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1 Linear hamiltonian systems were always an inter�
esting object to study (see, for example, [1, 2]), in par�
ticular in non�equilibrium statistical mechanics (see
[3, 4] and references therein). For closed linear sys�
tems it is senseless to consider convergence to invari�
ant Gibbs measure, as the invariant tori provide many
invariant measures having nothing to do with the
Gibbs measures. However, if even only one (of N)
degree of freedom has direct contact with the external
world (that is subjected to a random external force),
the situation changes radically. The invariant sub�
spaces and tori get intermixed by the dynamics and the
convergence to the unique (invariant) measure
becomes a generic property. This invariant measure is
the Gibbs measure, if the external force is the white
noise (having no time memory). If the external force
has time correlations, then we will have the conver�
gence to some invariant measure which typically will
not be Gibbs. This assertion holds both for systems
with finite number degrees of freedom and (in the
thermodynamic limit) for degrees of freedom situated
(infinitely) far away from the contacts with external
world. Now we come to exact formularions.

Definitions. We consider the phase space with N
degrees of freedom

1 The article was translated by the authors.
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with the induced scalar products (q, q')2 and (p, p')2
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and consider dynamics, defined by the system of 2N
stochastic differential equations

(2)

where k = 1, …, N, V = (V(k, l)) is the positive definite

(N × N)�matrix,  = 1 for k > N – m and  = 0 for
k ≤ N – m. This means that only degrees of freedom
from the specified subset Λ(m) (we call this set the
boundary of Λ) is subjected to dissipation (defined by
the factor α > 0) and to the external forces. It is conve�
nient to introduce the 2N�vector Ft so that its compo�
nents Ft, k = 0, k ≤ ≤ 2N – m, and for k > 2N – m the
processes Ft, k are independent copies of some station�
ary gaussian process ft.

If α = 0, ft = 0, then the system (2) becomes the lin�
ear hamiltonian system with the quadratic hamilto�
nian
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is a gaussian vector, and its covariance in the (2 × 2)�
block form, corresponding to the expansion (1), can
be written as

(5)

In the vector form the system (2) can be rewritten as

(6)

where E is the unit (N × N)�matrix, D is the diagonal
(N × N)�matrix with Dk, k = 1, k = N – m + 1, …, N
and Dkk = 0, k ≤ N – m.

Invariant subspaces Let us define the subset of the
phase space L

Denote ei the N�vectors�columns with all zero com�
ponents, except the i�th component, equal to one.

Lemma 1. 1. L– is a linear subspace of L and L– =

, where lV is the subspace of

RN, generated by the vectors Vkei, i = N – m + 1, …, N;
k = 0, 1, …. Moreover, L– and its orthogonal comple�
ment L0, are invariant with respect to the operator A.

2. The spectrum of the restriction A– of the operator A
onto the subspace L– belongs to the left half�plane, and

 → 0, as t → ∞, exponentially fast.
Classes of hamiltonians For any N define the class

HN of all hamiltonians (3) with positive definite matrix

V. The dimension of this set is dimHN = ,

that coincides with the dimension of the set of all sym�
metric matrices V. In fact, take some positive definite
matrix V, for example, a diagonal matrix. Then the
matrix V + V1, where V1 is symmetric and has suffi�
ciently small elements, will be positive definite.

More general, let Γ = ΓN be a connected (non�ori�
ented) graph with N vertices i = 1, …, N, where each
pair (i, j) of vertices is connected by not more than one
edge, and it is assumed that all pairs (i, i) are edges
of Γ. Let HΓ be the set of positive definite V such that
V(i, j) = 0, if (i, j) is not the edge of Γ. The same argu�
ment shows that the dimension of the set HΓ equals the
number of edges of the graph Γ. Note that HN = HΓ in
the case of complete graph Γ with N vertices. In partic�
ular, one can consider the graph Γ = Γ(d, Λ), the set of
vertices of which is the cube of the d�dimensional lat�
tice

and edges (i, j), |i – j | ≤ 1.
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We shall say that sone property holds for almost all

hamiltonians of HΓ, if the set , where this prop�
erty holds, is open and everywhere dense.

Lemma 2. For all Γ, defined above and almost all
H ∈ HΓ we have dimL0 = 0.

External forces The external force ft is assumed to
be a stationary gaussian process with zero mean.
Among them we distinguish the process without mem�
ory, that is generalized gaussian process with indepen�
dent values—the white noise with covariance Cf(s) =
σ2δ(s). Other processes, which we will consider here,
processes with memory, are stationary gaussian pro�
cesses with zero mean and covariance Cf(s) = .
We assume that these processes have continuous tra�
jectories and integrable covariance. For all such pro�
cesses it is known that the solution of the system (6),
and any initial vector ψ(0), exists for all t, is unique
and equals

(7)

To have more completed results we assume sometimes
that Cf belongs to the Schwartz space S. The the spec�
tral density

of the process also belongs to the space S.
We shall say that some property holds for almost

any Cf from the class S, if the set S(+), where it holds, is
open and everywhere dense subset of the Schwartz
space.

