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YpasHenuss Bunepa — Xonda B yeTBepTH NJIOCKOCTH,
HUCKpETHble TPYNNbl H aBTOMOP(HbIe QYHKUHH

B. A. MaanmeB (MockBa)
§ 1. Beeaetue

" B macrosmeit pa6ore paccMaTpHBAIOTCS. ypaBHEHHst BUIA

Z at—k]—-lgkl_‘nt]v isj=07 1)2v ERCERINS (11)

k, 1=0
o] 00

Ipu stoM npeanonaraercs, uro >i |n;|<loo, ) \d,,q|< oo,  HIIEeTCs

i, =0 p.g=—00 ‘

- PelIeHHe, TaKXKe [MpHHaJJexKalee I[POCTPAaHCTBY [ nocnezxoaaTeanocTeﬁ

E = {Er}k.1—0- PaccMorpum omeparop A B 6aHaxoBOM npocTpanctse [;: AE=E’,
rae

r o ’
Eij = Z ik, j—15nt.
B,1=0
Crenyouiee yTBepKAeHHe BHIEAsAET cayuaH, koraa A sBiasercs onepa’ro-

pom Hérepa (dim Ker A <oo, dim Coker A << o0),
Teopema l.l (CHMOHeHKO W. B. [1], [2]). Oneparop A seasercsa one-

paropom Hérepa Toeda u Toavko Toeda, K020a 8bINOAHAIOTCA CAedyrowue daa
ycaosusa:

3
a(x,y)= D} apx*yi=0 npu {x|=|y| =1, - (1.2)
pg=—00
Ilrlld a(x, 1)~1nda(l y) =0. (1.3)
X[=1 N

CrangapTHBIM IpHEeMOM [JOKa3blBaeTcs CJAeAylolllee  YTBepXKAEHHE
(em. [3]). - ‘

Jlemma 1.1. B ycaosuax reopemst 1.1 ind 4=0.

Metoap N0Ka3aTeNbCTBA 3THX ABYX YTBePKAEHHH He MOrYT AaTh yCJIO-
BUil 06paTHMOCTH Omeparopa, a TeM 6oJjiee aHATHTHUECKHX CBOHACTB pellleHHA
H €r0 ABHOTO IIPeJCTaBJeHH .

3aech 6yneT AaHO HCCJefOBaHHE BO3MOXKHOCTH NOJNYYEHHS SIBHOTO HpeX-
CTaBJIeHHA pelleHHus NoJ06HOTO Kiacca ypaBHEHHH, _

Teopusi B HETEpOBCKOM cJlyuae JJjis YpaBHeHHUil, HHBapHAHTHEIX OTHOCH-
TeJIbHO CABHTa, BO BCeM NPOCTPAHCTBE H Ha MOJNYNPSAMOI ABJAsSETCS KaaccHue-
ckoit (cM. [4], [5]), a B momynpocTpaHcTBe pellleHHEe CTPOHTCS TAKKe C MO-
mompio MeToxa Bunepa — Xonda ([6]). Bo Bcex atux ciyuasx uMeerca KoM-
nakTHas sBHas ¢dopmyaa mis peuenus. I[lomob6uas ¢opmyna, ocHoBaHHas
Ha unesx Buuepa — Xonda, Aasi ypaBHeHHH B 4eTBEPTH MJOCKOCTH MOXKeT
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6LITh MOJYyYeHa JHIIbL B OUeHb YacTHHIX caydaax (cM. [15], [16]). Curyauus
AAs OGIIero cayuas pesko YCHOXHAeTcs. BOSHHKAIOT KiacCH paspeliHMOCTH
ypaBHeHHUil TeM HJIH HHBIM MeTofoM. B Hacrosime#l pab6ore usnaraercsi HOBbIil
NI0/IX0J K HCCNeH0BaHHIO NOJOGHBIX YPaBHEHUH U AJIA OLHOTO KJaacca CTPOAT-
¢si B HEKOTOPOM CMBIC/Ie TOJIHBIE OCHOBBI MX TEOpPHH.

Mbl OynemM roBOpHTb, 4YTO cHCTeMa ypasHenu#i (l.1) umeer THD
(m, ng; my, my), rie —oo TNy, My <00, —00 <Ny, Ma<L OO, €CAA Apg MOTYT
ObITb OTJIMYHBI OT HYJSA JHIIb TPH

PSRy, MGy, (1.4)

Mu1 Gygem roBopuTb, UTO TR (M), Ng; m,, mg) TOUHBIH, ec/iH 061aCTh THIIA
(1.4) HeBO3MOXKHO CY3HTh.

3ameuanue l.1. CyliecTByIOT ypaBHEHuUsI, YAOBAETBOPSIOILHE YCAOBHSIM
(1.2) u (1.3), npOH3BOLHOrO TOYHOTO THNA (M4, Ng; My, My). Hanpumep, MoX-
HO NOJOXHUTh a(X, Y) =a(x)5(y), rie X" a(x) — MHOTOY/JIEH OT X CTeNeHU
‘ny-+ny, UMEOWUI N, HyJell BHYTPH €JMHHYHOrO Kpyra M Mg BHe ero. AHano-
[HYHO CTpOMTCSE Y™ E(y), M JJIsi TIOJyYEHHs HETPHBHA/NbHBIX NPUMEPOB JO-

'CTaTOYHO NolleBeJUTh K03 puuueHTH a (X, ).

Ecan ypasuenne (1.1) uMeer ofHn 43 caepyiomux THnos: (0, co; —oo, ),
(—o0, 00; 0, ), (—o0, 0; —00, 00), (—o0, 00; —o00, 0),— TO OHO paspelIn-
Mo Metogom Bunepa — Xonda, uro nerko caenyer us pabors [15]. B man-
HOIl pa6oTe paccMaTpUBalOTCA ypaBHeHHs tHMna (—1, oo; —1, o0).

B cayuae ypasuenuit (1.1) meron ¢akropusauuu Bunepa — Xonda, na
NpHMeHeHHH KOTOPOTO IO CYILEeCTBY BCe KOHYaeTcsi B ONHOMEPHOM cJaydae,
-COCTaBJIsieT HeOGXOAUMBIH NpeBapHTe/bHBIN dTan HecaenoBanusa (§2). B §3
HOKa3blBaeTcsi 06PaTHMOCTb COOTBETCTBYIowIero oneparopa B /i, Ilepsuiif mar
HOBOTO MeToJa (NepeHoc Ha PHMAaHOBY NOBEPXHOCTb) paccMaTpPHBaeTcs B
§§ 4, 5. B cayuae ypaBHenn#i Tuna (—1; 1; —1,1) pon coorBercTByWOLlEel pH-
MaHOBOM mosepxHocTd paBed 0 uau 1. YpaBHeHHs 3TOro THIA NOAPOGHO HC-
cnexyiores B §§ 6—8. OcHOBHas KOHCTPYKUIHS AJs poja g=2 NpOBOIAUTCS B
§ 9. Ona cesizana ¢ nmocrpoenrem aBtromopduamoB I'anya Ha yHHBepcadbHON
HaKphlBalollell H NMOCJAeLYIOLIMM TpeoGpa3oBaHHeM ypaBHeHHH Ha YHHBep-
CaJbHONH HaKpHIBaloOWlel ¢ HX NOMOIIBIO. 37eCh CYLIECTBEHHO HCIIONb3YyeTcs
TEXHUKA JUCKPETHBLIX TPYIN ABHKeHHUi maockoctu JloGaueckoro. B § 10 BbI-
ACHAETCA aHaJHTHYeCKoe NMOBefeHHe pelleHHs (CTPOHTCA PHMaHOBa o6JsacThb
CYULeCTBOBAHHSA CHMBOJIA pewenus). B §§ 11, 12 pewenue ypaBHeHnn CBOJIUT-
ca Kk sajgave Kapiemana Ha puMaHOBO# NMOBePXHOCTH, OTKYAA W IOJYYAETCSs
HHTerpajibHOe NpeACTaBjeHHe pelleHHus.

Hexkoroprble BakHBEIE YepTH METOZA COXPaHAIOTCS B CJydyae IIPOH3BOJBHO-
YO palKOHaJBHOTO CHMBOJIA.

§ 2. darropusauus
[ve]

PaccMoTpuM Kosblio R palIoB BHAa r (X, Y)= 2 rijxty!, aBCOMIOTHO CXOAf-
i, j=—00
muxcst npu | x| =|y|=1. Met Oygem paccMaTp#BaTh CJEAYIOIHe I[OAKOJbILA

3TOro Kombna: R,, = R,, — MuoxecTBo QyHKUMH r(x, y) ¢ ri; =0, ecd m6o
. xy :
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i<<0, mbo j< 0; R,_ — MHOXeCTBO (YHKUMH C rj; =0, ecam 6o i<]O0,
mbo j>0; R_,, R, u T. 1. BeeneM oreparopsl IPOEKTHPOBAHUS HA STH MOX-
X

xoneua: P, P, , P, .... HanpuMép,
[o] co —1
xigi | = iyl
Jlemma 2.1. Ecau r(x, 9)ER, r(x,y)=F0 npu |x|=\y|=1u
indr(x, 1)=ind r(1, ) =0, @.1)
lxj=1 [yl=1

mo Inr(x, y)ée R.

JloxasaTeditcTBO. YeaoBus (2.1) rapaHTHpyOT BO3MOXKHOCTb BhIAe-
JeHMsa OHO3HAYHOH BeTBH In r(x, y). Jlanee, ecin, HanpuMep, 7 (X, y) — Kycou-
HO IvIafikas yHKIHsl, TO 0Ka3aTe/bCTBO NPOBOAUTCA 3JeMeHTapHo. B moa-
HO#l CGILHOCTH HaA0 BOCIOJNB30BaThcsi 060GIIeHHOl TeopeMoli Bunepa o Jo-
KaJbHO aHAJHTHYECKHX (PYHKUHAX Ha MPOCTPAHCTBE MAKCHUMaJbHBIX HealOB
koabia R (cm. [7]).

Teneps MOXHO MOJOXKHTH

Ina(x, y) = > bux'yl,

i,je=—00

a, (x,y)=-exp[P, Ina(x, y)l,

alx, y

a-(x, y) = ,
0=y

Iycts Tenepsb ypasHernne (1.1) uMeer TouHbt THR (—1, 00; —1, 00), mpudeM
BLITOMHAIOTCSE yesoBust Teopemsl 1.1. [Tonoxum A (x, y) = xya(x, y). Toraa nas

~moboro y, |y| =1, umeem ind A(x, y)=1, H, adanoruyHo, s JHOGOro X,

1xl=1
x|=1, lilnd A(x,y)=1. TlostoMy a1s moGoro y, |y| =1, cymecTsyer eaut-
Yl=1
CTBeHHBI HYTb (yHKuuM A (x,’y) BHYTPH €IHHHYHOTO Kpyra, 0GO3HauaeMbli
nanee uepes x,(y). OH wMeeT nepBull MOPsIOK. AHANOTMYHO BBOJHTCS Yo (X).

Ecan. a(x,y) umeer tun (—1,n; —1,m), rae n, m< oo, 10 A(x, y)—
muorouned. Ilycib A = A4, ... Ap— ero pasoxeHHe Ha HPOCTbIE MHOKHUTEJIR
B kosble Clx, yl.

[ycts, nanpumep, A;(xo(y),y) =0. Toraa H3 NpHBeREHHBIX BHILIE CO00-
paxennit caexpyer, uto A;(xo(y),y) %0 npu i=1 u |y} =1. IIpu sTom BoO3-
MOKHBI ABa cayyas:

1) (manee Ha3piBaeMBIli CJyYyaeM HeNPUBOAHUMOCTH) JJd J0OOro

x (Jx])=1)
A (%, gy (%)) = 0;
2) (cayyaii npuBoammoctu) mas Jjwoboro x (|x|=1) A;(x, yo(x))F#O0.
B stom caydae Mbt Gydem npennodaararb, uTo Az (x, yo(x)) =0.
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- KoMnoHeHTH ¢axropuzauuu a(x, y) uMeioT BHL:
a(x, :1—X°(y)-a_ , :1_."/0(*").
—(%, y) = a(xy) =
§ 3. O6paTtumocTs
PacecmoTpuM citetyiomue (yHKIHH-CHMBOMEI (|x|=ly]=1):

[>e] [ee]
a(ny)= 3 apxry’, n(x, 5)= 3 nyxiy,

Pg=—00 i,j=0

E(x,y) = D) Euxfyl.

k.l=0

Ymuoxas coorromenus (1.1) na X'y’ ® CyMMHDYS, MOJyYHM

oo} o0 .
&Y= 3 ¥ Gptd Ty Euxtyl = 3 S apexy ity
i,j==0 k,]=0 p.q

rae p=i—k, g=j—I, u Bropas cymma Gepercst mo Bcem HEOTPHIIATEIEHBIM

kw | npw yenoBusax p+ k>0, g-+1>0.

INonaras
1
b__ (x’ y) - a——l,—lgooh ’
xy
- 1
b,_ (x, y) = Z Ekoxk Z ap, 1 XP—,
k=0 p=—k Y
< 1
b—+ (xv y) = 2 gOlyl 2 a1.qy? ; s
. =0 9=l
NONy4uM

Ny =ax Y Ex, y)— b (%, ¥)— by (x, y)— b__(x, y).
Beoast dyHKumn
(k) =D} Epoxt DV @paxP - ayEy,
k=0 p=—F :

[oe]

&(lf/) = 2 oty 2 a_y,qy7 11,
=0 g=—I
nepenuimem ypaphenue (3.1) caepyromuM o6pasoMm:
A (X, 9E(x, y)—a(x)— T (y) = x4 (x, v).

3ameTnM, 4TO BCe cllaraeMble B 3TOM ypaBHEHHH npuHajnexar R, ,.
oo

(3.1)

(3.2)

3ameuanue 3.1. Ecm uspecTHa QynKums f(x) = D) Mxk, 10 Epy momy-

k=0
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YaIOTCS PEKYPPEHTHHIM 00pa3oM U3 CHCTEMbl ypaBHEHHH

7y = @—1,—1500s

= ao,_1§00 + a—l,—lElOa

......... R

AHANOrHUHO TIONYHaOTCs Eoz, €CJIM M3BECTHA (DYHKIMA :? ()

Teopemad.l. Oneparop A, cootgercrayroujuil ypasrenuto (1.1) Tounozo
tuna (—1, n; —1, m), ede 1<<n, M= oo, 8 Ycr08Uax TEOPEMbL 1.1 seasnerca
obparumeim 8 npocrpancrae li. : _

B cuny seMMbl 1.1 1ocTaTOUHO A0OKa3aTh, UTO KerA =0. B § 2 gus mo6oro

y, |y| =1, onpenenena gyuxuus x,(y) raKas, uro L xo () |1 1 a(x(y), y)=0.
Torxa u3 (3.2) caepyer, 4TO

|7 (o ()| = [ (9) - - (83)
Ananormnuso o : : :
|7 ()] =[2G (D] , (3.9)
IlycTs, Hanpumep, .

M= méxln(x)\} max |7 (y)| = M.

|xl=1

Torza U3 TPUHINA MAKCHMYMa MOJIYJIsl B COOTHOMIeHHs (3.4) caefyer, uTo,
Bo-nepBeiX, M = M, u, BO-BTOpHIX, A(y)=M. Orcioga u n(x) =M. Ho wus
sipgoro Buza (3.1) maa 7(y) cnenyer Ttorga, uro M =0. '

Cnenctsue 3.1. Ecau onepamopee A u Ayyn=1,2, ..., uneom mun
(—1, 0o} —1, oc), npuuem das ux cumeoros a(x, Y), an(x, y)

lim max |a(x,y)—a.(x,y|=0,

n—co |xl=]y|=1
mo || A7t — A7 —0. Hpu smom, ecau ||A—Ag|| - || A{|<1, mo

”A'—'An“

. A;—l__A—l < .
I ll< (A=A, 1A\

3ameuanue. OTCIOfa CAeLyeT, YTO PElICHHA yDAaBHEHHA ¢ HepauHo-

HaJbHBIM SAPOM MOJXKHO NOJy4arTh, HCIIONB3YS YPABHEHHS C PalHOHAJIbHBIMH
sApaMH.

§ 4. Onepanusi NPOEKTHPOBAHHA HA AHANMTHUECKOE MHOXKECTBO

Hanee n0 koula paboTn OyjeT npeanoJararbesd, 4TO ypasnenne (1.1)
1IMeeT IPOM3BOJIbHBI TOUHBIH THI (—1, 71; —),_m) cl<<n, m<co, [TonoxnM
A={(x, y): |*| <1, ly|<1, A(x, y)=0}, D —BHYTpPEHHOCTb EAMHHYHOIO
kpyra u I'— ero rpanuua. [lycts A — 3aMblKaHHe IJIABHOTO aHAJUTHYECKOFO
muoxecrsa 4, aexamero B D XD, 7. e.

A={x,y):\x|<, |y <1, Ax, y) =0}
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Torna scuo, uro pellleHHe ypaBHeHHs (3.2) nmonxmuo YAOBJIETBOPSATE
YCIOBHIO '

Xy (6, y) + 7 (x) + w(y) = 0 (4.1)
npH (%, y)E€A4 u, B YaCTHOCTH, Ha rpanuue A ) [(DXD) Y xﬁ)]. Hokaxem
o6paTHOe yTBepkieHme. T ,

JlemMa 4.1. Ecau Cylecmeyom Henpepogroie & edunuarom kpyee D u
anaumuneokue enympy wezo Pynryuu 7 (x) u A(y), ydogremsopsoue coom-

Houtenuro (4.1) na AN [(DXT) U (D), mo peuietive ypasrenus (3.2) onpe-
deaumcsa no popmyse -

_ B&) @) + xym (x, ) 9
E(x, y) = (. 2) . (4.2y

HokasateavcTnO (apyro#t meton cm. B paGote [14]). Beoxst dyrkuuu

7y (x) = 20 = b " :r?l(y) =n—(y-\)-, nepénnmeM ypaBHenue (3.2) Tak:
X Yy o
\ g 1 ~ 1 a_l,._1§00

a(x, y)E(x.y)=n1(x);+n1(y)7+ Ty TNy =0. @43y

Orciona
v = —1 [m® | B ey Ee ]

% 0 DEw = g | B RO e ],

" - ) : ,

_ 1 M) | M) | gk

Ananoriyno non YUHM

_ 1 1) |, m(y) a_y ;500 .
O“Pz[a;u,y)( AU Fn )| @)

Y X Xy

O6partno, ecim BLITIOJIHEHBI  YC/I0BHSA (4.5) 1 (4.6), To dyskuus B HPaBoA yacTu
Qopmyaer (4.4) TIPHHAMNEKUT KombUy R, . OGo3uauys ee Y(x, y) ¥ nonoxus

Y {x, y)

a, (x, Y)
X

ON€paiumy MpoeKkTUpoBaHus B dopmynax (4.5) u (4.6) sKBHBanMeHTHLI onepauyn
TIPOEKTHPOBAHMA Ha aHamMTHIECKOE MHONKecTBO A :
Memma 4.2. Coornomenye (4.1) evinosnserca 1020a u rorsko 10204,
ko0eda soinosnsrorcs CCOTHOWenuA (4.5) u (4.6).
Hokaxem cuauana dopmyany

E(x, Y) =

» AMeeM dopmyay (4.2). Ham ocTaercs TIOKa3aTh TO/ILKY, 4TO

Yo (x)
Pg[lﬁ_ NG m(y)] =0 —4g, (4.7
Y )
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rae ©(y)€ R, . Heiicrsarenpro, mis moboro x, |x|{=1,
y

o[ Zem] 5[ 2 ()] =u g (57
Sy

Bocno/n308aBUIMCh TENeph JMHEAHOCTBIO OnepaTopa P;, noayuum ¢opmyay (4.7).

IsaccmanuBaﬂ Teneps, ﬂanpumep, dopmyay (4.6), umeem

Yo (x)
a1 ¥C S WY (7 Co) IR A @_y,ab0
y 1__.'/0(X) x 1__!/0(1() xtj(1—y0(x))
y' y Yy
’ RTINS /1 &) I -0
+ M (x, Yo (%)) PRRDEAT ,
Y

uro copnagaer ¢ (4.1) npu |x|=1, |y ()| << L.

