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is based on the analysis of the elliptic curve defined by the jump generating
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Introduction

There exist only a few non-trivial examples where it is possible to find the
Martin boundary for transient Markov chains. One such example is the homo-
geneous random walk on a lattice, see Ney and Spitzer [12]. Due to complete
homogeneity they succeeded to find it, using only rather elementary analytic
tools. They used a change of measure quite similar to the one used in large
deviation problems. However, in most cases probabilistic methods hardly help
in this kind of problems. For example, if we change the jumps in only one point,
the method of [12] does not work. In this paper we consider some examples with
piecewise linear homogeneities: the plane lattice with possibly different jumps
in a finite number of points, the half-plane, the quarter-plane.

Why are these problems interesting ?

Note first that random walks in unbounded domains with non-smooth boun-
daries appear naturally in many applied fields, for example in queueing networks.
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The simplest non-trivial example is a quarter plane, and for a long time it was
a laboratory for development of probabilistic and analytic methods in this field.
There are some problems that can be solved by probabilistic methods (mainly
martingales) such as classification problems, large deviations (see [5]), intrinsic
convergence rates (see [7]), Poisson boundary (see [6]). But for the Martin
boundary probabilistic methods hardly could be applied and so we use analytic
methods, in particular complex analysis on the algebraic (elliptic) curve that
is defined by the generating function of the jumps inside the quarter-plane.
Note however, that we do not use analytic methods in full extent: we do not
need explicit solution for functional equations, but only analytic continuation
properties. We show that the Martin boundary is related to real points of this
curve. This could be vaguely predicted, because real points also play a main
role in the study of large deviations. However, the connection between Martin
boundary and large deviation paths is still obscure and we hope that this work
will give rise to some hypotheses in this direction. One could speculate that the
existence of such connections is quite plausible: in homogeneous cases the paths
to the Martin boundary and the large deviation paths are linear, the change of
measure for both problems is the same in some simple situations; the intrinsic
convergence rate for an ergodic random walk is also related to boundaries and
to large deviations, etc.

The structure of the paper is the following. In Section 1 we give all necessary
definitions concerning Martin boundary, so as to render this paper self-contained
and we define the process. In Section 2 main results are formulated. This section
is split into seven subsections. In Subsection 2.1 we give the indispensable
information on the elliptic curve, that is used to present the results on the
Martin boundary. Subsections 2.2-2.7 are devoted to the Martin boundary for
the transient random walk in

e the plane Z?,

the half-plane Z x Z with escape to infinity along the internal part,

the half-plane Z x Z, with escape to infinity along the axis,

the quarter-plane Zi with escape to infinity along the internal part,

the quarter-plane Z2 with escape to infinity along one axis,
e the quarter-plane Z%r with escape to infinity along two axes

respectively.
Section 3 is divided into seven subsections and contains the proofs of the
results claimed. In Subsection 3.1 we describe the structure of these proofs.
The following directions of future research may be pursued.

1. For more general jumps in dimension two, one could apply analytic meth-
ods as well and obtain the localisation of Martin boundary on the corre-
sponding algebraic curve.
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2. Extend the results of this paper for exit and entrance boundaries for the
recurrent case.

The following question may be also investigated: do some general connections
between large deviations and Martin boundary exist as is the case in some
examples 7

1. Main definitions and the process

A discrete time homogeneous Markov chain £ on a denumerable state space
X is defined by the stochastic matrix P = (pag), a,f € X, and an initial
distribution §. Let the matrix elements of P" be p” 3- We denote the probability
measure on the path space X = {(a,)52,, an € X} by Py. We will denote the
probability measure in X*° by P, if the initial state is . We will only study
irreducible aperiodic Markov chains (see [3] for definitions). Let us introduce

the Green function 7§ as the mean number of visits to 3 starting from a:

T =Y phy=Ea > 1{X, =7}
n=0 n=0

Definition 1.1. An irreducible aperiodic Markov chain is called transient if
g < 00 for some «a, 3 € X. A Markov chain that is not transient, is called
recurrent.

For an irreducible aperiodic transient chain, it follows that 7§ < oo for all
ordered pairs «, 3 € X.

1.1. Martin boundary

In this subsection we introduce the Martin boundary and we formulate re-
lated basic results. All of them are well-known, see [2] or [13].

Let us fix a probability measure n(a) on X, such that > . n(a)mg > 0
for all B € X. This will be the so-called “reference” measure. The construction
of the Martin boundary depends heavily on the choice of this measure. It may
happen that the boundaries obtained for two different reference measures are
not homeomorphic.

The Martin kernel for the transient chain £ is defined as

_ T
ka(e) = > n(y)my

yeX

Note that m§ = p(mﬁ)wg, where p(a, 8) is the probability to reach state [
from a. In view of the inequality p(v, 8) > p(v, a)p(«, 3), we have

___pep) 1 aer 1
>onp(v:8) = X n(Mp(v,a)  ala)

yeX yeX

kg(a)
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Next, we “enumerate” all states of the chain in arbitrary order. Let N(a) € N
be the number of state a. Define the distance p in the state space X by

p(B,y) = 27V — 27N 1 " k() — ky(a)a(a)2~ N, (1.1)
aceX

For all 8,y € X, we have p(33,~) < 3.

Definition 1.2. The compactification X* of the state space X with respect to
the distance (1.1) is called the Martin compactification; 0X = X*/X is called
the Martin boundary.

The choice of the distance (1.1) is not compulsory, provided that a sequence
of states (3, is a Cauchy sequence if and only if

1) the functions kg, (o) converge in each point ¢;
2) N(B,) — oo or 3, are constant for n > ng.

We will call the topology in the space X* induced by the distance p(a, 3), the
M topology. The following theorem holds.

Theorem 1.1. Let an arbitrary o« € X be an initial state of the chain. Then
P.-almost all sequences of states (3, have limits in the topology M

lim (3, = B € 0X.
If we define the measure p; on the Borel subsets I' of X* by

,Ul(r) = Pﬂ{ﬂoo € F}7
then for all & € X, pi (o) = 0 and the following theorem holds.
Theorem 1.2. For all Borel function f on X*
Eo £(0) = [ Kal@)F(39)m(d5),
X

One of the main purposes of Martin boundary theory is to give an integral
representation of superharmonic and harmonic functions.

Definition 1.3. The function h(«) is called superharmonic if

Ph(a) =Y paph(B) < h(a).

BeX
If the equality takes place, the function h(«) is called harmonic.

We consider only non-negative superharmonic and harmonic functions.
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Theorem 1.3. For any n-integrable superharmonic function h(a) there exists
a finite measure pp on X* called a spectral measure of h(«), such that

) = [ ks(@)un(ds). (1:2)
P
Moreover, for all € X
un(8) = (h(B) — Ph(B)) Y n(v)}. (1.3)

yeX

The representation (1.2) is called the Martin representation. In view of (1.3)
it can be written in the following form

ha) = 3" (h(8) — Ph(B))r§ + / k(@) un (dB). (1.4)

BEX ox

The spectral measure u;, in (1.4) is generally not unique. In order to get
uniqueness, we will introduce the minimal Martin boundary. Note that for
fixed B, the function 7§ is superharmonic as a function of a and so is kg(a).
For all fixed o € X, kg(a) can be continuously extended to X*. Indeed, if
Brn — Poo, then kg, (a) — kg () for all a. Thus for all 8 € 0X, the function
kg(cv) is superharmonic too.

Definition 1.4. A non-zero superharmonic function h is said to be minimal
if the equality h = hy + ho implies that hy = c1h, ho = coh, where c1,cy are
constants and hy, ho are superharmonic.

It follows that a harmonic function % is minimal if for any other harmonic
function h; < h we have hy = ch.

Definition 1.5. The set
B={3€0X: kg(a)is minimal }
is called the minimal Martin boundary.
Lemma 1.1. The set of minimal harmonic and superharmonic functions is
{c-kg(a): B € BUX}.

Theorem 1.4. The set B is a Borel subset of 0X. For any § € B, kg(a) is a
harmonic function.

Theorem 1.5. Every n-integrable superharmonic function h(«) has the unique
representation

) = [ Kae) ulds), (15)
XUB
where 1 is a measure on the Borel sets of X U B. The measure p is finite.
For all finite measures y on X U B the right-hand side of (1.5) defines a
superharmonic n-integrable function.
This function is harmonic if and only if ;1(X) = 0.
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So, if the function h(w) can be represented in the form (1.5), then y coin-
cides with the spectral measure up, and the representation (1.5) coincides with
the Martin representation (1.2) or (1.4). In particular, the measure p1(I') =
P,{0s € I'} is the spectral measure of h(a)) = 1. Moreover, uy(X/B) = 0 for
all superharmonic functions h(«) and f, = dg for all § € X UB.

Theorem 1.6. Let ¢(8~) be a non-negative p1-integrable Borel function on
0X. Then the formula

ha) = / k(@) o(8) a (dB) (1.6)

B

defines a harmonic function h(«) such that

lim A(G,) = ¢(fx) Po-a.s. and Eq ¢(Bs0) = h(a). (1.7)

n—oo

Let h(a) be a bounded harmonic function. Then there is a bounded Borel
function ¢(Bs) on B, such that (1.6) and (1.7) hold.

1.2. The process

In this paper we consider the Markov chains L1, L5, L3, that are two-
dimensional random walks. They are characterised by the properties P1, P2,
P3 below.

P1 Their state spaces are

Z? = {(i,j), i,j are integers},
Z, x7Z = {(i,j), i,j are integers, j > 0},
Z: = {(i,j), i,j are integers, i,j > 0}

respectively.

P2 The random walks are mazximally state homogeneous. This property
means that the state space can be represented as the union of a finite number
of non-intersecting classes

x=Js,
T

such that for each r and all o, 3 € S,

DB.B+(5,5) = Pa,a+(i,5)-

The latter probabilities will be denoted by p;;.
The state space of the chain £ is the union

ﬁzsuagfﬂ,
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where the sets S, 52,...,S™ are finite. The transition probabilities (T)pij will
be denoted by p;; and (1)pij, (2)pij, ceey (")pij respectively.
The state space of the chain L4 is the union of two classes

Z.xZ=SUS,

where

’

S = {G0)}

The part S " is called the z-axis. The probabilities (T)pij are denoted by p;; and
p;j according to their respective regions S and s
The state space of the chain L3 is divided into four classes:

72 =5us us u{(0,0)},

{ S = {(i.j):j>0}

where
‘5: - {(17.]) : Za.] > 0}7
S = {(0)::¢>0},
S" = {(0,5):5>0}

The internal parts S and S are called the z-axis and the y-axis. The proba-
bilities (" p;; are denoted by p;;, Pi;» Py, and pf; respectively.
P3 (Boundedness of the jumps). For any a € S;,

Pag#0 onlyfor —1<(8—a); <1,

where (8 — «); is the ith coordinate of the vector (8 — ), i = 1,2.

In addition the next assumption will hold for all the chains £, Lo, L3
throughout the paper: the probabilities p19, p—10, Po1, po—1 for the class S, = S
are non-zero and all other jump probabilities for this class equal zero.

We shall consider only irreducible aperiodic random walks. Assume addition-
ally that the classes S, 5" can be left in one jump with non-zero probability,
Le. plyy + P01 + P11 >0, p{_1 + Pl +p11 > 0.

We will not specify the choice of the initial state, since it influences neither
transience, nor the Martin boundary.

Let us introduce the mean jump vectors

E = €.E) = (img Y im),
i,J .3

£ = €)= (DY)
0,J 2]

Co= EE) = (i),
i,J (]

Throughout the paper we will assume that E, # 0, E, # 0 for £1, L5 and Ls.
This implies transience of the chain £1. We restrict our attention only to tran-
sient Markov chains. Let us formulate the conditions for transience of the chains
Lo and L3. All of these have been proved in [3].

m
|
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Theorem 1.7. Let E, # 0, E, # 0. The chain L, is transient if and only if
one of the following conditions holds:

1) E, > 0;
2) E, <0, E,E,—E,E,#0.

