

c) the matrix {Rea;;, 1 <, < v} is positive definite on C”.
Let @ = {Qi, 1 < 4,5 < v} be the positive square root of the matrix
{Re(a;j — aj;)}. For u= (u1,...,u,) € RV and p = (p1,...,pv), we define

(11) P=> Tmaygpp;, (u,Qp)= Y Quuip;, u>=» u;.
=1

ij=1 1,5=1

THEOREM 1. There exists a quantum dynamical semigroup {Ts, s > 0} on A such that
for every A € A there exists a number sa such that the limit

lim  ~f(A) = T,(4)
e—0,t—o00

e2t=s

exists uniformly in s € [0,s4]. If A € ngm then s depends only on 7. The generator L of
the semigroup T is given by

v

(12) L) = = 3 {5 Rl + aua)lpe w, Al + i g AL
k=1

for A €A%, and the semigroup itself acts on Ay as follows:

(13) Tu(A) = (2Pt)*“/2/e*(u2/(2t)“)

x exp{itp + i(u, Qp) } A exp{—itp — i(u, Qp)} du.

Proor. We will only sketch the main steps in the proof of this theorem. For A € 2
we have a convergent power series for 75 (A):

(14) ’yts(A) :A—FZ(ZE)”/ Wﬁ<Vt7l,[Vt7171,[th,A@)]_]]dtldtn,
n=1 ;

n

where

Vs = exp{isHo}Vexp{—isHy} = ij ® Vjs-

j=1

The proof of Theorem 1 is based on the following estimate for the nth term It (A) of the
series (14):

(15) I (A)]| < e"[e]"e™/FC(A),

where [g] denotes the largest integer < ¢, the constant ¢ > 0 is independent of n, and C'(A)
depends on A.
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The main difficulty in deriving (15) is that after the commutators are expanded out, one
needs to estimate the integrals

(16) / wﬁ(‘/’il,til e ‘/i'n.)tin )dtl N dtn,
A

t
n

where 7: (1,...,n) — (i1,...,4,) is a permutation. Associating to each V;, the vertex with
index i, we can express the integrand as a sum of diagrams which we will call admissible.
Each edge in an admissible diagram contributes the multiplicative factor

Tij (ti - tj) = wﬁ(a#<fti)a#<gtj))’

to the weight of the diagram, where f, g € S(R”). We note that two vertices may be joined
by more than one edge. Plainly, 7;; € L1(R) for all 4, j. The admissible diagrams do not
contain any loops, as follows directly from the properties of the Wick dots. Among the
admissible diagrams there are many that are not connected.

The proof of estimate (15) is simple in the case when Mmmax = Mmin = 2: we need only
apply Lemma 6.1 after adding some more edges so as to make each admissible diagram
connected.

The case Mmax > 2 is much more difficult and requires a combination of the methods
used to derive the estimates in §§2, 3.

The algebra 2, admits a state pg that is invariant under every quantum dynamical semi-

group, namely
po(al + B) = a, a€C, Be Com(Hs).

THEOREM 2. If the operator V # 0, then pq is the only invariant state for the semigroup
T, (see [15]).

REMARK. Theorem 1 is valid for interactions V of the type
v
V= ij(pj) ®Vj,
j=1

where Vj is given by (4) and the f; € C°°(RY) are bounded in absolute value by a polynomial.
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CHAPTER V

THE METHOD OF BETHE-SALPETER
KERNELS (DYSON’S EQUATION)

In Chapter 3 we discussed a general technique (sometimes called the “Moscow method”)
for studying the highest branches of the spectrum of the transfer matrix for a Gibbs field
on the lattice Z”, where the field takes values in a compact set S. Here we will give
another method for analyzing the one-particle spectrum of the transfer matrix, which
can also be applied when S is not compact. This method, which is somewhat arbitrarily
called the Bethe-Salpeter kernel method, can also be used to investigate bound states in
two-, three-, and higher-particle subspaces, but we will touch on this only briefly. We
note that although the Bethe-Salpeter kernel method applies to a larger class of models
than does the Moscow method, it is less informative: although it can provide information
on, say, the one-particle spectrum of the transfer matrix, this sheds little light on the
properties of the one-particle subspace itself.

In order to illustrate the essence of the method, and also to relate it to the constructions
in Chapter 3, we will first describe it for the example of the transfer matrix for the Ising
field on the lattice Z¥*! (this field was introduced in §2, Chapter 2, and its transfer
matrix in subsection 1 of §4, Chapter 3). We then apply the method to the study of the
one-particle spectral branches of the transfer matrix for a Gibbs field on Z¥*! taking
arbitrary real values (this case has so far not been amenable to the Moscow approach).

§1. The Dyson equation and the Bethe-Salpeter
kernel method for the Ising field

1. Dyson’s equation and the one-particle spectrum. Let {o(z), z = (Z,z()) €
Z¥ x Z', o(z) = £1} be a Gibbs Ising field defined on the (v + 1)-dimensional lattice
Zv*1! for small values of the parameter 3 (see Chapter 2, §5). Consider the covariance
function

$2(7,y) = s2(z —y) = (o(x),0(y))
= (o(2)a(y)) — (o(2))(o(y)) = (o(z)o(y))
of this field (here we have used the fact that (o(x)) = 0 for all z € Z¥*! for the Ising

field). The average is over the distribution of the field in the space Q = {—1, 1}ZU+1.
Evidently, for z = (Z,2(?)) we have

(1)

2) sa(x) = (U=T""15(0), 0(0))n,

where (-,+)y is the inner product in the physical Hilbert space H (which as we recall
consists of functionals that depend only on the values of the field {o(Z,0)} on the zero
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slice: {z = (7,2©), (0 = 0}); {U,, s € Z"} is a unitary representation of the group of
translations acting on H, and J denotes the transfer matrix of the field. In what follows
we will use the decomposition

(3) O’(O) = hl =+ hg,

where hy € H; is the projection of the functional o(0) € H onto the one-particle invariant
subspace of the transfer matrix J, and hy € H, is the projection of o(0) onto the
orthogonal complement of H; (see Chapter 3, §4). The constructions in Chapter 3 imply
that hy and he are functionals with rapidly (exponentially) decaying dependence on the
values of the configuration o = {¢(T), € Z"} at points far from zero:

(4) h1(o1) — ha(02)| < AY,

where o1 and oy are two configurations coinciding in a d-neighborhood of 0: ¢1(T) =
o2(Z) if |Z7| < d and 0 < A < 1 (with a similar estimate for hy). We showed in Chapter 3
that the spectrum of the transfer matrix J restricted to the invariant subspace 7'71 is
contained in the interval

(5) Sp(J/H1) C [-CB2, 0B,

where C'is a constant. From this and (4) it follows that

|z(©|
)

(6) (UzT " ha, ha)| < BATI(CB?)

where B is a constant. Furthermore, as was shown in Chapter 3, §7, the space H; can
be mapped unitarily onto the space Lo(T", dp), where TV is the v-dimensional torus, in
such a way that the operators {Us|w,, s € Z¥} go into multiplication by the functions
{exp{i(s;p), p € T"}, while J|y, becomes multiplication by some smooth (analytic)
function e(p) satisfying

(7) c2ff <e(p) <

for suitable constants ¢; > ¢ > 0. Under this isomorphism H; = Lo(T?,dp) the
functional goes into a smooth (analytic) function po(p) defined on T%. Thus,

z( ) z( ) i(p. T
(8) Uz, Ty, by )y = / oo (p) 2l ()l ™) dp.
TIJ

We now consider the Fourier transform of the function so(x) = s2(7, 2(?)), the so-called
Green function:

s2(p, k) = Z 55(F, 1)1 P7) g —ika'
(9) (T, 2(M)ezv+1
:gé(p,k)JrEg(p,k), peT”, k ng,

. . ©
where 5, (p, k) and §5(p, k) are the Fourier transforms of the functions (Ugz, jflff ‘,hl)

©
and (Uz, jhj l,hz), respectively. From estimate (6) we see that for each fixed p € TV,
the function §5(p, k) is analytic in k on the strip

(10) |Im k| < |InCB?| = 2|InB] + const .
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Equality (8) and estimate (7) also show that for fixed p, s5(p, k) is meromorphic in
the strip (10) and has two first-order poles at the points

(11) kr = xilne(p).

The determination and analysis of e(p) thus reduces to studying the poles of the Green
function $2(p, k) (relative to the variable k) which have the smallest imaginary part.

In this method the poles (11) of Sa(p, k) are found using a special equation for the
function s2(x), called the Dyson equation:

(12)  so(z—y) = I(x —y) +sinh 3 Z I(x —y)s2(z' —y), x,y € 27V
(w/,y/)EZ"+l

e’ —y|=1

In the next sections we will discuss the derivation of Dyson’s equation for the correlation
functions so of Gibbs fields of a rather general type. We will also discuss in detail the
function I(z) appearing in (12). Here we merely briefly mention that the derivation of
(12) is based on a general cluster expansion of sy discussed in detail in [26]. That is,
sa(x—1y) is represented as a sum of contributions from a collection of connected diagrams
(graphs) containing the points x and y. The sum is over the “one-particle irreducible”
diagrams, i.e., the ones for which there exist at least two nonintersecting paths going
from z to y, and the sum gives rise to the function I(z — y) (see below for more details).
From the definition of I(x) it follows that

(13) I(z) <e(Cp?)-!
and consequently, for any fixed p € T, the Fourier transform

Ipky= Y I@a®)e @D ™ k) e T x T

(z,x0)eZv+1

can be continued analytically to k in the strip (10). Taking the Fourier transform of
equation (12), we obtain that

Salp ) = 1. 1) + sind 970 (3 cosp? + cos ) (s ),
j=1

where p = (p(M,...,p")). Hence the Green function is
_ " v ) —1
(14) Sa(p, k) = I(p, k) [1 —sinh B1(p, k) < Z cos p) + cos k)] .
j=1

Thus for fixed p € T, the function 33(p, k) has poles in the strip (10) that coincide with
the roots of the equation

15 1—sinh6:f Jk cosp¥) + cosk | = 0.
(15) p p

=1

A detailed analysis of this equation in the general case will be given in the following
sections; it confirms that (as we already know) Sa(p, k) has two poles in the strip (10)
which lie at the points k+ = ie(p) on the imaginary axis.
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2. The Bethe-Salpeter kernel and bound two-particle states of the transfer
matrix. The approach described above can be suitably generalized to find two-particle
bound states of the transfer matrix for the Ising model. We recall that these are defined
as follows (see §4 and §7 in Chapter 3). We decompose the physical Hilbert space H as
a direct integral

(16) H= [ H(P)dP

TU
of spaces {H(P), P € T"} consisting of eigenvectors of the translation group {Us, s € Z"}
with eigenvalues {exp{i(s, P), P € T"}. The transfer matrix J commutes with the group
{Us, s € Z"} and is also expressible as a direct integral

(17) J=[ JP)dp

Tv

of operators {J(P), P € T"} acting on the respective spaces H(P). We next recall
that for small 3, in addition to the one-particle subspace H; the space H also contains
a two-particle subspace Ho which is invariant under J and U, so that we have the
decomposition

(18) H = Ho + H1 + Ho + Ho,

where Hy = {const}, H; is defined above, and Ho = (Ho + My + Ha)™t is also invariant
under 7. The spectrum also satisfies

(19) Sp(j|7'i2 C [70537053]7

where C' is a constant.
The space Hs and the operator Jo = J |, acting on it also admit decompositions

(20) Ho= | Ha(P)dP,  Jo= | Jo(P)dP
Tv Tv

analogous to (16) and (17);
Ha(P) CH(P),  Ja(P) = J(P)/Ha(P).