U3 nemmbl 4.1 crefyer, uto Bce CBOXHTCA K BbIYMCHCHHMIO QYHKUUA 7t(x)
7t (y). TpuBemeM 37ieCh OJMH U3 DE3y]bTAaTOB TAaKOTO pOAa: mycTh Ry ¥ Rp—
PUMAHOBHI TOBEPXHOCTY (yHKUUA n(x)’n%(y) COOTBETCTBEHHO (BBE/ICHHBIE HIDKE)
C 3aMaHHBIMH HAKPHITHAMH A, : R, —P, u hy: R,— Py, tae P, u P, —oxHomep-
Hble TIPOEKTHBHble mpocTpaHcTBa. Torxa E(x, y) €CTECTBEHHO ONpeJleieHa Ha
R, X R, 1 siBi1sieTcst MepoMopdHO# (yHKIMEHA Ha STOM KOMILIEKCHOM MHOTOOGPa3HH.

§ 5. YpaBHeHHSt Ha PHUMAHOBO/A NOBEPXHOCTH

Janee 6yaeT Mpeanonarathes, €C/IH He OTOBOPEHO IPOTHRHOE, UTO & (X, y)
palHOHalbHA M peanusyercs ciayyail HenpusojumocTH (cM. § 2). Tlycrs
A,(x, y) — HempuBogMMbIi MHOrowiIeH, Aast - kotoporo Ai(xo(y),y)=
=A((x,Y4o(x)) =0; n—crenenp A;(x,y) no ¥, mMm— CTeneHp Ai(x,y) no y.

YpaBHeHue

o A (x,y)=0 (5.1

onpefeaser Torxa aiare6paudeckie OQyHKIMH ¥(¥) u x(y), puMaHOBH IMoO-
BEPXHOCTH KOTOPHIX CBSI3HBI, KOMIAKTHH H KOH(OPMHO 3KBHBajeHTHH. OGo-
3HAUMM COOTBETCTBYIOUIYIO aGCTPAKTHYIO PHMAaHOBY NOBEPXHOCTb depe3 S.
Kax puMaHOBa TOBEPXHOCTb . ajreGpanueckoil dynkmuu y(x), S ecrecrsen-
EbIM 006pa3oM peaqu3yercs KakK pa3BeTBJIeHHOE M-JIHCTHOE HaKpBITHE
hy:S—P xommnexkchoit cdepst P. AHanorHuHo onpejgensieTcsi HaKpbiTHe
ky: S—P, coorBeTcTBYIOLECe PYHKIHU X(Y) U HMelOllee f JHCTOB.

Mycte Ca(x,y) —mose aare6panueckux (yHKIHH, onpepeseHHOe ypas-
Hehvem (5.1). Ca(x,y) aBJsieTcd KOHEUHBIM aAre6pavuyeckHM pacCluMpPeHHEM
nosns C(x) paunoHanbHbiX QYHKUME OT X, a Takxke noas C(y) paunoHanbHbIX
¢yukuuii ot y. C4(x,y) ecrecrenno usomopdro C(S), nomao MepomopdHbix
bynxuuit Ha puMaHoBoii mosepxHoctu S. Oyukuus x(s), S€ S, cooTBETCTBYIO-
wasa npu 3ToM H3omopdusme QyHkuuM X(y), o6nagaeT CAEAYIOUUM CBOH-
cTBOM: ecan X(S;) =x(S2), S1, S2€ S, 1o h1S;=Hh;S,, u HaoGopor. AHanoruy-

" HbIM CBOBCTBOM OGaajaer ¢yHKuus y(S), coorBercTByiomas GyHKkuuu y(x).
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Ouesngno, uto Ay (T) sBasercst rpanuuedt OTKPHITOro MHOXecTBa hy (D),
a hy3*(T)— rpaunuedt mis hy (D). Ecom Hax I' Het Touek BetBienus hy, i=1, 2,
10 A7 (T) cocrour us3 TIPOCTLIX aHATUTHYECKHX 3aMKHYTGHIX HelepeceKalompxes
KpuBblX. ToukH camonepsceuenus: u Hepudhpennupyemocts MoryT moseasThCS
B TOUKax BeTBaeHus: h; Ha h; ' (). Beuny nammx NPEATIONOKeHUH, pH | x |= 1
MHOXKECTBO Ay " (x) (] by (D) cocTouT 3 ommol Touxa. CrenoBarenbro, nepe-
cedenmte 47 (T) ¢ A3 " (D) He COZEPKHT TOUEK BeTBICHHS HAKpHITHS F,.

3ameTum, uTO B cuaty yenosus (1.2) A7(T) N Ry (T) =0, u, Takum o6pasom,
T1(T) N hy " (D) siBasieTest aHamuTHIeCKO NMPOCTOH 3aMKHYTOH KpuBOH. O603-
HauuM ee T,

Auajorruro onpexensierca T = b7 (T) () A7 (D). Honoxum G = k(D) N
N k& (D). Sewo, uro Ty ) T, seasercs rpanuuedi G.

Jlemmab.l. Dycre pod pumauoeod nosepxuocTu S He pasert Hya10 u pea-
Ausyerca caysal Henpusodumocru, Tozda G ABAACTCA CBA3HOL 064acCTbHIO.

Mo nokaxkem, yto ecnm G HecBA3Ha, 10 I') u ﬁ, FOMOTOHNUYECKH 3KBHBA-
JICHTHEI HY/MIO Ha S. OKOHYaHMe A0Ka3aTeNbCTBA HPOBOTHTCA TaK e, KaK JOKa-
3aTeJLCTBO M. 2 jeMMbl 7.1, JleficTBATENBHO, MbI y:Ke 3aMeTHIM, 4TO N
A k(D) npu |x| =1 coctonT u3. oxrolt Touku. Kpome Toro, ecau G necsssna,
TO OHA COCTOMT M3 JIBYX CBS3HBIX KOMIIOHEHT, OrPAHHIHBAEMBIX COOTBETCTBEHHO
kpuBbiMi Ty u Ty, Kommonenra G, orpatnuMBaemas Kpusoit Iy, HaxpbiBaer emu-
HUYHBIH Kpyr {x:|x|<1}. dr0 HAKPBITHE, B CHJY CHENAHHOTO BHIIIE 3aMeya-
HHSA, ONHOMACTHO Ha rpanuue. CIIEJOBATENBHO, OHO OJHOMHCTHO Be3ge. Orciona
H CJElyeT HCKOMOE YTBEpXKIeHHe,

OGosnaunm uepes A oSbemmuenne CBSI3HBIX KOMIOHEHT MHoxecTBa h; (D) |J
U #" (D) Takux, uto onu mmeior ¢ G Hemycroe mepeceuenue. Scuo, 4to B

YCI0BUSX JIeMMBI 5.1 A sIBsieTcs CBSI3HOM 06AACTHIO. Myers '), Ty, ..., ThCC
Ch'(Du T, T, ..., HCAT(T) —casae KOMITOHEHTbI [PaHHb 061acTH A.

B cnyuae, ecmm Ha mux Her Tousk BETBJICHHUS! HAKDLITHH A, U A, COOTBETCTBEHHO,
OHM SBIAIOTCH MPICTEIME 3aMKHYTBIMH  HEIlePeCeKAIHMICS AHAIM THYECKYMH
KDHBBIMH,

Iycrs Teneps nana bynkuus f(x), MepoMopdHas B HeKOTOpPOit 06aactu D
koMmniexcHolt cdeprr P, 1 pumanosa NOBEPXHOCTL S BMECTe ¢ Pa3BeTBACHHBIM
HakpoitueM h:S—P, Torga (yskums f(x) moxer GbITh momHSTA Ha obJaacTb
h=1(D) cnenytouwpm o6pasom:

fu(s) = f(hs), s€ (D).

Ipu stom fu(s) (o6osmauaemas Aanee npocro f(s)) siBasercs MepoMopdHoit
byskuueit 8 h~1(D), yro gas TOYEK, Ile HaKPhiTHe PasBeTBJ/IeHO, NIpOBepseT-
¢, HalpHMep, N0 TeopeMe 06 YCTPAHHMBIX 0COGEHHOCTSX.

Tepesocs " (x) ma ;" (D) (] A mocpanersom ki, a m(y) nocpencTpom Ay
Ha h; (D) N A, nosyunm Gyrkuwan w(s) u w(s), onpeaenennsie Ha hy (D) () A
wh (D) A COOTBETCTBEHHO, AHAIMTHYECKHE B 3THX OGAACTHX M HenpepoiB-
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Hbl€ Ha rpanduax. [lanee i BO3MOXHOCTH TPOBEJEHHS AHAIUTHYECKOTO HCCe-
JOBAHMS YpAaBHEHMH MBI BCerJa, €CJM He OrOBOPEHO MPOTHBHOE, GyleM Mpenro-
JaraTh, 4to 7 (X, y) B ypaBHeHun (3.2) ecTb MHOrouwIeH. Torjga MOMXKHO CUHTATh

dynrumn x (s), y (s), N (s) = M (x(s), y(s)) onpenencHnsiMy Ha Beelt S. QyHKIMH
5 (s) 1 7(s) yroBnersopsioT Ha I'y T, omHOMy ¥ TOMy Xe ypaBHEHHIO

m(s) + () = —x (g (I (s), (5.2)

KOTOpOe MOJIyyaeTcst IpuUMeHenreM hy ' ¥ H; - K ypasHenmio (3.2).
YpaBuenue (5.2) jgonmyckKaer, OYEBWJHO, aHAMUTHYECKOE IPOAOJKEHHE Ha

obnactb G, rae ompeneseHsl QYHKUMMY T (S) ¥ E(s) OZIHOBPEMEHHO. Ucnonbsya
ypaBHenue (5.2), QyHKMM 7(S) U 7(S) MOMHO MepOMOPQHO MPOROMKHUTL HA
o6macti A7 (D) A u K" (D) () A cootBercTBenHo.  MHaue rosops, m(s)
7(s) MepOMop(prI B o6aacTH A, npHYeM B 3TOi OOMACTH BHINOJIHAETCS ypaBHe-
Hue (5.2). OGpaTHOe yTBEpXK/EHHE TaKKe BEPHO.

Jlemma 5.2. Ecau 6 ycaosusx aemmor 5.1 cyuiecmeyrom peulenuss ypoeHe-
Hus (5.2) n(s) u 7 (s), anaumudeckie coomsemcmeenro 6 obaacmax hi'(D)NA

u hy 1 (D) () A, nenpeppigrvie Ha eparyye smux obracmet u maxue, 4mo 1 (s;)=

=t (sy) mpu x(s) = X (S5) U T(s1) = A(Sy) npus Y (51) = y (52), mo pewsensie ypas-
Henus (3.2) daemcs pynryusmu 7(x) = 1(x(s)) & T (y) = 7 (y(s)).

JeficTBUTENbHO, OnpegeuM & (x, y) no gopmyae (4.2). Torna, 3samerus, 4TO
BbilosiHsieTcsl ypasHeHue (4.1), AJs J0oKasaTe/bCTBA JOCTATOYHO HCIONb30BATH
nemmy 4.1.

§ 6. Tounwiit Ten (—1,1; —1,1). Pon O

B atoM u B ABYX Caefyloiux naparpadax Mbl MOJHOCTBIO peliuM ypas-
nenue (1.1) Townoro thma (—I1,1; —1,1). B atom cayuae, eciu MHOrouJeH

A(X,Y) HeIPHBOAMM, TO POA PHMAaHOBOH IOBEPXHOCTH S paBeH HYJII HIH

enuHulle. B nansom maparpade mel pazGepeM cayuali HyJeBOro poja.

Ipeacrasum A (x,y) B Buge a(x)y?+b(x)y4c(x). Torna ans Toro, uro-
661 S umesna pox 0, HEOOXOAUMO K AOCTATOUHO, YTOOH AHCKpUMHHAHT D (x) =
=b%(x) —4a(x)c(x) nmen 1uGo BTOPYIO CTeleHb HO X, JH6O HMeJa KpaTHHH
kopenb B C.

Jlemma 6.1. Ha hi ' (T) nem mouex eemsrenus raxpormus hi, i=1, 2, u
muoxcecmeo hi (T') Hecsasno, m. e. 6 D aescumn 4emuoe 4UCA0 MOY2K 8emeéne-
HUSL KaK Hakpoimus hy, max u maxpornus h,. Taxum obpaszom, max kak h;
dsyaucmno, mo ki (L) cocmoim us 08yx HenepeceKaOUUxca QHOMUMULECKUX
NPOCMbLY SAMKHYMbLX KPUBHLX. '

HNoxasarteancTBo. Ecmr 6s1 MHOKECTBO mt N BBLIO CBA3HBIM, TO OHO
LEMMKOM TIPHHAJIERAN0 Obi MHOXKECTBY Ay (D) (u6o Ay (T) () Ay *(T) = 0),
uyTO B CHJIY ycsoBHst (1.3) HEBO3MOXKHO.

Taxum 06pa3oM, BO3MOXKHBEI CHEAYIOLUE YETHIDE CJYYas B3aMMHOTO pacio-
soxenus Ay (D) u ks (D). '

A)' B D nedT POBHO [BE TOUKY BETBJIEHHS HAKpBITHsS A;, = 1,2, T. e.

11 (D) n ki (D) cBsisub (puc. 1).
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" B) B D ner touex BeTssenust Haxpuitwit h, ha T. € hi(D) u h7H(D)
HECBSI3HB (puc. 2). ' ; : \
- C) B D nexur nBe TOUKM BeTBIICHHS h; ¥ Her Touek BETBJAEHHS h,, T. €.
hi* (D) cBasna, a Kt (D) uecssi3Ha.

D) B D ectb gBe Toukn BerBienus hy, HO HEeT TOuek BeTBIEHHS hy, T. €.

h:" (D) cBsisua, a hi' (D) necssisua (puc. 3).
’} I i
.
Puc, 1 ¢+ Puc. 2

T
/:’ Il /

iy, R 1“’

4P

el

L

7L T

(]

A) Q=1 = Q,; =0, B) Qo =0y, 1 =0y =0,
Q) apy=a,4= a,—,=0, D) Aoy =0 g3 = A4,y = 0.

IMpu stom Besge @oo=—1, a ocTajibHble @;; n0J0-
KHUTE/BLHBI, NIPHYEM HX CYMMa MeHblle eIHHHLbI
(BepoATHOCTHBI aHaMOr 3THX OpHMEPOB CcM. B
paGote [14]). ‘ )

"Teopewma 6.1. B cayuanx C) u D) pewenue
E(x,y) neanetcn payuonarsros pynryuer.

‘ Hokaszateascrso. [ocratouno JOKa-
3aTh, UTO M (X) u n~(y) paunoHanbuel, Jas sroro,
B CBOIO ouepellb, IOCTAaTOYHO MOKa3aTh, YTO O4HA
U3 QyHKUME 7(S) Hau E(s) MoxeT ObITb Mepo-
MOP®HO NPOROAKEHA Ha BCIO PHMAHOBY MOBEpX-
HocTh S. TorKa v BTopasi okaseiBaeTes MepoMop -
HOH Ha S B CHJIY OCHOBHOTO ypaBHeHUs (5.2).

OCHOBHOH 1pHeM, KOTODHIM Mhl 31ech i Aanee OyaeM MOJb30BATHCSH, 3TO

IIPONIOMKEHHE MEPOMODPGBHLIX (PYHKUKME ¢ MOMOLIBIO aBTOMép(puaMOBTaJIya. B cay-

vae tdna (—I, 1; —1, 1) nose C,4 (x, y) ~ C(S) sBasercs pacumpenvem Tanya

Kax nonst C(x) pauuoHambHBIX GYHKUME OT X, Tak H mos C(y) paumonanbHBIX

bynkuuii ot y. pynna Fanya nonst C4 (x, y) Hag C(x) siBAsieTCS UMKIHYECKOH

rpynnodt Broporo mopsiaka. OGo3HaumM ee HETPHBHA/ILHBIH 5JIEMEHT yepes E,

Ananoruuno . mycrs 1 — HETPHBUA/IbHBIH 3JIeMeHT rpynmsl [anya moas Cu (x, v

Han C(y). Asromopdusmam T anya nosisi C(S) coorBercTBYyIOT KOH(OpMHbIE aBTO-

MOppH3SMEL E U 1 PHMaHOBOH IIOBePXHOCTH S: :

Ef(s)=F(&s), Tf(s)=F(ns), feC(S).

Puc. 3
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HBHHK BHJ  aBTOMOP(H3MOB I‘aﬂya § ¥ M B'cAygde TOYHOTO THNA (—1, 1, -1, 1y
naercst GopMmy/iamit , .
8y, ¥+ a_y el tagtay,

N =

Ylaux®+anx +a_, ;)  x (ang® + awy + a4y, _y)

&y =

Ilepeiinem k noxasareascTBy Teopemsl | B caydae C). OGosnaumM uepes _50 )
D, KOMIIOHEHTH! A3 " (D), orpaHHYeHHBE€ COOTBETCTBEHHO T, u T,. O6nacts
A=Hh7*(D)U D, cessna, u Tak ke, KaKk B § 5, momyuaem, 4ro (s) 7(s)
Mepomopduer B A. 3amerum Teneps, yro EF, =T;. ITostomy E(AN (D) =
= S\\A, u torga A {J EA = S. M3 nocaeaHero COOTHOLIEHHs. BbITEKAeT, BBUAY
MHBADHAHTHOCTH 7 (S) OTHOCHTENBHO E, WTO 7(S) mpojomkaercss Ha Bclo S.
Cnyuait D) paccMaTpHBAaercsl aHAJOTHUHO.

SIBabiit A pemenust B cayuae C) u D).

B cayuae C) oBo3HauuM uepes §y, ..., S (k<{4)— nomoca QyHKIMH
~ —xyn(x, y) npasoit yactd ¢opmyms (5.2) B obiacta ANA; ' (D), a uepes

@ (S— §;) — IVIaBHBIE 9acTH 3TOH (YHKUMH B TOYKAX §;* (6yzem cu¥raTh, YTO

s — yHHQOPMU3HpYIONIAs NePEMEHHasT Ha S). Torpa

i=1 i=1

n(s)—Zch(s——s,)+2 Epi (s — s1), (6.1)

7(8) = —x ()9 (M () — 7 (s). (6.2)

JleficTBUTENbHO, 7U(S) AO/KHA ObiTh aHaiHTHuHa B Ay (D), HO MOMET HMeTh
momoca B AN/ (D), Tak Kak 7u(s) B 3ToHl ofnact# aHaauTHyHa. ‘Tak Kak
h (D) cBsisHa, TO T(S) MHBADHAHTHA OTHOCHTENBHO & (UTO M MCIOMB30BANOCH
B JoKasaTenbcTBe Teopemsl 6.1), oTkyxsa u caexyer ¢opmyna (6.1). 3amerum,
9To 7(s) HE 06s3aHa GbITb HHBAPHAHTHOM OTHOCHTENHHO 1.

IMpu stom B dopmyae (6.1), koneuno, x(S) onpeneneHa ¢ TOYHOCTBIO 1O
aJJIMTUBHOH KOHCTAHTHI, KOTOpas ONpefe/sfeTcs H3 YCJIOBHs, 4TOOBI aul y)=0
npua y=0.

Tlepexonum X paccMoTpeHHIo cayuasi B). ‘

Teopema 6.2, ITycms D; — 00xa u3 ceasnvix komnonenm obracmu hy (D)
U hz " (D), u nycme ynkyuw m(s) u T(S), onpedenznHbLz HA IMOL KOMNOHERME,
yooaaemeopswom ypasrenuro (5.2). Tozda w(s) u 7 (S) MepOMOPHHO 1pOdOANCUMOL
Ha 8c0 S ¢ 66LKOAOMOL MOUKOU Sy, ABALOUeliCS Heno8UNCHOL MouKoLl asmomop-
pusma En u He npunadaexcawed D,. ITpu smom (D, oepanudena T):

() = — x(8)y () nfs) — 7 (s), (6.3)
n(s) = i [A(EFs)— A (6~ks)] + const, (6.4)
k=1

A(s) = —x(5)y (s) n(s),
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npuiem pad e npasod uactu Gopmyast (6.4) abcoarorro cxodurcs 8 awboi
ozpanuuenol wactu naockocru S\ {s:}, sa uckaronenuen xoneunozo wucia
TOUEK 6 STOU 4acTU, KOTOpble ABAKIOTCA NOAICAMU 0OHO20 U3 Y4eH0s paoa.