Theorem 1.8. Let E, # 0, E, # 0. The chain L3 is transient if and only if
one of the following conditions holds:

"

1) E, <0, E,<0, E,E,~E,E, >0, E/E, —E,E, <0;

2) E, <0, E, <0, E,E,—E,E, <0, E,E, —E,E,

y>0;

3) E, <0, E,<0, E,E,—E,E, >0, E/E, —E,E,

y>0;
4) E, >0, E, <0, E,E,—E,E,>0;
5) E; <0, E, >0, E,E, —~E,E, >0;

6) E, >0, E,>0.

2. Main results

2.1. Preliminaries

This subsection contains the necessary definitions and statements in order
to present our results on the Martin boundary.

Let us choose the reference measure 7(@) to be the §-measure at the origin
a = (0;0).

We will restrict ourselves to the following cases:

(a) Ez >0, E, >0;
(b) Ex <0, E, <O.

Let X (y) and Y (z) be the algebraic functions determined by the equation

Q(z,y) = zy(1 — prox — p_102 " — pory — po—1y~ ') =0. (2.1)

Lemma 2.1. The functions Y (z) and X (y) have four branch points x1, x2, 3,
x4 and Y1, Y2, Y3, ya. In case of (a) and (b) they satisfy the following inequalities:

0<z) <22 <1< 23 < 24,4 O0<y1 <y2 <1<ys<ys.

Lemma 2.2. The Riemann surfaces of the functions Y (z) and X (y) are con-
formally equivalent and have genus 1.
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This means that the Riemann surfaces of Y (x) and X (y) are homeomorphic
to a torus. We study the Riemann surface S for both X (y) and Y (z) with two
different branched coverings:

hy: S — Py, hy: S — Py,

where P, and P, are the complex spheres of the variables x and y respectively.
One can see S in Figure 2.1 in both cases (a) and (b). Any function f on a
domain D C P, can be lifted onto h; (D) C S. This yields a new function
f o hg, so that we are entitled to write

2(s) = ha(s), y(s) = hy(s), s€S.

Clearly, Q(z(s),y(s)) = 0. We will sometimes write the pair (z,y) to define a
unique point s € S such that z(s) =z, y(s) = y.

Lemma 2.3. The set S, = {s € S : x(s) and y(s) are real or oo} consists of
two non-intersecting closed analytic curves Fy and F1 homological to one of the
elements of the normal homology basis on S. This element is different from
h,{x : |z| = 1}. The curves Fy and F; have the following properties:

Fo = {s:az2<a(s) <ws} = {s:y2 <y(s) <ysh,
Fi = {s:z(s)<0ory(s) <0}U{s:x(s) =00 ory(s) =o0}.

Let us mark the following points s1, s2, S3, S4 on Fy:

z(s1) = 73, y(s1) = \/p0—1/p017
33(52) = —10/]910, y(82) = Y3,
x(s3) = x2, y(s3) = /Po—1/po1,
z(s4) = \/P-10/P10; y(s4) = y2.

Choose on Fy the direction in order of the indices s; with the initial point s;.
We will consider throughout the paper the directed segments [s',s"] C Fy,
s’ < s <" (possible s’ = s”) with respect to this choice, see Figure 2.1.

Next, we need to analyse the critical points of the function

X () = |z(s)y*® 7 (s)], 0<vy<m
on x~'(0;00) in the sense of Morse theory, see [11]. For v = 7/2, put x-(s) =
ly(s)l-

Lemma 2.4.

1. For all fixed v € [0;7), v # 7/4, 37 /4, the function x(s) = |z(s)y*87(s)]
has four non-degenerate critical points s;(v), i = 1,2,3,4, on X;l(()% 00). They
are such that

XA (81(7) < xv(82(7)) < X4(83(7)) < X4(54(7))-

For v = 7/4,3m/4 the function has two non-degenerate critical points sy and
53, X~(52) < X(s3)-



Iy

G G

Figure 2.1(a). E; >0, E, > 0. Figure 2.1(b). E; <0, E, < 0.

2. For all v € [0;7) we have s2(7), s3(v) € Fo, s1(7), sa(vy) € F1.

3. For v = 0,7/2 we have x(s;(0)) = x;, y(s;(w/2)) = y; where x;,y; are
branch points of Y (z) and X (y) respectively, i = 1,2,3,4. For v # 0,7/2, the
values of z;(s(7)), yi(s(v)) can be found from the system of equations

bo1y —Po-1/Y

tgy = DM ZP-UY (2.2)
Ploff—p—lo/iv

Qz,y) = 0.

4. For v = 0,m/2, we have s3(0) = s1, s2(0) = s3, $3(7/2) = 89, s2(7/2) =
s4. The functions s2(y) and s3(7y) are continuous and strictly increasing on [0; 7]
with ranges [ss, s1] and [s1, s3] respectively.

Let us define the function s(vy) on the segment [0,27] as follows: s(27) :=
s5(0),
s3(7), 0<y<m

s(v)={ saly—7),  m<y<om (2.3)

Corollary 2.1. The function s(vy) is a homeomorphism between the segment
[0; 27] with the identified ends and the curve Fy on the Riemann surface S.

Throughout the paper we denote for shortness z(s(v)) by z(v) and y(s(v))
by y(7).

Remark 2.1. Let v5 be the angle between the mean vector (E,E,) and the
positive direction of the z-axis {j = 0}. Then z(vz) = 1, y(yz) = 1 and the
associated point s(yz) lies on (s1, s2) if E; > 0, E;, > 0 and on (s3,s4) if E; <0,
E, < 0. We denote this point by sz, see Figure 2.1.

We will also write Wf?jo to denote the mean number of visits to state (i, j)
starting from (io,jg). Slmllarly kij (io,jo) = k(%]) (io,jg).
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2.2. Random walk in Z2

This subsection is devoted to the Martin boundary of the chain £;. Let

gm(z,y) = Y Mpyay -1, m=1,...n, (24)
%

qu(x,y) Z WZ;ij‘yj. (2.5)

m=1 (i.)esm

fiodo(z,y)

Theorem 2.1. Let (i,j) € Z*>. Let i = rcos(y(r)), j = rsin(y(r)) and let
~v(r) — v as r — oo, where 0 < ~v < 27. Then

7 ()Y () + £27 (@(2),5(2))
L+ feo(x(v),y(7))

The Martin boundary of the chain £q is homeomorphic to the curve Fy on
the Riemann surface S, that is the circle [0, 2n], see Figure 2.2. The homeomor-
phism I can be established by the mapping I : v — (7).

The minimal Martin boundary is the same.

Jim_ ki (o, jo) = (2.6)

Figure 2.2

Example (S!,S2,..., 5" are empty). If all sets S*,S2,...,S" are empty,
then by the previous theorem

Tlir{)lo kij (i0, jo) = = (V)" (7). (2.7)

This result was obtained by Ney and Spitzer [12]. We will briefly discuss their
approach and its relation to ours. In [12] an irreducible homogeneous random
walk on Z¢ is considered, d > 1, with

P = P0.f—a for all o, 8 € Z7, (2.8)
E= j{: aPo,« #‘l
aczd

Define the real-valued function ® on R? by
O(u) = Y poaexpla-u).
aeZd

Let
D = {u| ®(u) <1}, 0D = {u | ®(u) = 1}.
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For a random walk with bounded jumps, the mapping
grad @ (u)
_, S EA
| grad @ (u)|
determines a homeomorphism between 0D and 0S5 = {u: |u| = 1}.

Theorem ( [12]). Let (3, be a sequence of states in Z? such that 3,,/|3,| —
p, for some p € 3S. Let u be a unique solution of the equation

grad ®(u)
= . 2.
P Tgrad @) 2
Then for any o € Z¢
lim kg, (a) = exp(u - ). (2.10)

n—oo

In our case d = 2 and

O (u1,uz) = proexp(u1) + po1 exp(uz) + p—10 exp(—u1) + po—1 exp(—uz).

If one puts
z=exp(u1),  y=-exp(uz), (2.11)

then the set
0D = {(u1,uz) € R? | &(u) =1}

is homeomorphic to the set

{($7y) € R’ | Q($7y) =0,z,y > 0}7

which in turn is homeomorphic to the “real circle” Fy on our Riemann sur-
face S. Moreover, substituting (2.11) into (2.9) gives exactly equation (2.2) for
our critical points, where 7 is the angle between the vector p = (p1,p2) and
the positive direction of the z-axis, i.e. tgy = p2/p1. (There are two roots
of (2.2), for z,y > 0, i.e. two critical points on Fy. We have chosen one of these
in (2.3). In equation (2.9) this has been provided for by the direction of p.)
Thus relation (2.11) connects (2.9)—(2.10) to our result (2.7).

The method suggested in [12] is the following. In case of p = E/|E], it is
shown via the local central limit theorem that the asymptotics of the Green
function is 7§~ C'n=%/2. Hence, kg, (o) — 1 for all & € Z¢. Clearly, in this
case the solution of equation (2.9) is given by u = 0. If p # E /| E|, one changes
the probability measure in such a way that p is the corresponding normed drift
vector. To this end, one should determine the solution u of (2.9) for a given p
and then put

“Da,g = Papexp(u- (8 —a)) for all o, 3 € Z°. (2.12)

As a consequence, we have

YE= Z apo,o = grad ®(u) (2.13)
aczd
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and p ="E /[*E[. By the above case “rg ~ C(u) n1=4/2 Then the following
important expression

oo oo
i = "phs = D phgexp(u- (8- )
n=0 n=0

= mgexp(u- (8- a)) (2.14)

implies that 7§ ~ C(u) n1=D/2 exp(u - (o — By)). Thus kg, () — exp(u - a).

This method relies on relation (2.14), which holds only if pa,g = po,g—a
for all a, 3 € Z¢, ie. S',...,S™ are empty. It fails whenever the transition
probabilities are “spoiled” even at one point of the space. We propose another
method, which remains valid, even if the jump probabilities in some points of
the state space are changed.

2.3. Random walk in Z, xZ, E, >0, E, >0

In this subsection we will formulate our results on the Martin boundary for
the chain £, under the assumption E; > 0, E, > 0. Let

q(z,y) = x(zpéjxiyj - 1)- (2.15)

4,

Lemma 2.5. The system of equations
2.16
{ q(z,y) = 0 (2.16)

has a solution (z',y") satisfying

{ 1<a' <aj

2.17
Po—1/po1 < y' < v/Po-1/pPo1 ( )
if and only if q(x3,\/po—1/po1) > 0.

The system (2.16) has a solution (x”,y") satisfying
{ zo <z’ <1

2.18
Po—1/po1 < y" < \/Po-1/p01 ( )

if and only if q(22,/po—1/po1) > 0.
For q(23,/po—1/po1) > 0 [ q(w2,/po—1/po1) > 0] the solution of (2.16)

satisfying (2.17) [resp. (2.18)] is unique.

For g(z3, /po—1/po1) > 0 and q(x2, v/Po—1/Po1) > 0 let us define the angles 7/,

0 <+ <m, and 7", 0 <" < 7, such that

() =, Ny = Po-t 2.19

") y(v') p— (2.19)
p _

z(y") =", y(y') = == (2.20)

 pory”
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By virtue of Lemma 2.4

_ Po-1/y — pory/’ tontt — P0=1/Y" = por/y"
piox’ — p_10/a"’ p1oz” — po—1/x"

tgy

Moreover, we have 0 < v/ < y5 < v’ < 7 and

s(v) = (@, po-1/Pny’)) € (s1;58),
s(Y') = (2", po—1/(Pory”)) € (s&;83),

see Figure 2.1(a).

Theorem 2.2. Let (i,j) € Zy x Z. Let i = rcos(y(r)), j = rsin(y(r)) and
~v(r) — v as r — oo, where 0 < v < 7.