As was shown in Chapter 2, §6, the spectrum of the operator Ha(P) consists of a con-
tinuous (Lebesgue) part which contains the range of the function

(20%) ep(p) =e(p)e(P—-p), peT”,

(where €(p) was defined above) plus, possibly, a finite number of eigenvalues &;(P),

...,Es(P) with eigenvectors @S),cpp € Hz(P), which are called coupled states (with
total quasimomentum P). In general, it is not known if for small 8 bound states can
exist for the Z”*! Ising model for some range of values of the total quasimomentum
P. Tt is known (from explicit calculations of Onsager and Kaufman, see [47a]) that for
v = 1 there are no bound states, and moreover it can be seen that (for small 3) no
bound states are present when v > 2 (see Chapter 3, §7). The existence of bound states
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when v = 2 has not been ruled out. However, since the subsequent constructions apply
to more or less arbitrary models, the Ising model having been chosen merely as a very
simple illustration, we will postulate without further justification that there is a region
G C T of values of P for which the space H(P) contains a unique bound state @p with
eigenvalue £(P) lying to the right of the continuous spectrum:

(21) g(P) > },2% ep(p).

This eigenvalue (P) can be found and analyzed by exploiting the analytic properties
of the correlation function

s4(T,T') = (or,01) = (oror) — (or){oT),

where T' = (z1,22), T = (2, 24) C Z"*! for the two-point subsets of the lattice Z¥*1,
and

or = o(x1)o(x2), or =or — (o).

Expanding the monomial (oror) (see [26]), we obtain that
(22) s4(T,T") = so(w1 — x))s2(x1 — 25) + so(x1 — xh)s2(wy — ) + s3(T,T"),

where sy(z — y) is the correlation function defined above, and the “connected part”
s§(T,T") is the semi-invariant

(23) SZ(Tv T/) = <U:E1 »Oxay Ol s Uw’2>

of the values of the fields at the points 1, z2, 2}, 25. Using the standard cluster bounds
for the semi-invariants of Gibbs fields (see [26]), we find that

(24) [s§(T, T")| < (CB)*r,

where dg, B C Z”*! is the length of the smallest connected graph constructed on the
points in the set B (see Chapter 3), and C is a constant. Let a(ZQBH C C(ZQV)+1 be the set
of “simultaneous” two-point sets T' = ((fl,xgo)), (fz,$g0)))7 i.e., such that :Bgo) = ,’Ego).

Let 12(€§3+1) = Iy be the Hilbert space of functions f = (f(T),T € U(ZQV)H), and let the
operator R be defined by

(25) (RAT) =Y saT, T,  feEl.

=(2)
T'eC 11

Note that in view of (22), the estimates (24) and |so(x — y)| < (CB)1*=¥! follow from the
representation (2), and R is a cluster operator (with cluster parameter C3).

We now take the Fourier transform of functions in ls, i.e., we consider the functions
(26) f(phpz, k‘) — Z f(T)e—i(El p1)—i(T2,p2)—ikax(® )
T={(Z1,2(9),(T2,2(?)}
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It is easy to check that f is symmetric in the variables pi, ps and satisfies the condition

(27) / f(p1,p2,k)dp1dps =0
p1+p2=P

for all P € TV and k € T'. We denote the space of such functions by Ls. The Fourier
transform takes R into the operator R on Lo with kernel

R(p1,p2, ks Py, 0o, k') =32(p1, k)52(p2, k)6 (p1 — p)0(p2 — p5)d(k — k')

(28) _
+0(p1 4 p2 — Py — p2)d(k — ') S{(p1, p2; Y, 2, k),

where §i (p1, p2; P1, Py, k) is a smooth function defined on the manifold p; + p2 = p} + p)
and Sa(p, k) is the Fourier transform of sa(x) (the Green function). This formula shows

that when Lo is decomposed as a direct integral
(29) Ly = / Lo(P, k) dP dk
TvxT!

of spaces EQ(P, k), consisting of functions f(p), p € TV such that f(p) = f(P — p) and
J f(p)dp =0, R can be expressed as the direct integral

(30) R= / R(P,k)dP dk,
Tv xT1

where the R(P, k) act on Lo(P, k) by the formula

(31) (R(P, k) f)(p) =§p,k(p)f(p)+/§%,k(p,p’)f(p’)dp’-

Here
spk(p) = 32(P,k)s(P —p, k)

and
510, 0") = 54(p, P —p;p', P —p; k).

The next lemma relates the operators R(P, k) to the eigenvalues {£(P), P € G} in (21).

LEMMA. For any fixed P € G, the operator-valued function E(P, k) of the variable k
is meromorphic in the strip

(32) [Imk| < min {[Ine(p1)|+ [Ine(pz)}
p1+p2=P

and has there two poles at the points

(33) ki = +|Inz(P)|

(we recall that the function e(p) defines the one-particle branch of the spectrum of J).
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Proor. We denote by Ty C a(ZQBH the set
=((0,0),(,0), 7Fe2z",
and use the decompositions
(34) Grg =Ry + 05D, Gry =h + 1D,

where hgrl;, h(l)/ € Ho, h%, h(2), € Ha (the projections of the vectors o7 and G5 on

the subspaces 'HO and H; are equal to zero).
Thus,

~ ~ (0)
<”T?’UT7+<E£°)> (U Tk ‘UTy»UTy M
(0) (0)
:( Ej\f \hg};’h(l) ) ( j|€ lhT;7h(2) )

. (0)
:/V PO (PYRGI(P), G (P))2y(py AP
N / PO PR (P), k2, (P)) () dP.

Here hgﬁ)y(P),hgﬁ)y, (P), i = 1,2, are the components of the vectors hg%,hgpi)g,, 1=1,2
in the direct-integral decomposition (20). One computes readily that the kernel of the

operator R(P, k) is

Rpy(p k)= Y <5T§75Tg'+(E,£0)>€7i(E’P)ﬂ-kéoei@’p)ﬂ'@l’p/)

€608
(0) 1 1 (TG0 —i(T 0 —ikeO0
= D (T PIR(P), By (P e TP T ke
7.7 .6
(0) s — — 1 —i 0
+ Z J\f \ h(2g)( )h%,( ))H(P)ei(y,p) @' p") g —ikE"
5,5,

According to estimate (19), the second term (for fixed P) can be analytically continued
as a function of k into the strip |Im k| < 3|In 3| + const. Next, we expand the vector

hgply)(P) as

Wog(P) = Cy(P)Zp + hiy)

y(P)7

where @p is an eigenvector of J2(P) with eigenvalue (P), and ﬁ%(P)J.@P. Using also
the analogous decomposition for h(1)(P), we find that

(0) 0
S (B (PRSP B (P))ry(pye ™™

0

=" Cy(P)Ty (P)(E1(P)) €I (P)e ke’

£(0)

(0) 1 ~(1 _ikeO
+ 3 (T (PYRGAP) By (P))sy (e

0
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The second term is analytic in k in the strip (32), while the first has poles at the points
(33). This proves the lemma.

The following method can be used to find the poles of (33) directly. Consider the
operator R° on [, with kernel

sUT, T) = so(w1 — 2))s9(wy — ah) + so(x1 — ah)sa(wy — 2}).

Again taking Fourier transforms, we can decompose RO as a direct integral of operators
R°(P, k) given by the kernels

R4 (p,7) = 3pk(p)3(p — 1) + 8550 1)

Using the constructions in Chapter 3, §7, one shows without difficulty that for fixed P,
RY(P, k) has an analytic continuation for k in the strip (32). In addition, it can be shown
that R(P,k) and R°(P, k) are invertible and that their difference

(35) (R'(Pk)™" = (R(P,k)" = K(P,k)

is an integral operator having a smooth kernel Kp (p, p’) which is analytic in & for k in
the strip (32). The definition (35) implies that

R(P,k) = R°(P, k) + R(P,k)K (P, k)R°(P, k)
and consequently,
R(P,k) = (E+ K(P,k)R°(P, k)) "' R°(P, k).

This formula shows that the poles (33) of R(p, k) coincide with the zeros of the Fredholm
determinant: Det(E + K (P, k)R°(P,k)) = 0. The kernel Kp(p,p’) is called the Bethe-
Salpeter kernel and can be expressed as a series summed over a set of diagrams in much
the same way as the function I appearing in Dyson’s equation.

To find bound states in three-, four-, ... , k-particle invariant subspaces of the transfer
matrix, one must analyze the higher-order covariance functions of the field; this proceeds
along the same lines as in the case of two-particle bound states. A higher-order Bethe-
Salpeter kernel arises naturally in this context (see [12]).

§2. One-particle spectrum of the transfer matrix for a Gibbs field
with unbounded spin. Description of the model and results

In the previous section we saw that for an Ising field, the Fourier transform 5a(p, k) of
its covariance function extends as a meromorphic function of k& to a strip in the complex
plane, in which the poles of 52(p, k) are related in a very simple way to the one-particle
spectrum of the transfer matrix. The situation turns out to be much the same for a
larger class of Gibbs lattice fields, and this will be discussed in the present section.