HoxasarenbcTBO. 3amernuM crauana, yto Tpynna % aBTOMOP(H3MOB S,
TNOpoXKAeHHAst § 1 M, SBJSETCS HEKOTOPOH moxrpymmok rpynnel LpoGHOMKHEH-
HBIX npeoGpasoBanuit S. OGosnaumM yepes Dy, Dy, D,, D, o6nacTH, NpHHAJe-
xamye k" (D) (J h;* (D) 1 orpasmuenubie Iy, Ty, Ty, T, cootsercrenno. Mmeenm
(em. puc. 2): D, D, f)och, ED, = Dy, 1D, = D,. IMocTpouM MHAYKTHB HO
JBE TI0CJIEN0BATENLHOCTH 06JacTeil: '

D,CDCaD CnED C ... S (En)* D C (mefH D ...,

D,cD,ctb,ceD C ... CEmE)D, cEn)tDC ... .

OTHollenns NPHHAANEKHOCTH B STHX LEMOYKAX JIETKO IpOBepSIOTCA N0 HH-
LYKIYH,

3amerum Tenepn, uTo npeoGpasoBaHue &1 (a CEOBaTENBHO, H (n)") aBasiercs
/MO0 TUmepGOYecKM, 16O JIOKCOAPOMHYECKHM. [[eACTBHTENbHO, NP mapabo-
JHTECKOM WY SJMNTHIECKOM MPeo6pasoBaHMH 06Pa3s OrpaHHYEHHOTO CBS3HOIO
OTKPLITOO MHOXKECTBA (MM MOXKHO CuMTaTh D;) He MOXKeT crporo cojepXaTh
CBOH mpoo6pas. IIpi 5TOM ONHA W3 HEMOBHMKHEIX TOUEK npeoGpasoBanus £y,

Totka s, npukasnexur D,, a BTopag —s,, mOpuHagtexur D; Es, = 1s, — S.
o0 ~ co
Orciona caenyer, uto | (ng)le =S\Us:} u U (D, = S\ {s;}. OGo3na-
‘ k=1 k=1

UMM TOAHATHS (yHKUME 7t (x) ¥ 7 (y) Ha D, uepes w(s) u n(s), a Ha D, uepes
II(s) u Ii(s) coorBercTaenHO. Torna mmeem mt(&s) = II (s), 7(ns) = II (s), s€ D,.
Hcnonssys st cooTHOmIenus u ypasuenwe (5.2), 1o MHIYKIHH MEPOMOPGHO Mpo-
JIOMKaeM T (s) U 5t(s) Ha obMacTH (E)*Dy, a T uil na (n?;)kbl, OTKYy/la K 1MO-
Jy4aeTCs! TepBOe YTBEPKIEHHE TEOPEMbI. o

a5 nonyueHHs sBHOTO NpeCTaBleHHs pemtenuss B cayuae B) paccmor-
PUM ypaBHeHHE

7 (s) + () = A(s),

HIu

IT (&) + m(s) = A(s). (6.5)
Ho

T1(Es) -+ T1(Es) = A (&),
HJIx

IL(ES) -+ @ (nEs) = A (gs). ) (6.6)

CpaBnusas ypasuenus (6.5) u (6.6), NOJyUHM
7 (MEs) — 7 (s) = A(Es) — A(s). (6.7)
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®opManbHBIM pelieHHeM MIOC/HeAHEero ypaBHeHH A ABAACTCA AL

7(s) = D) 1A (80 ) — A(8"s)] - const,
k=1 .

rae 6=ng. JlokaxeM, 4TO 3TOT psAL onpexelseT MepoMopdHyo dyHKUuIO HA
SN {s1}. dnsi 3TOro AOCTATOYHO MOKAa3aTh, YTO STOT PsJ CXOAHUTCA B J106OH

TOUKe, OTJIIHYHOMA OT Hodioca Jo6oro 13 wieHoB atoro paza. Cunras n(sz) =0,
nepenuinem cootHomenne (6.7) ciexyiomum o6pasom:-

A(s)—n(5 ) = AES ) — A(d ),

..................

. 3 .
A)— ()= D [AET)— A@ ).

i=1

s moGoro s=ks, HMeeMm lim (8"s) = m(sy) = 0. TosroMy psix B IpaBoii
k-

yactit (6.4) cxomurcs.

3ameruM. nanee, uto A(E s)— A(s) He UMeET HOMOCOB B 06JacTH D,. Ilnsn
A(s) 31O caenyer u3 TOro, 4TO HM T, HU % HE MOTYT HMeTh TomocoB B Dy, a
aast A(Es)—mwus rtoro, yro Ht II, HK Il He MOryT HMeTh MOMOCOB B OGNACTH
D, = &D,. Tlonoxum s, =0, s; = oco. Toraa, ecm B(s)=A(&s)— A(s), To
B(0)=0, u Tak Kak B(s) He uMeeT MOMOCOB B Toukax 0 H oo, TO ee MOKHO

S
HpelICTaBPITb B BHJE JMHEHHOH KOMOUHALMK WIEHOB BHJA — b— n>m>
S

Ho Torna mepoMopdHOCTb psifa 2 B(r*s), |r|> 1, ouesuana.

k=0
CuMMETRUIHBIM o6pa30M no.rxyqaeM-

I (s) = 2 (A (na—ks) A(é”ks)] - const, &=En.

k=1

Iosoxum Tenepn 5t(s) =II(&s). Mocae sroro mposepka cootxouletus (5.2)
NPOH3BOJLHTCS OYeBHAHBIM 06pPa3oM.

Cnyuail A) paccMaTpHBaeTcs, B OCHOBHOM, aHaJIOTHYHO NPeAbIAYLIEMY.
ITostoMy Mbl OrpaHHYMMcsl (GOPMYNHPOBKOH CleAYIOIleH TeopeMbl.

Teopema 6.3. O6osnaqum uepe3 s, u S, MO4KH, 00Aadarowjue CeOUCMBOM
ES; = NS, = S, (uau A(x(8), Y(8))=Ax(x(5), y(5)) = Ay (x(s), ¥ (9))). Toeda 7 (s)
U 7(S) MepOMOPPHO NPOOOANCAIOMCS HA 6CI0 S € BbIKOAO.TIDLMU MOKAMU 8, U S,.

Jlsis mpHBefieRHOro Bhilie npuMepa A) ¢ ap=ai1=0a0=0, OTMeTHM TaK-
XKe c.nenyloumﬁ/ urTepecHil dakt. B sToM cryuae m(X) u ?t(y) panuoHaNb-
Bl (6oJlee TOTO, SIBASAIOTCA MHOTOWIEHAMH OT X H Y COOTBeTCTBeHHO). [leii-
CTBHTEJIbHO, ypaBHEHHE '

mw(x) + b (y) = x*ymmod (@—1,—1 + A—1,0Y 4 @y, —1X + Qypxy + a1+ ay,—1 %)
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paspemumMo st JoGbix m, n 2> 0. ByzeM npoBOAHTE MHAYKUHIO MO k = 711 4-m.
Ilycte 310 yTBepKAeHHME NOKA3aHO JJIsi BCEX N, m TaKHX, 4T0 n + m < k. JoKa-
KEM, 4TO Torna X"y™ npH n +-m =k MOXKHO BIPa3HTb JiHeliHo no mod A (x, y)
yepe3 x*, y* ¥ wieHs x"y™ c n+m<k (oéosuaqaeMbIe Aanee uepes o(k)).
Jns 3TOrO 3anALIEM

lx,,+1yk_1_1 + a 20X yk—n +a_,, lxn—lyk—n-i—l — O(k) (6. 8)

Jast nansoro: n=no, KpoMe cooTHomieHHs (6.8) aast n=ny, us coomomeﬂm‘i
(6.8) nna n>ny Moxuo NONY4HTD

xnoykqn. + clxnn—lyk—n,,+1 =0 (k) + yk’
a u3 cootHowenui (6.8) wis n<n, » ‘
xn.,yk—-n,' + yxmet yk—re=1 = ¢ (B) + x*.
M3 cootrowenns (6.8) u mByX mocaemHHX COOTHOMEHHiL HEMOCPEACTBERHO

caexyer yreepxkienue. Ocobblit cayyai, BOSHPIKaIOI.llHPI TpH n=2, 3, Takxe
paccmatpuBaercsi 6es Tpyaa.

§ 7. Tounnit Tan (—1,1; —1,1). Pog 1

"Ecau S umeer pox 1, To na P umeercs YeTHIPe TOYKH BETBJICHHS KaK Ha-
KpPHTHA Ky, Tak u Az (P —xommnekcunas cdepa).
Jlemma 7.1. ¥ naxponus h; (i = 1, 2) posro dse mouxu eemenenus rescam

enympu D u posto 0se—éne D. Ilpu amom 043 aobozo i hi*(I') cocmoum u3
08yXx HenepecekarOUAILXCS AHAAUMULECKIX NPOCIBLX SAMKHYMbIX KPUGbIX.

HlokaszareabcrTBo. To, uTo BHYTpH D JEXMT 4eTHOE UHCJIO TOUEK BET-
BIeHHst h;, a TaKKe BTOpasi YaCTb JIEMMbI, JOKa3biBaeTCH TaK e, Kak Jemma 6.1.

Ecau Buytpu D Her Hu OZHOH TOYKH BeTBJIEeHHs A, TO 06¢ KOMIIOHEHTHI
h* (T'), o6osnauaeMbie yepes I'o u Iy, orpannuusaior COOTBETCTBEHHO CTS-
rusaembie o6aactd Do u Dy Ha Tope. [Ipu stom y ho MOI‘yT 6LITh clIeyioltke
BO3MOXKHOCTH AJIsl YHC/a TOYEK BeTBJIeHHs BHyTpH D.

1. lse Touku BerBienus hp nexat sryrpu D. Ho Torza, xak Cleyer u3
TIOCTPOEHHS HAKPbIBAIOLEH PHMaHOBOM nosepxhoctu hy: S—P, xpusre Ty 1
T’ He romoronnm HYJIIO H HH OZHA M3 HHX He MOXKeT LieIHKOM IpHHAJJIeKaTh
. Do unu D,

2. Hu onuoit Touku Betsienns suyrpu D. Torza

DyC Dy, DyC2D,, EDy=D,, 3D,=D,.
Bsenem na Tope pHMaHOBY MeTDHKY, HHAYHIKPOBAHHYIO MEeTPHUKOH Ha yHHBep-
canbHOM HakpeiBaowmed. Torna asromopdusmsl Ianya & u n gomKHH coxpa-
HATH IIOLWIAJH, YTO NPOTHBOPEUHT cooTHOWeHUsM (7.1).
3. Uerbipe Toukd Bers/enus BayTpu D. Toraa l~‘0 u ', Takxke romorormHbt
HYMIO M OrpPaHHYHMBAIOT CTsArHBaeMble o6aactd D, u D;, npuuem D, () Dy =
= S\ (D). AHaNIOTHUHO HO/KHO GbITH [V o Dy, D, < D, u, cienoBaTensto,

D, D,. Terepp MBI NMPUXOZMM K IPOTHBOPEUHIO TAK Ke, KaK H B cayuae 2
Ocraerca ciyvait, Koraa hy v h, umeior BHyTpH D YeThIpE TOUYKK BETBJIe-
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HAsi. B OusBHAHBIX OGO3HAYEHMSX TOTAA JOIKHO ObITh bfc D,, D, (D{,, u
Janee agaloOTHYHO Cayydaio 2. : ‘ ’

3ameuanue 7.1. ITo N0Ka3aTeJNbCTBO MOKHO OBUIO OBl TIPOBECTH Ha
YHHBepCaJbHO! HaKPHBaIOLIeH, AHanOrHYHHM obpasom, qu‘bmaﬂ nocrpoe-
HEA § 9, 3aBeplIaeTcs JOKA34TENbCTBO JeMMEL 5.1,

C.nezLCTBue 7.1. Kpusw:z Ty, T4y IO, I eomomonubz oal-tomy u3 anemen-
moé HOpmaibHo20 Oasuca 20moro2ull HQ mope.

_Takum o6pa3oM, pacnosoxkenue obaacte h; (D) u hy* (D) HMeeT BHJ, U30-
6pa)KeHHbIPI Ha puc. 4.
'~ JoxasateabctBo. To,uro Tou I TOMOTOIHE! OXHOMY U3 S/eMenToB
HOpMaJbHOro ©asuca roMOJIOTHH Ha TOpe, O4eBUAHO U3 ITOCTPOEHHS HaKpbIBa-
Hlell pHMaHOBOM TOBEPXHOCTH. Ananoruusoe yt-

'BEPIKICHHE BePHO 17 To u T4, IloxameM yro I'p
TOMOTOIIHO I‘o Ho 310 caenyer U3 Toro, yro I'y ne

nepecekaetcs ¢ Lo H, Cefl0BATE/IbHO, He MOXKeT
_GLITh TOMOTOIHO dpyaomyﬁsneMeHTy HOPMaJIbHOTO
Gasuca roMoJIOTHH Ha TOpe,

Hanomnuw, yro Tak e, Kak 4 B cayuae pona 0,
TpYIIIBL FaJIya pacmnpeﬂuu Ca(x,y) nag C(x) u
Ca (x y) Hag C(y) AIBJAIOTCS UHKJIHIECKHMH BTO-
'POro HOPsAKa, NPUYEM SABHBIA UX BUA 3ajaercs ‘
opMyJaaMu Ha cTp. 509. : . Pme. 4

YuuBepcanbHOll HakpHBaoWel 1 S 9Bser- ‘
¢s1 KOMILIEKCHas miockoceTs C. ITycrs nipu sTom duxcuposano HaKpbITHE -(He-
passersiiennoe) A: C—S. Ms reopun yHudbopMH3auun H3BECTHO, UTO S MOK-
HO PaccMaTpHBaTh KakK KOMIVIEKCHywo rpymuy Jl, ABAAOILYIOCH (akTop-
rpynnoit annutusHoi rpynnet € o muckpernoit noarpymnne {neo;+me,}, e
NEPHOLL ®; H O JRHEHHO HE3ABHCAMBL Hajl MOJeM BeLLleCTBeHHbIX qucer R
‘N ¥ m-—uensle, :

. Tlpr HaKpHITHH A moGoit oTpe3oK bl Im, | 1 nmapannenbHbI BeKTOPY o
npoex'rupye'rcx B 3aMKHYTYIO KPHBYIO Ha S, KJIacC TOMOJIOTHE KOTOPOH SIBJISETCS
OMHUM M3 SJIEMEHTOB HOpPMa/bHOTO 6asuca Ha S. Mbl mpeanonoxum 6e3 yilepGa
AJIst OBIUIHOCTH, 4TO ?»( {0, @]) romonornuna Ty, a caenopaTensHo, MO chaefcT-

B0 7.1 u Beem Iy, T, T,. PaCCMOTpPIM HEKOTOPYIO NOJIOCY

’

“‘“{0) m‘ﬂml*vmz»H,VERO “‘<1}

IIpoo6pas A™*A 6yZeT COCTOATb W3 CUETHOTO WYMC/IA CBSI3HBIX KPHBOJMHEHHBIX
mojoc, CABHHYTHIX JPYT OTHOCHTeLHO APYra Ha BEKTOpa, KpaTHHE @, a
ATIA NI cocrout u3 HeKOTOpOH cBA3HOH obaact (A 'A), 11 u ee CAIBHrOB
[(AT*A)y T} + no,, Tae n— moboe penoe wncno. Q6macTb (A*A)y Mbl pasee
duKkcHpyeM ® oGosHayaeM uepes A,. Ay () Il aBIseTCS OFHON M3 CBS3HBIX KOM-
nowent AT'A')TI B monoce II (fanee Besge, rje 5T He GyAer BecTH K Hejo-
pasyMeHusM, NpooOpasbl KPUBbIX H oﬁnaCTen B A, 6y11yT o6oaﬂaqa'rbca 6e3
uHgekca A7) ' ‘

92 MatemaTnyeckuft c60pm4x, T. 84(126), Ne 4
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Jlio6as ¢ynxuus, 3ajlaHHas B obmacTu A, MOKeT GEITb NOAHATA HA 06-
Jactb Ao o popmyie . .
fr(@)=f(Aw), Ao€A.

Ilepenecem atum cnoco6om bynkuuu x(s), y(s), n(s), n(s) na A,. DyHKIHH
x(®), y(o) u n(a)="(x, Y) OKasblBAIOTCS IPH 3TOM IJIHNTHYECKHMH C [ie-

' PHORAMH @) H 03, MePOMOpPdHLIMU Ha Beem C (uHIeKe A y nepeHeceHHBIX Ta-
KHM 06pasom OyHKuME 6yleM B JajbHeiilem onyckatb). Ilpu atom n(w)
L (0) onpesesent B AefCTBUTENbHOCTH Ha BceM Ao, TIe OHH YAOBNETBOPSIOT
YPaBHEHHAM

(o + o)) = 7 (o), (7.1)
(0 + o) = T (o), (7.2)
7 (0) + 7 (0) = — x(0) y (0) n (o). (7.3)

IlyeTs % M x,— TOukM BeTBAeHHS anreGpanueckolt pyHKumM y(x), JIexange
BHYTPU €AMHH4HOrO Kpyra. ITpooBpassi Touek A7 (x;) u h;lk‘xz) B obnactu. A,
0603HAUMM &, ¥ Q5. [TPOH3BOIBHLI KOH(OPMHEIH aBTOMOp(H3M Zpumaﬂosoﬁ noBepx-
HOCTH S MOXeT ObiThb MPOZOIKEH 10 KOH(OPMHOTO aBTOMOP(M3Ma [ = AT
YHHBEPCAJILHOR HaKphIBAOUIes (em. [10]). 1o NPONO/KEHHE, KOHEUHO, HEOIHO-
SHAYHO, HO OHO CTaHOBUTCS OJHO3HAUHBLIM, €CJIH (urcHpoBaTh 0Gpa3s HekoTOpol
TOYKH @ € C npn aBTOMOpdH3Me § (31OT 06pa3s momken TIPUHANJIEKATE MHOXE-
ctBy {A'CAw}). Hostomy anst aTomopdmama Tanya § Mbl norpeGyem, uto6ur
TOUKA @) Obla HEMOABMIKHOH TOUKOH 35TOro aBroMopdusma: Eq, = ;. Toraa
§0 = —® B CUCTeMe KOODJMHAT ¢ HAYAOM B TOUKe a,. [eficTBUTeNBHO, H3Be-
CTHO, YTO CaMbli OO KOH(OPMHBIH aBTOMOP(A3M { KOMILIEKCHOM mockocTH C
IpeACTaBAAeTCs B BHAE: {0 = ao -+ b. Tak Kak Hauajo KOODJMHAT SIBASIETCA
HEMOJABHAKHOH TOUKOH, TOo b = 0. Ho B2, OTKyaa @®> =1y g —=—1.

Ananornuso onpegemm bi=ANON AR (), i=1,2, rae yl,\‘yz—
TOUKM BETBJIEHHS areGpanuecKodl ¢yHKuuH %(y), Nexaiye BHYTPH eIHHUYHOTO
Kpyra, ¥ moiusatue aBToMopdusma [anya 1 ua YHHBEPCAJIbHYIO HaKPBIBAIOLLYIO
B CHCTEME KOOpAMHAT C HAaya/loM B TOUKE by Mo = — g,

Jdemma 7.2.