1. If ¢(x3, /Po—1/P01) <0, g(x2,\/Po—1/P01) < 0, then for all v € [0, 7]
Tlggo kij(io,jo) = [2°() v () a(z(y), po-1/(Por1y(7))) (2.21)

— (%) (po-1/(Pory(M)) ™ a(x(7), y()) ]
x [q(z(7), po—1/(Pory(7))) —a(z(v), y(v)) ]

The Martin boundary is homeomorphic to the segment [s1, s3] on Fy, that
is to the arc [0, 7], see Figure 2.3(a). This homeomorphism is given by the
mapping I : v — s(v).

The minimal Martin boundary is the same.

2. If q(x3,v/Po—1/p01) > 0, q(x2,\/Po—1/P01) < 0, then one can define the

pair (z',y") by Lemma 2.5 and the angle v’ by (2.19). For v € [0,7/]
lim k;; (4o, jo) = (z/)" (y')7. (2.22)

For v € (v, 7] the asymptotics of the Martin kernel is given by (2.21).

The Martin boundary is homeomorphic to the segment [s(v'), s3] on Fy,
that is to the arc [y, ], see Figure 2.3(b). This homeomorphism is given by the
mapping I : v — s(v).

The minimal Martin boundary is the same.

3. If g(x3,/Po-1/pPo1) < 0, q(x2,/Po—1/pPo1) > 0, then one can define the

pair (z",y"”) by Lemma 2.5 and the angle v" by (2.20). For v € [y, 7]
lim k;;(io, jo) = (z”)" (y")’. (2.23)

For v € [0,7”) the asymptotics of the Martin kernel is given by (2.21).

The Martin boundary is homeomorphic to the segment [s1,s(v")] on Fy,
that is to the arc [0,7"], see Figure 2.3(c). This homeomorphism is given by
the mapping I : v — s(v).

The minimal Martin boundary is the same.

4. If q(z3,v/Po-1/po1) > 0, q(x2,v/Po-1/po1) > 0, then one can define

the pairs («',y') and (z”,y") by Lemma 2.5 and the angles 0 < v < " <=



: N
Figure 2.3(a) Figure 2.3(b)
4 v
/7// ______ N \ / 7” ........... N
Figure 2.3(c) Figure 2.3(d)

by (2.19), (2.20). The asymptotics of the Martin kernel is given by (2.22) for
v € [0,'], by (2.21) for v € (v',+"), and by (2.23) for vy € [y, ].

The Martin boundary is homeomorphic to the segment [s(v'), s(y")] on Fy,
that is to the arc [y',~"], see Figure 2.3(d). This homeomorphism is given by
the mapping I : v — s(7y).

The minimal Martin boundary is the same.

2.4. Random walk in Z, xZ, E, <0, E, <0

In this subsection we describe the Martin boundary for the chain £2 under
the following assumptions:

e E, <0,E, <0
o E,E,—E,E, >0.
Let us define the angle v% € (0,7) by

* * Po-1

Note that v = vz — 7/2. (In fact, by virtue of Lemma 2.4, tg~v: = (p_10 —
p10)/(po1 — po-1).) Then m/2 < i < 7 and s := s(v;) = (1,po-1/po1) €
(s2,83), see Figure 2.1(b).

The function ¢(x,y) is defined by (2.15).

Lemma 2.6. The system of equations

{Q(%y) =
q(z,y) = 0

o

(2.25)

has a solution (x',y’) satisfying
{ T <2’ <1

2.26
1<y <+/Po_1/por (2.26)
if and only if q(22,/Po—1/po1) > 0.

The solution (x',y") of (2.25) satisfying (2.26) is unique.
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If g(x2, v/Po—1/po1) > 0, one can define the angle 4" € (0,7) by

2(v) = o, Ny = Pot 2.27
") y(v') P (2.27)

By virtue of Lemma 2.4

;o po—1/y — pory’

t = .
87 P10z’ — po—1/x’

Moreover, 7/2 < v& < +' < 7 and

s(7") = (¢, po—1/(po1y/)) € (s%, $3) € (2, 53),
see Figure 2.1(b).

Theorem 2.3. Let (i,j) € Z x Z. Let i = rcos(y(r)), j = rsin(y(r)) and
v(r) — v as r — oo, where 0 < v < 7.

1. If g(x2, /Po—1/po1) < 0, then for v € [0,7}]
Tlirilo kij(i0,j0) =1 (2.28)
and for v € (vE, ]
Tlggo kij(io.jo) = [2°() ¥ (V) a(z(7), po-1/(pory(7))) (2.29)

—2%(%) (po-1/(ory(M))” a(2(7), ¥()]
x [q(x(7), po—1/(Pory(7))) —a(z(), y(7)) ]

The Martin boundary is homeomorphic to the segment [s%, s3] on Fy, that
is to the arc [y%, 7], see Figure 2.4(a). This homeomorphism is given by the
mapping I : vy — 5/(7).

The minimal Martin boundary is the same.

2. If q(z2,/Po—1/po1) > 0, then one can define the pair (2’,y") by Lemma
2.6 and the angle 4" as in (2.27). For v € [0,~%] the asymptotics of the Martin
kernel is given by (2.28) and for v € (v%,~') it is given by (2.29). For v € [y, 7]:

lim kij (io,jo) = (x’)ig (y/)jo. (230)

The Martin boundary is homeomorphic to the segment [s%, s(v')] on Fy, that
is to the arc [v%,7'], see Figure 2.4(b). This homeomorphism is given by the
mapping I : v — s(v).

The minimal Martin boundary is the same.
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Figure 2.4(a) Figure 2.4(b)

2.5. Random walk in Za_, E; >0,E, >0

In this subsection we formulate the results on the Martin boundary for the
chain £3 under the assumption E; > 0, E, > 0. Let

q(z,y) = x(zpéjxiyj—l),
i

qz,y) = y(Zpé’jxiyj—l), (2.31)
i
wlz,y) = > pha'y’ —1.
%

Lemma 2.7. The system of equations

{Q($7y) =
Q(x7y) = 0

o

(2.32)

has a solution (z',y") satisfying
{ 1<a < x3

2.33
Po—1/po1 <y < \/Po-1/pPo1 ( )

if and only if q(x3, \/pPo—1/p01) > 0.
The system of equations
{ Qz,y) = 0 (2.34)

qz,y) = 0
has a solution (z",y") satisfying

{ P—10/p10 < 2" < \/]Llo/plo (2.35)

1<y" <uys

if and only if ¢(\/p—10/P10,y3) > 0.

For q(z3,/po—1/p01) > 0 [resp. ¢(n/P-10/P10,y3) > 0] the solution of (2.32)
[resp. (2.34)] satisfying (2.33) [resp. (2.35)] is unique.

For q(x3,v/Po-1/po1) > 0 and G(\/p-10/P10,y3) > 0 let us define the an-
gles v, 0 <~ <7/2, and v’ > 0, 0 < ~"” < 7/2, such that

p _
z(y) =2, y(y') = p;yl,, (2.36)
o(y") = 2 y(y") =y (2.37)

p—10%"
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By virtue of Lemma 2.4

v _ poy” —po-1/y”
p_10/a" — prox”

’_ po-1/Y — pory’

_ Lt
prox’ — p_10/a’ &7

tgy

Moreover, we have 0 < v’ < v; <" < 7/2 and

s(Y) = (2", po—1/(Pory’)) € (s1,55),
(p—l()/(plOmN)v y//) S (SEv 52)5

w
PN
o)
3
<
Il

see Figure 2.1(a).
Let us introduce the generating functions

o0 oo
o (z) = mlatTh F(y) =Y meey (2.38)
i=1 j=1

in the discs {z : |z| < 1} and {y : |y| < 1} respectively.

Proposition 2.1. We have
o0 o0
10Jo E t0jo
E T < 00, To; < 0.
i=1 j=1

Theorem 2.4. Let (i,j) € ZZ. Let i = rcos(y(r)), j = rsin(y(r)) and let
v(r) — v as r — oo, where 0 < v < 7/2.

1. Assume that q(x3, \/po—1/po1) < 0, ¢(v/P—10/P10, y3) < 0. If v € [0,7z],

then \/po—1/po1 <y(7) <1 and
Tlgglo kij(io, jo) (2:39)
= [q(x(y),pml/(?@ly(w))
x [2°(7)y" (7) + o (2(7), y() w2 + @@ (1), y(N))T " (y(7))]
—q(z(7),y(7)) 4
x [ () (Po-1/ (Pory (1)) + ao(@(7) , Po—1/ (Pory(7)))mee”

+@(@(7) s o1/ o1y (M)A (po-1 / (ory(1))]

% [a@), po-1/ (Pory(x)

X [L4 qo(x(7),y(7))mos + q(z(), y(1))7° (y(7))]
—q(@(7),y(v))
X [14qo(x(7) , po-1/(Pory(7)))moq

+q(x(v), pofl/(pmy(v)))%“(pofl/(pmy(v)))}} -
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If v € [yg,7/2], then p_10/por < (7) < 1 and
lim_ ki (4o, jo) (2.40)
= |@p-10/Gr02()) , (7))
X 2 (MY (v) + g0 (@ (), y(0))mes gz (7), y (7)) w7 (x(7))]
—q(z(v),y(v) |
% [(p=10/(Pr0z(7))) 7 () + g0 (pP—10/ (Pr0y(V)) » Y(7))mid7
+ a(p-10/(Pro2 (1) s ()T (p-10/ (r02(1))]

% [dp-10/(pro2(1)) , (7))

X (14 go(x(7), y(7)moeq(z(y), y(7)) 7 (x(v))]
= q(x(7),y(v))
X [1+ +qo(p—10/(P10y (7)), (7)) 700

+ P10/ Gr02()), )7 10/ (pro(1))]]

(If v = g, then lim,_, o k;; (0, jo) = 1 in agreement with (2.39) and (2.40).)

The Martin boundary is homeomorphic to the segment [s1, s3] on Fy, that
is to the arc [0,7/2], see Figure 2.5(a). This homeomorphism is given by the
mapping I : v — s(v).

The minimal Martin boundary is the same.

2. Assume that q(x3,\/po—1/po1) > 0, ¢(n/P-10/P10,y3) < 0. One can
define the pair (z',y’) by Lemma 2.7 and the angle v' by (2.36); 0 < v’ < 7.

For v € [0,7/]
(') (¥ )10 + qo(a, i )mes? + Gla’,y' Y7090 ()
L+ qo(a’, y')mo9 + g2’y )7 (y') '

Tim k(i o) = (2.41)

For v € (v',m/2] the asymptotics of the Martin kernel is given by (2.39)
whenever v is not greater than v and by (2.40) otherwise.

The Martin boundary is homeomorphic to the segment [s(7'), s2] on Fy, that
is to the arc [y, /2], see Figure 2.5(b). This homeomorphism is given by the
mapping I : v — s(v).

The minimal Martin boundary is the same.

3. Assume that q(x3,v/po_1/po1) < 0, ¢(n/P_10/P10,¥y3) > 0. One can
define the pair (z",y") by Lemma 2.7 and the angley" by (2.37); v <" < /2.
For vy € [y, /2]

(m//)ig (y//)jo + qo(m//’y//)ﬂ.g(&jo + q(a:”,y”)wi"j" (x//)
1 + qo(x//7 y”)7r88 + q(x//7 y//)woo(x//)

lim_ ki (o, jo) = (2.42)

For ~v € [0,~") the asymptotics of the Martin kernel is given by (2.39) if
is not greater than yr and by (2.40) otherwise.
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Figure 2.5(a) Figure 2.5(b) Figure 2.5(c) Figure 2.5(d)

The Martin boundary is homeomorphic to the segment [s1,s(v")] on Fy,
that is to the arc [0,7"], see Figure 2.5(c). This homeomorphism is given by
the mapping I : v — s(7y).

The minimal Martin boundary is the same.

4. Assume that q(xs3,+/po—1/po1) > 0, ¢(v/P—10/p10,y3) > 0. Then one
can define the pairs (z',y') and (z”,y"”) by Lemma 2.7 and the angles ', v"
by (2.36), (2.37). The asymptotics of the Martin kernel is given by (2.41) for
~v € [0,v'], by (2.39) for v € (v,v&], by (2.40) for v € [yg,7"), and by (2.42)
for v € [y, m/2].