Consider the Gibbs modification of the free (independent) measure

(1) Mo = >\0 )
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where )\g is a probability measure on the number line R'. We assume that the modified
measure pp is given by means of an interaction

(2) Ur©) =5 > @(E).&), E={),zcA}, &)eR!

z,x’ €N

where A C Z”*! is a bounded set and the sum in (2) is over all pairs of adjacent points
z,2’ € A. Here ®(£1,£2) is a nonnegative real-valued symmetric function of the real
variable &1, & with finite moments

(3) /Rl /Rl (I)n<€1’§2)d/\0<€1)d)\0(§2) <mn, n = 1,2, e

According to the results in [26] (see Chapter 4, §2), the limit Gibbs modification

4 = i
( ) M ATIZI?+1

exists for sufficiently small 3. Here the random field {£(z), z € Z¥*1}, with values in
R! on the lattice Z¥*! and with probability distribution p, is Markov.

Let ¢ and 2 be two arbitrary real-valued bounded functions defined on R'. Consider
the correlation function

5) So1.02 (2) =(1(£(0)),
£(x))) — (#1(£(0))) (#2(&(2))),

Il
—~
©
—
—
AN
—~
=)
~
~—
©
no
~—~~ N

where the mean (-) = (-), is taken with respect to the distribution p. Let further

~ o i(p,f)+ikz(0)
Sp1.p0(Dy k) = E Sp1,p(T)e
z=(z,z(0))eZv+1

be the Fourier transform of sy, ,,(x), i.e., the Green function.
Consider now the integral operator ® on Ly (R, d\o) with kernel ®(u, v),

~

(© @)= [ 0w) o) (o).

This operator is symmetric and compact on La(R!, d)g), because of condition (3). We
introduce the operator M = (E — P)®(E — P), where P projects L2(R',d)\g) onto

the subspace of constant functions. Let 91,2, ..., 9¥nN,... be a system of orthonormal
eigenvectors of M with nonzero eigenvalues puq,...,uy such that |u1]| > |p2| > -+ >
|un] > ..., and we assume that all the u; are simple. We consider the two cases

1) there are finitely many eigenvalues u;, i =1,..., N;

2) there are infinitely many: i =1,...,N,....
We have the following two theorems.
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THEOREM 1. Assume that case 1) holds. Then for sufficiently small 8 and any two
bounded functions p1, @2, the Fourier transform Sy, ,,(p, k), regarded as a function of
the variable k for any fired p € TV, can be continued to a meromorphic function in the
strip

(7) [Im k| < 2|1lnc1 5],

where the constant ¢ = ¢1(P®, Ao, v) does not depend on (3. Furthermore, the Green
function 54, ,,(p, k) has 2N poles in the strip (7); they lie on the imaginary axis,

(8) K =+ilnle;(p)l,  j=1,...,N,
where the €;(p) are functions of p € TV and satisfy

(9) e (p) — 18] < c25°

with a constant ca = c2(P, Ao, V) independent of 3.

THEOREM 2. Assume that case 2 holds. Then for any N there exists a By = Bo(N) > 0
such that for all 0 < B < [o(N) the function s, o, (p, k) admits a continuation in the
variable k to the strip

2
(lun| + [un1l)p

(10) [Imk| < In

and has poles at the points (8); estimate (9) is again valid.

We now relate the poles of 5., ., (p, k) described above to the spectrum of the transfer
matrix J of our field. Let ®, be the functional

(11) D, (€) = ¢(£(0)) — ((£(0))),

where is an arbitrary bounded function defined on R'. Clearly, we have

_ 2(®
(12) Sp1,p2 (x?x(o)) = (Ufj‘ lq)%»q)W)H»

where {Uz, T € Z¥} is the unitary group of spatial translations acting on Hpnys = H.
As before, we have direct-integral decompositions

(13) = / Hp)dp, T = / T(v) dp.

where the H(p) are the eigenspaces for the group {Uz, T € Z"}, with eigenvalues
exp{i(p,T)}. The right hand side of (12) then becomes

x() i(p.T z()
U1, @) / D (T (), (p). B (1)), dp

1
i(p,T z(©)
:/ 4ilp. >/ o) (),

-1

(14)
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where @, (p) € H(p), i = 1,2, is the component of the vector @, in the decomposition
(13), and

(15) P on (1) = (Bp(1) Py (9), P (P))14(r)

is the spectral measure corresponding to the elements ®,, (p) and @, (p) and generated
by the spectral family of projections {E, (1)} for the selfadjoint operator J (p) acting on
the space H(p). jFrom (12), (14) and (15) we get

1
~ 2O ik (®
s(p, k) = /1 < g ul® ek ) dp® (1)

P1,p2
z0ezt

1
p J
:/ (1 + eikz(o) - + efikx(ﬂ) o ,LL) dpg?#iz (M)

-1 K
Together with Theorems 1 and 2, this formula implies that for any ¢; and @y and
any fixed p, the support of the measure p(®) (1) is concentrated at the points &1 (p), ...,
en(p), and some set that belongs to the segments

(16) lul < C18?
and
+

in cases 1 and 2, respectively.

Writing H(p) C H(p) for the smallest closed subspace invariant under 7 (p) and con-
taining the functional ®,(p), we see from the above result that the space H(p) contains
N eigenvectors ¢1(p), . .., ¥ n(p) of the transfer matrix with eigenvalues £1(p), ..., en(p),
and on the orthogonal complement of these vectors the spectrum of 7 (p) lies in the inter-
vals (16) or (17). If {C%;(p)} denotes the one-dimensional subspace spanned by v,(p),
then it is clear that the spaces

M= [1Chm)dp R, G=Li N,
are one-particle invariant subspaces for the operator [J and group {Uz, T € Z"}.

REMARK. It is plausible that on the entire orthogonal complement of the sum of the
subspaces ‘H;, the spectrum of the transfer matrix J should also be of order O(3?)
(in case 1). In other words, this means that the smallest closed subspace invariant
under J and containing all the functionals {Uz®, } should contain the spectral subspace
E([-1,1]\ [-CB3?,CB%))H, where {E(A), A C [—1,1], a closed interval} is the spectral
family of projections for 7. More generally, we may conjecture the following. For every
€ > 0 there exists an n such that the smallest invariant subspace for J containing the
monomials of the form

(18) Uz, @, Uz, @, ... Uz, @y,
contains F([—1,1]\ [—¢,€])H (i.e., the polynomial states are complete). This question, as
well as the problem of finding the two-, three-, ... , k-particle subspaces for the transfer

matrix, requires an analysis of the correlation functions for monomials of the form (18),
i.e., of the higher-order correlation functions of the field, as we explained in the previous
section. Here it is natural to seek Bethe-Salpeter kernels that might be used to find and
analyze bound states in the k-particle subspaces. Some parts of this program have been
carried out for the P(p)2 Euclidean continuous quantum field models (see [12]).
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§3. Cluster expansion of the covariance operators

The rest of this chapter is devoted to the proof of Theorems 1 and 2. In this section we
will establish a cluster expansion for the correlation function s, ., () that will be needed
below, while in the next section we will derive a Dyson equation similar to equation (12.1)
in §1; finally, in the last section we use this equation to prove both Theorems 1 and 2.

Thus we begin by considering the cluster expansion of the correlation function s, , ()
for small 3. To this end, consider the graph £(Z"*!) whose vertices are the points of
the lattice Z¥*! and whose edges are all possible pairs of adjacent points (z,2’) of Z¥*1.
To each connected finite subgraph I' C £(Z"1) we define

ke = TT fen{-poletn). &0/ 1))

(y,y")erl 0

Kr<x;¢>=<w<g<x>> 11 <exp{—ﬁ¢<§<y>,s<y'>>}—1>>0

(y,y’)€er

(here (-)o = (-)) and

Kr(wl»xz;sﬂl»sﬂzb<<p1(€($1))s02(€($2)) 11 (exp{—ﬁé(é(y)aé(y'))}—1)>0»

(y,y')er

where z,x1,22 € I and ¥, p1, p2 are bounded functions. Henceforth, T will always
denote the set of vertices of the graph I'.
Then for sufficiently small 3 > 0 (see [26]) we have
(1)
(£1(£(0)),02(&(2)))

oo

1
— { Z H‘Pcon(rm...,Fn)KFD(O,I;Qol,(pQ)KFI...Kpn

n=0 “Iy,....['y

" 1
+ Z ESDCOH<FO""7Fn+1)KF0<O’(p1)KF1 ...I{an{pwrl(;v,()02)}7

Poseees g

where the sum " is over all ordered sets of finite connected graphs Iy, ..., I',, € £(Z7+1)
such that 0,z € fo, and the graph I'gU- - -UT",, is connected; the sum Z” is over all ordered
sets of finite connected graphs I'g,...,Typ1 C £(ZYF1) such that 0 € fo, T € fn+1, the
graph T'oU---UT, 41 is connected, and for all T'y,..., T,

(con)
Peon (o Tn)=> (1)1,
G

the sum being over all connected graphs G with vertex set {0,...,n} and edges (3, j),
0 <i<j<mn, where (i,j) € G only if LN fj # 0; |G| is the number of edges of G.

The proof that the series (1) converges for small enough follows straightforwardly from
the general theory of cluster expansions for correlation functions (see [26, Chapter 3]) by
use of the cluster estimates derived in [26, Chapter 4, §2], together with estimates that
follow easily from the positivity of ®:

(2) |Kr(z; 0)| < el K1,
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where || + ||z, is the norm on Ly(R!,d)\g), and the graph I'" C T contains all the edges of
I', except those that leave from the vertex x € I', and

3) |Kr (21, 22501, 02)| < [l Lol @2l [ K],

where the graph I’ C T contains all the edges of I" except for the ones leaving the vertices
xlefandxgef.

We fix By > 0 so that series (1) converges absolutely for all 8 € (0,0p). It will be
assumed henceforth that 0 < 8 < y.