&N = o 4 w,, 20e 0, = 2(a; — by),
T. e. npousgedenue asromopgusmos I' arya ecro cdeue na 8eKTOp, pasoLii
ydsoennomy paccroanuo MeNHDY ux HenodBuUINCHbBIMU TOUKAML,
3aMeuanue 7.2. Ananornuno MOXHO J0Ka3aTb, UTO

a—a,= + 2, bl—-bzzi

0|2

Teopema 7.1. ®ynryuu T(®) u 7 (@) mepomopgprio npodoascaromes na
6CI0 YHILEEPCANbRYI0 HAKpPOIBAIOWYI.

HdoxasareancTso. BBugy coornowmenuii (7.1) u (7.2) nocrarouno orpa-
HIIUTECA NONIOCOH I1 mmi paccMaTpuBaTh HEKOMIAKTHYIO PHMaHOBY IIOBEpX-
HOCTB S, SABJSIOMLYIOC 5T axropom € 10 {nw,} u TonooOrHIECKH SKBUBAJIEH THYIO
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GecKoHeuHoMy MUMMEIPY. Tak Kak WL C k' (D), To ﬁgr‘cho, H, CACROB3-
TeNbHO, A, () (nE)Ay=~0. BBuay Toro, urto W& €cTh CABHT Ha — w3, 00bexn-
nenue obnacreit (ng)"A,, n= ..., —1, 0,1, ..., DOKpEIBaer Bcio MIOCKOCTH C.

Orciona MOXHO NOKa3aTh, UTO 7 (®) H E(m) NPOJOJLKAIOTCA  BIOJIb GO0
nytd Ha C, ¥ C TOMOWIBIO TEOPEMbI O MOHOAPOMHH 3aBEPIIMTh JOKASATEND-
CTBO TEOpEeMHl.

PaccCMOTPHM  DHMaHOBY TOBEPXHOCTb S, spastomyiocss ¢akropom € no
{ne, + mog}, T. e. obnacts A, Mexay I'; u nly, npunamnexamyo A,{}1I, ¢
OTOXKAECTBJICHHBIMU TpaHHIaMH. Byiem aanee otoxaectsnsate Iy u nI,. Ompe

AeMM KYCOYHO aHANMTHYECKYI0 (YHKIMIO Ha S:

n(w), o€h (D)\G,

I (o) =
() {—-E(m), o €A, k(D).

Takum o6pasom, nosyyaem Kpaesyio 3anauy PHMana ra puMaHOBOii moBepx-

noetn S (cm., HanpuMmep, [8]): HalTH KYCOYHO aHANTHTHYECKYIO (BYHKIHIO
II(®) co ckaukaMH

I, (0)— L (0) = x (20) § (E0) n (E0), @€ Ty |
(7.4)

I, () —I_ (0) = — x (@) y (@) (0), 0T,

(Me1 BHIGupaeM HampaBnenve obxopa Iy =N, u Ty Ha S mo HANPABICHHIO @)
v yepes II, oGosHauaem 3HaueHust cnesa, a yepes II_ — cmpaBa OT COOTBET-
CTBYIOIIEH KpHBOH.)

PaccmoTpum Teneps {-dpyHkumio Beilepuitpacca

(wW==+ 2

1 1 u ]
-+ .
om0 [(u —nwy — mo;) 1o+ meg  (roy + mog)?

Bri6epem npu 3ToM Haualo KOOPAHHAT B TOUKe @1; TOrAa L{U4) HeueTHa OTHO-
CHTENBHO a1, A, b1, b, ‘
Teopema 7.2.
@ =5 | to—ma@ad. | (7.5)
I .
r,UT,

Kpome moeo, ecau o€ hi* (D)\G, mo
1(0)= - (L= L+ Nx@y@u@d,  (16)
Ty

a ¢ynkyus A(t) onpedeasiemcs no ¢gopmyae

x(E)yEDNED, TeD,

—x(Dy(t)n(z), T€l,. _ ,
HokxasateabcTso. Pynkuus II(e), onpexensemas BhipaKeHHeM

(7.5), ABAseTcA KyCcOUHO aHANMTHYECKOH, HMMeeT pa3phBH Ha KPHBHIX

A(t):[

2*
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“Ti¥ne;, fﬁ-nwa, CKayKH Ha KOTOPHIX coryiacyiorcs ¢ popmynamu (7.4), uto
“Jlerko nposepsieM, Hcnoabdys ¢opmyasl Coxoukoro. JocTarouHo noKasars,
-TakuM o6pasom (st BoaMoxHOCTH oToxaectBaenus 't u MIo), uto IT(w)
-HMeeT Hepuoibl @ U @s. Tak kak {(o-+w01) ={(0)+11, {(o+w0s) =§(w) +13,
-FIe N1 K M3 — KOHCTAHTBI, TO /15 3TOr0 JOCTaTOYHO A0OKA3aTh, UTO H3 IIePBOT0O
HHTErpajpHOro npencrasienus (popmyaa (7.5)) crenyer Bropoe (dopmyaa
(7.6)), ubo AKpO BTOPOro MHTErpaNbLHOTrO MPEACTABJIEHHS €CTh SMHITHYE-

ckas QYHKUHA. Sa\aeTnB uTo r(r) =x(t)y(v)n (1) He HMeeT MOJI0CoB na G,

nmeeM ’

j'g(co—r)A( :—f; (0 —T)r(v)dt = — | L(0— v)r(v)dr,
i;,ﬂ

'Yc<m—r>r(§_r)dr=—rjc<—w—§r>r(ar)dr=

1

__'S' {(—o—1)r(t)dr = Sg(m+r)r(r)dt.
Ty

Lo

Pelenue sagauu (7 4) eIMHCTBEHHO C TOYHOCTHIO [0 KOHCT@HTHI, 60 pas-
HOCTb IBYX IOJOGHBIX petrennii aHaJIMTHUHA Ha Beell S. DTa KOHCTAHTA onpe-,
Aeasiercst u3 yeaosus (Y (s)) =0 npu y(s) =0. '

" M3 dopmyam (7.6) merko MomxHO IOJTYYHTH BHIpaXK€HWe BHAA

A= | A, x) g )0 (e, go(x) dx,

|x] =1

rie aapo A(x,x’) MOXKHO 3a4aTb B SABHOM BUZE, Aenas 3aMeny nepeMeHHHx
B (7. 6) :

§ 8. Tounmit THn (—L1; ¥i,l). Cayyall npuBogUMOCTH

ITycers A(x, y) npusonus. Torga ¢ TOYHOCTBIO N0 NepPecTaHOBKH X H Y BO3-
MOXXHEI CJIelyIolIie CAyUay. ‘

1) A(x,y) = A(x)A(y), tae A (x) ¥ A (y) 3aBHCST MWL OT X ¥ OT Y cooT-
" BeTCTBEHHO. DTOT CJlyyail JIETKO PeliaeTcsi METOXOM (akropusaimu (cM. [15])

2) A(x,y)=B(x,y)C(y), rae C(y) 3aBUCHT JHIUIb OT §J U HMeeT MO Y
NepBYIo creneHb. B sToM cayuae Takke mnpuMenuM MerTon (akTOPH3ALHH.
HefictButensuo, ecin C(y) =y+c, tae |¢|>1, o B(x,y) =b,(x)y+bas(x),
H MOXHO BEIGparh (aKTOpH3aLHIO TaK, 4TOGH d—t (X, y) =1. OTcioga u cie-
myer yrBepxnenue (cm. [15]). Caywalt |¢| <1 pasGupaercs amanorndo.

3) A(x,y)=A:(x,y)Az(x,y), rne A, u Ay — MHOTOUMEHEI nepBoii creme-
HH KaK 10 X, TaK H 10 Y.

Iycrs cnavana

3A) Ai(xo(y), y) =A:(x,40(x))=0. Ecau A,(x,y) = (cx+d)yy+tax+0b,
TO 3TO BOSMOXKHO, HalpUMeD, KOTAa |c| Beluko MO CPaBHEHHIO ¢ MOLYIAMH
 OCTaNbHBIX K03()(PHUIHEHTOB.

Jlemma 8.1. B cayuae 3A) n(x) u n(y) payuonassne.

v
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-Jloka3aTenbCcTBO. paCCMOTpHM pUMaHOBY noaepxuocrb S poza 0, onpe-
Jenennyo ypasuenueM A, (x, y) =0, ¢ OXHOJUCTHBIMA HEPA3BETBICHHHIME Has

. KpbiTHsMd Ay : S—P u hy: 8§ —P. O6nactu h; (D) oqHOMKCTHO HaKpHBalOT D,

u tak - kak A7 (D) ChyH(D), ks N(T) C A (D), To k(D) U A (D) =
OTCIOAa H CeAYeT DAlHOHATLHOCTh T K . ” ’

SIBHBIH BUA peliieHus B crydae 3A). -

Dyukuus — xyn (X, y) -HOKHA UMETH DOBHO JABa moJjioca Ha S, npymeu.

O1HH Y (S) = Yy, — B 0OnacTut k" (D), a BTOpOi X (S) = x,— B oBnactu h; ' (D),.'

OGo3Hauast TJIaBHBIE YacTH B 3THX MOMOCAX Yepe3 fy) ¥ m(x) COOTBETCTBEHHO,
GyleM ¥MeTb pelIeHHE C TOYHOCTHIO JO KOHCTAHT, OINpPENENsIEMbIX, Hanpnmep,

u3 yeaosus 1 (0) = 0.

3B) Ay (%, (y), y)'= As(x, yo(x)) = 0. B 3TOM ciIyyae paccMOTpUM JIBE pumaz-;
HOBbI TIOBEPXHOCTH: S;, ONpENeNeHHYI0 ypaBHenueM A, (x, y) = 0, ¢ HaKpBITHAMA
hi1:S;—P u hy,:S,—P; S;, omnpenenseMy0 ypasHeHHeM A2 (x,9)=0, ¢

HaKprTPIHMPI By :So—P U Ry : S;— P, Hueew, ‘OquIrI’IL:HO, 1 (D) C kg (D),
o (D) hay' (D). Topusatus :;(x) ¥ T(y) Ha S; 0GO3HAUMM uepes T (s)
(s) aHa S;—1II(f) u Ti(f) coorsercTsenno. hy (D) u ha; (D) ectecTsenHo

Kompop\mo IKBUBANEHTHLI (KaK mpoobpasst D). Oéoanaqum 3TOT momopq;mu;
& b5 (D)~ 17 (D). Auanornuno BBOAHTCH 1) hy' (D) —hy;' (D). Byaem cum
TaTh-§ B M HpOIlOJI}KeHHbIMI/I 10 KOH(OPMHBIX uaoMop(pnsMOB E: Sl—>Sz ]
n:Sy— Sy ;

Tak xKe, xax 1 B ciayuae B) § 6, En oxkasniBaercs FHHep6OJIH‘{eCKHM mm
JIOKCOAPOMHUECKHM, H CTPOKTCS MOCHeI0BATEebHOCTb 061acTel

Dl‘“ 11 (D)CDg .. C:ch .

rae Dy = (ng)le. C o
Tpu sToM Qynkyuu 1t(s) u 7(s) mepomopdro npodosxaromes Ha SyN\{s)

2de s, — HenodsuncHas mouka asmomoppusma ME, rexcawas ene D,. SIBHbIA BHY

GyHKUpi ToNydaeTcs aHaIOruyHO cayqao B) § 6, v MBI He Oy/ieM €ro BbIIUCHIBATS.

§ 9. Mocrpoenue aBromopduamor I'anya Ha yHHBepcaJbHOH HakphiBaloule#

Hanee Bcerna Oyaer npeamnosararthbcs, YTO Pealu3yeTcss caydadl HElpH-
sonuMocTd (cM. § 2) u poj puMaHOBO# noBepxHocTH S’ g2=2. lanee Henosp:
3YIOTCSl TEPMHHOJOTHSI ¥ Pe3yJabTaThl MOHorpa(bmd [9] (cm. Takxke [10]
n [11]). .

ITyctb D — HeeBkauaoBa miaockoctsb JIoGaueBckoro, peajusoBaHHas Kak
BHYTPEHHOCTb €AMHHYHOrO Kpyra. D sBjisiercss yHuBepcaibHOH HaKpHBalOWed
ans S ¢ dukcupoBaHHbM HakpuiTHeM A:D—S u rpymno#t npeoGpasoBanuit
nanoxeuusi F. F aBnsierca guckperHo#t ¢yKcoBoHl Tpynmoil mepBoro poja
ABHKeHHH miaockocTH Jlo6aueBckoro, cocrosiiuell JUUIb H3 TUIEPOOJHYSCKHX
3/1eMEHTOB. ' ' ‘

¢
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Pacemorpum npoo6pas A'A  cesasmoi (cm. temmy 5.1) onacte A u omuy
3 €ro CBSASHBIX KOMIOHEHT. MMauHO, diaKcupyeM Mpoo6pa3s ®, HEKOTOPOil TOUKH
$€ A M paccMOTpHM KOMNOHEHTY Ay C AT'A, conepxaryio . - '

IMycts Touka o Takosa, uto Aw;=Awo=S$o, a Co; — Npou3BosbHAN KpHBasi
Ha D, coenunsiomwan wo u ;. Torga 0603Hauuy uepes [ACq] snement ¢pyu-
RaMeHTJIbHOH Tpynnst (S, So), COOTBeTCTBYIOMHH KpuBOil ACy. OueBnzHO,
4YTO 3TOT 3JEMEHT He 3aBHCHT oT Co NpH JlaHHOM ®1, HO Pa3/NHUYeH IJs pa3-
HHX ;. Takum o6pasom, noayuaem H3oMopduam @ : F->m;(S, o), npuum
ecnn o1=fw, f€ F, 10 ¢(f) = [ACq/].

PaccMoTpum Teneps BceBO3MOXKHBIE Touky o; €Ay Takue, uTO Aw; = S,.
Mroxectso f; ¢ F Takux, uro fiwy = @;, oBpaayer noarpynny F,( F, npauem
HMEETCs1 KaHOHHYECKH TOMOMOpGUaM 1 : Fy—s 7, (A, sp), 1 KOMMyTaTuBHA cJe-
Rylomas Iuarpammas: :

Foﬂ)’ T (A, 8y)
ny {

F3m,(S, s,).

(Ouesunno, uto F, He 3aBHCHT OT BbIOOpA TOUKH S,.) 'pannua oGmactu A, co-
CTOAT H3 KYCOYHO AHAIMTHYECKHX KpHBBIX, ABIMONMXCA  1poobpasamu T,

| R VAR AR (cM. § 5). dtu npoobpaser Mt Oyaem 06o3Hauath yepes
KTy oo, AT, .. AT, cootsercrBenmo.  Eeu Ha Ty, ..., Ty
ﬁ, ..., I/ HeT Touex BETBJICHUS. HAKPHITHA h; WIM A, COOTBETCTBEHHO, TO
Ny o A, L, AT ', anannTiunsL.

Mu Gyxem npegmosiarats Ranee, uto nose C(S) mepomopgproix pyHryul
Ha S agaserca HOpMasbHbIY pacuiupenuem kax noan C(x) rax u noss C(y).
AHRanoruuno MoXHO 6bLIO Gbi paccmotpers cayuai, korna CYUIeCTBYeT KO-
HeYHOoe anreGpanyeckoe pacurHpeHHe MOJs C(S), nopmanbroe mag C(x) u
nax C(y). Iaa storo mamo 6suio OBl NOAHATH NPEABAPHUTENBHO YDaBHeHH s
Ha PUMaHOBY NOBEPXHOCTb ITOTO PaCHIHPEHHUS. : '

Jemma 9.1. Jua aobeux Ui u T cywecneyem  neesiaudoso Osusicerue

(eunepboruueckoe uny sarunmudeckoe) g; maxoe, 4mo g(h'Ty) = A7,
@ maxwce Hee6K140060 dsusene g; maxoe, wmo g (AT, = AT
—1 -1 —_1 o

Hoxaxem, uro ATy, ... , A Ty, .., A7, aHamuTHaHs JelicTBUTeNBHO,

B §5 Oblio mokasamo, yro Ty sBnsercs amammimyeckon IPOCTOH  3aMKHYTOH
KpuBoH. OGo3HauuM uepes Vi KOHDOPMHLI ABTOMOP(H3M pPHMaHOBOH TOBEPXHO-
CTH S TaKolt, uro y;['y = I. Jlerko TIOKA34Th, YTO OH CYIUIECTBYET H HHIYLHpYyeTcs
COOTBETCTBYIOLUM aBTOMIpda>Mom I anya moas C(S) nag C(x). Auanornuso
BBEZIEM aBTOMOp(H3M ?, TaKOH, uto Y1y = ~‘j. ’

Has roxasarensersa jemmbr 9.1 Hay AOCTaTOYHO, TaKUM 00pa3soM, ZOKAa3aTh

CHRILYIOIIYIO JIEMMY M TOJNIOXKHTb B Heff y; — g g =g

Jemma 9.2, ITyemo g — xongopmrous asmomopusm S, npusem 013 nexo-
mopbix modex sy, €S umeem mecmo 8(sy) =s. Toeda, ecau ho — S, Awy =s,,
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mo cyugecmsyem KorgpopmHoul asmomoppusm g yﬂueepcaxzbubti rakposarowell D
makoil, wmo Ag =g u goy = . [Ipu amom g A6AALMCS IANUNMULECKUM UL
© eunepbosudecKuM.

JlefiCTBUTE/BHO, €CJIH So H S — JBe TOUKH Ha S, He sIBJIIOLIHEC TOYKaMHU
BeTBJAeHHs Hakpbitusi iy : S—P u Taxue, uTO x(So) =x(8), TO cyllecTByeT H
. €IMHCTBEHEH KoH(OPMHBI aBTOMOP(HU3M g pHMaHOBOI TOBEPXHOCTH S ra-
Kof, uTo g@So=S. Jlanee Mbl He OyXKeM feaTh PasaHuHs MeXLy & U COOTBET-
cTBylomuM aBroMopdusmom I'anya.

TTpou3Bo/ibHbLH KOHGOPMHEI aBT0M0p¢M3M§ MOBEPXHOCTH S MOXKET ObITh MOA-
HST Ha VHHBEpCATLHYIO HakphiBatomyio D:g = A~ gk, D10 mepeHeceHUe HEONHO3-
HAYHO, HO CTAHOBHTCS OJHOSHAYHEBIM, €C/ (PUKCHPOBATH o6pa3 go OIHOH TOUKH
@ €D. Ilpn 3TOM JOMKHO BLIOMHATECS TOJNBKO YCJAOBUHE GO € {A~ gkm} Apro-
MOD(HU3M g SIBIIAETCA HECBKJIMIOBEIM JIBHIKEHHEM [1JIOCKOCTH Jlo6auenckoro (cm. [10)).

lloxa;xeM yTO g SIBAsIETCH JUGO rUnepOOJHUECKHM, JTHO0 NIHITHIECKUM.
Eciu g WMeeT HeMOABHKHYIO TOUKY Ha S, TO MOXKHO MOAHATH €ro Ha D Tax,
4TOGH g MMeJ HEeloJBHKHYIO TOUKY BHYTPH D. Torna g sBASETCA SJJIHITH-
ueckuM. [TycTs Tenepb g He HMeET HEMOABUIKHBIX TOUCK B D. Oto GyaeT uMeTh
MecTo, B YaCTHOCTH, Korja ¢ He HMeeT HEMOJABHIKHBIX TOUEK Ha S. Jokaxem,
YTO TOTAa

d =infp(w, gw) >0, 9.1)
wcD

rae p(, ') — paccTosHHe MeXAy ABYMs TOUKaMH Ha IJIOCKOCTH JloGaues-
CKOTO.