The Martin boundary is homeomorphic to the segment [s(v'), s(y"")] on Fy,
that is to the arc [y',~"], see Figure 2.5(d). This homeomorphism is given by
the mapping I : v — s(7y).

The minimal Martin boundary is the same.

2.6. Random walk in Zi: E, < 0,E, < 0, escape to infinity along one
axis
This subsection is devoted to the Martin boundary of the chain L3 under
the following assumptions:
e E, <0,E, <0
° EgCE;—EyE; > 0;
° EyE;’—EgCEZ <0.

The functions ¢(z,y), ¢(z,y) and g,(z,y) are the same as in the previous
subsection.

Lemma 2.8. The system of equations
Qlz,y) = 0
= 2.43
{ q(z,y) = 0 (2.43)
has a solution (z',y") satisfying

{x2<x'<l

2.44
1 <y <po-1/po1 (2:44)

if and only if q(1,po—1/po1) > 0.
This solution is unique.
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For ¢(1,po—1/po1) > 0 let us introduce the angle v € (0,7/2) by

_ ctgvo _
(p 10/) y =Pt (2.45)
PioT DPo1

As in the previous subsection we have the generating functions
o0 o0
iojo _ 070 ,.i—1 ~i0jo _ 0jo, j—1
'l (x) = E T xt T, 7od0(y) = E o YT
i=1 j=1

They are defined in the domains {z : |x| < 1} and {y : |y| < 1} respectively.

Theorem 2.5. Let (i,7) € Z%. Let i = rcos(y(r)), j = rsin(y(r)) and let
~v(r) — v as r — oo, where 0 < v < /2.
1. Assume that q(1,po—1/po1) < 0. Then for all v € [0,7/2]

lim kij (io,jo) =1. (246)

The Martin boundary is trivial.

2. Assume that ¢(1,p—_10/p10) > 0. One can define the pair (z',y’) by
Lemma 2.8 and the angle vy by (2.45). If v € [0,79), then the asymptotics of
the Martin kernel is given by (2.46). If vy € (o, 7/2], then

. o C((io, jo)
lim ki (i, jo) = 2.47
TLH()lo J(ZO jo) (;1(07 0) ( )
where
Cli,j) = @)WY + @, y)md +q(',y)r ().
If v = o, then

Cy C(ig, jo) + Co (p— ) i3 ctg Yo
lim ki (iojo) = lim — (i, jo) + C2 (p—10/ (P102"))

249
T C(0,0) + Co (p—10/(p102”))

where

o, = Ap—10/(Prr), y)res,—y ¢ (X(y).y)
2p—10y' /2" + pory”? + po-1 — ¥’

)

q(1, po—1/por) resp=1 ¢~ " (x,Y (x))
Po-1 — Po1 '
(The branch X (y) [resp. Y (z)] is such that X (y’) = 2’ [resp. Y(1) = 1].)
If ctg g is irrational, then the Martin boundary is homeomorphic to the set

[—00,00]. If ctgyo is rational, then the Martin boundary is homeomorphic to
the set Z U {oo} U {—o0}. This homeomorphism is given by lim (i — j ctg o).
r—00

Cy =

The minimal Martin boundary is homeomorphic to a two-points set. These
points are determined by (2.46) and (2.47).
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2.7. Random walk in Zi, E, <0, E, <0, escape to infinity along two
axes

In this subsection we find the Martin boundary of the chain £3 under the
following assumptions:

e E, <0,E, <0;

. EgEE;—EyE; > 0;

o E,E/—E,E/>0.

The functions q(z,y), ¢(z,y), q(z,y), 700 (z), 700 (y) are the same as in
Subsection 2.5.
Lemma 2.9. There exist constants C(io, jo) and C(io, jo) such that

o Clio,jo)  asi— oo, (2.49)

10J0

T —  Clio,Jo) as j — oo. (2.50)
Let us define the angle vo € (0,7/2) by

ctgy
( P10 ) ¢ _ Ppo (2.51)

P-10 Po-1
Theorem 2.6. Let (i,j) € Z3 be given by i = rcos(y(r)), j = rsin(y(r))

where y(r) — v and r — oo, where 0 < v < 7w/2. The angle 7 is defined
by (2.51). If v € [0,0), then

. . C(i0,J
Tim_ ki (io, jo) = % (2.52)
If v € (y0,7/2], then B
. o C(io, jo)
lim ki; (3o, jo) = -2 90) 2.53
i ki o) = G0t (2.5)

where the constants C (i, jo) and C(io, jo) are defined by Lemma 2.9.
If v = 79, then

0. i 0. i i—jctg
lim ki (io, jo) = lim C1 Clio, jo) + C2 (3(207]0)(1910/29719) ‘ L (254)
r—oo r—oo (1 C(0,0) + Co C(0,0)(p1o/p—10)""7 t&0

where

C1 = q(p-10/P10,1)/(P-10 — P10), Ca = q(1,po—1/po1)/(po—1 — po1)-

If ctg~yg is irrational, then the Martin boundary is homeomorphic to the set
[—00, 4+00]. If ctg o is rational, then the Martin boundary is homeomorphic to
the set Z U {oo} U {—o0}. The homeomorphism is given by lim (i — jctgyo).

rT—00

The minimal Martin boundary is homeomorphic to a two-points set. These
points are determined by (2.52) and (2.53).
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3. Proofs

3.1. Preliminaries

In this subsection we give the general structure of the proofs of Theorems 2.1—
2.6. We also prove all necessary results on the algebraic functions X (y) and Y (z)
determined by equation (2.1) and their Riemann surface S. Some of these have
already been stated in Subsection 2.1.

The structure of the proofs of Theorems 2.1-2.6 is similar. We need some
additional lemmas to describe it.

Let

D={z: |z| <1}, '=90D={x: |z| =1},

D C C, T C C, where C is the complex plane.

Lemma 3.1. The algebraic function Y (x) has two branches on I', denoted by
Yo(ﬁ) and Y; ({E), YQ(].) < Yl(].)

1. If E;, > 0, then |Yy(x)| < 1 and |Y1(x)| > 1. Only at the point x = 1 we
have |Y1(z)| = 1, in particular Y1(1) = 1. Moreover, Yy(z) [resp. Y1 (z)]
is a real analytic curve on I' contained in [resp. out] the unit circle T for

x # 1.

2. If E, <0, then |Yy(z)| <1 and |Yi(x)| > 1. Only at the point x =1 we
have |Yy(z)| = 1, in particular Yy(1) = 1. Moreover, Yy(z) [resp. Y1(z)]
is a real analytic curve on I" contained in [resp. out] the unit circle T for

x# 1.

Similar properties hold for the algebraic function X (y), which has two branches
Xo(y) and X1 (y).

Proof. See [9]. O
Define the following sets on the Riemann surface S:

o= A7 )N {s: (9l <10 Ty = hAT) s Jyls)] > 1k
Do =h,'(D)N{s: |z(s)] <1}, Dy =h ' (0)N{s: |a(s)] > 1}.

(3.1)

Lemma 3.2. The sets I'g,I'q, fo, I, are closed analytic curves without self-in-
tersections. They belong to the same homology class, which is one of the normal
homology bases on the torus.

1. If E; > 0,E, > 0, then Ty C h;'(D), Ty C h; (D), T1 Nhy, ' (D) = s,
Iy Nh;Y(D) = s, and h;H(T) N h, ' (T) =T NIy = su, where z(sy) =
y(sz) = 1, see Figure 3.1(a).

2. If E, < 0,E, < 0, then Ty C h;;'(D), Ty C h;'(D), T1 N1, (D) = 0,

Ty Nnh;Y(D) = 0 and h;1(T) N h, ' (T) =Ty NTy = su, where (sp) =
y(sg) = 1, see Figure 3.1(b).
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Proof. See [9]. O
In particular,

o if E, > O,Ey > 0, then I'y N Fy = flﬂFg = (171) = Sz, oNFy =
(1,po—1/po1) and I'o N Fy = (p—10/p10,1);
eifE, <0,E, <0, then ToNFy = GoNFy = (1,1) = s, [1 N Fy

(1,po—1/po1) = 8% and T1 N Fy = (p_10/pro, 1) := 5%

as

Figure 3.1(a). E; >0, E, > 0. Figure 3.1(b). E; <0, E, < 0.

We orient I'g in such a way, that rotation along I'g implies positive rotation
along T'={z: |z| =1} on C. The curves I'y, 'y, T'; are oriented homologically
to I'g. It follows that rotation along I'; implies negative rotation along I' on C.

Introduce also the following differential form on S:

dx dy

= 2a(2)y +b()  2a(y)e + by) (3.2)

where ~
Q(z,y) = a(2)y® + blx)y + c(z) = ay)a® + b(x)y + &(x). (3.3)
Structure of the proofs of Theorems 2.1-2.6.

To find the Martin boundary, it is sufficient to find the asymptotics of the
Green function WZ;JO for ¢ = rcos(y(r)), j = rsin(y(r)) as r — oo, y(r) — 7.
Then it remains to use the definition of the Martin kernel k;; (o, jo) = wf;?jo /733
(so that the reference measure is the Dirac measure at the point (0,0)).

First of all, we derive a functional equation for the generating functions
of m;27°, see (3.7), (3.35), (3.75). In the quarter plane, the functional equation is
quite similar to the equation for the stationary probabilities in case of ergodicity.

This has been thoroughly analysed in [8].
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Using Cauchy’s theorem, wiqjg can be represented as a double integral,
cf. (3.15), (3.40) or (3.100). Using two-dimensional residues, this double in-
tegral is transformed into a one-dimensional integral over a Riemann surface of
genus 1. Some space is required for gathering the necessary information on the
corresponding elliptic curve and especially on the real points of this curve.

The integrand contains the unknown functions 7% (s) and 7% (s). All we
need from these functions, is their singularities. A priori, these functions are
defined in some domains on S as 700 (s) := wiodo(z(s)), 7odo(s) := miodo(y(s)).
The crucial property is that they can be meromorphically continued on S. This
is carefully described in each case.

The integrals on S are typical examples for applying the saddle-point method,
and moreover, nice analyticity properties allow us to deform the integration con-
tour along the Riemann surface.

When deforming this contour, we may encounter the poles of the functions
in the integrand 7'07° (s), 709 (s). If this is the case, the asymptotics of ;37" is
determined by the “lowest” of these poles, which will be always on Fp; otherwise
the asymptotics of w;;?” will be determined by the contribution of the saddle-
point s(v).

Note also that the poles of the integrands occur at the points s, such that
q(x(s),po-1/(po1y(s))) = 0 or g(p-10/(p10x(s)),y(s)) = 0. (In particular the
points s(v'), s(v"), s(v%), where v/, v, ~% are defined in Subsections 2.3, 2.4
and 2.5, are exactly the poles.)

The main contribution to the Martin boundary comes from the saddle-
points: taking different v in such a way that the asymptotics of Wf?” is de-
termined by the saddle-point, we will obtain different points of the Martin
boundary as e.g. in (2.6), (2.21), (2.29), (2.39), (2.40). On the contrary, the
poles do not contribute much: the angles v such that the asymptotics of m;3”°
is determined by a given pole, will add only one point to this boundary, as e.g.
in (2.22), (2.23), (2.28), (2.30), (2.41), (2.42).

Next, we prove our statements on the Riemann surface S. We will need all
of them, when showing Theorems 2.1-2.6.

Proof of Lemma 2.1. The equation Q(z,y) = 0 can be represented in the form
Q(z,y) = a(z)y® + b(x)y + c(x) =0
with the discriminant

D(z) = b*(z) —4(z)c(z)
= pior* — 2p10z® + (1 + 2p10po—1 — 4po1p—10)2* — 2po—17 + Pi_;.