We will need the following estimate for the function @con(+):

(4) |SDCOD(F03"'?F7L)| S |j(FOaaFn)|

for all Tg,..., I, C L(Z"*1), where J(Ig,...,T',) is the set of all trees with vertices
{0,1,...,n} and edges (i,7), where 0 < i < j <nand I'; NT; # (. In [26, Chapter 4,
§2] the estimate

(5) |Kr| < (e8)"!"]

was derived for the quantities K, where I' C £(Z**!), |I'| < oo; here v = 1/(v+1) and
c > 0 is a constant.
Inequalities (2)—(5) imply in particular that for small enough 8 > 0, 5 < (o,

(6) [{p1(6(0), e2(E@N)] < NlprllLsllpzllLaca(crs) ],

for all p; and @2, where ¢1,ce > 0 are constants (see [26], Chapter 3, §3).
We consider the system of covariance operators S, * € Z¥T! on La(R!, d)\g), where
for every x € Z¥*1, S, is defined by

<<p1,5$g02> = <<P1(§(0))7802(€($))>7 Y1,p2 € L2(R1’d/\0)

and (-, -) is the inner product on La(R!, d)o).
It is easily seen that for each 2 € Z¥*! the operator §I is selfadjoint, and by (6) we
have.
15, || < const(c; B)71%.

We next write out the cluster expansion for the operators §m, x € Z¥T1. For this
purpose, if ' C £(Z¥*1) is any finite connected graph, we consider the conditional
expectations with respect to the free measure pyg:

tetei = (TT (p{=A0(6). 600} - Dieta) = u)
(y,y’)€T 0
and

kr<x,x';u,u’>=< 11 <exp{—ﬁ¢><s<y>,§<y’>>}—1>|§<x>=u,£<x'>=u’>0.

(y,y')er
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Since ®(u,v) > 0, we see easily that

kr(z;-) € Lo(RY, d)o),
kp(z,2';-,+) € Lo(RY, d\o x d)\g) for z # x'.

We also set
kr(z,2';u, ') = Gy kr (z; 1),

where 8,/ is the 6-function in the space La(R!, d\o):
[ Suartt@) o) = [ b itul) dow) = v(w)
R R
Let /k?p(x, z') be the integral operator on La(R!, d\g) with kernel
kr(z,2';u,u),u,u’ € RY,

and let kr, 1, (z, ') be the integral operator on Ly (R, d)\g) with kernel kr, (x; u)kr, (z';u’).
Then for small enough 3 > 0, 8 < By and any x € Z*T!, we obtain from (1) that

~ © 1 I ~
Se=Y E{ > @con(To, .-, Tn)kr, (0,2)Kr, ... K,
n=0 To,...,I'y

(7) " ~
+ Z Sﬁcon(FOw'anqu)KFl-~-K1"nk1"0,1"n+1(07x)}7

F07-~~7Fn+1

or, for the kernel S, (u,u’), u,u’ € R* of the integral operator §I, x € Zvtl

oo 1 ,
Se(uu') = —{ Z @eon(Loy -+, Tn)kry (0, x5u,u')Kr, ... Kr,

(®) n=0 To,...Th
" ’
Y eon(Tore o T ey (0,0) K, ..Krylkrwl(x,u)},
To,..ny Tnta

where the sums are the same as in (1).
We will need the following estimates for the functions

kr‘(I,iEl;°,°),kr(iE;'),FCE(ZU+1), I,I/ erl.

ASSERTION 1. There exists by > 0 such that
1) for every finite graph T C L(Z™F1) the inequalities

ke (2, 2"+, )| Lo (R2,dxo xdro) < (b15)"!
hold for all z,2' € T, z # o',

HkF(xv’)”Lz(R?,d)\o) < (blﬁ)m
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for every x € f, and
sup [kr (z, u)| < (b1 )12+
u€R?

for every x € f; N N
2) for any finite graphs T'1, Ty C L(ZYT) and any 1 € Ty and 22 € Ta, |11 — 22| = 1,
we have

lkr, (215 +) @ kpy (w25 +) (exp{-BL(+, )} = 1)l o(R2,dr0 xdro) < (b1 B) T HIT2lH1
where

(kry (215 ) @ kry (225 +)) (ur, u2) = kry (w15 u1)kr, (225 u2),  wi,uz € R
PROOF. For the proof, we note that

ke (2, ) Ly r2,an0) < ke (@, 25, )| La(r2,d00 xdro)

<(( I el c0 - 1>4>0)1/4,

(y,y")erl

sup [fr(z, )| < const (<( T ' (expi-Bo (), W) - 1>2>0)1/2,

1
uelt y,y’)Er

where the product []" is over all the edges (y,%') € T that do not enter the point z € T,
and

[ (kr, (w15 ) @ kry (225 ) (exp{—=BL(+, )} = Dl Lo(R2,dxo xdro)

(I <exp{ﬂ<1>(5<y>,§<y’>>}1>4>0)1/4

(y,y')€rL

< (((exp{—BB(E(1). E(x2))} — 1))/
1/4
(< 11 <exp{—ﬁ¢><s<y>,£<y’>>}—1>4>) |
( 0

y,y')ED

IN

Thus, to prove Assertion 1 it is enough to show that for every finite connected graph
I C £(Z"!) we have

9) (< [T(exp{—52(&(y). £} — 1)4>0) " < ()",

where by = const > 0.

In proving (9) it is helpful to introduce the notion of the dimension of a graph I' C
L(ZvTh).

DEFINITION 1. A graph I' € £(Z**!) is said to have dimension n, 0 <n < v + 1, if
n is the smallest number m, 0 < m < v+ 1, such that I' is homeomorphic to some graph
I'"'c L(zm).

For the proof of (9) we consider the next lemma.
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LEMMA 1. For any finite graph T C L(Z"*1) we have the inequality

(!

—m

(exp{—AB(EW), £))) — 1)2’“>0)

(y,y")er
m+n —m—n
< JI Wexp{=B2Ew), W)} — 1> o)?
(y,y")€er
PROOF OF LEMMA 1. The proof is by induction on n = 1,...,v 4+ 1. The result is

obvious for a graph I' C £(Z"T1!), [I'| < oo, of dimension 1. Indeed, we can then label
the vertices of T' in the order in which they are joined by edges. Let T' = (y,..., y\f“l)’
T ={(y1,vy2),---, (y\flfl’y\f\)}' Here the points y1, ... Y|y are all distinct, and

lyir1—yil=1, j=1,...,][| -1
It is easy to show that

—m

7|1

<< [T (exp{=B2 (0. £(u51))) - 1)2m>0)2

j=1
< ((IT" texnt-ptetu) ant 17" )

J

< (I ewt-sote >,5<yj+1>>}1>2”“>0)

J

g—m~—1

g—m—1

-1
g—m—1

< H (exp{—=BB((y,), E(yy+1))} — ¥ o) "

where the product H(l) is over all odd j with 1 < j < |f| — 1, and H(2) is over all even
j with 1 <j <|I'| — 1. Lemma 1 is thus proved in the case when n = 1.

Now let n > 1 and take a graph I' C £(Z"™1) of dimension n. We divide it into
subgraphs I'y,..., [y in such a way that no two subgraphs I';,..., I’y have a common
edge, no two of I'y, ..., Ty with even indices have a common vertex (with the analogous
statement for the graphs with odd indices), and all the graphs I'y, ..., Ty have dimension
less than n.

If n = 2, this can be achieved, for instance, by splitting each vertex of the lattice Z?2
into two parts, one joining an upward and rightward directed edge, the other a downward
and leftward directed edge. Then the graph IV C £(Z?) homeomorphic to I splits into
several subgraphs I'q,...,I'; of dimension 1, where for each j = 1,...,k the graph I';
can have vertices in common only with I';_; for 7 > 1, and with I';; for j < k.

For n > 2 we proceed similarly and divide each point of Z" joining the edges (y—e;,y),

(y,y+e;),j=1,...,n, wheree; = (e§1), .. .,eg-n)) e’ =0y, j =1,...,n, into two nodes,

one joining the edges (y—e€5,y), 3 =1,...,n, and the other the edges (y,y + ¢;),
j=1,...,n. The graph IV C L(Z") homeomorphlc to I'" then decomposes into finitely
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many subgraphs of dimension < n, say I'},...,I"y, where for each j, 1 < j < N, the
graph I'; can have vertices in common only with I'; _; if j > 1, and with I if j < N.
The decomposition of T" into subgraphs I'y,..., 'y is given by the homeomorphism

p: ' — IV such that p: I'; — 1";-, j=1,...,N. It is easy to see that for any m € Z,
m > 1,

<< 11 (exp{m(g(y)’g(y,))}1)2m>0)2m

(y,y")eT
<< (1)< [ (ept=apiEw). §<y’>>}1)2m+1>0>2m1
(10) J (y,y")€ET; B
<< i : ) | (AR, 6) - 1>>)
ﬁ<< H exp{ﬁfb(g(y),g(y/))}1)2m+1>0>2m1,

Jj=1 (y,y’)EL;

where the products H(l) and H(Q) are over all the graphs 'y, ..., 'y with odd and even
indices, respectively. By induction on n, (10) gives the assertion of Lemma 1 for all
n € Zy, n > 1. This completes the proof of Lemma 1.

The proof of Assertion 1 is concluded by using Lemma 1 and the inequality

2n+2 2771.72

({(exp{=p2(&(). £} = 1) o)

< b1, 1<n<v+1,

where
k —k

b= max (), £W)))* )o)*

which holds by virtue of (3.2) and the positivity ®(u,v) > 0. This proves Assertion 1.
The next result is a corollary of Assertion 1.

ASSERTION 2. For 8 > 0 sufficiently small, we have ||S,| < ca(ba3)*! for every

x € Z¥11, where
v+1

2| =" 12D], w=®,. )
j=1

and bs and co are positive constants.

PROOF. We remark that for any finite graph I' C £(Z**!) we have
Ky = (kr(z;&(x)))o,z €T
and hence by Assertion 1,
(11) |Kr| < (019)7.

The rest of the proof is now routine, using the estimates (4), (11), and Assertion 1.
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84. Dyson’s equation for the covariance operators

ASSERTION 1. For sufficiently small 3, 0 < 3 < [31, the operators §x satisfy the
system of equations

(1) Se=IL+ > I,FS._y,
y,y/EZ”+1
ly—y'|=1

where F is an integral operator on La(R,d)\o) with the kernel

F(u,v) = exp{—p®(u,v)} — 1,

where u,v € R, and I,,, y € Z¥, are linear bounded selfadjoint operators on La(R, d\)
satisfying the following conditions:

a) for ally € Z"*1, y # 0, I, is an integral operator on La(R,d)\o) with kernel I (u,v)
satisfying

Iy(‘, ‘) S LQ(R, d)\() X d)\()),

1Ly (o3 ) La(Rydro xdre) < cs3(b3 )Y,

(2)

for suitable positive constants c3 and bs;
b) for y = 0, we have Iy = I} + Ijj + Py, where I} is multiplication by the bounded
function I'(u), I'(+) : R — R, and

3) I F|| < (bsB)?,

whereas I is an integral operator on Lo(R,dAo) with kernel I" (u,v) € La(R, dXg X dXg)
and

(4) 1G]] < bs 3.