IMycrs cHauana g He MMeeT HeNOJABWKHLIX Touek Ha S. Beenem Ha S pH-
MaHOBY METPHKY, TOPOXKAEHHYIO HEeBKIHI0BOH MeTPHKO# Ha D. W3 kommakr-
HocTH S cielyeT, 4TO

inf p (s, gs) >0. (9.2)
SES

Orciona Jerko cieryer u# ¢opmyna (9.1). Ilycrs Teneps g ¥MeeT HeMOJIBHKHYIO
TOuKy Ha S, a g He UMeeT HEeMOJBMKHBIX TOouyeK Ha D. Torma mnposeneMm Ads
KAK/IOH HETOJBHKHON TOUKM HA S JOCTATOYHO MAJYIO HEEBKIHJOBY OKPYKHNCTD
¢ uenrpoMm B 3Toil Touke. OrpaHNYHBAEMYIO €0 OTKPBHITYIO OKPECTHOCTb 3701

Touku oBo3Haupm uepe3 O;. Torza S\[U 0;] vHBapWaHTHA OTHOCHTEIBLHO g, u
TaK Xe, Kak ¥ B npezlbmym,eM cyyae, MOXKHO JIOKa3aTb, 4TO

' inf p (@, go) <0 (9.3)
(067»_1[3\{5}0;'}] ‘(__g_)_./__‘

Touku Ke U3 JOBGOH KOMIOHeHTH! O MHOXKECTBa AT'0; mon neiicTBHEM g MOTYT
TIEpeHTH JIMIlb B TOYKH KOHTPYIHTHOTO MHOZKECTBA fO mas Hexoroporo f€F,
f==1, otkyaa

inf p(o,gw)>0. 9.4
(DE)»._IOL'



520° . . - B. A. Maanues

BBuay koneusoct MHOXecTBa HHIEKCOB i 3 (9.3) u (9.4) caenyer ¢opmy-
aa (9.1). - : :

Hawm ocranocy nokasars TakKUM 06pasoM, YyTo ecau BBINOJIHEHO HEpaBeH-
¢tBo (9.1), TO0 & — runep6oanyeckuii snemeHT. Jlerko mokaswiBaercs Telepb,
H4TO CYIIECTBYeT 2 Takol, uto p (2, g2) =d. Ecau Mbi HAOKaxeM Tenepb, YTo TOY-
KH 2, 82, g°2 nexaT Ha HEKOTODGH HeeBKIHLOBO npsAMoi I/, To sTa npamas
HHBapHaHTHAa OTHOCHUTEJJbHO g, H, TaKHM 06p830M, ghﬂeeBKﬂHJLOB nnepeHoc
(runepGoanueckuil saeMent). st [oKasaTeqbCTBa 0603HaAHM uepes { cepe-
AHHY HE€BK/IHII0BA cerMeHTa [2, g2]. Torza gt ssasiercs cepelHHON cerMeHTa
[82, &%2] u (L, %) <p (2 g2) +p(g2 o) =d. Ho B 10 xe Bpems p(, gL) =4,
CTKYAa ¥ ClexyeT yTBepKIeHHE. ‘ o |

st OKOHUAHMA JOKa3aTeJILCTRA JeMMel. 9.1 ocraercs 3aMeT1h, YTO A/Ifl
MO6Oro { M MPOM3BOJLHOR TOUKH ® ¢ A 'T: malinercs Takas Touxa o' € X'y,
uTo X (@) = x(w’), ¥ BOCHOJB30BATHCH TPUBSNEHHBIME BbILIIe nocrpoernamu. [Tpu
3TOM g; OKa3bIBaeTCs MIAHSTHEM Ha D COOTBeTCTBYloOmIEro aBToMopdrsma [anya.

Onpegenenne, Ipynmoit ypaBuenus (1.1), pumanosa noBepxuocts S - .
LJ171 KOTOPOTO HMeeT Pox g=2, GyaeM Ha3bIBaTh TPYNNY % HECBKAHJOBHIX ABH-
XKeHul miockocern Jlo6auesckoro, NOPOXKAEHHYIO rPynnoit Fo i Beemu aBTO-
MopduaMamu g; u g;. o

§ 10. Teopema 06 anaanTHueckom NOBEACHUM PelHHS

Qynxuun x (8), y (s), 7(s) u E(s), onpenenentpe Ha A C.S, noguumem Ha A,
no gopmyne m, (o) = x(Aw), Ao 6 A, o€ A, (B naneueiimeM uigekc A yauan
onyckaem). OueBuano, uro 5t (w) 1 ;(w) yaoaneTBopﬂbT CHENYIOIEM  COOTHO-
(IUEHHAM TIPH @ € A, heF,: '

‘ % (ho) = (),

7w (ho) = 7 (o), | (10.1)
1(©) + 5(0) = — £(0) ()0 (x (@), 4 (o)

Teopema 10.1. Dynxyuu n(w) u 17~t'(co) donycxkaror mepomopptoe npo-

doascenue Ha 8cio ynusepcarbryo naxpoisarouyro D, '
- HoraxeM crHauana CJACAYIOILYIO JeMMy.

JTemma 10.1. O6Bedunenue obracrei kAo, 20e h € %, nokpuisaer scro ne-

€sxaudosy naockocrs D, .
HdokasarteancTsno. SamernM, uro A;I, U Ao Ty Teur Ha HOJIOXKHUTTb;

HOM HEEBK/MJIOBOM DaCCTOSHMH & OT Tpamuisl A, B MJIOCKOCTH JloGauesckoro.

Briepem npousBossubiM 06pasoM TOuKy ,€ A,. OGmacts Ay obnapaer creny-
IOWMMH CBOHCTBaMK: \ :

-1y rpannua obnactu A, NpUHALIeXHT OOBEeANHEHHI0O KOHEYHOTO 4uca
4HAJIHTHYECKUX KPHBBIX;

2) nycte [—onHa u3 Takux TPAaHMYHBIX AHAMTHYECKMX KPUBBIX (Mbl He
TpeByem, utoGe [ [) Ay Gbinio cBsi3nbiM). TorAa cymecTByeT A¢x Takofl, uto
mo6ast Touka ! () A, nprHagmexuT Ay [J hA, BMecTe co cBoell HeeBKHIOBON
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g

g-okpecTHocThiO. [o Jiemve 9.1, B KauecTBe A MOXHO BHIGpaTh OHY H3
06pa3yioyuX TPYNNsl ®: g W gj.
IMocTpouM Temnepb Mo MHAYKLKH NOC/IEN0BaTeNbHOCTE O6racTeil }

Ay Ayy oot A,
A} .
K TIOC/IE€I0BaTeJbHOCTb aHAJHTHYECKHX KPHUBbBIX

7 P M

cenyiomuM obpasom. Tlonoxum I, =Ty, [, = Ty; naviee B NIPOH 3BOJIGHOM TOPHAAKEe
PacmoioXuM AHANUTHYCKHE KPHBBIC, HMEOmde OCmyio Ayry ¢ rpasuuzi Ao
3aTeéM aHaIMTHYIECKne KpHBLIE, MMeomie O6myio Iyry ¢ TpaHuiell A;, He COB--
Najalouye ¢ paxee MOCTPOCHHBIMH, M T. .
Bri6épem h = g; W g; TaK, 4ro6bi [, = g, um g,l1 TTomoxum AI_A | JhoA,-
“TIycTb ‘Mbl yx{e noCTpoun A,. “Torzia CYIECTBYET A, = g um g, TaKo#, - 410
lite = hal;, Ans HEKOTOPOTO in < 1 -+ 1. Tlonaraem Aqty = AnlJ huAn. Tlpu 3TOM
Iny, TpPUHANNERAT Aniyy BMECTE €O . CBOH HEEBKAWIOBOH €-OKPECTHOCTBIO.
Buinosuenue cBoficts 1) B 2) anst-Anyq OueBUAHO. KpoMe Toro, o MocTpoeHHio
JIS moGoro n cymectsyer N > n Takoe, uTO p(mO,AN) > p (@, An)+e. Orciona u
" CNILyeT, uTO OOBENWHEHHe BO3pACTAMOMEH nocnezxosarenbuocm CBAI3HHIX'
obiactelt A, comajgaer co Beeit D.

BepueMmcst Teneps K noxaaaTenbcrsy teopeMbl 1. MiMeeM, B chay crenan- -
#bIX B § 9 noctpoenuii,

w(gio) = (o), 7 (go) = m(v), (10-2)

ecmt g0, ®@CA B ém,méAa, cooTBeTcTBeHHO. [10 MHAYKIMUM (PyHKUHH ‘7T (®)
u (o) NPOAOIKAITCS Ha o6macTu A,. [IycTh OHE ompenesersl B 06MacTH Ay.
.Torpa, ecmu h, = g;, .TO npojosxkaeM wn(®@) Ha o6aacTe Apyy C HOMOLIBIO
cooTHomenus 7 (A,0) = 7t(0). OynKua ?c(m) ONpENeNsieTcsi TOTAA M3 ypaBHe-
uust (10.1); aHasoruuHo moctynaeM, ecau f, = g;. Temepb MOXHO Jerko Joka-
3aTh, 4TO T(®) H Tt(®) MOTYT GHITH MPOJOIKEHB BJOMb JHOGOH KpuBoil Ha D,
H, CJeI0BAaTENbHO, OHH OKasBBAOTCS OjAHO3HauHBIME Ha D (mo Teopeme o
. MOHOJPOMMH).
Takum o6pa3som, u3 1eopeMnl 1 u 3amMeyanus 3.1 nohyqaerca TIOJTHOE OMH-
CaHHe BO3MOXKHOCTell aHaJHUTHYECKOTO NPOAOJKeHHsl PeLieHHs.

§ 11, JAnckpeTHocTb TPYANb YPABHEHHS

3nech Mbl U3YUMM TPYNNY % YpaBHEHHs B ciyuae poaa g>=2 u'cayuas He-
HOPUBOLHMOCTH,

Jlemma 11.1. Ecau pod PUMAHOBOU NOBEPXHOCTH S g2=2 u peaausyer-
ca cayqal HenpusooumMocTu, To epynna % ypasrerus (1.1) duckperua.

HoxkasateabctBo. Ilo Teopeme [lyankape (cm. [9], cTp. 99), nan
Ipynn ABHXKEeHHH HEEeBKJIMJOBOH IUIOCKOCTH IHCKPETHOCTb H Pa3pLIBHOCTDL
IKBUBaJEHTHb. TaKUM 06pas3oM, ecliu % HeIMCKPETHA, TO OHa He MOXKET GHITh

)
<
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paspoiBHOH. CnénoBarenibHO, Kaxkpas Touka o € D ABJISETCS TNpeldebHOM
Touko# %. Ho no teopeme 4A rnasu 3, [9], ctp. 103, MuOKeCTBO %2 MIOTHO
TOTAa B 1060 (npenenbHoO#) Touke @ € D mst 106010 ?7= @, KpoMe, MoXKeT
OHIT, OJHOTO 3HAUEHHS 2= 20, AJI51 KOTOPOTO {x20} = {20}, . e. B Hamen cay-
Yae 145 moboro 2€ D,

MssecTHo (cM. [10]), uto TpyInna KoH(pOPMHbIX aBToMOpdmamoB E mpous-
BOJILHOH DHMaHOBOH MOBEPXHOCTH S pora g > 2 xoneuna. Ortciofa Jerko cie-
ZYeT, 4TO MHOKECTBO Touek {A 'g;Aw} IV MOGOH TOUKY o €D,rae E={e,,...,e.},
AucKpeTHO. Tem Gosee SBMNAETCSt AMCKPETHHIM M MHOMECTBO TOYEK % oqs
Jio6oro . JleMma ao0Kasana.

Jlemma 11.2. » mosmer cocroars suwe U3 snrauntudeckux u eunepboiu-
4eCKIX 3AeMEHTO8.

HokasatenbcrBo. Qurcupyem HEKOTOPYIO TOYKY So€ A S ¥ oaun u3
€€ npooGpasoB , € {A s} (N Ay D. qna moGo#t Touku s€ A 0Gosnaumm

pa (s, 8) = inf o (1),

rie p(l) — nauna cupaMasemoi kpuBoii [CA, coepunsiomeii TouKu So u S,
B PHMaHOBOH MeTpHKe, HHLYUHPOBAHHOM MeTpPHKO¥ niockoctu Jlo6auesckoro,
a inf Geperca no Bcem Takum CHpSMJISEMBEIM KPHBbIM. AHAJIOTHYHO onpefe-
aseTest p, (oo, ©) Ans 110608 TOUKH € Q. Jlerko BHAeTH, uTO CYLIeCTBYET
Takas koHcranta Co, yTo aJs M060H TOUKH wE A

inf pa, (0, ko)< C,. (11.1)
1:£hGF, » -
Paccmotpum mopmanbumi dyHaaMeHTaIBHBI MHOTOYrOABHUK N (cm. [10])
OTHOCHTEJIbHO TOYKH (o B NPELNONOKEHHH, YTO Wo He SIB/ISETCS HEMOJBHIKHOMH
TOYKOH njia ». [lokamxeM, uto N kommakTes, HelicTBuTeNIBHO, B MPOTHBHOM
Clydae CymecTBoBasa Obl TOUKa ® € Ay, yAAMEHHAS] OT o HA CKOJb YrOZHO
Gouibloe paccrosinue, yTo IPOTHBOpeuHT ycaoBHio (11.1).
W3 komnakraoctu HOpMaNbHOH DyHIaMeHTaJabHON 06JaacTH CJelyeT, YTo
* He CONEPKHT MapaGONUUECKHX 3IEMEHTOB (CM. [9], Teopema 7E, crp. 149).

ITpu sToM rpynna » umeer ofpasyouwme hy, hy, ..., hy, a, by, ...,8m, by
U OTIPENENSAOIUE COOTHOMICHHS:

by b T L Gl = 1 B =1, =1, ...

(cM. [9], cTp. 241).
JTemma 11.3. Jun HEKOMOpPO20 1 Cyuyecmeyem HOPMALbHBUL Oeaument ¥,

epynnet % ¢ obpasyowumu Ay, B,, ..., A, B, u edurcmeentoim onpedessi-
TOWUM  COOmHoweHLem:

ABAT'B .. ABAT BT = 1.

Hokasateancrso. Ceabbepr nokasan (cm. [13]), uto B MI060i MaT-
PHMHOM TPyNNe Hal HOJeM KOMILUIEKCHBIX YHCEN ¢ KOHEeYHhIM YHCJIOM obpasy-
IOWUX CYIIeCTBYET HOPMaJbHBIH AeJHTENb KOHEUHOTO HHJEKCa, He coxepkKa-
UHi 31EMEHTOB KOHEYHOTO NOpsiAKa. DTOT P€3ysbTaT, OYEBHAHO, MOXKHO MpPHU-
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MEHHUTD K Halleit: rpyne ®. Torxa Takoit HOpMaJbHbIN IeNHTeIb OKa3biBaETCs
COCTOAIIMM JHIIb H3 THNepOOIHYECKHX 3JEeMEHTOB, 2 B CHJIY KOHEUHOCTH
uHjeKca ero PpyHIaMeHTanbHas TPyNla KOMIAKTHA. Otkyna (cM. [9]) u cae-

AYeT, UTO OH HMeeT eIHHCTBEHHOE y}(aSaHHOG BhllIE Onpenesiomee COOTHO-
HIieHue,

§ 12. 3apaua KapaemaHa aas QyHIAMEHTAAbHOTO MHOTOYFOJbLHHKA H ABHBIH BHJ peUICHHS

Hecmorps Ha noayuaeMoe HHXKe sBHOe NpeACTaBleHHe AJS pelleHHs,
OYEHb BAXKHYIO POJIb HIPAeT METO] AHAJHUTHUECKOTOo Mpopo/kenust u3 § 10\
B uvacTHOCTH, ¢ ero NoMolllblo Mbl IOJYyuaeM Bce Nojioca GOYHKUHHE ft(®) w
::?(m) Ha D 1 ux rnaBHble yacTH B aTHX noatocax. [Ipouenypa oiaenesus raas-
HbIX YacTeldl OueBHAHA H3 J0Ka3zaTenabcTBa Teopemsr 10.1.

Sameuanne 12.1. B uacrHoct, oTcofa BHITEKAeT, YTO aCHMITOTHYE-
CKoe noBegeHHe K03GdHIHeHTOB QYHKIUH Tt(X) u ?r(y) onpexpensierca aAu6o
OmMXKalIUMKU K €IHHUYHOMY KPYTY HX aiarebGpanyecKHMH TOUKAMH BETBJE-
HES, JHO0 GIHXKAHILMMU K €IMHHYHOMY KPYTY IOJIOCAMH U MOXeT ObiTh BbI-
YHCJIEHO B KOHKPETHBIX cyuasx (To, 4TO APYTHX 0COGLIX TOUeK y (x) u~n(y)
HeT, caenyer U3 teopemul 10.1).

ST1oT ¢QaKT UrpaeT OCHOBHYIO POJIb B BePOATHOCTHBIX IPHJOXKEHHAX, HO
3JeCh MBL Ha HeM He OCTAHABJIMBAaeMcs.

PaccMoTpuM HOpMAaJIbHBIR AENHTEND %o U3 JIEMMbI 11.3. HUcnoawaysa coort-
nowenus (10.1), (10.2) u caepymoiye U3 HUX COOTHOIUCHUS

7t (gjw) — m(0) = x () y (0) N (0) — x (go), y([go)n (go), (12.1)

MOXHO MOJYUHTb ypaBHEHHst st (DyHKUME T, T u 06pa3yloumx A, By,..., Au, B
3TOTO HOPMAJILHOTO JeNUTeIst

S (Aw) — 1 (0) = o (0), W(Bw)—n(0)=pB(w), i=1,...,1, (12.2)

rae @;(0) u B;(®)— uHeliHbe KOMOMHAUMM ABTOMOPMHHIX (BYHKUHWA OTHOCH-
“TeJBbHO Ipynnsl £, CABUHYTHIX HA 3JEMEHTHl TPYINHL X.

Cootrourennst (12.2) npeacrasnsoT cobofi 3ajauy Kapiemana ansi dynzma-
MEHTaNbHOrO MHoroyromehuka N: A,BAT'By" ... A.B.A7 B =1, xoTophiil Mel
B JanbHeduleM (QUKCHPYeM M KOTOpHIl MOXHO BbIGpaTh TaK, 4TOGbI @ Bi, T, 7
HE HMeJH IIOJIOCOB Ha €ro rpaHuue (OTHOCHTENbHO 3ajaud Kapsemana cM.
oubanorpaguo B [8]).

Paccemorpum  sgpo Beenke -~ Hlrefina (m o) ([8]) mas pumanoBoi
noepxHoctH D/xo, SBHYI0O KOHCTPYKUHMIO KOTOPOro anvBo,zm.n 10 CYLIECTBY
ewe Beitepmrpace ([12]). Ha D 9 (o, ") npeacrasasier co6oit aBTOMOpd-
HYI0 GYHKLHIO IO ® U aBTOMOP(dHYIO opMy 1o o’

Onno u3 aBroMopdubix B D pewenuit 3agaun (12.2) npeacrapasercs
B BHIE ’

H(m):ﬁz S%(m,m')ai(m’)dm’+ S % (0,0 B (@) do ] . (12.3)
i |a;
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OGosnauum uepes II’ (®) — cymMmy T7IaBHBIX vacTelf B nomocax II(w) B N, a
yepes 11" (0) — Takyl0 Ke CyMMYy TIJIaBHBIX yacTeil }lJISI 7 (w) (cM 3aMeYaHus B
Hayaste naparpadga)..

Pasnocts m(®) u wactHoro pemenus II (o) HEOIHOPOLHOH 3ajaui (12 2)
AoJuKHa coBnagate B N ¢ aBromopgmoil dynkuueit I1(w) oTHOCHTeBHO- rpyn-
nel %y Ilpu stom 11 (o) = () —TI(®) He umeeT momocoB Ha rpanxue N.
T (o) onpejensieTcs: TeM (PaKTOM, 4TO CyMMa IMIaBHEIX yacTell 11 (@) 1Js MOMOocos,
aexaumx B N, nomkua cosnamate ¢ I17(0) — I/ (o). CdopMmympyem nonyuen-
HBEIH P23yJbTAT.

Teopemal2.1. B pyndamenraroron MHO20Y20AbHILKE N gyuryus n(w)
umeer caedyroujee A6HOe npedcTasrenue:

() = 5:;2(%91(@,(0')0@ (0')do’ + ‘.Y%(Q,m’)ﬁi(m")dm')% fl(@) -+ const, .