The branch points of Y (z) are the zeros of D(x). (The analogous arguments
are true for X (y).) Then these branch points can be found explicitly:

T12 = (1 £ 2y/po1Po—1 — \/1 +4/po1po—1 + 4po1po—1 — 4]910]9—10)/21910,
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T34 = (1 £ 2/po1po—1 + \/1 + 4/Po1po—1 + 4po1po—1 — 4p10p—10)/2p107
Y12 = (1 £ 2\/prop—10 — \/1 +4/p1op—10 + 4p10P—10 — 4Po1Po—1 )/2]9017
Y34 = (1 +2/p1op—10 + \/1 +4/p1op—10 + 4p10P—10 — 4Po1Po—1 )/2]901-

O

Proof of Lemma 2.2. This is a corollary of the previous lemma. The discrimi-
nant D(z) being a polynomial of degree four without multiple zeros, the Rie-
mann surface of X (y) is homeomorphic to the torus. The same holds for X (y).

O

Proof of Lemma 2.3. In the neighbourhood of any s € S, one of the functions
x,y,1/z,1/y will act as the uniformisation variable. Assume that it is e.g. x,
and that s € S;.. Then in a small neighbourhood of s, the set of the points
of S, forms an analytic arc. It follows that S, is an analytic curve without self-
intersections. Moreover, S, being a closed set, all its components are closed.

Let us recall now that the values of Y (z) are real for zo < z < z3, since
Y (1) is real. But Y(x1) and Y (x4) are also real. Thus Y (z) is not real for
r1 < x < 29 and 3 < x < x4 and real for x < x1, z > x4. So, there are two
components of S, by construction of the Riemann surface.

We denote by Fy the component of S, where x5 < z(s) < z3, and by Fy
the other one. Let us note that for s € Fy also yo < y(s) < ys. If s € [y
and 0 < y(s) < yy or y(s) > ya, then z(s) < 0; if s € Fy and y(s) < 0, then
0 < x(s) <z ory(s) > ys. If y(s) =0 then z(s) = 0 or co; and if z(s) = 0,
then y(s) = 0 or oo. O

Proof of Lemma 2.4. We prove this lemma for E, < 0, E, < 0. The other case
is similar.
Let v = 0. Then xo(s) = |z(s)| has four critical points s;(0), ¢ = 1,2, 3,4,
such that
z;(0) = x; fori=1,2,3,4;

vi(0) = /po—1/po1 fori=2,3; yi(0) = —v/po—1/po1 fori=1,4;
x0(51(0)) < xo(s2(0)) < x0(53(0)) < x0(54(0)),
82(0) = 83, 83(0) = S1.

Let now 0 < v < 7w/2. Alternative equations for determining the critical
points are:

d
(zy'e7) = y“g”‘l(ertgw—dz) =0,
d
(xyt“); = ytm_l(y—dz —I—tgvm) =0.
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They are reduced to

y _ _dy _ puo —p_10/7” (3.4)
tgvx dr  po1 — po-1/y?
This equation together with Q(z,y) = 0 gives the system
_ 2po—
po(l+tgn)e+ =0(l—tgy)—1 = —== 55
pro(l —tgy)z + ]%(1 +tgy) -1 = —2po1y.

If v # 7/4, this system has four roots (z;(7),v: (7)), ¢ = 1,2,3,4. They depend
continuously on . So, we have four critical points s;(y) on S. Moreover,
s2(7), s3(y) € Fo, s1(7),sa(y) € Fy since this holds for v = 0. If v = 7/4, the
system (3.5) has two roots. The corresponding critical points sa(7w/4), sg(7/4)
are on Fy. (One can also obtain from (3.4) and Q(z,y) = 0 two points s1(7/4) =
(0,0), s4(m/4) = (0c0,00) on Fy, but they are not on X;/l4(0, 00).)

Let us show that sa(y) € [s3,84) for 0 < v < /2. Note that ya(y) =
\/Po—1/po1 only for v = 0. In fact, substituting y = /po—1/po1 into (3.4), we
get © = £+/p_10/p10 for v # 0. But because of the equation Q(x,y) = 0 it is
impossible that simultaneously = ++/p_10/p10, ¥ = £+v/P—10/P10- Thus, s3
is a critical point only for v = 0. Similarly z2(y) # v/pPo—1/Po1, SO $2,84 can
not be critical points for any 0 < v < 7/2. Since s3(y) depends continuously on
~ and taking into account the above, we conclude that only one of the following
cases can occur: So(7y) € [s3,84) or sa(7y) € [s2,s3) for all 0 < v < w/2. To
reject the second case, it is sufficient to show that y2(v) < y2(0) = \/pPo—1/Po1-
This is easily seen from (3.4). The left-hand side in (3.4) is positive. The
numerator in the right-hand side is negative, since z(s) < z(s2) = z(s4) =
v/P—10/p10 for all s € (s2,54). Then the denominator should be negative too,
thus po1 — po—1/y*(v) < 0.

One can prove by the same way that s3(7y) € [s1,s2) for all 0 <y < /2.

The above implies that for all 0 < v < 7/2

22(0) < 2(7y) < x(s4) = x(s2) < 23(7y) < 23(0),

y2(7) < y2(0) = y(s1) = y(s3) < ys(v),

hence x2(7) < x3(7). In the same way, one can study the “real circle” Fy and
deduce that x1(y) < x2(7), x3(7) < xa(7y). These last facts imply in particular,
that sa(y) # s3(v) and s1(y) # s4(7y) can not occur for any 0 < ~ < 7/2.
Non-degeneracy follows.

Next, we will show that s2(v1) # s2(72) and s3(v1) # s3(72) forall 0 < v <
Yo < /2. Let us suppose e.g. that z2(71) = x2(y2) for some v1,7y2. Recall that

0 < x2(m) < v/P-10/p10 for s(71) € (s3,84). Then by (3.5)

—2po1y2(m) = pro(l —tgyi)za(y1) + P10 (1+tgy)—1
w2(71)
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P-10
= 1—t¢ x + 1+t -1
p1o(1 —tgv1)z2(72) x2(72)( g71)

< pro(1 —tgvy1)za(y1) + P10 (I+tgm)—1
w2(71)

= —2po1y2(72)-

Let v = 7/2. The function x.(s) = |y(s)| has four critical points s;(7/2),
So(m/2) = 84, s3(7/2) = so; yi(w/2) =y, i = 1,2,3,4.

It remains to prove, that lim, /5 si(y) = si(7/2). To this end introduce
the function x/,(s) = [2°¢7(s)y(s)|, where 0 < v < m/2. It has the critical
points s’;(y), ¢ = 1,2,3,4. One can study these similarly s;(7) for x-(s) and
deduce that lim,_. .o s;(y) = sj(/2), since lim,, ¢ s;(y) = 54(0). Moreover,
si(7y) = si(y) for v < 0 < /2 by the definition of the critical points. Then

lim s;(y) = lim s';(y) = s'i(7/2) = s:(7/2).
y—7/2 y—7/2

The case v € (w/2, 7] is quite similar. O

Remark 3.1. The function x/ (s) = [z°*87(s)y(s)[, 0 < v < m (for v = 0, put
X0(8) = |x(s)]), has the critical points s}(v), i = 1,2, 3,4, with the same prop-
erties as s;(y) for x~(s). Moreover, s;(v) = s;(7) for all 0 <~y < 7.

Remark 3.2. By the maximum modulus principle all these critical points have
index 1 in the sense of Morse theory [11]. Then the level curves {s : x,(s) =
X~(si)} are orthogonal in these points and they subdivide their sufficiently small
neighbourhoods into four sections.

Next, we have to analyse the level curves {s : x,(s) = ¢} of the func-
tion x~(s). When v = 0, we have xo(s) = |z(s)|, and the way they look like, is
easily seen from the construction of the Riemann surface. The following lemma
shows that for v > 0 there are no bifurcations. This property is usually called
structural stability of level curves.

Lemma 3.3. For any y1, 72, 0 < v1,72 < 7, 71,72 # 7m/4,37/4 there exist
homeomorphisms fy,4, : S — S and g, ~, : [0,00] — [0,00), such that the
diagram

s X% [0, 00]
f’m’m l l 9’71,72
S X2 [0, 00]

is commutative.

Proof. The proof is similar to the proof of Theorem 1 from [1] if we take into
account Lemma 2.4. The difference is the following. Instead of the function
X~(8), it is convenient to consider the function X (s) = 27! Arctg x,(s) : S —
[0,1]. It is not differentiable in the points ¥ ~!({0,1}), but this can be corrected
by smoothing. We get new critical points that are conserved w.r.t. perturbation.
This establishes the proof. O
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Corollary 3.1. For any v, 0 < v < m, the set Dy, = {s : x,(s) < x} Is
homeomorphic to h;1(D) = {s: |z(s)| < 1}, where y = X7(53(7)) — ¢ for all
sufficiently smalle > 0. The set Dx is homeomorphic to h; (D) after identifying
the points (1,1) and (1,po—1/po1). Moreover, under thus isomorphism these
identified points are mapped to the point s3(7).

We will also use the construction of the Galois automorphisms on S:
£:S—8S, n:S—S.
It is given in detail in [9]. We will only mention that

s’ =¢Es if x(s") = x(s);
"=ns ify(s”) = y(s). 0

This implies the assertions:

T =T\Ss S) = 0-1
= S r\ns)—= 10 .

Obviously, the points s1, s3 [resp. sa, s4] are the fixed points of ¢ [resp. n] and
§s2 = 84, ns1 = $3;

& =1d, n* = Id.

Finally, let us give some ubiquitous notations and definitions. We denote
by P;77°(t) the probability of being at point (i,j) at time ¢, when the initial
state is (ig, jo). Introduce the generating functions

Z0]0 E P'LOJO

Note that wf?jo(l) is finite, since it is the mean number of visits to state (i, 7)
starting at (4o, j0). So 7r“”°( ) < o0, for |z| < 1. In the notation of Section 2,
ﬂ_?ojo(l) _ 7T10J0

ij

ij
The following functions on the Riemann surface are defined as

= f“jo (x(S)v (s)),
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3.2. Random walk in Z?: proofs

We restrict ourselves to the case E, > 0, E, > 0. The proof is similar for
the other cases.

Lemma 3.4. If |z| =1, |y| =1, |z| < 1, the following equation holds

Qz,y,2) Y msP(2)a' Tt = aloylo + oo (,y, 2), (3.7)
(i,5)€S
where
i,j
fr(e,y,z) = > amlxy,z) Y me(2)aly
m=1 (z,7)€S™

qm(x,y,z) Zz(m)pzszyj - 1, m = ].,...7TL.

Proof. We have

PRPt+1) = > pikia PR ()
(k,1)eS

+ Z Z p1 k,j— lPkOJO( ) (38)
m=1 (k,l)eS™

This yields

m?(2) — 757 (0) (3.9)
Z( Z Pk (2) + Z Z ™ pipjimi (2 ))
(k,l)es m=1 (k,l)es™

If z = 0, then 7/°°(0) = 1 and 7r“’]°( ) = 0 for (i,7) # (io,Jo). Let |z] < 1.

t0Jjo

Multiplying equation (3.9) by z‘y’, where |z|,|y| = 1, taking the summation
over i, 7, and changing the order of summation, we get

DRUICEED SR SiE e (3.10)

(i,5)€S m=1 (i,5)eS™m
= zp(z,y) Y, Tl (2)a'y +2 me (z,y) > w(z)aly,
(i,5)€S m=1 (i,5)€S™

where

plz,y) = Zpijxiyja
i,J

pm(z,y) = Z(m)pijxiyj, m=1,...,n.
¥
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The sum over {(i,7) € S} in the left-hand side of (3.10) is finite:

oo

S el = 3 3 PRI = 3l < o
(4,7) t=0 (i,5) t=0
Thus equation (3.7) holds. O

Recall that we are interested in the asymptotics of WZ;”O = Wj?’jg(l). For
z = 1 in accordance with notation (2.1), (2.4), (2.5) we have

Qz,y,1) = Qz,y),
qm(may71) = Q7n<x7y), mzla"'7na
frr(a,y,1) = frr(a,y).