Here Py is the orthogonal projection of La(R,dNg) onto the subspace orthogonal to the
subspace of constant functions in La(R, d)\o):

POf:f7<f>07 fELQ(R7d)\O)7

c) for every y € Z"*1 we have I,1 =0, where 1 € Lay(R,d)o) is the constant function
on R taking the value 1.

ProoF. Consider all graphs with edges in £(Z"*1), where multiple edges are allowed.
Let A be the set of all such finite connected graphs.

DEFINITION 1. A finite connected graph D € 2l with two distinguished vertices y and
y' € D (where D is the set of vertices of the graph D) is called a diagram and denoted by
D(y,y"). We have D(y,y") # D(y',y), and y and 3y’ are called the first and last vertices
of D(y,y').
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Given a diagram D(y, '), we define an integral operator Rp,,,) on the space La(R, d)Ao)
with kernel

11
RD(y,y’)(uv v) = Z { Z E@con(rm oy Pn)kr, (v, yIQ u,v)Kr, ... Kr,

n To,....,I'n
(5) + Z |gacon (To, .-, Tny1)
Co,....l’nta
X kro (y; U)KF1 s Krnan+1 (y/; ’U)},
where the sum Z/ is over all ordered sets of connected graphs I'y,..., ", with edges of

multiplicity one; here y € fo, y € fo, and the union I'gU- - -UT",, with allowance for the
multiplicity of the edges, is D; |I';| > 1 for 1 < j < n; I'g may reduce to a single vertex if
y =7/, Similarly, the sum Z” is over all ordered sets of graphs I'g,...,[,,41 with edges
of multiplicity one, where y € fo, y € fn_H, the union Ty U---UT 41 (allowing for edge
multiplicity) is D, |T';| > 1 for j = 1,...,n, and I’y and I',41 may reduce to a single
vertex y and y’, respectively.

LEMMA 1. 1) Fory # vy, y,y' € Z""', we have Rp(y .y (+,+) € La(R,dXg X dXo) for
any diagram D(y,y"), and for every N € Z, we have

(N)
() S VI Rb gl < ea(b:8)Y,

D(y,y")

where the sum Z(N) is over all diagrams D(y,y') with fized vertices y and y', and the
number of edges of D(y,y’) (counting multiplicity) is equal to

|D| =N

where ¢4 and by are positive constants.
2) Ify=1vy', y € Z"*L, then for every diagram D(y,y) we have

Rpy,y) = R;D(y,y) + Z)(y,y)’

where the operator Rb(y,y) on La(R,d)Ny) is given by multiplication by a bounded func-
tion Tp(y.(-): Rt — R, R, 1 an integral operator on La(R,dAo) with kernel
Ry (0,0) € La(R,dAo x dXo), and

™) a

) S sup [y (0)] < cab4B)¥ 24,
D(y.y) “SF

(8) Z HR Dyl < ca(bsB)™,

D(y,y)

for all N € Z,..
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3) For all y,y' € Z"*Y with |y —y'| = 1, and N1, No € Z, we have

N2 ~
9) Z Z ‘RDl(y y)FRIDz(y’,y’)H = C4(b46)N1+N2+1’
D1 (y,y) D2(y’,y’)

(N1)

where F is the integral operator on Ly(R,dAo) with kernel exp{ 8% (u,v)} — 1.
4) For any diagram D(y,y), y,y' € Z"T1, we have

Rp(yy,n1=0.

Proor orF LEMMA 1. Let R/ be given on La(R', d)\g) by multiplication by the

function

D(y,y)

Z TL' Z Pcon FO» v 7Fn)kr‘0 (y; U)KI‘1 R Krn

and let Rp,, ., be the integral operator on L (R, d)\o) with kernel

RH Z Z Pcon Fo, cee 7Fn+1)

- FO» 7Fn+1

X kro (y; U)KF1 cee KFnan+l (y/; ’U),

the sums 3" and 3" being as in (5). All the sums here are finite, and the function kr (y; v)
is bounded for every finite I' C £(Z¥*!) and y € T (see Assertion 1.3); consequently, the
functions rpy ) (-) and Rp, (-, ) are bounded, and the operators R}, and RY,,

are defined on La(R', dXo). By (5) we have Rpyy) = R, ) + B, .-
To prove the estimates (6)—(9) we use Assertion 1.3 and the bounds (4.3), (11.3).

Assume that y # 3'; then

BN LERIED SF-2 D SEE AR S

D(y,y") n=0 Lo,...,.0Y)
i
¥ Z 90, D))" .
To,..0Y)
where by is the constant in Assertion 1.3, 7 (To, ..., T';) is the set of all trees with vertices

{0,...,n} and edges (i,4), 0 < i < j < n, where I'; N T; # (). The sum Z/(N) is over all
ordered sets of finite connected graphs Iy, ..., T, C £(Z"T!) (possibly coinciding) such
that y,y" € T'g, the graph 'y U --- UT, is connected, and |T';| > 1,j=1,...,n,

i _

The sum Z/(/N) is over all ordered sets of finite connected graphs Iy, ..., 11 C £L(Z¥T1)
such that y € fo, y € fn+1, the graph I'gU- - -UT' 41 is connected, |I';| > 1,5 =1,...,n;
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Ty and Iy, 41 may reduce to the single vertex y or ¢/, respectively, and |Tg|+- - -+ |T'py1 =
N. Similarly,

(N)
Z sup |TD(y,y) (u)|
ER

D(yy)

<Y S 1T, Pl 8 I by ) o2,

n>0 p, F(N)

.....

(11)

where the sum Z'(N) is as in (10):

(12) S Rl <3 S 1T T 018,

() > N)
D(y,y) n20 1o, 00

where again the sum ZgN) is as in (10), and for y,y’ € Z**! with |y — ¢/| = 1 we have

Z(Nl Z Dl(y,y) /Dz(y’,y’) I

D(y,y) D(y'y )
/
(13) D DF DI S DR SR
10" 'n2>0 'p 1..IL (VD

"

x Z \T(T2,..., T2 )|(b1g)Ni+ Nt

Here the sums Yy, and Yy, over I'f, ..., T, € £(Z"*!) and over T'3,..., T2 C L(Z" ),
respectively, are as in (10).
Given (10)—(13), the rest of the proof of the estimates (6)—(9) is now routine (see [26]).

The first three statements of Lemma 1 have thus been proved. To establish the fourth,
we observe that it follows directly from (5); indeed, for every v € Lo(R,d)\g) we obtain
from (5) that

’

1
(% RD(y,y/)]-) = Z E{ Z @COH(F% BRI Fn)Krl s KFn kro (y7 y/; 1/)7 1)

n>0 ’ To,....I'n
1
+ Z SOCOU(FOW"?FNrFl)KFl . n+1kFg( ’l/))}
Fo,....l'nta
1 ’
:ZE{ Z SDCOU(FOV-'arn)kF(J(y;w)Krl...Krn
n>0 To,....Tn

+ Z @con(rm cee 7Fn+1)kF0 (y; w)Krl s Krn+1}

since kr, (y,y';1,1) = kp, (y;9) for every finite graph I' C £(Z¥*1) and ¢ € La(RY, d)\).

Recall that as in (5), all the sums here are finite. We break the sum >." into two parts:
" "

2 = 2t X

To,....lng1 To

"

----- Crt1:Tnt1|=1  Topeo,Tnir:|Tni]>1
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(the sum 3" here being defined in the same way as in (5)). We will show that

1 /
Z E{ Z ‘Pcon(rm-~-7Fn)kFo(y§¢)KF1 ...Kr,
D

n>0 0505 I'n

(14) T >

To,eosTrg1:| Trga[>1

1
=-> o > @eon(Tos - - s D1 ey (y;90) K, - .. Ko,

n>0 " To,..In,Dni1={y’}

"

@eon(Tos -+, 1) kry (y;9) K1y ~-~Krn}

For this we note that if the graph T', 41 in 3" consists of a single vertex L1 = {v'},
then y’ € ToU--- UL, and the graph T’y U---UT, is connected. Moreover, if exactly m
of the graphs I'y, ..., T, contains the vertex y’ (0 < m < n), then

(15) @COD(FO,...,FHH) = fmcpcon(Fo,...,Fn).

To prove (15) it suffices to consider

1) (2)
SQCOH(F()?"'?FTL*F:[) = Z (71)‘G‘ +Z (71)|G|7

G G

where the sum Z(l) is over all connected graphs G with vertices {0,...,n+1} and edges
(1,7), 0 <i < j<mn,where I;NT; #0,0<i<j<n+1 Itiseasy to see that if

IT4+1] = 1 and exactly m of the graphs T'o, ..., T, contain the vertex y’, then we have
(1) 1al con Te]
> D = —md T (=119 = —mpeon(To, .., Tn)
G G
and

>0

G
Thus the right-hand side of (14) is equal to

n+1

(16) 3 % 3 Z(m) Geon(To, - -, Tn)kr (s y)Kr, ... Kp,

n>0  m=1Ty,....T",

where the sum Z(m), m=1,...,n+1, is over all ordered sets of finite connected graphs
To,...,[y C L(Z¥TY) (possibly coinciding) such that y € Ty, ¥’ € ToU---UT,,, and the
union 'y U ---UT, (with allowance for edge multiplicities) is D (the diagram D(y,y’) is

fixed); here |I';| > 1 for j = 1,...,n, 'y may reduce to the single vertex y, and exactly
m of the graphs I'g, ..., T',, contain the vertex y’. We now observe that
I " s (m)
do4n X =) my
Lo,....Tn F07-~~7F71:|Fn‘21 m=1 Lo,...Tn

where the sums 32" and 3" are the same as in (5), except that we always have |T',,| > 1.
By (16), this implies (15), proving Lemma 1.
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DEFINITION 2. We say that D(y,y’) is a one-particle irreducible diagram if either
y = 1’ or the graph D contains at least two paths joining the vertices y and ¢’ which are
either disjoint or satisfy the cndition that the multiplicity of each common edge of these
two graphs is greater than 1.