B;

2de ﬁ(m)——aemomopdmaﬂ 0 MHOCUMENAbHO  2DYIi1bl o PYHKYUSL, OnpPedersHHAR
soune. Ananozuunoe npedcmagienue umeem (PynkiyuA 1(o), a rcoucmanrnw 8 ux
npagelx 4acmax onpedeasomes u3 ycaosus w(y) = 0 npu y=0.

3ameuanue 122. MoxHo 6BI0 GBI MOCTPOUTD aHaJOTHYHOe umerpanb-
HOe MpeACTaBJIeHHe HEeMOCPenCTBeHHO s Tpynnst %. Ilpu STOM BbIpaxeHHe
crano Gbl 6osee SIBHBIM, HO BBHIY HAIHUMS SUIMITHYECKAX DJEMEHTOB (bop-
MyJbl Obliid Gbl GoJlee TPOMO3IKHMH.

B 3akmwouenue xouy noGaaropaputs Y. H. Hmeuxoro-ulannpo 3a HeH-
HYIO KOHCYJ/IbTALHIO N0 AUCKPETHBIM FPYIIIaM.

(Mocrynuna B penaguupo 24/111 1970 r. u 7/VII 1970 r.)
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WIENER-HOPF EQUATIONS IN A QUADRANT OF THE PLANE,
DISCRETE GROUPS, AND AUTOMORPHIC FUNCTIONS

V. A. MALYSEV UDC 517.432 + 517.862

Abstract. Operators 4 (ll(Z;+) — l] (Z2++)) of the form (A &) x) = EKGZEJ' a(x - k) £(k),
where a € ll(Zz) and Z2 (22+ ) is the set of planar points with integral (nonnega-
tive) coordinates, are considered. Basic results of the paper: invertibility of the operator
A is proved, and an analysis is made of analytic properties of the symbol F£ of the
solution of the equation A £ = 7.

Ilustrations: 4. Bibliography: 16 titles.

$1. Introduction

Equations of the form

Z Qipjter =", I, j=0,1,2, ..., (1.1)

kyI=0

are examined in this paper. In this connection it is assumed that 2:"}._0 |ni/| < o0,

2%* __la | <, and a solution is sought which also belongs to the space [, of
p,g=—o0!"pg . 1

sequences &= {‘fkl}k =0+ Let us consider an operator 4 on the Banach space ll such

that A6 = &', where

. Lo o]
Eij= 2 @ik, j—15ki.

k,1=0

The following assertion distinguishes the case when 4 is a Noetherian operator
(dim Ker 4 < o, dim Coker A < ).

Theorem 1.1. (I. B. Simonenko, [1], [2]). The operator A is Noetherian if and only
if the following two conditions are fulfilled:

a(x,y)= D) apxry?=0 for |x|=]|y|=1, (1.2)
p.g=—00

AMS 1970 subject classifications. Primary 47C05, 30A58; Secondary 20H10, 30A14.
Copyright © 1972, American Mathematical Society
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ind a(x,1)=inda(l, y)=0. (1.3)

Jxj=1 lyl=1
The following assertion is proved in the standard way (cf. [3]).
Lemma 1.1. Under the conditions of Theorem 1.1, ind 4 = 0.

The methods of proving these two assertions cannot yield conditions for invertibil-
ity of the operator nor, even less, analytic properties of the solution and its explicit

representation.

A study will be made here of the possibility of obtaining an explicit representation

of the solution of such a class of equations.

In the Noetherian case the theory for equations invariant under translation is class-
ical when they are in the entire space and on a halfline (cf. [4], [5]), while in a half-
space a solution is constructed with the aid, in addition, of the Wiener-Hopf ([6]) method.
In all these cases there is a compact, explicit formula for the solution. A similar for-
mula, based on Wiener-Hopf ideas, for equations in a quadrant of the plane can be obtained
only in very special cases (cf. [15], [16]). The situation for the general case is extremely
complicated. Solvability classes of equations arise in one way or another. In this
paper a new approach to the study of such equations is set forth, and the foundations,
in a sense complete, are laid for the theory of one class.

We shall say that the equation system (1.1) is of type (n, n,; m;, m,), where

—ow<n,m, <o, —o00o<n, m, <o, if a_  can be nonzero only when
- 1 2 2 - pq

17
MSP=Sfg, MsSgK<My, (1.4)

We shall say that type (n,, n,; m;, m,) is exact if the region of type (1.4) cannot be

contracted.
Remark 1.1. Equations of an arbitrary exact type (n, n,; m;, m,) exist which
satisfy conditions (1.2) and (1.3). For example, it is possible to set a(x, y) = a(x) a(y),

n . . . . . .
where x"!a(x) is a polynomial in x of degree n. + n, which has n_ zeros inside the

1 2 1

. . - - m . .
unit disk and n, outside it, ¥ 1 @(y) is constructed analogously, and to obtain non-

trivial examples2 it is sufficient to shuffle the coefficients of a(x, y) a little.

If equation (1.1) is of one of the following types: (0, s0; — 00, o0), {— o0, o0; 0, 00),
(= 00, 0; — 00, 20), (— 00, 00; — 00, 0), then it is solvable by the Wiener-Hopf method, as
follows easily from [15]. Equations of type (=1, oo; — 1, ) are considered in this
paper.

In the case of equations (1.1) the Wiener-Hopf factorization method, upon applica-
tion of which everything essentially reduces to the one-dimensional case, constitutes
a necessary preliminary step of the analysis ($2). In $3 the invertibility of the corres-
ponding operator in [, is proved. The first step of the new method (conversion to a
Riemann surface) is considered in $S 4 and 5. In the case of equations of type

(-1,1; -1, 1) the genus of the corresponding Riemann surface equals 0 or 1.
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Equations of this type are studied in detail in $$6—~8. The basic construction for

genus g > 2 is carried out in §9. It is associated with the construction of Galois auto-
morphisms on a universal covering and the subsequent transfer of the equations by means
of them to the universal covering. Essentially the technique of discrete groups of trans-
formations of the Lobacevskil plane is used here. In $10 the analytic behavior of a
solution is explained. (The Riemann existence domain of the solution symbol is con-
structed.) In §§11 and 12 the solution of equations is reduced to the Carleman problem

on a Riemann surface, from which an integral solution representation is obtained.

Certain important features of the method are preserved in the case of an arbitrary

rational symbol.

§2. Factorization

Let us consider the ring R of series of the form r(x, y) = 2% o0

are absolutely convergent for |x| = |y| = 1. We shall consider the following subrings

r. xty/ which
ij

of the ring: R, = R+x g2 the set of functions r(x, y) with ri= 0 if either <0 or
J<0; R,_, the set of functions with r;;=0 if either i <0 or j>0; R_,R,,, etc.
Let us introduce projection operators on these subrings: P, ,, P,_, P_y, +++. For exam-

ple,

[s¢] (o] —1
P_[ > rijxiy/] = D D ruxiyl
Y iy j=—00 i=—00 j=—00

Lemma 2.1. If f(x, y) € R, r(x, y) # 0 for |x| =ly| =1 and
indr(x, 1)==ind r (1, y) =0, (2.1)
fyl=1

%=1
then In n(x, y) € R.

Proof. Conditions (2.1) guarantee the possibility of isolating a single-valued branch
of ln r(x, y). Then, for example, if r(x, y) is a piecewise smooth function, proof is
carried out in an elementary way. For complete generality it is necessary to use Wiener’s
generalized theorem on locally analytic functions on the space of maximal ideals of the
ring R (cf. [7]).

Now it is possible to set

Ina(x,y) = 3 bixiy,

i,j=-—0c0

a, (x, y) = exp[P, Ina(x, y)l,

ax, v

a,—t(x’ y): a (.9 ’
+ v
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Now let equation (1.1) have exact type (= 1, co; — 1, o) with the conditions of Theorem
1.1 fulfilled. Let us set A{x,y) = xyalx, y). Then for any ¥, |y| =1, we have
ind!x‘:l A(x, y) = 1, and analogously for any x, |%| = 1, indw1=1 Alx, y) = 1. Thus for
ly| =1 a single zero, hereafter denoted by x,(y), of the function A(x, y) exists inside
the unit disk. It is of first order. y (x) is introduced analogously.

If a(x, y) has type (-1, n; — 1, m), where n, m <o, then A(x, y) is a polynomial.
Let A=A 4,---4, be its factorization into prime factors in the ring C L%, yl.

Let, for example, Al(xo(y), y) = 0. Then the considerations mentioned above imply
that 4 (x (y), y) #0 for i =1 and |y| = 1. Two cases are possible in this connection:

1) (the irreducibility case) for any x (|x| =1)

A, (%, 4y (x)) = 0;
2) (the reducibility case) for any x (|x| = 1), Al(x, yo(x)) # 0. We shall assume
Az(x, yo(x)) =0 in this case.

The components of the factorization of a(x, y) have the form

o () Yo (x)
— =1—-"2Z:a (x,y)=1—=—.
a_(x,y) =1—">"3 a(x,9) p
$3. Invertibility
Let us-consider the following function symbols (|x| = |y] = 1):

a(x, y)= 3 apx’y’, n(x, y)= > nixiy,

p,q=~—-C0 i,/=0

E(x,y) = D) Euxtyl.

k=0

Multiplying relations (1.1) by x'y/ and summing, we obtain

[s 0] [es]
&Y = 3 Y CGrjrdhyi = Bty = 313 apexry ot sty
i,j=0 k,I=0 0.q

where p =i~ k%, g = j -1, and the second sum is taken with respect to all nonnegative
k and [ under the conditions p+4£>0, g+ {>0.

Setting

1
b—_ (X, _l/) = a—l,—lgoo- y
Xy

b+-(x1 Y) = Z Ekoxk Z ap,——lxpi,

k=0 p=—k ¥

o
b_ X, = l . q.i_
(2, y) Z Eory Z Q_y,q4Y PR

=0 =1
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we obtain

N y) =a(x y)E(x, y)—b,_(x, y) —b_, (x, y) — b__(x, y). (3.1)

Introducing the functions

o0
T ()C) = 2 §koxk Z ap)__lxp-‘rl —+ a—l,——lgooy
k=0 p=—k

;5(!/) = Z oty Z‘ 01,047,
=0

gzl

let us rewrite equation (3.1) in the following way:
A%, )& (%, ) — 7 (x) — T (y) = xyn (x, y). (3.2)

We note that all addends in this equation belong to R .

Remark 3.1. If the function n(x) = 27:

recursively from the systemsof equations

ﬂkxk is known, then the fko are obtained

=0
JTO - a——l-—lgl)o’

7y = @o,—18&pp + A—1,—1810s

We obtain foz analogously if the function 7(y) is known.

Theorem 3.1. Under the conditions of Theorem 1.1 the operator A corresponding
to the equation (1.1) of exact type (-1, n; =1, m), where 1 <n, m < oo, is invertible
in the space [,.

By virtue of Lemma 1.1 it is sufficient to prove that Ker A = 0. In $2 the function
xo(y) is defined for any y, |y| = 1, such that |x(y)| <1 and a(x(y), y) = 0. Then
(3.2) implies

[ (% ()| = |2 (). (3.3)
Analogously

|7 ()] =7 (g0 (D) . 3.4

For example, let

M = max |7 (x)| > max |x(y)| = M.
1x{=1 lyl=1
Then the maximum modulus principle and relation (3.4) imply, firstly, M = M and,
secondly, ;(y) = M. Hence also #{x) = M. But the explicit formula (3.1) for 7#(y) then
implies M =0.
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Corollary 3,1. If the operators A and A,n=1,2,---, areof type
(-1, o0; — 1, x), where for their symbols alx, y) and an(x, y) we have

lim max |a(x, y)—an(x, y}| =0,

noco [x|=yl=1

then HA;l — A~ Y| — 0. Moreover, if |4 — AnH - |4l <1, then
itA— A4, ]l

L= A=A [A1"

Remark. Hence it follows that the solutions of an equation with an irrational ker-

A — A7 <

nel can be obtained by utilizing equations with rational kernels.

$4. Operation of projecting onto an analytic set

From here to the end of the paper it will be assumed that equation (1.1) is of
arbitrary exact type (— 1, n; —~ 1, m) with 1 < n, m < e, Let us suppose that
A={x,y): |x| <1, |y| <1, A(x, y) = 0}, and that D is the interior of the unit disk,
and I its boundary. Let A be the closure of the principal analytic set 4 in D x D,
i.e.

A={lx y):lxl< L ly| <1, Alx, y) =0},
Then it is clear that a solution of equation (3.2) must satisfy the condition
xyn (%, y) + 7 (x) + 7 (y) = 0 (4.1)
for (x, y) € 4, particularly on the boundary AN [(D x I)J(I"x D)]. Let us prove the
converse assertion.

Lemma 4.1. If functions n{x) and ¥(y) exist which are continuous on the unit
disk D and analytic inside it, and satisfy relation (4.1) on A4 N D x YU x D),
then a solution of equation (3.2) is defined by the formula

E(x’ y):ﬂ(X)—%-n(y)—l-xyn(X, Y) ] (4.2)
xya (x, y)
Proof. (cf. [14] for another method). Introducing the functions
7y (x) = n*(X) —ambe and TA[JI (y) = Tl ,
we rewrite equation (3.2) as
~ 1 a_y 48
A PHEE Y =1 -+ @)+ T2 () =0 (43)
Hence
1 (), () a_y, 4500 ’
a, (6 9) B 9) = gy | B g B2 e )] e
and
_ t (mE@, m@) | Sl ﬂ (4.5)
Oﬁp;[a}-(&y)( y T x xy x|
We obtain . N _
_ (), mly) a_y, 1500 ~
0= P_!; [ a (x, ¥) ( y "y * xy Falx, y)>] (4.6)

analogously. Conversely, if conditions (4.5) and (4.6) are fulfilled, then the function
in the right side of (4.4) belongs to the ring R, . Denoting this function by (x, y)
X
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and setting &(x, y) = ylx, y)/a+x(x, y), we have formula (4.2). It remains for us only
to show that the projection operations in formulas (4.5) and (4.6) are equivalent to the
operation of projecting onto the analytic set 4.

Lemma 4.2. Relation (4.1) is fulfilled if and only if relations (4.5) and (4.6) are
fulfilled.

First let us prove the formula

o (x)
1 —
Pl — — Y
ZL_wﬂqumw%w%jzm, (4.7)
Y y

where w(y) € R, . In fact, for any x, |x| = 1,
y

__.1 il — o Yo (%) k i i
P;[1_L’(")y]~[3§[§( y )y e
=0

Y
Using the linearity of the operator P.  we obtain (4.7). Considering, for example,
y

5 oy

k=1 y

formula (4.6) now, we have

Yo )
m@) ot )y @b
Yy 1~M’ X 1,_~y°_(x) Xy(1_“li9_()_(_)_)
Y Y Yy
R YAV NE)) E- LS S—
y %W
Yy

which coincides with (4.1) for {x| =1, |y ()] < 1.

Lemma 4.1 implies that everything comes down to evaluating the functions n(x)
and 7(y). Let us cite a result of that kind here: let R1 and R, be the Riemann sur-
faces (introduced below) of the functions m(x) and ¥(y), respectively, with given
coverings h;: R, — P_and h,: R, — Py, where P and Py are one-dimensional
projective spaces. Then &(x, y) is defined naturally on R, x R, and is a meromorphic

function on this complex manifold.
§5. Equations on a Riemann surface

Hereafter it will be assumed, if not stipulated to the contrary, that a(x, y) is
rational and the irreducibility case (cf. §2) is realized. Let Al(x, y) be an irreduc-
ible polynomial for which 4 l(xo(y), y) = Al(x, yo(x)) = 0; let n be the degree of
A%, y) in x; and m the degree of 4,(x, y) in y.

Then the equation

A%, y)=0 (5.1)

defines the algebraic functions y(x) and x(y), whose Riemann surfaces are connected,
compact and conformally equivalent. Let us denote by S the corresponding abstract
Riemann surface. As the Riemann surface of the algebraic function y(x), S is realized

in a natural way as a branched m-sheeted covering # : S — P of the complex sphere P.
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The covering hzz S —» P corresponding to the function x(y) and having n sheets is
defined analogously.

Let CA(x, y) be the field of algebraic functions which is defined by equation
(5.1). CA(x, y) is a finite algebraic extension of the field C(x) of rational functions of
%, as well as of the field C(y) of rational functions of y. CA(x, y) is naturally iso-
morphic to the field C(S) of meromorphic functions on the Riemann surface S. The
function x(s), s € S, which corresponds to the function x(y) under this isomorphism
possesses the following property: if x(s,) = x(s ), $,» 5, €S, then h,s =h,s,, and
conversely. The function y(s) comesponding to the function y(x) possesses an analo-
gous property.

It is obvious that h;l(l“) is the boundary of the open set h; 1(D), while h;l(r)
is the boundary of h;l(D). If there are no branch points of 4, i =1, 2, on T", then
h;‘(l“) consists of simple, analytic, closed, nonintersecting curves. Points of self-
intersection and nondiffereatiability can appear at branch points of h, on hi‘l(l“). In
view of our assumptions, for |x| = 1 the set h;l(x) N h;l(D) consists of one point.
Consequently the intersection of h;l(r) and hz'l(D) does not contain a branch point
of the covering 4.

Let us note that, by virtue of condition (1.2), h;l(r) Nh3 Y1) = 0; thus h;l n
h;l(D) is an analytic simple closed curve. Let us denote it by T',.

We define I'| = h"l(F) N h—l(D) analogously. Let us set G = h_l(D)ﬂ h"l(D)

It is clear that F @] T‘ is the boundary of G.

Lemma 5.1. Let the genus of the Riemann surface S not be equal to zero, and let
the irreducibility case be realized. Then G is a connected region.

We shall show that if G is disconnected, then I’y and ’ﬁo are homotopically equiv-
alent to zero on S. The end of the proof is developed exactly like the proof of Case 2
of Lemma 7.1. Actually we have already observed that h;l(x) N h;l(D), |x| = 1, con-
sists of a single point. Furthermore, if G is disconnected, then it consists of two
connected components bounded respectively by the curves I') and F The component
of G which is bounded by the curve I'| covers the unit disk {x: |x| < 1}. By virwe of
a remark made above, this covering is one-sheeted on the boundary. Consequently it is
one-sheeted everywhere. Hence the assertion follows.

Let us denote by A the union of those connected components of the set h;l(D) U

'I(D) which have a nonempty intersection with G. It is clear that under the condi-

nons of Lemma 5.1 A is a connected region. Let I';, I',, , I, C h'l(F) and
r, 1—‘2, F Ch3 Y(T") be connected components of the boundary of region A. They

are simple, closed, nonintersecting, analytic curves if there are no branch points of
the coverings h, and h,, respectively, on them.

Now let a function f(x) which is meromorphic in some region D of the complex
sphere P be given, as well as the Riemann surface S together with the branched
covering h: S — P. Then the function f(x) can be lifted to the region 2~ (D) in the
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following way:
1.(5) = f(hs), s € A= HD).

In this connection fh(s) (denoted henceforth simply as f(s)) is a meromorphic function
in A~ YD), which is verified, for example, by the theorem on removable singularities
for points where the covering is branched.

Carrying (%) to h'l'l(D)ﬂ A by means of h'l'l and %(y) to h;l(D)ﬂ A by means
of h;l, we obtain the functions 7{s) and ¥(s), which are defined respectively on
hl_l(D) N A and h;l(D)ﬂ A, are analytic in these regions, and are continuous on the
boundaries. Henceforth, as a means of conducting the analytical investigation of the
equations, we shall everywhere, unless stipulated to the contrary, assume that 7(x, y)
in equation (3.2) is a polynomial. Then the functionsﬂx(s), y(s) and n(s) = 5(x(s), y(s))
can be assumed defined on all of S. On 1—‘0 and FO the functions 7{s) and #(s)

satisfy one and the same condition:
7(s) + w(s) = = x(s)y(s)n(s), (5.2)

which is obtained by applying hl-l and h;l to equation (3.2).

Equation (5.2) obviously admits analytic extension to the region G where the
functions 7(s) and 7(s) are defined simultaneously. By utilizing equation (5.2), the
functions 7(s) and #(s) can be meromorphically extended to the regions h;l(D) NA
and h;l(D)ﬂ A, respectively. In otherwords, if equation (5.2) is satisfied in A, m(s)
and 7(s) are meromorphic in that region. The converse assertion also is true.