Introduce also the functions a(z, z), b(z, z), c(z,2), a(z, 2), b(xz, 2), &(z, z)
by

Q(z,y,2) = a(x, 2)y + b(x, 2)y + c(z, 2) = aly, 2)x> + by, 2)z + &(x, 2).
In accordance with (3.3) for z = 1, we have
a(z,1) = a(z), b(x,1)=bx), clz,1)=c(x),
a(z,1) =alz), bz, 1)=0bx), o,1)=72z).

Lemma 3.5. For all sufficiently large j > 0 and all i € Z

iio _ L [@(s)y”(s) + [ (5)
T = —/ TR dw; (3.11)
2mi x4 (s)yd (s)
Iy
for all sufficiently large j < 0 and alli € Z
win_ L [0 6) + £07()
oo = —/ TR dw; (3.12)
2mi x4 (s)yd (s)
0
for all sufficiently large i > 0 and all j € Z
i L[ 2 )y(5) + F0()
oo = —/ TR dw; (3.13)
2mi x4 (s)yd (s)
Iy
for all sufficiently large i < 0 and all j € Z
L. 1 10 jg jOjO
ﬂ.;f]QJD = €z (S)yl (S)j_f (S) dw, (314)
271 x4 (s)yI(s)
To

where the differential form dw and the curves I'g, I'y, fo, fl are defined by (3.1)
and (3.2).
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Proof. For any z =1—¢ (¢ > 0) fixed, equation (3.7) implies

o 1 gloydo 4 flodo (z,y,1—¢)

001 —g) = —— —— 7 dy dz. 3.15

i (1-¢) (27i)2 / / 2yiQ(z,y,1 —¢) yax ( )
lz|=1y|=1

We will show (3.11) and (3.12).
Let us fix « with |z| = 1. The inner integral in (3.15)

1 xioyjo +f10j0($7yal _E)
2mi xiij(xa Y, 1- 5)
ly|=1

dy (3.16)

equals the sum of the residues at the poles of the integrand inside or outside
the circle |y| = 1 with “4” or “—” signs respectively. Whenever |z| = 1, the
function Q(x,y,1—e¢) of y has two zeros Yy(x,1—¢), Y1 (z,1—¢), which are such,
that |Yp(z,1—¢)| < 1, [Ya(z,14¢)| > 1. (If z # 1 this is ensured by Lemma 3.1,
if © =1 this is easily shown explicitly.) Then the poles of the integrand

xioyjo + fiojo (xa Y, 1- 8)
xzij(may71_€)

can occur only at the points y = Yy (2,1 —¢€),Y1(z,1 —€),0,00. The residue at
y = 0 is zero for all sufficiently large j < 0, since Si,...,.5, are finite. It can
be non-zero for all j > 0. The residue at y = oo is zero for all sufficiently large
j > 0 and can be non-zero for j < 0. Thus the integral (3.16) equals the residue
of the integrand at Y7 (z,1 —¢) with “—” sign for j > 0 and it equals the residue
at Yp(z,1 —¢) for j < 0. Hence, for sufficiently large j > 0

1 xiOYljo(x,z) + flo0 (2, Yy (2, 2), 2)

“3ri ) Vi) (a2 + )

mioh () =

and for sufficiently large 7 < 0

oy - L[ 0w+ @ (2). )
“ 2mi | 2iY{ (x, 2) (2a(x, 2)Yo(x, 2) + b(z, 2))

|z|=1

where z = 1 — e. Finally, let z — 1 and recall the definitions of the curves I'y,
I’y (3.1), and of the form dw (3.2). The representations (3.13) and (3.14) are
obtained similarly by exchanging the roles of z and y. |

Lemma 3.6. Let i = rcos(y(r)), j = rsin(y(r)), and let (y(r)) — v asr — o0,
where 0 < vy < 27. If

(Y () + f2 (x(7),y(7)) # 0, (3.17)
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then

ﬂ_?qjo N C('Y Z07]0) f -
E ety e (3.18)
Liodo C(v, o, jo) for v £ 7/, 372, (3.19)

Y Vi (y(r)y? (v(r))’
Here

C(v.io, jo) = [ (VY (v) + flo% (x(7),y(7))]
et | 7 ale)y) + b(ate))] [ HEOD T
C(y,i0, jo) = [£(7)y7 (7) + fio%o (z(v), y(7))]

x|y ()Y [2a(y(1)2(v) + Bly()]

—1‘ & X (y(v)y'#"(v) ‘*1/2
dy?

and

Vetgy C(7,io, jo) = C(v,io, jo)  for v #0,7/2,7,37/2. (3.20)

Proof. By virtue of Lemma 3.5 the mean number of visits to state (¢, ) can be
written as an integral along one of the curves I'y, I'y, I‘l, I‘o These integrals
are typical for applying the saddle-point method, see [4].

Let us first look for the asymptotics of the integral

1 fat(s)y’(s) + £ (2(5), y(s)) d

- - w, (3.21)
271 i (mctg'y(s)y(s))J

as j — oo, where v € (0, 7). The point s(v) is a saddle-point. Our goal is to
shift the integral contour to this point, avoiding singularities of the integrand
and then use the saddle-point method.

If v < vg, then s(y) € (s1,85); if v > 75, then s(v) € (sg,s3), where
sy =1 NIy, (Clearly, when v = 75, there is no need to shift the contour.) The
level curves {s : x/,(s) = x/,(5(7))} of the function x/ (s) = [z°*87(s)y(s)| at s(v)
are orthogonal and subdivide the neighbourhood of s(v) into four sectors. By
structural stability (Theorem 3.3) they are homological to I'; and intersect only
at s(7y), since this occurs for v = 0.

In a sufficiently small neighbourhood U of s(7y), the curves of steepest descent
{s:ImInz87(s)y(s) = ImInz(y)*®7y(y) = 0} are orthogonal, see Lemma 1.3
Chapter IV in [4]. One of these is contained in Fy. Let the other be denoted by
T',. Introduce the closed curve I'y in DI = {s: x4(s) > x-(s(7))} homological
to I'y and such that I', NU =T',. Let E be a domain on S bounded by I'y, I';
and containing the interval (s(7),sr) if v < g, and the interval (sg,s(y)) if
v > vg. The curve I'y can be chosen in such a way, that there are no poles of
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the integrand in E., i.e. no points s, where x(s) or y(s) are zero or infinite. Due
to Cauchy’s theorem we may shift the integral contour to I';:

1 / 2% ()Y (5) + f27° (w(5), y(s))

27m'Fl (mctg'y(s)y(s)) s

_ L @y + 0 as) )
27m'F[ (xctg'y( )y (s))

_ 1 2 ()Y (@) + fi7 (2(). Y ()

= x. (3.22)
2mi / (z<t87Y () )j( 2)Y (z) + b(z))

he (Ty)
By virtue of Theorem 1.7 in [4, Chapter IV], there exists a neighbourhood
of v, such that the asymptotics of the integral (3.22) is

n

(Z R 1/2_|_0(j—k 1/2)) (3.23)

(mctg'y ’Y o

as j — oo uniformly in this neighbourhood. Moreover, co(vy) = C(v,%0,J0)-
Hence

1 / " (8)y” () + S () y(s) 5 C(yri0ndo)

T (257 (s)y(s))’ V(=5 (1)y())’

as j — oo uniformly in the neighbourhood of 7. Then Lemma 3.5 together with
the continuity of C(vy, 0, jo) on «y entails (3.18). To get (3.18) for 7 < v < 2,
and (3.19) for —7/2 <y < 7/2 and 7/2 < v < 37w/2, we use (3.12), (3.13) and

(3.14) respectively.
Note also that

VCtg’}/O(’Y,io,jo)
= Vetgy [z (V)Y (v) + flo (2 (y), y(7)] |2 (7)E Ty ()|
- 1 Qxct o T _
 [2(y() X (u() + bly(y)] [ EE D)

dy?
5(’77 Z‘07 ]O)

1/2

Proposition 3.1. For all (ig, jo) and all v € [0, 27)

£ ()7 (7) + £ (2(), (7)) # 0. (3.24)

Proof. For all v € [0,2m) there exists at least one pair (ig, jj) satisfying (3.24).
In fact, the function fi7°(z(y),y(y)) is bounded on Z2 x [0, 27], since
10jo « L90J0 < 0Jo
Ter — 7Tzo]o - (io,jo)eb;lllfj---usn 7Tzo]o’
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while x% (y)y7° (y) can be made infinitely large by the choice of (i, jo), provided
that (z(v),y(y)) # (1,1). (If z(y) = 1, y(v) = 1 the left-hand side of (3.24) is
always 1.)

Suppose that for some (ig,j{/) inequality (3.24) does not hold. Denote the
mean number of visits to (7, j) by 7;; and m};, whenever the initial state of the
chain is (if, jo) and (i, j ) respectively.

Let €1 and e2 be the probabilities of reaching (ig,j{) and (i, 74) starting
from (i, jo) and (if, j¢/) along some fixed path in Z2. Then for all sufficiently

large i, j
!

s
g1 < —% < ea. (3.25)
Ty

If ¢ = rcos(v(r)),j = rsin(y(r)) and y(r) — =, then by (3.23)

2 (y(M)y ()l ~ Cly.io,jo)i />,
()Y (v = o(i7Y?).
Thus .
lim — =0,
r—00 Trij
which contradicts (3.25). O

Proof of Theorem 2.1. Tt follows immediately from Proposition 3.1, Lemma 3.6
and the definition of the Martin kernel that
. . . . 7.(.;030 C(’}/, iOajO)
M iy (o jo) - = i e = "5 50
20 (N (1) + F27 (2(7), y(7))
L+ f20(z(7), (7))

By taking different v € [0,27) in the right-hand side of (3.26), we get dif-
ferent non-negative harmonic functions of (ig, jo). All of them are minimal. In
fact, if this were not true, then one of these could be represented as an integral
of the others by some finite measure. But this is not possible because of their
asymptotics, whenever ig, jo — co. The proof of the theorem is concluded. O

(3.26)

3.3. Random walk in Z* x Z, E, > 0, E, > 0: proofs

Proof of Lemma 2.5. The following statement is equivalent to our lemma: the
function q(s) has a zero on the interval ((1,po—1/po1) , s1) C Fo if and only if
q(s1) > 0. The function ¢(s) has a zero on the interval (ss , (1,po—1/po1)) C Fo
if and only if q(s3) > 0. If q(s1) > 0 [resp. q(s3) > 0] this zero is unique.
Moreover, we will show that on the corresponding interval the function ¢(s) can
not have zeros of multiplicity more than 1 for any parameters {pj;}.
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Let us consider the system of equations:

q(z(s),y(s)) = 0

= D () Paa?(s) + plyp(s) + P 11)

_ 4y (3.27)
dx / / /
+ (P01 + 2p112(5))y(s) + 2pjpx(s) — 1 =0.

qz(s)

For given {pj;} it determines the points, where ¢(s) has zeros of multiplicity
more than 1. Let us add to this system the equation

> =1 (3.28)
5,J

For any s € ((1,po—1/po1) , s1) [resp. s € (s3, (1,po—1/po1))], one can interpret
(3.27)—(3.28) as a system of three linear equations with unknowns pgj. Suppose
that for some s belonging to the corresponding interval it has a solution pgj > 0.

dy
Let us move the point in question to s; [resp. to s3]. Then d—(s) — 00, since
T

x(s1) = x3 [resp. x(s3) = x2] is a branch point for Y (x). Hence, in view of
the inequalities 0 < zo < z(s) < z3, 0 < y2 < y(s) < ys, it follows from the
second equation in (3.27) that there exists a “last” point so where the system
(3.27)-(3.28) has a solution p;; > 0. By dimensional considerations only two
parameters of this solution may be different from zero. Indeed, suppose that at
this point e.g. p’1;(s0) > 0, py1(s0) > 0, pi1(s0) > 0, p_19(s0) > 0, Pi(s0) > 0.
One can put p’ 15 = p_14(50), Plo = Pio(s0) in any point of the interval and get
a system of three equations with three unknown variables p’ 1, pj;, pi1, which
has a strongly positive solution in sg. Since its coeflicients depend continuously
on s, so does the solution. Thus for sufficiently small € > 0 there exists a
solution p’ 1 (so +¢) > 0, pjy(so+¢€) > 0, pi;(so +¢) > 0. This contradicts the
fact that sg is the “last” point.