Let us not than if the diagram D(y, y’) is not one-particle irreducible, then D contains
an edge (y1,y7) € D of multiplicity one, such that when the edge is removed we get two
nonintersecting graphs D and Ds:

D =Dy U{(y1,91)} U D,

where y,y1 € Dy and ¢/, Yy € D,. In this case, we say that the edge (y1,y}) splits D(y,y")
into the two disjoint diagrams D1 (y,y1) and D(y},v’).

LEMMA 2. Assume that the edge (y1,y7) € D, D € 2, splits the diagram D(y,y’),
y £ 4', into two disjoint diagrams D1 (y,y1)andD2(yy,y'). Then

Rpy.y = RDl(y,yl)FRDz(yLy’)'

PROOF. Indeed, let Ty, ...,T,, C £L(Z**1) be such that the union [y U ---UT,, is D
(counting edge multiplicity), and suppose that (y1,y}) € I'; for some j, 0 < j < n. Then
T =T, UT{(y,y')}, where the graphs T"},T"/ C L(Z"*") have no vertices in common,

each is connected, and y1 € I'; C Dy, y) € I'] C Da. We note that if j = 0 and y,y’ € Lo,
then

kro(y,y') = ko (y, 1) Fkry (y1,9')

and similarly,
b (gs) = [ s ) P,y 01 0) don) dA ),
ify € f;,
kr, (v ') = /R2 ks (yas ua ) F(un, u) kg (41, 45wy, u') ddo(ua) dA(uh),
ify e f;-’, and
K, = [ ey i) Pl 0 ey 075 4) ddo o) A ().
Thus to prove Lemma 2, it remains to show that if I'g,...,T,, C £(Z**!) are such

that the union I'o U --- UT,, (counting edge multiplicity) is D, and if (y1,y;) € T'; for
some j, 0 < j < n, then

@con(FOw”aFn):wcon(rijri CD17 7’7&]7 OSZSTL)
X SOC()n(F‘/jlvri C Dla 7’#]7 0 S 7/ S n)

For this it suffices to note that if the union I'yU- - - UT,, (with edge multiplicity) is D and
(y1,y7) €T for some j, 0 < j < n, then every graph G with vertex set {0,1,...,n} and
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edges (7,7), 0 <1i < j < n, where L;N fj # (), is expressible as a union of two connected
graphs GG1 and G2 which have a single vertex j in common, and which have the property
that i € Gy if and only if I'; € D;, i =0,...,n, i # j, ] = 1,2. This concludes the proof
of Lemma 2.

We now observe that in the statement of Lemma 2, the edge (y1,y’) € D can be
chosen so that the diagram D;(y,y1) is one-particle irreducible. We can now repeat
the preceding arguments for the diagram Da(yf,¥’), and so on. Thus we remove edges
(y1,91), -+, (Wk,y3,) € D, which divide the diagram D(y,y’) into one-particle irreducible
parts

Dl(y7 yl)a D2(y£7 y2)a XN Dk+1(y;gv y/)
Successive application of Lemma 2 then leads to the following expression for Rp, ,/:
(17) RD(y,y’) = RDl(y7y1)FRD2(y{7y2)F s FRDk+1(y;€»yl)'

Now observe that by (8.3) and (15), for every z € Z¥! we have

§z: Z RD(O,LE)?
D(0,z)

where the sum is over all diagrams D(0, ). Substituting expression (17) for Rpg,z), we
find that

8, = Z(l)RD(OW) + Z 2(2) Z(S) RDl(O,yl)ﬁRDz(y’pyz)

(18) D(0,z) k=1 (y1,91),--(¥r,9%) D1(091);--, D1 (yy,, @)
- FRp, (4, 2) H (1+x(Ds, Dy)),
1<i<j<k+1

where the sum Z(l) is over all one-particle irreducible diagrams D(0,z), and 2(2) is
over all ordered sets of pairs of points (y1,%1),---, Yk, ¥p)s Y5, Y; € Z*+1 such that
ly; —y;l =1, j=1,...,k (some of these pairs may coincide). The sum 2(3) is over all
one-particle irreducible diagrams D1(0,y1), D2(y1,y2), - ., Diy1(y}, x), and

=

S

S
I

~1, fD;ND; #0,

X(Di,Dj) =0, if ﬁiﬁﬁj = 0.
We now use the diagram expansion (18) to derive Dyson’s equation. Let
g(D1,...,Dyy1), D1,..., D1 € 2, be the graph with vertices {1,...,k+ 1} and edges

(i,7), 1 <i < j < k+1, where (¢,j) € g(D1,...,Dg41) if and only if D; N D; # 0,
1<i<j<k+1 Then

I[I @+xDiDy)= > (-1,

1<i<j<k+1 G<g(D1,.-sDry1)

where the sum is over all subgraphs G < g(Dq, ..., Dyy1) with vertex set {1,...,k+ 1};
|G| is the number of edges in G.
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DEFINITION 3. A graph G with vertex set {1,...,n} is decomposable if it consists of
two disjoint parts G; and Gs, where for some j, 1 <j <n

él:{lv"'>j}7 62:{]+1,,’]’L}

If this is not the case, G is said to be indecomposable (a graph G on a single vertex,
n = 1, is considered to be indecomposable).

If the graph g(D1, ..., Dg+1) is indecomposable, we set
@H(Dlv s 7Dk+1) = Z (H)(fl)lle
G

where the sum is over all indecomposable subgraphs G C g(Dy, ..., Di4+1) with vertex set
{1,...,k+1}; otherwise (if g(D1, ..., Di+1) is decomposable), we define g (D1, ..., Dgi1) =
0. It is easy to see that

S (1) = pp(Dr,.... Dii)
GCg(D1,...,Di41)

(19) K
+Y on(D1,...,Dy) 3 (—1)lel,

GCg(Dny1ysDpy1)

Define the operators I,,, y € Z**! for y # 0 by

Iy, = Z(l)RD(O,y) + Z 2(2) Z(B) o (D1,...,Dry1)

(20) D(0,y) k=1 (y1,5})s-es(Us9ls) D1(0,51),ees Dt (o)
X RD1(0,y1)FRD2(y’1,y2) s FRDk+1(y;€»y)7

and for y = 0 set

)
I(/J :Z RID(O,O)v

D(0,0)
(1) e (2) (3)
B S TREE S SIS S
D(0,0) k=1 (y1,91),--(Yk,yy) D1(0,y1),..,Diy1(yy,,0)

X Rp,0,y0)F Ry (v} y2) - - - FRDy 4 (4,0)-

The sums 2(2) and 2(3) are the same as in (18), and Z(l) is over all diagrams D(0,0)
with more than one vertex, i.e., |D| > 1.

Lemma 1 and the next result readily imply that each of these series is norm-convergent
in the space of bounded linear operators on La(RY, d)).

LEMMA 3. For any D1, ..., Dy € A we have
|(pH<D17aDk)| <qfa

for some positive constant q.

Proor. We will need the concept of a minimal indecomposable graph on a set of
vertices.
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DEFINITION 4. An indecomposable graph G with vertex set {1,...,k} is minimal if
a decomposable graph results whenever an edge is removed from G.
To every indecomposable graph G with vertex set {1,..., k} we associate the sequence

of all its edges:
{(ilvjl)v ceey (Z|G|7J|G|)} = G7

where is < js, s =1,...,|G|, and is < ig41, s =1,...,|G| = 1, i1 = 1. Note that for a
minimal graph, this sequence is uniquely determined and satisfies the condition

is+1 <js,S:1,...,|G|—1

and
js—l < 7;5_;,_1,8 = 2,,|G| — 1.

We order the set of minimal graphs with vertices {1,...,k} as follows. Let {(i1,71),
., (g, Jjq))} be the sequence of edges of the minimal graph G and {(i,j1),...,
(zf G j"G‘)} the corresponding sequence for another minimal graph G’. Then define
G < @ if for some s, 1 < s < min{|G|, |G’|} we have (im,jm) = (i,,,4,) for 1 <m < s
(provided s > 1), and either j; > j., or else js = j. but is < ¢,. It is easy to see that
this gives a total ordering on the set of all minimal graphs.

We use the above ordering to enumerate all the minimal graphs with vertex set
{1,...,k} contained in ¢g(Dx, ..., D), G1,....,Gn, G; < G, 1 <i< j<N.

Let G;, j = 1,..., N, be the set of all indecomposable graphs G C G(Dx,...,Dy)
with vertex set {1, ..., k}, each of which contains the jth minimal indecomposable graph
G but not any of the preceding minimal indecomposable graphs G, 1 < i < j. Defining

0j(Dy,.... D) = Y (=19

GeGj

we have

N
¢u(D1,...,Dy) = 0j(Ds,...,Dy).
j=1

We next derive an explicit form for the quantities
Uj(Dl,...,Dk), jZl,...,N.

Let {(i1,71) - - -, (4jGa)» Jja2) )} be the sequence of edges of the minimal graph G, 1 <1 <
N. We remove all the edges (i,7) € g(G1,...,Gg) \ G; such that for some m, 1 <m </,
i < jm—1 and either j > j,,, or else 7 = j,, but ¢ < 4,,. The set of edges removed in
this way will be denoted by O(G;). Note that if G < G;, 1 <1 < N, then G contains
no edges in O(G)), because otherwise we would have G D G, for some 1 < m < [. And
conversely, if GNO(G;) =0 and G, € G, then G < G. Thus,

0j(D1,..., Dg) = (1)1 (—1)9, j=1,...,N,
G

where the sum is over all graphs G C ¢g(D1,...,Dg) \ (O(G;) U Gj), and consequently
0i(D1,...,Dp) = 0if g(Dy,...,Dp) \ (O(G;) UGy) # 0 and 0;(D1,...,Dy) = (—1)I]
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if g(D1,...,Dx) = (O(G;) UG;). Thus, |pu(Di,...,Dy)| is less than the number of
minimal indecomposable subgraphs g(D1, ..., Dy) with vertices {1,...,k}. It is easy to
see that the number of minimal indecomposable graphs with vertex set {1,...,k} is less
than 4*. Lemma 3 is proved.