Finite systems Taking (5) into account, put CG =
CG, 2α, Fix some connected graph Γ with N > 1 vertices.

Theorem 1. Let ft is either�the white noise or has con�
tinuous trajectories and integrable covariance. Then for
almost all hamiltonians H ∈ HΓ the following holds

1. there exists random, gaussian (2N)�vector ψ(∞)
such that for any initial condition ψ(0) the distribution of
ψ(t) converges, as t → ∞, to the distribution of ψ(∞);

2. moreover, for the covariance of the process ψ(t) we
have

(8)

where

(9)

Proposition 1. If ft is the white noise with variance σ2,
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This result for m = 1 has been proved in [6]. From
(8) it follows also another useful expression

for Cψ = Cψ(∞)(0) in terms of the spectral density a(λ)
and the resolvent A

Theorem 2. Let N ≥ 2, fix the graph Γ and some
H ∈ HΓ with L0 = {0}. Then we have the following state�
ments:

1. for any Cf ∈ S in thye limiting distribution there are
no correlations of the coordinate�velocity type, that is
Cψ(qi, pj) = 0 for any i, j;

2. for almost any Cf ∈ S there are non�zero correla�
tions between velocities, that is Cψ(pi, pj) ≠ 0 for some
i ≠ j. Thus, the limiting distribution is not Gibbs.

Large N It is more interesting to prove that the con�
vergence to Gibbs measure

is impossible even in the points infinitely far away
from the boundary in the thermodynamic limit N →
∞. The following results reduces (for large N) the cal�
culation of the matrix Cψ to the calculation of the sim�
pler matrix

where  is the square unique root of V. It is interest�
ing to note that CV is also an invariant measure with
respect to the purely (that is for α = 0, Ft = 0) hamil�
tonian dynamics, and corresponds to Gibbs measure
in the white noise case.

Let be given some connected graph Γ with the set
Λ, |Λ| = N of vertices, and with the boundary Λ(m). The
distance r(i, j) between vertices i and j on the graph is
defined as the minimal length (number of edges) of a
path between them. Firther on we assume V to be
γ�local on Γ, that is V(i, j) is zero if r(i, j) > γ. Let
η ≥ lnm.

Theorem 3. Let V be is γ�local and ||V ||∞ =

 ≤ B for some B > 0. for almot all H ∈ HΓ.

Then the limiting covariance matrix has the decomposi�
tion

where YV is the remainder term, which is small in the fol�
lowing sense. Then if Сf(t) has bounded support, that is if

Сf(t) = 0 for |t | > b, then for any pair i, j far from the
boundary, that is on the distance r(i, Λ(m)), r(j, Λ(m)) >
η(N), the following estimate holds

for some constants K0 = K(b, B, α, γ), K = K(b, B, α, γ),
not depending on N. For arbitrary Сf ∈ S the estimate is

for all k > 0 and some constants ||V–1 ||∞С(k) = C(k, b, B,
α, γ).

From this theorem one can extract various corol�
laries concerning thermodynamic limit. For example,
let us fix a(λ) ∈ S, and also some connected graph Γ∞

with the set Λ∞ of vertices, and consider an increasing
sequence Γ1 ⊂ Γ2 ⊂ … ⊂ Γn ⊂ … of subgraphs such that
Γ = ∪Γn. Let Λn be the set of vertices of Γn (we assume
that the subgraph with the fixed set of vertices inherits
all edges of the graph Γ, between these vertices), Nn =

 and assume that also the boundaries  are
given, so that m = m(n) = o(Nn). Fix also so me γ�local
positive definite V with ||V ||∞ ≤ B. Denote Vn the
restriction of V onto Λn. Note that the condition
L0(Vn) = {0} might be not valid.

However, there exists a sequence of positive defi�
nite operators  such that for L0 = L0( ) = {0} for n

and ||Vn – ||∞ → 0 for n → ∞ Denote  the limit�

ing covariance matrix for .

Theorem 4. @@Если для всех i, j ∈

∈ Γ∞ существует предел  = V–1(i, j) и

||V–1 ||∞ < ∞, то @@ The thermodynamic limit  =

 exists, but is not Gibbs. More exactly,

(pi, pj) ≠ 0 for any two vertices i ≠ j in Λ∞ such that

a( )(i, j) ≠ 0 and such that, starting with some n,

r(i, ), r( j, ) ≥ lnm(n). 
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