Thus, the problem is reduced to the case, when at most two probabilities
are different from zero. Its verification is purely computational and so we omit
it.

Note that ¢(1,po—1/po1) < 0, as E, > 0. So the number of zeros of the
function g(s) for all parameters in the set {pj; > 0: >Z, ;p;; = 1,q(s1) > 0}
[resp. {pj; > 0: >, ;p; = 1,q(s3) > 0}] should be the same. Otherwise g(s)
would have had a zero of higher order than the zeros for some pgj. This is
impossible because of the statement just proved. Similarly, the number of zeros
in {p'y; > 0:37, ;pi; = 1,q(s1) <0} [resp. {p;; > 0: 3, .pj; = 1,q(s3) > 0}]
is constant. Therefore, checking some special case (e.g. pj; = pyp; =11 = 0),
one proves the lemma. O

Proposition 3.2. There exist constants C > 0 and h = h(ig,jo) > 0, such
that

nggdo < C for all i > 0; (3.29)
=0
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> wpi < exp(hi)  foralli <O. (3.30)

j=0

Proof. The first inequality is a simple corollary of state homogeneity.
Let us turn to the second. Let (X,,Y,) be the position of the chain at
time n, Xo = 1o, Yy = jo. It suffices to show that for some h = h(ig,jo) > 0

oo

P{ U (X, = z)} < exp(hi), foralli<0. (3.31)
n=0

Since E,, E, > 0, one can find kg > 0 such that E(X, 4, | Y, =0) > e > 0.
Let us construct the sequence of stopping times Ny := 0,

N N+ if Yo, , #0;
Tl Ny + ko, if Y, = 0.

The sequence Xy, satisfies the conditions of Theorem 2.1.8 in [3] with reverse
inequality. Then for some 1,609 > 0

P{X, =i} < P{X,, < din} < exp(—dan), (3.32)
which entails
PlU. =0} = P{ U xu=0}
n=0 n=—i+ig

Z P{X, =i} < exp(hi).

n=—1i+1g

IN

O

Lemma 3.7. If exp(—h) < |z| < 1, |y| < 1, |2| < 1, the following equation
holds:

o0

Qz,y,2) Y m ()’ 1y~ = qla,y, )7 (2, 2) + 2y, (3.33)

1=—00
=1

where
Qz,y,2) = ny(l—z(plox +p01y+p_10x71+p0_1y71)),
W) = o= st 1),
4,7
o0

Todo(z,2) = Z o0 ()L

1=—00
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Proof. We have

Pp(t+1) = Z sz kg1 P (8) Z Pl PR (t). (3.34)

k=—oc0 I=1 k=—c

Equation (3.34) together with the definition of ; Djo( ) yields

20J0 10]0 _ 0J0 10]0
Tij () — Tij Z( E E Di—k,j—1Tp E: pi- ki Tkl Z))

k=—oc0 =1 k=—o0
for j > 1 and
w0 ) =g 0) = (0 S pnm G+ 3 o ).
k=—oc0 I=1 k=—00

where |z| < 1. Let us multiply these equations by xiy/, where |y| < 1,
exp(—h) < |z| < 1. Taking the summation over 4,5 and changing the order
of the summation, we get:

Z Zﬂzojo (E y] + Z lo]o $ _$ioyjo

i=—o0 j=1 i=—00
= ZE pijz'y’ E E w0 (2 xy]+z§ pix'y’ E miol(
i=—o0 j=1 i=—00

The sums in the last equation are finite. In fact, due to Proposition 3.2

o
ZZWW“ Nyl lal < Y Clal’ < oo;
=0 j=1 =0
0
S SRl < > explhilel < oo
1=—00 jg=1 1=—00
Thus we obtain (3.33). O

Corollary 3.2. For |z| < 1, |y| < 1 the following equation holds:
(wy) Y mgPa T = gz, y)m o (2) + 2y, (3.35)
ey

where

oo
iodo (z) = 7T?gjo i1
E i .

1=—00
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Proof. This is equation (3.33) with z = 1. In accordance with notation (2.1),
(2.15)
Qr,y, 1) =Q(x,y),  alz,y,1) =q(x,y).
O

Let us project (3.35) on the Riemann surface S. Since Q(z(s),y(s)) =0, we
have

q(x(s), y(s))m(x(s)) + 2" (s)y” (s) = 0 (3.36)

in the domain A = {s:e™" < |z(s)| < 1,|y(s)| < 1}.
We put o o
rtoJo (S) c— qrtoJo (x(s))

in the points s € S, where exp(—h) < |z(s)| < 1. Our next step is to extend the
definition of the function 7% (s) to the whole S.

Definition of w%Jo(s) on S.
The Riemann surface is divided by the curves {s : z; < z(s) < z2} and
{s : 23 < z(s) < x4} into two domains Dy and Dj, such that A C D;. (In
particular the interval (ss,s1) C Fy belongs to D; and (s1,s3) C Fy to Da.)
For all s € Dy there exists a unique s’ € Dy, such that z(s") = z(s) and if that,
then y(s’) = po—1/(po1y(s)). This amounts to saying that D1 = Dy, where &
is the Galois automorphism (3.6). Let us put
. @0 (g)q/d0 _
w0 (s) = _zRs)y(s) for s € Dy,
q(x(s),y(s))
m(€s) for s € Ds. (3.37)

3

—~
Va)

~—
Il

This means that

iodo (s) _ _xio (8) (pO—l/(pOIQ(S)) )jo for s € Ds. (3.38)

q(2(s), po—1/(pory(s)))

The function 709 (s) is meromorphic in Dy and Dy. Equation (3.36) holds
in Dy but in general not in Ds.

Meromorphic continuation of 7079 (zx) on C.

The function w00 () = > ngjo (x) is holomorphic in {x : exp(—h) <
|z] < 1}. Setting
rtodo (33) = grtodo (S),
where s € S is such that x(s) = x, provides its meromorphic continuation on
the whole complex plane cut along the segments [x1, z2], [z3, 24].

Remark 3.3. The function 7%/ (s) has no pole at s, since

i (po—1/po1)”
w00 () = ————F—— < ©
(se) q(1,po—1/po1)
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Consequently, the function 7% (z) is holomorphic in the domain exp(—h) <
|z| < 1+ ¢ for sufficiently small ¢ > 0. In other words, Y ;= _ 7’ < oc.

(This last fact can be also deduced by purely probabilistic techniques, namely
martingales.)

Lemma 3.8. For all j > jo and alli € Z
o L [aT(s) 1 (s (s)
“ 2mi ) xt(s)yi(s) 2mi 2t (s)y?(s)
r r

1 1

dw. (3.39)

If j < jo, then (3.39) holds with the contour I'y in the second integral whenever
i > 19, and I'g whenever i < ig.

Proof. Let us find wf?jo from equation (3.35) as the coefficients of a Laurent
series:

. 1 \2 q(z y)ﬂiojo (x) + xioyjo
i0jo _ )
Tij = (2m’) / / iy Q(x,y) dy de. (340)

o] =1 [y|=1-<

Given x with |z] =1 — ¢, the inner integral

1 10Jo 10 4,90
1 / glz,y)m P (z) + zy* (3.41)
2mi Ty Q(z,y)
lyl=1-¢
equals the sum of the residues at the poles of the integrand
t0Jo 20 4,70
q(z,y)m** (z) +a"y (3.42)
'y Q(z,y)

outside the circle |y| = 1 — e with “—” sign. Whenever x is fixed, the function
Q(z,y) has two zeros Yy () and Y7 (z), Yo(1 —¢) < Y1(1 —¢). Let us show that
Yo(z)] <1—¢ and |[Yi(z)|>1—¢ forallz:|z|=1—c. (3.43)

For |z| =1, z # 1, these inequalities are stated in Lemma 3.1. Thus, it suffices
to prove that on the complex plane the smooth closed curve {Yy(x) : |z] = 1—¢}
is inside hy(T'o) = {Yo(z) : |z| = 1} and that {Yi(z) : |z] = 1 — €} is outside
hy(I'1). Indeed, these curves do not intersect. Otherwise for some pair z,Z,
|z] =1, |Z] =1 — ¢, we would have Y (z) = Y (&), and so 2T = p_109/p10. This
is impossible for ¢ sufficiently small. It is also easily checked explicitly that
Yo(1—¢) < Yo(1) = po—1/po1 and Y1 (1 —¢) > Yi(1) = 1. So, continuity of Yy(x)
and Y7 (x) on z gives (3.43).

The poles of the function (3.42) as a function of y can only occur for x =
Yo(z), Yi(x), 0, oo; |Yo(x)] < 1 —¢, [Yi(z)] > 1 —e. If j > jo, the residue
at infinity is always zero. Then the integral (3.41) equals the residue of the
function (3.42) at Y;(x) with “—” sign. Therefore

o1 [ g@ @)@ a0y 3.44
i 27riw_/1E 'Y (2)[2a(x)Y1(x) + b(x)] )

T
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In view of Remark 3.3 the integrand in (3.44) is holomorphicin 1—¢ < |z| < 14¢
and thus we can shift the contour to |z| = 1. To complete the proof, we take
into account the definition of the form dw (3.2) and of the curve I'y (3.1).
When j < jo, we split (3.40) into two terms and exchange the roles of z and
y in the second term. The proof of the lemma is terminated. |

Lemma 3.9. Let ¢ = rcos(y(r)), j = rsin(y(r)), v(r) — v as r — oo, where
~ € (0,7) and let

q(z (), y(y))m0% (s(v)) + 2 (7)y”° (v) # 0.

o If0 < v < g, ie. s(v) € (s1,55], assume that the function 7% (s) has no
poles on the segment [s(7y), sp]. Then

i0Jo 0(75i07j0)

W e T (3
Here,
C(y,i0, o) = [a(@(v), y(M))m (2 (7)) + 2™ (7)y” (7)] (3.46)
2 xct ¥ T —
< a1 ()] [20(e())y) + bla()) | IO T

o If T > > 7y, ie. s(7) € [sg, s3), assume that the function 7% (s) has no
poles on the segment [sy;, s(v)]. Then the asymptotics of 73’ is given by (3.45)
with the constant (3.46).

Proof. We start by analysing of the asymptotics of the integral

e y(s)miod (5) + o (s)yo (s)

271 ¢ (mctg'y(s)y(s))J

dw, (3.47)

as j — oo and then use the previous lemma.

To apply the saddle-point method, let us shift the contour I'; to the curve
Iy as in the proof of Lemma 3.6. (In a sufficiently small neighbourhood of
the saddle-point this is the curve of steepest descent for In(z(s)y°*¢7(s)). It is
homological to I'y and belongs to D¥ = {s : [z°87(s)y(s)| > z(7)®y(7)}.)
Let E, be a domain on the Riemann surface bounded by I'1,I'y and containing
the interval (s(v),sx) C Fo if s(v) € (s1,s5) and the interval (sgz,s(y)) if
s(y) € (sg,s3), as in Lemma 3.6. Denote by s1,$2,...,8, the poles of the
integrand in E,, if they exist. They can only occur at the poles of w’o(s).
Then, due to Cauchy’s theorem

1 /Q(w(SLy(S))W””(S) + ' (s)y’ (s)

%Fl (ng(s)y(s))j

dw
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L [ a@(s),y(s))m™ (s) + @ (s)y™(s)
= : w (3.48)
271'21[ (xctgy(s)y(s))J

n

@5, y(50) reSa o 70 ()
(= ()= y(s0) Rlale(s0))y(se) + bla(sn)

The saddle-point method allows to find the asymptotics of the integral along I',,
in (3.48)

m(};)ck(’ﬂj_k_lﬂ +o(j"“1/2)) (3.49)

as j — oo, uniformly in a neighbourhood of v (see Theorem 1.7 in [4, Chap-
ter IV]).