We can now conclude the proof of Assertion 1. Let us show that for any y € Z¥*! the
operator I, is selfadjoint. Indeed, F*=F by the symmetry of the function ®: ®(u,v) =
®(v,u), and it follows easily from (5) that R}, = Rp(y,y) for every diagram D(y, y');
thus, Iy = I, = I,. We further have by definition that Io = Iy + Iy + Py, where Py is
the orthogonal projection in Lo(R!, d\g) given by

POf = f - <f>07 f S LQ(RlvdAO)v

and I} on Ly(R',d)\o) is multiplication by the function

&
Iy = Z T/D(O,O) (u),

D(0,0)

where the sum is over all diagrams D(0,0) with more than one vertex: [D| > 1. The
boundedness of this function follows easily from (7). For y # 0, y € Z**!, I}/ and I, are
Hilbert-Schmidt operators on La(R!, d)\g) (i.e., they have a kernel in La(R1,d)\g X d)o)).

Estimate (3) follows easily from (9) and Lemma 3. To prove (2) and (4), we notice that
for any y;,y; € Z¥*! such that [y; —yj| =1, j = 1,...,k, and all Ny,...,Npy1 € Z4,
we have by (6), (8), and (9) that

.....

(N1, Ni41) ~ ~
CIY IR D, 050 FRDoyy0) - - - FRDy | < (0 B)FFNH 0N

where V' is a positive constant and the sum is over all one-particle irreducible diagrams
D1(0,v1), D2(¥4,y2)s - - -, Dky1(yy,, y) such that |D;| = N;, j = 1,...,k+1. Inequality (4)
now follows easily from (21), (8), and Lemma 3.

To prove (2) we observe that if

D1(0,91), D2 (%1, 92), -+ » Diey1(Yis )

where |y; —yi| = 1, j = 1,...,k, are one-particle irreducible diagrams and the graph
g(D1,...,Dyy1) is indecomposable, then Zf:ll |D,;| + k > 2]y|, whence (21) implies (2)
easily.

Part ¢) of Assertion 1 follows automatically from the fourth statement in Lemma 1.

The Dyson equations themselves (1) now follow readily from the diagram expansions
(18) and (20) upon recalling (19).

This completes the proof of Assertion 1.

85. Amnalytic structure of the Green functions

Here we will use Assertion 1.4 above to prove Theorems 1 and 2, which were stated
in §2.
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Let 8 be sufficiently small, 0 < § < (31, where [3; is the constant appearing in Asser-
tion 1.4. Consider the Fourier transform of the operators S, :

ﬁ(p’ k) = Z 6_(P7f)—7;k7m(0) :S,\w’ (p7 k) c Tu X Tl,

z=(z,z(0))eZv+1

(p.7) =Y pP2D,  p=0W,. . p»), T=(W,. . 2").
J=1

By Assertion 2.3, for any fixed p € T" and any k in the strip |Im k| < In(be3)~! (where
by is the constant in Assertion 2.3), we have that S(p, k) is a bounded linear operator on
La(R, d)\o) such that

(1) S(p, k)1 =0,

since by definition S,1 = 0 for every x € Z¥, and S*(p,k) = S(p, k) in view of the
obvious symmetry S* = S_, = S,, x € Z¥*1. Similarly, for the Fourier transform of I,
where z = (Z,2(?)) € Z+1, Assertion 4.1 implies that, for any fixed p € T” and any k
in the strip |Im k| < In(b33)~2 (where the constant bs is as in Assertion 4.1),

o= Y P,
reZVtL

is a bounded linear operator on La(R!, d)\g) such that

(2) l(pv k)l =0, Ik(p’ k) = l(pv k‘),
and

Here Pof = f — (f)o, f € La(R,d)\o), I}, is multiplication by the bounded function
Ij: R — R
and I"”(p, k) is the Hilbert-Schmidt operator on La(R!, d)\g) with kernel

f/(’UJ,Ul;p,k) _ Ié'(u,u') + Z e—(P,E)—ikm(O)Iz(u7u/).

zezvt!
z#0

Let H C La(R!,d)\o) be the subspace spanned by the functions f—(f)o, f € La(R!, d\o).
By (1) and (2), H is invariant under S(p, k) and I(p, k), where

ﬁ(pvk) = Poﬁ(p»k)PO,
l(pv k) = POl(pv k)P()v

and P, is the orthogonal projection of Lo(R!,d)\g) on H. We will henceforth regard
S(p, k) and I(p, k) as operators on H.
We can then rewrite equation (3) as

l(pv k) =F + POIS + Pofl(p» k)v

where F is the identity operator on H.
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LEMMA 1. For any h > 0 there exist a B2 > 0, foh < 1, and a k1 > 0 such that
for any B with 0 < 3 < B2, any k in the strip |Imk| < In(hB3)~!, and any p € TV the
imequalities

(4) IL(p, K)F| < k1B, |[(Llp k) — E)F|| < 81/

hold, where || - || is the norm on the space of bounded linear operators on H.

PRrROOF. The first inequality follows automatically from the second, since

|1F|| < ||(e™P® — D Lo(r2,dx0 xdre) < BIPl Lo(R2,dxo xdro)-
To prove the second inequality, we appeal to the estimates in Assertion 1.4. Consider
~ ~ ~ 2. (0) ~
I(L(p, k) = EYEI| < I F( + 1 FI + Y ™™ |1 F].
zezv Tt

z#0

In view of (2.4), (3.4), and (4.4), for small enough 3 > 0 this gives

I(L(p, k) — B)F|| <(b33)* + b3 ®|| 1y (r2.ar0 x o)
x 1(0) m
+ Z BbsB)**em k”q)”Lg(R?,dondAo)a

zezvt!
z#0

and for |[Imk| < In(h3)~t, h > 0, we have
I[(L(p, k) — E)F|| <(b3B)? + b3 82| || Lo(R2,dr0 x dAo)

b 6 ‘10| -
+ Y ﬁ(%) (0383)*1 @ || Ly R2,ar0 x dro)

where b3 is the constant in Assertion 1.4. This last inequality easily implies the second
inequality in (4) for 0 < 5 < hby 2. This proves Lemma 1.

We now take Fourier transforms in (1.4):

) () = Llp. k) 4 2( 3 cosp + cosk ) S, ).
(5%) (E -2 ( Z cosp) + cos k) L(p, k)ﬁ) S(p, k) = L(p, k).

For any fixed p € T, S(p, k) and I(p, k) are functions of k with values in the space of
bounded linear operators on Lo(R',d)g), where the first is defined and analytic on the
strip | Im k| < In(b23) ™!, and the second on the strip

(6) | Im k| < In(bs3)
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(where by is the constant in Assertion 2.3 and b3 the constant in Assertion 1.4). In what
follows, p € T will be fixed. Consider the operator

B(p,k)=FE — 2<Zcosp(j) + cosk)l(p,k)ﬁ.

j=1

The analyticity of I(p, k) on the strip (6) implies that if the operator B(p,k): H — H
is invertible for k = ko, |Imko| < In(b33)~2, then by (5%) the operator-valued function
S(p, k) is analytic at the point k = kg, which implies that the Green function

~ i(p,x)+ikz(®
Sorea( k) = Y PP (01 S,00) = (01, S(p, k)ipa)

zezv+tl

is analytic at k = ko, where ¢1,ps € Lo(RY,d)\g) and (-,-) is the inner product on
Lao(R',d)\g). For any k in the strip (6) the spectrum of B(p,k) is discrete, as follows
from the compactness of F. Consequently, B(p, k) is invertible if and only if its set of
eigenvalues stays away from zero.

Let 0 < Imk < In(b33) "2 (all the arguments are analogous for Im k < 0). We consider
the operator

By(k) = E — e~ * Py® P,

on H.

LEMMA 2. For any h > 0 there exist a B3, fsh < 1, and a k9 > 1 such that for any
B, 0< B < B3, and any k in the strip 0 < |Imk| < In(hB3)~! we have

Hﬁ(pvk) - Eo(k/’)” < Kgﬁ.

The proof follows easily from Lemma 1. Indeed,

|B(p, k) — By (k)| <(2v + [e™ | L(p, K)F[| + ™| | (L(p, k) — E)F||
+ |€ik| ”6—54) -1+ ﬁq)HLg(R2,d)\0><d>\0)-

By (4), the first term here is less than (2v + 1)k15 and the second is less than x15/h,
while the third is bounded by

LH‘I)Q / a / T g
A1 Jo ™ o

by virtue of the condition ® > 0. This proves Lemma 2.
We now consider the eigenvalues

<P

— 2h H(I)2||L2(R2,d)\0><d)\0)a

L2(R2,d\oxdAo)

/’le"'vlqu"'?,ujeRlv .]:1727

of the operator POEDPO, where |p1]| > 2] > -+ > |pn| > 0. By hypothesis p; # p; for
i#£4,4,7=12,.... Weset h = (|un|+ |p~Nt1])/2.
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LEMMA 3. There exist B4 > 0 and k3 > 0 such that for every 3, 0 < 8 < B4, and any
k in the strip 0 < Imk < In(1/(hB)), satisfying the condition

67“6

(7) j=1,...,N,

1 ‘ K3
—_— > —_—,
wiB| |

the operator B(p, k) is invertible.

PROOF. The operator B (k) is invertible for every k in the strip 0 < Im k& < In(1/(hf))
with the exception of the points k for which |e?* — ;LJLB| =0,5=1,...,N. We

have || By(k))~!|| = maxj—1,  n|1 — Be *pu;|~t. Let 0 < Imx < Im(1/(h3)) and
1—Be *u; #£0,j=1,...,N, and consider the representation

B(p. k) = By(k)[E + By (k) (B(p, k) — By (k))]-
To prove Lemma 3 it is enough to show that
(8) 1B5 " (k) (B(p, k) — By (k)| < 1,
if 8 > 0 is sufficiently small and

ok _ 1
Wi

where k3 is some positive constant.
In view of Lemma 2, there exist 03 > 0 and ko > 0 such that for any 8 > 0, § < (3
and any k in the strip 0 < Imk < In(1/(hf3)) we have

’>ﬁ, j=1,...,N,
lun|

9) | B(p, k) — By (k)| < raf.

Setting k3 = 2k9, we see that for every k in the strip 0 < Imk < In(1/(hf)) satisfying
(7), we have

1
© 2Kof3°

(10) 12001 < () e, (Gl

Estimate (8) now follows from (9) and (10), completing the proof of Lemma 3.