Lemma 5.2. If under the conditions of Lemma 5.1 the solutions u(s) and %(s) of
equation (5.2) exist, and are analytic in the regions h;l(D)ﬂ A and h;l(D)ﬂ A,
respectively, continuous on the boundary of these regions, and such that n(s 1) = 77(82)
for «(s 1) = x(sz), and (s 1) = (s 2) for y(sl) = y(s 2), then the functions m(x) = m{x(s))
and ¥(y) = ¥(y(s)) afford a solution of equation (3.2).

In fact, define & (x, y) by formula (4.2). Then, observing that equation (4.1) is

fulfilled, it is sufficient to utilize Lemma 4.1 to complete the proof.

$6. Exact type (= 1, 1; — 1, 1). Genus 0.

In this and the following two sections we shall completely solve equation (1.1)
of exact type (1 —, 1; — 1, 1). If the polynomial A(x, y) is irreducible, the genus of
the Riemann surface S equals zero or one. In the present section we shall examine
the case of zero genus.

Let us represent A(x, y) as a(x)y2 + b(x)y + c(x). Then in order that S have
genus 0 it is necessary and sufficient that the discriminant D(x) = b2(x) - 4alx)c(x)
be of second degree in x or have a multiple root in C.

Lemma 6.1. There are no branch points on h:l(F) of the covering h, i=1, 2,
and the set hi’l(r) is disconnected, i.e. an even number of branch points of both the
covering h, and the covering h, are in D. Thus, since h, is two-sheeted, hi'l(l—‘)

consists of two nonintersecting, analytic, simple closed curves.
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Proof. If the set hl-l(l_‘) were connected, it would belong wholly to the set h'z"l(D)
(since h;l(F) N hz'l(F) = 0), which is impossible by virtue of condition (1.3).

Thus the following four cases for the relative position of h;l(D) and }lz—l(D) are
possible.

A) Exactly two branch points of the covering h,i=1,2 arein D, i.e k;l(D)
and hz-l(D) are connected (Figure 1).

B) There are no branch points of the coverings %, and h, in D, i.e. h;l(D) and
hz-l(l)) are disconnected (Figure 2).

C) In D there are two branch points of k| and no branch points of hy, ie. h;l(D)

is connected, and hz-l(D) is disconnected.

D) In D there are two branch points of h2 but no branch points of hl, i.e. h;l(D)
is connected and h'l'l(D) is disconnected (Figure 3).

cagiifiin
T

Figure 1 Figure 2

Let us cite examples of when these cases hold:
A) Q=011 =10,=0, B) a jo=0a_,4=ay— =0,
Q) Gy=01—1=0p-1=0, D) Gy =0 1, =0 1,4 =
In this connection a,, = — 1 everywhere, while the re-

maining a, are positive, their sum being less than
unity. (For a probability analog of these examples cf.
[14l.)

Theorem 6.1. In cases C) and D) the solution

&(x, y) is a rational function.

Proof. It is sufficient to prove that m(x) and #(y)

are rational. For this, in turn, it is sufficient to show

that one of the functions 7(s) or #(s) can be meromor-

phically extended to the entire Riemann surface S. Then

Figure 3

the other also proves to be meromorphic on S by virtue
of the basic equation (5.2).

The basic method which we use here and later is the extension of meromorphic
functions by means of Galois automorphisms. In the case of type (- 1, 1; — 1, 1) the
field C  (x, y) ~ C(S) is a Galois extension of both the field C(x) of rational functions
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of x and the field C(y) of rational functions of y. The Galois group of the field
CA(x, y) over C{x) is a cyclic group of second order. Let us denote its nontrivial
element by £. Analogously, let 77 be the nontrivial element of the Galois group of the
field CA(x, y) over C(y). The conformal automorphisms & and 7 of the Riemann sur-
face S correspond to the Galois automorphisms of the field C(S):

Ef(s) = f(&s), Ff(s) = f(ns), f € CLS).

The explicit form of the Galois automorphisms £ and 7 in the case of exact type
(-1, 1, — 1, 1) is given by the formulas
a, )P+, X +a_, o a_y Y+ a_y 0¥+,

By = ,

¥ (anx®+ anx +a_, ) C x{aus ey e, _y)

(6.0)

Let us pass to the proof of Theorem 6.1 in case C). We denote by 5 and 5 the com-
ponents of k3 (D) which are bounded respectively by F and F The region A =
-I(D) U D is connected, and, just as in §5 we obtam the result that #{s) and #(s)
are meromorphlc in A. Now let us observe that {'T =T"|. Therefore f(A\k'l(D)) =
S\A, and then AUEA =S, In view of the invariance of n(s) relative to &, the latter
relation implies that 7(s) is extendable to all of S. Case D) is treated analogously.
Explicit solution form in cases C) and D).
In case C) denoteby s, -, 5, (k < 4) the poles in the region A\h;I(D) of
the function — xy7n(x, y) in the right side of formula (5.2), and by (s - si) the prin-
cipal parts of this function at the points 8 . (We assume that s is a uniformizing

variable on S.) Then

(s) = 2% (s—si) + 2 i (s — 8), (6.1)

i=1

(s) = — x (g () (s) — 7 (s)- 6.2)
Actually, 7{s) must be analytic in h;l(D), but it can have poles in A\h; Y(D) since
#(s) is analytic in this region. Since hl—l(D) is connected, n{s) is invariant relative
to & (which is exploited in the proof of Theorem 6.1), implying formula (6.1). Let us
note that ¥(s) is not constrained to be invariant relative to 7.
Moreover, n{s) is evaluated in formula (6.1), of course, with accuracy up to an

additive constant, which is determined from the condition that #(y) =0 for y = 0.
Let us now consider case B).

Theorem 6.2. Let D, be one of the connected components of the region
h'l'l(D) U h;l(D), and let the functions m(s) and %(s), which are defined on this com-
ponent, satisfy equation (5.2). Then n(s) and %(s) are meromorphically extendable

to all of S with the deleted point s, which is a fixed point of the automorphism &n

1’
and does not belong to D . Moreover (D being bounded by )

m(s) = — x(s)y(s)n(s) - 7(s), (6.3)
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n(s) = ﬁ [A (§6"ks) —A (6_ks)] - const,
k=1
A(s) = —x(s)y(s) (s), (6.4)

the series in the right side of formula (6.4) being absolutely convergent in any bounded
part of the plane S\{sll except for a finite number of points in that part which are poles
of one of the terms of the series.

Proof. First let us observe that the group k of automorphisms of S which is gen-
erated by £ and 7 is a subgroup of the group of bilinear transformations on S. Let us
deno’tMe bX, D,. D,, 50, 51 regions belonging to k;l(D)U h;l(D) and bf(\)junde's by [y,
Fl, Fo’ Fl, respectively. We have DO C Dl’ DO C Dl’ {:DO = D1 and nDO = D1
(cf. Figure 2). Let us construct the two sequences of regions

D,CDicnD C D, C ... S (En)* D C gD, ...

D,CDiCED CEDC ... CEmy)* DD C ..
inductively. The membership relations in these chains are easily verified by induction.
Now let us observe that the transformation £7 (and consequently also (£9)") is
either hyperbolic or loxodromic. In fact, under a parabolic or an elliptic transformation
the image of a bounded, connected, open set (say D) cannot strictly contain its pre-
image. Moreover, the point s, one of the fixed points of the transformation :fr], belongs

to DO’ while a second, S,, belongs to 50; fsl =S, =5, This implies that
[ee] o~ [ve] B
U (18" Dy = S\(s2} and [J (n) Dy = S\{sy).
k=1 =

Let’vus denote the liiisling of the functions #{x) and #(y) to D, by n(s) and #(s), and
to D by II(s) and II(s), respectively. Then we have n(&s) = II(s) and 7(ns) = II(s),
s € bl. Exploiting these relationships and equation (5.2), we extend n(s) and #(s)
meromorphically by induction to the region (fn)le and T and 1I to (nf)k’l\)’l, whence
the first assertion of the theorem is obtained.

To obtain an explicit solution representation in case B), let us consider the equa-

tion
w(s) + 7(s) = A(s),
or
(Es) + 7(s) = A(s). (6.5)
But
I(&s) + TI(gs) = A(Es).
or

I(&s) + W(nés) = A(Es). (6.6)
Comparing equations (6.5) and (6.6), we obtain

w(nés) — w(s) = A(Es) - A(s). 6.7)
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The series o
a(s) = 2 14 (gé_ks)—— A (6’ks)] -+ const,
k=1
where 8 = 9¢, is the formal solution of the latter. Let us prove that this series defines

a meromorphic function on S\{sl {. It is sufficient to show that this series converges
at any point different from a pole of any of the terms of this series. Taking 'ﬁ’(sz) =0,

let us rewrite relation (6.7) as follows:
A(s)— (8 s) = A(Ed ) — A (0T,

T(s)— (8 Fs)= S [A(ES's)— A(TS)L.
i=1
Forany s # s, we have lim, w?(5_ks) = #(s,) = 0. Therefore the series in the right

side of (6.4) converges.

~

Let us observe further that A(£s) — A(s) does not have poles in the region D,. For
A(s) this follows from the fact that neit’lier 7 not ¥ can have poles in D, and for
A(&s), from the fact that neither Il nor II can have poles in the region D, = fDl. Let
us set s, =0, s, = = Now, if B(s) = A(&s) — A(s), then B(0) = 0, and since B(s) does
not have poles at the points 0 and e, it can be represented as a linear combination
of terms of the form ¢s™/(b — s)", n > m > 1. But then the meromorphy of the series
EzozoB(r"ks), |7} > 1, is obvious.

We obtain
foe]

I(s) = 3 [A(d*s) — A *s)] -+ const, &=t
k=1 .
symmetrically. Now let us set m(s) = TKEs). Next, verification of relationship (5.2) is

effected in the obvious way.
Case A) is on the whole treated analogously to the preceding one. Therefore we

shall confine ourselves to formulating the following theorem.

Theorem 6.3. Let us denote by s, and s, points possessing the property
Es = ms, = s, (or Alxls), v(s)) = 4 (a(s), y(s)) = 4_(as), y(s))). Then als) and ¥(s)

are meromorphically extendable to all of S with deleted points s, and s,

Let us also note the following interesting fact with respect to example A) cited
above with a,,=a, , =a,, =0. In this case 7{x) and #(y) are rational (and what is
more, they are polynomials in x and ¥, respectively). In fact, the equation

n(x) + m(y) = xtyrmod (@_y,_1 -+ A g0y + Go,—1X - QogXy + Qg1+ G1,—1X7)
is solvable for any m, n > 0. Let us carry out induction on k£ =n + m. Let this asser-
tion be proved for all n, m such that n + m < k. Let us prove that then x™y™, n+m=4k,
can be expressed linearly mod A(x, y) by x*, y* and terms x"y™ with n+m <k

(hereafter denoted by o(k)). To this end let us write down

al,_lxn+1yk~n~1 - aooxnyk—n + a_l,lx”—ly"—”"rl : O(/Z). (6.8)
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For given n = n,, besides relation (6.8) for n = n,, from the relations (6.8) for
n>n, itis possible to obtain
xnayk—no +Clx”0_1yk—"0+l :O(k) +yk
and from the relations (6.8) for n < ng,
xn,,yk—rt(7 _{_ CIX“°+1yk"”°_l =0 (k) + xk.
The assertion follows immediately from relation (6.8) and the last two relations. The

special case arising for n = 2, 3 is also treated without diffi culty.

$7. Exact type (=1, 1; — 1, 1). Genus 1.

If S has genus 1, there are four branch points of each of the coverings h, and 4,
P (where P is the complex sphere).

Lemma 7.1. The covering k, (i = 1, 2) has exactly two branch points inside D and
exactly two outside D. Moreover, for any i, kT YT) consists of two nonintersecting,
analytic, simple closed curves.

Proof. That inside D there are an even number of branch points of £, as well as
the second part of the lemma, is proved exactly like Lemma 6.1.

If there is not a single branch point of h, inside D, both components of hl‘l(l“),
denoted by I'| and I'|, bound contractible regions D, and D, respectively, on a
torus. In this connection there can be the following possibilities for the number of
branch points of 4, inside D.

1. Two branch points of %, are inside D. But then, as the constructxon of the
Riemann covering surface ,: S — P implies, the curves Fo and F are not homo-
topic to zero, and neither one of them can belong as a whole to D, or Dl'

2. Not a single branch point is inside D. Then

Dy Dy, DyCD,, Dy =Dy, nD, =D, (7.0)
Let us introduce on the torus the Riemann metric induced by the metric on a universal
covering. Then the Galois automorphisms & and 7 must be area preserving, which
contradicts relations (7.0).

3. Four branch points are inside D. Then FO and F are also homotopic to zero
and bound the contractible reglons D and D 2 where D U D = S\h'l(D) Analo-
gously it must be the case that F C Do’ D, C D1 , and consequently D CD,. Now
we pass to the contradiction just as in case 2.

The case remains when 4, and h2 have four branch points inside D. Then, in
notation which is obvious, it must be the case that D CDy, D, C DO , and so on,
analogously to case 2.

Remark 7.1. The proof could be carried out on a universal covering. The proof of
Lemma 5.1 can be effected in an analogous way by taking into account the construc-
tions of §9.

Corollary 7.1. The curves T'j, '}, FO and ’l\—‘Jl are homotopic to the same element

of the normal homology basis on the torus.
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Thus the arrangement of the regions hl_l(D) and h;l(D) has the form represented
in Figure 4.

Proof. That [’y and 1—‘1 are homotopic to the same element of the normal homology
basis on the torus is obvious from the construction of the Riemann surface coverings.
An analogous assertion is true ’f\?r %0 and ’I\;l‘ Let us
prove that I' is homotopic to I';. But tl’rl\iJS follows
from the fact that I'j does not intersect FO, and con-
sequently cannot be homotopic to a different element
of the normal homology basis on the torus.

Let us recall that just as in the case of genus 0,
the Galois groups of the extensions CA(x, y) over

C(x) and C ,(x, ) over Cly) are cyclic of second

order, their explicit form being given by the formulas
(6.0).

The complex plane C is a universal covering for

Figure 4

S. In this connection let the covering (unbranched) A: C — S be fixed. From uniform-
ization theory it is known that S can be considered as a complex Lie group which is
the factor group of the additive group C modulo the discrete subgroup {na)l + mwz},

where the periods @, and ., are linearly independent over the field of real numbers

1 2
R, n and m being integers.

Under the covering A any segment of length |wi’ parallel to the vector w, is projected on-
to S as a closed curve whose homology class is one of the elements of the normal basis on S.
We assume without loss of generality that A([0, wl]) is hgmologous to I'y, and conse-
quently, by Corollary 7.1, alsoto all of I', T*O and I'|. Let us consider the strip

I ={w: ®=po; +vo,; ., vER, 0 L p < 1}

The preimage A~ !A will consist of an even number of connected curvilinear strips
translated relatively to each other by vector multiples of w,, while A"IANT con-
sists of a connected region ()\'IA)O N II and its translations [(A'IA)O N1 + nw
where n is any integer. Hereafter we shall hold the region (/\—1A)0 fixed and denote
itby Ay. AjN 1l is one of the connected components of A~ IANTI in the strip 1.
(Hereafter, wherever it will not lead to ambiguity, preimages of curves and regions in

A, will be denoted without the symbol A1)

Any function defined on the region A can be lifted to the region A, by the

formula
fA(w) = f(Aw), Ao €A,

Let us transfer the functions x(s), y(s), #{s) and #(s) to Ao in this way. In this con-
nection the functions x(w), y{w) and nlw) = 7lx, ¥) prove to be elliptic with periods
o, and @, and meromorphic on all C. (The index A will in the future be omitted for
functions transferred in this manner.) Moreover, m{w) and #(w) are in fact defined on

all of AO’ where they satisfy the equations



506 V. A. MALYSEV

M0+ 0) = 7 (o), (7.1)
J?(m L 0y) = ﬁ(u)), (7.2)
(@) + 1 (0) = — x (0) y (©) N (o). (7.3)

Let x, and x, be the branch points of the algebraic function y(x) which are inside the
unit disk. Let us denote the preimages of the points A7 1(96 ) and h—l(x ,) in the region
A, by @, and a,. An arbitrary conformal automorphlsmmé of the Rlemann surface S
can be extended to the conformal automorphism ¢ = A™1{A of the universal covering
(cf. [10]). This extension, of course, is not single-valued, but it becomes single-valued
if the image of some pomt o € C is fixed under the automorphism . (This image must
belong to the set {A~ lé)t(u 1.) As for the Galois automorphism &, we therefore require
that the point @, be a fixed point of this automorphism: fa = a,. Then fo =~ in
the coordinate system with origin at the point a,. Indeed, it is well known that the
very general conformal automorphism ¢ of the complex plane C is representable as
o = aw + b. Since the coordinate origin is a fixed point, b= 0. But £ = 1, whence
=1and a=-1.

Let us define analogously both b, = A, N TIN {A~ Ih;i(yi)}, i=1, 2, where y,, y,
are the branch points of the algebraic function x(y) which are inside the unit disk, and
the lifting of the Galois automorphism 7 to the universal covering in the coordinate

system with origin at the point b W = - w.

Lemma 7.2.

fnw=w+w3, @ =2(a1—b ),

3 1
i.e. the composition of the Galois automorphisms is a translation by a vector equal to
twice the distance between their fixed points.

Remark 7.2. Analogously,

[od

N Wy
1 — by= + =
2’ by— b= = 2

Theorem 7.1. The functions nlw) and #(w) are meromorphically extendable to the

4 — Qy = +

entire universal covering.

Proof. In view of relations (7.1) and (7.2), it is sufficient to confine ourselves to
the strip II or to consider the noncompact Riemann surface S’ which is the factor of
C modulo {nw } and topologically equivalent to an infinite cylinder. Since 'y, C

_I(D) we have qéT‘ CA,, and consequently A N (nf)A # 0. In view of the fact
that 7;{" is a translation by— w3, the union of the regions (T]f) Ao’ n=-.+,-1,0,
1, -- -, covers the entire plane C. Hence it is possible to show that n(a)) and 7(w)
are extendable along any path on C and by means of the monodromy theorem to com-
plete the proof of the theorem.

Let us consider the Riemann surface g, which is the factor of C modulo
{nw, + mo A

1 3
has identified boundaries. Hereafter we shall identify I'; and 9I"). Let us define the

i.e. the region A between I'| and 7' which belongs to A, NI and
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piecewise analytic function
n(w), o€hH(D)\G,
He— | @), 0O\

|- 7(), weB, K (D)
on S We thus obtain Riemann’s boundary value problem on the Riemann surface S
(cf., for example, [8]): find the piecewise analytic function Iw) with the jumps

1T, (0) —II_ (0) = x (Eo)y (Eo)n (Ew), €Iy

(7.4)

IL, (@) —II_ (0) = — x (o) y () n (0), €T,
(We choose the direction of traversal of I'; = ") and 'ﬁo on S in accordance with
the direction of @, and denote by II, values from the left, and by Il values from the
right, on the respective curves.)

Now let us consider the Weierstrass {-function

L («) ———r > [(J ! + ! =+ - 2].

n2m=£0 nwy — Mez) N0 Mmeg (0 - mog)

In this connection let us choose the coordinate origin at the point a,; then {(u) is

odd relatively to @, a,, b, and b,.
Theorem 7.2,

I1 (w) =55 5 {(w—1)A(7)dT. (7.5)
D,UT,
In addition, if € h’l(D)\E then

ﬂ(ﬂo)~’2 j = C{o—1) Lo+ Dlx(t)y(v)n(r)dr (7.6)
r,
and the function A(r) is defined by the formula
{X(Er)y (En(Er), el
A(t) = ~
—x(Dy(t)n(r), tel,

Proof. The function Iw) defined by expression (7.5) is piecewise analytic and
has discontinuities on the curves '} + nw, and FO + nw 5, at which the jumps conform
to formulas (7.4), which we easily verify by utilizing the Sohockii formula. Thus it is
sufficient to prove (with respect to the possibility of identifying Fl and nFO) that
Iw) has periods w, and W 3. For this, in turn, since {(w + wl) = {w) + 1 and
(o + ;) = {(®) + n,, where 7, and 7, are constants, it is sufficient to prove that
the first integral representation (formula (7.5)) implies the second (formula (7.6)),
because the kernel of the second integral representation is an elliptic function. Having

noted that r(7) = x(r)y(r)7(r) does not have poles on G, we have

j Q(m—r)A(r)dt:——jg(m—r)r(r)dr = ﬂ (o —T1)r(v)dr,
¥ 5

T,

| L@=0r(Edt =— [ L(—0—E)r 0 dr =
r,

Ty



508 V. A. MALYSEV

:_5 {(—o—1)r(t)dt = j?;(qut)r(r)dr.
T Ty

The solution of problem (7.4) is unique with accuracy up to a constant because
the difference of two similar solutions is analytic on all of S. This constant is deter-
mined from the condition #(y(s)) = 0, y(s) = 0.

An expression of the form

()= [ ACe,x) 2o (e)n(x, gy () dx
=1
is easily obtainable from formula (7.6), where the kernel A(x, x') can be given in

explicit form by making a change of variables in (7.6).

$8. Exact type (-1, 1; — 1, 1). Reducible case

Let A(x, y) be reducible. Then with accuracy up to a permutation of x and y the
following cases are possible.

1) Alx, y) = A(x)Z(y), where A(x) and Z(y) depend only on x and y, respectively.
This case is easily solved by the factorization method (cf. f1sh.

2) A(x, y) = B(x, y)C(y), where C(y) depends only on y and is of first degree in .
In this case also we apply the factorization method. In fact, if C{y) =y + ¢, where
le| > 1, then B(x, y) = b (x)y + b(x), and a factorization can be chosen so that
a_,(x, y) = 1. Hence the assertion follows {cf. [15]). The case of |c| <1 is treated
analogously.

3) Alx, y) = A (x, )4 ,(x, y), where A and A, are first degree polynomials in
both x and y.

First let

3A) A 1(xo(y), y)=4 1(x, yo(x)) =0. If Al(x, y) = (ex + d)y + ax + b, then this is
possible, for example, when |c| is large compared to the moduli of the remaining
coefficients.

Lemma 8.1. In case 3A) n(x) and #(y) are rational.

Proof. Let us consider the Riemann surface S of genus 0 which is defined by
the equation Al(x, y) = 0, with one-sheeted, unbranched coverings £,: S — P and
h,: S — P. The regions h;'l(D) are one-sheeted coverings of D, and since
h;‘(I‘) C hz'l(D) and hz'l(l_‘) C h;l(D), we have hl_l(D) U hz'l(D) = S. Hence the
rationality of 7 and % follows.

Explicit form of the solution in case 3A).

The function — xy7{x, y) must have exactly two poles on S, one, y(s) = ¥,» being
in the region h;l(D) and the second, x(s) = 2, being in the region h;l(D). Denoting
the principal parts at these poles by #(y) and n(x), respectively, we shall have a
solution with accuracy up to constants determined, for example, by the condition
#(0) = 0.

3B) A1(x0(y)’ y) = Az(x’ yo(x)) = 0. In this case let us consider two Riemann
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surfaces: S, defined by the equation 4,(x, y) = 0, with coverings hiy:S;,— P and
hy,: S, — P; and S, defined by the equation 4 (%, ¥) = 0, with covermgs hyy
S, — P and h,,: S, ~> P. Obviously we have h (D) Chy l(D) and h"l(D) C h"l(D)
Let us denote the lifting of n(x) and ﬂ(y) to S, by n(s) and #(s), and to S, by
T(z) and H(t) respectively. Naturally, & (D) and hZI(D) are conformally equivalent
(as preimages of D). Let us denote this 1somorphlsm by & AT (D) — h'l(D) The
isomorphism 7: A 1(D) —hT 1(D) is introduced analogously. We shall assume & and
7 extended to the conformal 1somorphxsms & 8§, — S, and 7 S,— S,

Just as in case B) of $6, &7 proves to be hyperbolic or loxodromic, and a
sequence of regions

D, = hy (D)CDZC ... CD. .

is constructed, where D, = (n&)* D,.

Moreover, the functions ms) and %(s) are meromorphically extendable to
Sl\{sl}, where s

explicit form of the functions is obtained analogously to case B) of $6, and we shall

is a-fixed point of the automorphism n& which is outside D . The

not write it out,

$9. Construction of Galois automorphisms

on a universal covering

It will always be assumed hereafter that the irreducible case is realized (cf. §2)
and the genus of the Riemann surface S is g > 2. The terminology and results of the
monograph [?] (cf. also [10] and [11]) are used below.

Let D be the non-euclidean Lobalevskii plane realized as the interior of the unit
disk. D is a universal covering for S with fixed covering A: D — § and a group F of
covering transformations. F is a discrete Fuchsian group (of the first kind) of trans-
formations of the Lobalevskii plane and consists of hyperbolic elements oaly.

Let us consider the preimage A~'A of the connected (cf. Lemma 5.1) region A and
one of its connected components. That is, let us fix the preimage w, of some point
s, € A and consider the component AO C A™YA which contains Wge

Let the point w, be such that Aw, = M = s, and let €, be an arbitrary curve
on D which joias @, and w,. Then let us denote by [)\CO 1] the element of the funda-
mental group (S, so) which corresponds to the curve AC . It is obvious that this
element does not depend on COI’ given an w, but is dlfferent for different . Thus
we obtain an isomorphism ¢: F — 7 (S, SO) w1th &) =[AC ), fEF, if w, = fo,

Now let us consider all possible points », € A, such that Aw; = s, The set of
f, € F such that fw, = w, forms a subgroup F C F with the canomcal homomorphism
Y Fy— 7 (A, s,) and the following commutative diagram:

Fy = 7 (A, Sp)
np
F5m,(S, s).
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(It is obvious that Fj does not depend on the choice of the point so-) The boundary
of the region AO consists of piecewise analytic curves which are preimages of | R
I, r , I (cf. $5). We shall denote these preimages by Aj 1r 11“
Aglr s respecuvely 1f there are no branch points of the covemngs h or hz’ respec-
tively,on '}, ..., T, F Fl, then A IFI, sees A F are analync

We shall assume hereafter that the field C(S) of meromorphic functions on S is a
normal extension of both the field Clx) and the field Cly). The case of a finite alge-
braic extension of the field C(S) existing which is normal over C(x) and over C(y)
could be treated analogously. In this case it would be necessary first to lift the equa-

tions to the Riemann surface of this extension.

Lemma 9.1. For any I', and F a non-euclidean transformation (hyperbolic or
ellzpuc) g, exists such that g; (/\ 1F )~ lri, as well as a non-euclidean trans form-
ation g such that g (A 1T o) = A T

Let us prove that Ay 1“1, cees Ag F are analytic. As a matter of fact, that I’
is an analytic simple closed curve was shown in §5. Let us denote by y, the conform-
al automorphism of the Riemann surface S such that yil—‘o = Fi. It is easy to show that
it exists and is induced by the corresponding automorphism of the Galois fi'sld (':\(S)
over C(x). Let us introduce analogously the automorphism ')7'1. such that ’}\’;’Fo = I‘]

Thus to prove Lemma 9.1 it is sufficient for us to prove the following lemma and
to set yizgand g, =g init.

Lemma 9.2. Let g be a conformal automorphism of S, g(so) = s holding for some

points sy, s € S. Now, if Aw=s and Aw = s, a conformal automorphism g of the

universa? covering D exists such that A\g = g\ and gw, = . Moreover, g is elliptic
or hyperbolic.

In fact, if s, and s are two points on S which are not branch points of the cover-
ing hlz S —» P and are such that x(so = x(s), then a unique conformal automorphism g
of the Riemann surface S exists such that gso = s. Hereafter we shall not distinguish
between E and the corresponding Galois automorphism.

An arbitrary conformal automorphism g of the surface Sx can be lifted to the uni-
versal covering D by g = A" 1'g\')\. This transfer is not single-valued but becomes
single-valued if the image gw of a point w € D is fixed. In this connection only the
condition gw € {/\"lg)\wi must be fulfilled. The automorphism g is a non-euclidean
transformation of the Lobadevskif plane (cf. [10]).

Let us prove that g is either hyperbolic or elliptic. If g has a fixed point on S,
then it can be lifted to D so that g has a fixed point inside D. Then g is elliptic.
Now let g not have fixed points in D). This will hold in particular when g does not
have fixed points on S. Let us prove that then

d = inf p (0, go) >0, (9.1)
©ED

where plw, ') is the distance between two points on the Lobacevskii plane.
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First let g have no fixed points on S. Let us introduce on S the Riemann metric
generated by the non-euclidean metric on D. The compactness of § implies
infp(5,9) 0. 9.2)
Formula (9.1) follows easily from this. Now let g have fixed points on S, while g
has no fixed point on D). Now let us draw a sufficiently small non-euclidean circle
for each fixed point on S with center at that point. Let us denote by Oi an open
nei’g\‘hborhood of the point bounded by a circle. Then S\[UiOi] is invariant relative

to g, and just as in the previous case it is possible to prove that

iﬂf P ~
oer s\ {Uo;}] ‘(m_,gﬁm)/o.}

(9.3)
However, the points of any component O of the set )\_10i can be mapped under the
operation of g only to points of a congruent set fO for some € F, f £ 1, whence

inf (o, gw)>0. (9.4)
e —10;

In view of the finiteness of the set of indices i, (9.3) and (9.4) imply (9.1).

Thus it remains for us to prove that if inequality (9.1) is fulfilled, then g is a
hyperbolic element. Now it is easily proved that there exists a z such that
Az, gz) = d. If we prove now that the points z, gz and gzz are on some non-euclidean
line [, this line will be invariant relatively to g, and thus g is a non-euclidean trans-
lation (a hyperbolic element). For purposes of the proof let us denote by { the middle
of the non-euclidean segment [z, gz]. Then g{is the middle of the segment [gz, gzz],
and p({, g0) < p({, gz) + plgz, g€) = d. But at the same time p(¢, g¢) > d, which
implies the assertion.

In order to complete the proof of Lemma 9.1 it remains to observe that for any i and arbi-
trary point € A 'T',, there is a point ' € A 'T; such that xw) = x(w"), and to make use of
the constructions cited above. In this connection g, proves to be the lifting to D of the corres-
ponding Galois automorphism.

Definition. The group « of non-euclidean transformations of the Lobalevskii
plane which is generated by the group F and all automorphisms g, and gj will be

called the group of equation (1.1) whose Riemann surface S has genus g > 2.

$10. Theorem on the analytic behavior of a solution
Let us lift the functions x{s), y(s), #(s) and #(s), which are defined on A CS,
to AO by the formula 77)\((4)) = Aw), Aw € A, © € AO. (In what follows we omit the
index A on 7 and #.) It is obvious that mw) and ¥(w) satisfy the following relations
for o €A, and h € F
1 (ho) = n (),
7t (ho) = (o), (10.1)
() 4= 7 (0) = — x (0) y (0) N (x (), y (o).
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Theorem 10.1. The functions w(w) and ¥ (w) admit meromorphic extension to the

entire universal covering D.
First let us prove the following lemma.

Lemma 10.1. The union of the regions kA, where h € K, covers the entire non-
euclidean plane D.

Proof. Let us observe that Aj IFO UAy 1%0 is at a positive non-euclidean distance
¢ from the boundary AO in the LobaCevskii plane. Let us arbitrarily choose the point
w, € A,. The region A possesses the following properties:

1) The boundary of the region AO be longs to the union of a finite number of ana-
lytic curves.

2) Let ! be one of these analytic boundary curves. (We do not require that
N Ao be connected.) Then there exists an h € k such that any point of I Ao belongs
to Ay URA, togeths‘r with its non-euclidean e-neighborhood. By Lemma 9.1 one of the
generators g, or g, of the group k can be chosen as A.

Now let us construct inductively the sequence of regions
A Y S WP
and the sequence of analytic curves

i, 1

o A

o n

~
in the following manner. Letus set [, =T and [, = 1. Next let us arrange in arbi-
trary order the analytic curves having an arc in common with the boundary AO, then the
analytic curves having an arc in common with the boundary Al which do not coincide
with those processed earlier, etc.

Let us choose h =g, or 'g]. so that [, =g/l or g].ll. Let us set Alz Ay U kA,
Suppose we have already constructed An. Then there exists an h =g, or g; such
1= AU hnAn. In this connec-

together with its non-euclidean e-neighborhood. Fulfill-

that [ =h L. for some i < n+ 1. Letus set A
n+2 noip n — n

tion l , belongs to A 1
ment of properues 1) and 2) by A 4118 obv1ous In addition by construction, for
any n there is an N > n such that p(wo, A ) > plo,, A )+ ¢ This implies that the
union of the ascending sequence of connected regions An coincides with all of D.
Now let us turn to the proof of Theorem 10.1. By virtue of the constructions made

in $9,
g ) = nlo), 'ﬁ(g,w) = #w) (10.2)

for g.w, ® € A, and g w, w € A, respectively. The functions nw) and 7w) are
extendable by induction to the regions A Let them be defined in the region A Then
if h =g, letus extend ) to the region An+1 by means of the relation Tr(hnw) =
m(w). lhe function 7(w) is then determined from equation (10.1); we act analogously
if h = g Now it is easily provable that mn{w) and 7(w) can be extended along any

curve on D consequently they prove to be single-valued on D (by the monodromy
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theorem).

Thus a complete description of the potentialities for analytic extension of a solu-

tion is obtained from Theorem 10.1 and Remark 3.1.

$11. Discreteness of the equation’s group

Here we study the group « of the equation in the distance of genus g > 2 and the
irreducibility case.
Lemma 11.1. If the genus of the Riemann surface S is g> 2 and the irreducibility

case is realized, then the group x of equation (1.1) is discrete.

Proof. By a theorem of Poincaré (cf. [%], p. 99), discreteness and disconnected-
ness are equivalent with respect to the group of transformations of the non-euclidean
plane. Thus if « is indiscrete, it cannot be disconnected. Consequently every point
w €D is a limit point of x. But by Theorem 4A of [%], p. 103, the set kz is then
dense at any (limit) point @ € D for any z # » except for, perhaps, one value z = z,
for which {KZO} = {zo§, i.e. forany z € D in our case.

It is well known (cf. [10]) that the group of conformal automorphisms £ of an
arbitrary Riemann surface S of genus g > 2 is finite. Hence it follows easily that the
set of points {)\_Iei)\a)} for any point @ € D, where E ={e, - -+, e }, is discrete. The
set of points kw for any @ is all the more discrete. The lemma has been proved.

Lemma 11.2. « can consist of only elliptic and hyperbolic elements.

Proof. Let us fix some point so € ACS and one of its preimages w, € {)\-180} N
Ay CD. Let us denote

pa (8o, 8) = irllfp 0]

for any point s € A, where p(l) is the length in the Riemann metric induced by the
metric on the Lobadevskii plane of the rectifiable curve [ C A joining the points s,
and s, and the infimum is taken with respect to all such rectifiable curves.

pAO(wO, ®) is defined analogously for any point w € A, It is easy to see that a con-

stant C, exists such that for any point w € A,

inf py, (0, ho) << C,. (11.1)

15£h€F,
Let us consider the normal fundamental polygon N (cf. [10]) with respect to the point
@, on the asusmption that w, is not a fixed point for . Let us prove that N is com-
pact. Indeed, otherwise a point @ € A, would exist which is removed from ®, by an
arbitrarily great distance, which contradicts condition (11.1).
The compactness of the normal fundamental region implies that x does not contain
parabolic elements (cf. [9], Theorem 7E, p. 149).

In this connection the group « has generators hl’ s hl’ a, bl, e bm and
the defining relations
—,— g k; R
By .. bt bt L G bt = Lk = 1,0=1, ...,

(cf. [9], p. 241).
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Lemma 11.3. For some n a normal divisor k, of the group k exists with genera-

tors Al’ Bl, v, An, Bn and the unique defining relation
ABATB Y ... ABATB = 1.

Proof. Selberg [13] shows that in any matrix group over the field of complex num-
bers which has a finite number of generators, a normal divisor of finite index exists
which does not contain elements of finite order. This result can obviously be applied
to our group K. Then such a normal divisor turns out to consist of only hyperbolic ele-

ments, and by virtue of the finiteness of the index its fundamental group is compact.
This implies (cf. [9]) that it has the aforementioned unique defining relation.

$12. Carleman’s problem with respect to the

fundamental polygon and an explicit form of the solution

Notwithstanding the explicit representation of the solution which is obtained be-
low, the method of analytic extension in $10 plays a very important role. In particular,
by means of it we obtain all poles of the functions m(w) and #(w) on D and their
principal parts at these poles. The procedure for isolating principal parts is obvious

from the proof of Theorem 10.1.

Remark 12.1. This implies in particular that the asymptotic behavior of the coef-
ficients of the functions 7(x) and 7(y) is determined either by their algebraic branch
points nearest the unit disk or by their poles nearest the unit disk, and can be com-
puted in specific cases. (That n{x) and #(y) do not have other singular points follows
from Theorem 10.1.)

This fact plays a basic role in probability applications, but we do not go into it
here.

Let us examine the normal divisor of k, whose existence was asserted in Lemma
11.3. By utilizing relations (10.1) and (10.2) and the relations

7(gw) — 1 (0) = x(0) ¥ (@) n(0) — x (g0} y(gw)n (gw), (12.1)
which they imply, the equations
n(Aw) — (o) = o (0), T(Bw)—x(w)=3(w), i=1,...,n1 (12.2)
can be obtained for the functions 7, @ and the generators Al, By, -+, An, Bn of this
normal divisor, where ai(a)) and Bi(w) are linear combinations of functions automor-
phic with respect to the group F' which are converted to elements of the group «.

Relations (12.2) represent Carleman’s problem with respect to the fundamental
polygon N: AlBIA;lBl_l ce AanA;IB;l =1, which we shall fix in what follows
and which can be chosen so that a , 8;, 7 and 7 do not have poles on its boundary.
(Regarding Carleman’s problem, cf. the bibliography in (81,

Let us consider the Behnke-Stein kernel U (w, »') [8] for the Riemann surface
D/KO,
12]. On D Ww, ') represents an automorphic function of @ and an automorphic form

- '
mn o .

whose explicit construction Weierstrass has already in essence developed in



WIENER-HOPF EQUATIONS AND AUTOMORPHIC FUNCTIONS 515

One of the solutions of problem (12.1) which is automorphic on D is representable
as
()= —Z [V (0, 0) o (0)do’ + S Ylw, )3 () dw’] . (12.3)
B
Let us denote by II'(w) the sum of the principal parts as the poles of Il(w) in N, and
by II"(w) the same sum of principal parts for m(w) (cf. the remarks at the beginning of
this section).

The difference between m(w) and the particular solutlon I(w) of the nonhomogen-
eous problem (12.2) must coincide in N w1th a function H(a)) which is automorphic
with respect to the group K,. Moreover, H((o) = n(w) - [l{w) does not have poles on the
boundary of N. H(w) is defmed by the fact that the sum of the principal parts of H(a))
at poles in N must coincide with II"{w) - 1'(®). Let us formulate the result obtained.

Theorem 12.1. The function m{w) has the explicit representation

(o) = 5};-2 ( g % (0, 0') o (o) do’ + (m(m, o) B; (m’)dm’)+ Ti(w) + corist,
- ‘ B;
in the fundamental polygon N, where o) is defined above, which is automorphic with
respect to the group k. The function #(®) has an analogous representation. The con-
stants in their right sides are determined by the condition '7\7’()/) =0 for y =0.

Remark 12.2. It might be possible to construct an analogous integral representation
directly for the group . Moreover, the expression would become mote explicit, but in
view of the presence of elliptic elements the formulas would be more cumbersome.

In conclusion I wish to thank I. I. Pjateckﬁ-gapiro for valuable consultation con-

cerning discrete groups.
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