Let the constant k3 > 0 of Lemma 3 be fixed, and take ko = 1£3/2. We now examine
the case when
K3

|MN|

. 1
etk —‘ <
wif3

for some j, 1 < j < N. Let 11,...,¥n be the eigenvectors of the operator POF\PO on 'H
corresponding to the eigenvalues p1, ..., un. Let 'H]l- be the subspace of H spanned by
the vector ¢; and HJQ- be the orthogonal complement of Hjl- in H. Then on H = Hjl» @ HJQ-
we can write the operators B(p, k) and B, (k) in block form

B'(p,k) Bj*(p,k)
<§?1(p» k) BF(p, k))
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and I 12
(Zh o)

respectively, where

BM(p,k): M\ — Hj™,
Bit(k): HE — Hj™ m, 1€ {1,2}.
It is easily seen that By?(k) = 0, Bgj(k) = 0, and By (k) = (1 — p;Be*)E. We show

that for small enough 3 > 0, the operator E?(p, k) is invertible. Indeed, for sufficiently
small § we have

(11) 1(B2(p, k))~Y]| < iﬁ
K3

because for small 3 > 0 we have

. 1 K
—ik 3
—_ > —_
‘ Mlﬁ’ |MN|
for all [ # j, 1 <1 < N. Moreover,
(12) IB3 (p, k) — Bg; (k)| < | B(p, k) — Bo(k)|| < r2f,

where k2 = Kk3/2 is the constant in Lemma 2. The invertibility of ﬁ?(p, k) follows readily
from (11) and (12), and the norm of the inverse satisfies

(13) (B2 (. k)] < iﬁ
K3

for any k such that |[e=* — 1/(u;8)| > k3/|un|. From the invertibility of §?2(p, k) we
see easily that B(p, k) is invertible if and only if

B (p,k) — B (p, k) (B2 (p.k)) "' B2 (p. k) # 0.

LEMMA 4. For sufficiently small B > 0, 0 < 8 < B4, where B4 is a suitable positive
constant, the equation

(14) B (p, k) — B (p,k)(B3*(p. k) "' B (p,k) = 0

has for every j =1,...,N and any fixed p € T” a unique solution in the region

(15) {kEC' eiki‘<i Imk€<0 lni) Rek € [0 271']}
' piBl - lenl” ChB) )

ProOF. Indeed, by Lemma 2

1
I1B5* (. k), I1B5" (p, B, | BS (p, k) — Boj (k)| < 5raf8



§5. ANALYTIC STRUCTURE OF THE GREEN FUNCTIONS 291

and hence by (13) we have
|§]11<pa k) - Ejl2<pa k)(§?2(p7 k))_lﬁfl(pv k) - Eéjl (k)| < KSﬁ

for every k in the region (15) for 8 > 0 sufficiently small. Thus, for small 5 > 0 and all
k such that [e=* — 1/(u;8)| = k3/|un|, we have

|Boj (k)| > | Bj (p, k) — Boj (k) — Bj* (p, k) (BF (p, k) ™' B (. k).
An application of Rouché’s theorem [31] now gives Lemma 4.

Theorem 2.2 now follows easily from Lemmas 3 and 4, because the solution of equa-
tion (14) is a pole of the Green function

Sossk) = Y e PPTR(6(0)), 95 E@))-
x=(Z,z(0))ezv+1
The proof of Theorem 1.2 will use the next lemma.
LEMMA 5. Suppose that pp, =0 for allk > N, k€ Z,, and
lpal = [p2| = - = [un| > 0.
Then there exist 85 > 0 and q, 0 < q < 1, such that for every 8 >0, 8 < 85 and any k

satisfying
In—2 < |Imk| < 1n (i)2
lun|B Bbs )’

the operator B(p, k) is invertible (here bs is the constant in Assertion 1.4).
ProOF. We consider Imk > 0, the case Imk < 0 being analogous. It is enough to
show that if 3 > 0 is small enough, then for any k satisfying
2

2 q
In <Imk <In ,
lun|B (Bb3)?
where ¢ is a positive constant such that 2b33/|un| < ¢? < 1, we have the inequality
(16) |Be™ " Po®Py|| = i Be™*| > 1+ || B(p, k) — E + e * PP

Indeed, suppose that |e =] = (ﬁ)2 > m, 0 < g < 1. Then

2:6(0)
I, k) — BYE) < |5+ I F + 3 <ﬁ%) ILE)

zezvt!
z#0

q 220
N 2|z|
ﬂbg) (b3f3)

and by Assertion 4.1,

(b3B) +bsB> +8 > (

zezv
z#0

22(0)
< (b3B)” + 3" + (1 (0s7) Q;UﬂZ(ﬂb) (bs5)"

B0 (L G0 5 S~ 2 o

T (a2 (1= (0sP)2)-

0€Z1
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We note that for small enough 3,

2 223
22 2()2°|—2°) q b38° | |
q b3/6 < + )
24 () ¢ " 1= BF ]

since g% > b33/|pn|, and for 3 > 0 sufficiently small, we have
b33°% | < 1.

Thus when |e=%| = (%)2 > W%IB’ 0 < ¢ <1, we have

(17) I(I(p, k) = EYE|| < e18 + c2°B,
where ¢; and co are positive constants. Consequently, we have
(18) IL(p, )F|l < 18 + c2q*8 + B]1®].

; 2 .
For e~ | = ([;%3) > W, 0 < ¢ < 1, we now estimate

IB(p, k) — E — Be *PydPy|| < (20 + 1)[|L(p, k) F

q2

+ ﬂ—bg(H(I(pak) — E)F|| +[le™"® = 14 8| 1, (r2,d50 xdr0))-
For small enough 8 > 0, (18) shows that the first term here is bounded by const-3; by

(17), the second term is bounded by const-g*3~1; and since ® > 0, the third term is
§ const -3%. Thus, if |e~*| = (ﬁ)Q > ﬁ, 0 < q¢<1and >0 is small enough, we
ave

|B(p, k) — E — Be~*Py®Py|| < const ¢*87".
On the other hand,

2
ik & q
[Be=* Po® Py || = |un |57
b33
2 2
and consequently we can find a gg > 0, % < qo < 1, such that for every ¢, \ilj\?r’l < q < qo,

inequality (16) holds for small enough 3 > 0 when |e?*| = (%)2.

It follows easily from this that the operator B(p, k) is invertible for every k in the strip

2 qo )2
In—— <Imk<ln(—| .
lun|B ~ - <ﬁbs

The case
q0

2 2
—In( =— <Imk<—-In——
<ﬁb3) - - lun|B

is handled similarly. Lemma 5 is proved.

Theorem 1.2 now follows easily from Lemmas 3, 4, and 5.
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GUIDE TO THE LITERATURE

The introductory Chapter 0 discusses well-known material, parts of which can be found
in the books by Ruelle [37], Glimm and Jaffe [12], Bratteli and Robinson [7, 49], Reed
and Simon [36], as well as in the review article by Dobrushin, Sinai, and Sukhov [14].

Part of Chapter 1 is purely expository (§§2 and 3, see the related material in the books
by Dixmier [13] and Berezin [5]). Other parts are illustrative in character: §1, where we
give a brief exposition of work by Sinai [39] and Dobrushin and Fritz [50] on the dynamics
of a one-dimensional gas; §4, in which we construct a dynamics for a nonideal continuous
Fermi gas by a method similar to that of Robinson [37]; and finally, §5, which is devoted
to a simple example of a “linear dynamics” on the CAR and Weyl algebras (see [5]).
Essentially new results appear in §§6 and 7. In §6 we construct a stochastic dynamics
and its equilibrium states for a continuous-time Markov field. These constructions are
inspired by ideas in “stochastic quantization” (see the review article by Migdal [29]);
our treatment follows the work of Ignatyuk, Malyshev, and Sidoravicius [19]. Section
7, where we study in detail the dynamics for a special class of Markov fields with local
interaction, follows work of Malyshev, Petrova, and Scacciatelli [56].

Chapter 2 is primarily expository and contains, with few exceptions, known material,
suitably reworked for our purposes. However, the material in §3 is new (see the article by
Botvich [47]), as is the material in §4 and also Part A of subsection 4 of §5 (see Kashapov
and Malyshev [52]).

The foundations of a powerful method for studying the lower spectral branches for the
Hamiltonians of lattice quantum field theory models (called the “Moscow method”) are
laid in Chapter 3. This method goes back to the work of Minlos and Sinai [31], which
introduced the construction of multiplicative bases and, in embryonic form, the idea of a
cluster operator. No proofs were given in [31]. A central idea in Chapter 3 is the concept
of cluster operator introduced by Abdulla Zade, Minlos, and Pogosyan [1], which was
subsequently investigated in detail by Malyshev and Minlos [27, 54, 55], Malyshev [25],
Kashapov and Malyshev [52], and Zoladek [17]. Many applications of this method to
various specific models are presented in the review by Minlos [57], where a large bibli-
ography is given (see also additional reference list). There exist interesting applications
of this method to Markov chain with local interaction (Boldregini, Minlos, and Pelle-
grinotti, [47°, 4*], and to the computation of correlations of Gibbs fields (Minlos and
Zhizhina [18, 31%]).

Finally, Chapter 4 sets forth recent results regarding asymptotic completeness for
a weakly perturbed Fermi gas (perturbed either by a weak self-interaction, or by an
interaction with some foreign particle). These results should be viewed as an extension
and rigorous justification of the work of Friedrichs [42] and Hepp [44] on this subject.
The presented results are contained in a series of papers by Botvich, Malyshev, and
Domnenkov. Our treatment follows works of Aizenshtadt, Botvich, and Malyshev [2],
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Botvich, Malyshev [6], and also Botvich, Domnenkov, and Malyshev [48]. An extensive
bibliography of work in this area is given in [2].

Chapter 5 is an introduction to an alternative technique for studying the spectrum
of the transfer matrix, somewhat arbitrarily referred to as the Bethe-Salpeter method.
This method is used primarily by Western scientists. In §1 we give a brief exposition
of the method for the case of the Ising model and compare it with the results discussed
in Chapter 3. The bulk of this chapter, in which the Dyson equation is used to analyze
the one-particle spectrum of the transfer matrix for Gibbs fields with unbounded spin,
is taken from the dissertation of Ignatyuk [19a]. In spite of its frequent use in journal
articles, the Bethe-Salpeter method has been discussed hardly at all in the monograph
literature. A brief review of the method can be found in [12], where a large bibliography
is given.
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