Let us turn now to the sum over the poles in (3.48). We call the level curve
{s:]x°*®7(s)y(s)| = c1} “higher” [resp. “lower”] than {s : |z°%€7(s)y(s)| = c2}
if ¢; > co [resp. ¢1 < cz]. We will also call the point s “higher” [resp. “lower”]
than §if (287 (s)y(s)| > |87 (3)y(s)| [resp. “<”]. Hence, by (3.49) all poles of
miodo(s) among s1,82,-..,8, “higher” than the saddle-point do not contribute
to the asymptotics of (3.48), as j — oo0. Let us prove the following proposition.

Proposition 3.3. Assume that there are poles of the function w'%(s) in E,
“lower” than the saddle-point or at the same level. Then the “lowest” of them
is on Fy and there are no other poles at the same level.

Proof. Let first s(y) € (s1,5r). We reduce the statement to the corresponding
one on the complex plane C,. If exp(—h) < |z| <1+ ¢, then

0 0o
hpm'o9°(s) = E o0zt + E o0,
i=0

1=—00

where the first sum is holomorphic in |z| > exp(—h) and the second one in
|z| < 1+ ¢e. The domain h,E, being outside the circle |z| = 1, the poles of
h,7(s) are at the poles of the second sum.

It follows from structural stability, that all level curves

F(S*’/\’/) — {S . |1,Ctg’y(8)y(s)| — ‘,Ectg'y(s*)y(s*% S* c F0}7

“lower” than the saddle-point and passing through FE, are homological to I'y
and intersect with Fy at exactly one point. Moreover, if s(y) < s* < s** < sp,
ie. x(s*) > x(s**), then s* is “higher” than s**. We will show that the images
hT(7, s*) of the level curves in question lie inside the circle |z| = z(s*), except
for the point x(s*) itself. (In other words, for all s € T'(s*,7), s # s*, |z(s)| <
x(s*). If s* = s(vy), we prove this property only for the component of the level
curve which is in E,.) Then the result follows immediately from structural
stability and the Hadamard—Pringsheim theorem. This theorem states that
the first singularity of the function Y .o, a;x’, a; > 0, occurs at a real point
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r > 0 and it is a pole. (Hence, the minimal z* > 1 + ¢ on the real axis, where
there is a pole of > 7% Wzgjoxi is exactly the projection on C, of the “lowest”
pole of o (s) in E..)

Let us show that h,(['(~,s*)) and the circle |z| = z(s*) intersect only at
x = z(s*). Suppose that there exists another point s € I'(y,s*), not on
Fpy, such that [z(s)| = z(s*). Then [y(s)| = y(s*) and >, ; pijr(s)iy(s)! =
> Pije(s¥)'y(s*)) = 1. By simple considerations of sums of complex num-
bers, this can only occur if x(s) = z(s*), y(s) = y(s*).

The set h;(I'(7, s*)) being a smooth closed curve, it suffices now to find one
point s € I'(y, s*), such that |z(s)| < z(s*). Let us take the point 5(v), where
I'(v, s*) intersects with F;. Then Z(v) := z(s(y)) < 0, y(v) := y(s(y)) > 0, and
~Z(7)y(7)*®7 = 2(s*)y(s*)*®7. Consequently,

Z—j(O) =—2(0)Ing(0) — z(s*) Iny(s*) > 0.
In fact, it is easy to see that g(0) > 1 and (0) < 0, y(s*) > 1, * > 0. Then
Z(7y) is inside the circle for sufficiently small v > 0. Since Z() depends on ~
continuously and never coincides with —z(s*), we may extend the proposition
to all ~.

Let now assume s(7y) € (sg, s3). The image h, E,, of the domain E, being

inside the circle |x| = 1 in this case, the poles of h,7w°(s) are the poles of
S 73727, By structural stability the point s* is “lower” than s** if

sp < §* < s < s(y), i if x(s*) < z(s**). Proceeding along the same lines as
in the case above, one can deduce that the images of the level curves h,I', (7, s*),
when s* € [sg, s(7)], are outside the circles |z| = x(s*). Then the result follows
again from structural stability and the Hadamard — Pringsheim theorem. O

Let us continue the proof of Lemma 3.9. By assumption, there are no poles of
7i0do(s) on the segment [s(7), sz] [resp. [sx, s(7)]]. Then due to this proposition
there are no poles in E, “lower” than the saddle-point or at its level. Then
the asymptotics of (3.48) is (3.49). Moreover ¢o(y) = C(7, 10, jo). Taking into
account Lemma 3.8 and the uniformity in (3.49) we obtain (3.45). The proof of
the lemma is concluded. O
fojo

Remark 3.4. 1t is worthwhile to note that if v = v, the asymptotics of m;3" is

cj—1/2,

Proposition 3.4. Assume that the function 7% (s) has no poles on [s(Y), s5],
if 0 < v < vy and that it has no poles on [sy, s(y)], if vz <y < 7. Then for all
pairs (io, jo) o , 4

q(z(7), y())m* (s(7)) + 2" (V)y” (7) # 0. (3.50)

Proof. For a given v, let us construct a pair (ig, jo) such that (3.50) holds. The
point s(y) belongs to the domain Do for v € (0,7), which domain has been
introduced to continue 770 (s) to all of S. In view of the definition (3.38) of
todo (S):
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z® (s(n)y” (€s(+))
q(¢s(7)))

. 7)(1?0 1/ (pory(y ))
ey e

w0 (s(y) = 70 (Es(7) = -

Then

a(z(7), y(M))70 (s(7)) + ™ (™ ()
)

= @) (1 - ((fs(:v))) (o) )

For ally € (0,7), y(v) < v/Po—1/po1- Then for jy sufficiently large we get (3.50).
To derive (3.50) for all pairs (i, jo), the reasoning is completely the same as
in Proposition 3.1 and we skip it. O

By virtue of Proposition 3.4 condition (3.50) has become superfluous for
the result of Lemma 3.9 to hold. This Lemma deals with the case v € (0, 7).
However, if v = 0 or 7, inequality (3.50) does not hold for any pair (i¢, jo). The
following proposition is devoted to these two particular cases.

Proposition 3.5. Let i = rcos(y(r)), j = rsin(y(r)), v(r) — v asr — oo.
o Assume that v = 0. If q(s1) # 0 and the function 707 (s) has no poles on
the interval (s1, sz), then

Liodo 1 (5(7(7”)’2'0,]'0) n CQ(W(T)aio,jo))

T o P G IO RV N (3:52)

where
Cv,i0, jo) = [£°()y (7) + a(z(v), y(v))7 % (2(7))]

<[ )] 2 [2y))e) + Byt | EERODEG)

dy?
Moreover,
. SN s 0(75i07j0)
lgn kij (io, jo) = %12}) C(7,0,0) (3.53)

° (v/Po— 1/P01)J0(J0\/P0 1/po1 4(z3,4/Po—1/P0o1) —Pi1 B3 —Ph1 T3 —P) 1)

PL T3P ta )y ’

where C(, 0, jo) is defined by Lemma 3.9.

e Assume that v = 7. If q(s3) # 0 and the function %7 (s) has no poles on
the interval (s, s3), then the asymptotics of 7r“’]° is given by (3.52) and (3.53)
holds, where x3 is replaced by .
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Proof. The crucial idea is again to shift the contour to I', in the integral (3.47)
and apply the saddle-point method. Let us outline some details.

First, the integral (3.47) should be split into two terms, where the contour in
the second term is I'; or L' according to Lemma 3.8. After shifting the contour
in each term we sum the results and get one integral along I',. Second, the
saddle-points s(0) = s1, s(m) = s3 are branch points for z(s). Then we should
consider h,(I'y) on the ~complex plane C,. Third, the integrand equals zero at
the saddle-point, thus C(0, g, jo) = 0, C(w 10, jo) = 0 and we should take into
account the second term of the asymptotics as in (3.52). The other details are
similar to Lemma 3.9.

Finally, using the L’Hopital’s rule we have

m 5(771'07].0) — 02(07i05j0)
=0 C(y,0,0)  C2(0,0,0)

Then for v =0
o COr). o Go)i + Ca(y(r), v, o)
ree C(’y(?"), Ov O)Z + 02(’)/(7")7 Oa O)
m C(’)/?i07j0) — lim 0(772.07.7.0)

=0 C(v,0,0) =0 C(7,0,0) "

Tlggo kij(i0,jo) =

The same is true for v = 7. O
Let us now study the case, when 77 (s) has poles on (s1,s3).

Lemma 3.10. Let i = rcos(v(r)), 7 = rsin(y(r)) and v(r) — v as r — oo;
where vy € [0, 7.

o If0 < v < g, ie. s(y) € [s1,55), and the function w0 (s) has exactly
one pole s' on the interval (s(v),ss) C Fo, q(s') # 0 and res, (o) 709 (z) # 0,
then

T

Y 24(s")y (s")[2a(x(s")y(s") + b(x(s ))] (3.54)
I,

iojo _ q(x(s"), y(s)) resy () w(2)
s

o If vy < <, ie s(v) € (g, s3], and the function 7r1030( ) has exactly

one pole s on the interval (s, s(v)) C Fo, q(s") # 0, res sy 707 (x) # 0, then

indo q(x(s"), y(s")) resq(sm) 7(2)

BT w8y (s R2ale(sM)y (") + bla(s )]

Proof. Proceeding exactly as in Lemma 3.9 we obtain (3.48). By structural
stability the pole s’ [resp. s”] is “lower” than the saddle-point. Since there
are no other poles on [s(Y), sg] [resp. [, s(7)]], Proposition 3.3 ensures that
s’ [resp. s”] is the “lowest” pole in E,. Then the asymptotics of (3.48) is
determined by this and uniform in a neighbourhood of v. Using Lemma 3.8, we
have the result. |

(3.55)
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Lemma 3.11. The function n%7(s) has a pole in s’ € (s1,sg) if and only if
q(&s’) = 0. This holds if and only if q(s1) > 0. This pole on the interval (s1, Sg)
is unique.
The function 7% (s) has a pole in 8" € (s, s3) if and only if q(¢s’) = 0.
This holds if and only if q(s3) > 0. This pole on the interval (sg, s3) is unique.
Moreover, q(s') # 0, q(s") # 0, resy (o) 7090 (z) # 0, Tes, (g 7090 (x) # 0.

Proof. In accordance with the definition of the function 7%/ (s) on these inter-
vals:

' (s)y” (€s)

q(§s) ‘

5)(1?0 1/(po1y(s ))) ’
( (s), p0—1/(p01y(3))) '

Then s’ € (s1,85) [resp. s” € (sg,83)] is a pole of 700 (s) if and only if £s €
((1,po—1/po1) , 51) [resp. £s” € ((p—10/P01,1), s3)] is a zero of ¢(s). Therefore
the result is implied by Lemma 2.5. In addition, it is shown in the proof of
this lemma that the zeros are of the first order. Hence, res,(yy 707 (z) # 0 and

resw(s OJO( ) 7é 0.
Moreover

nhio(s) = m(€s) =

q(s) — a(&s) = (y(s) — po-1/(pory(s Zpux

Consequently, if ¢(€s) =0, s # s1,83, P11 + D1 + P11 # 0, then ¢(s) #0. O

Proposition 3.6. Let i = rcos(y(r)), j = rsin(y(r)), v(r) — v as r — 0.
Assume that the function 770 (s) has a pole in s(v) € (s1, sg) and no poles
on (s(v),sz). Then

Tlg{)lo kij (30, jo) = z(y)t (pof1/p01y(7))j0~ (3.56)

The same is true if the function w9 (s) has a pole in s(v) € (sg, s3) and no
poles on (sg, s(7)).

Proof. Note that g(z(7),&y(y)) = 0 by the previous lemma. Let us shift the
contour in (3.47) to v(r) as in Lemma 3.9. Consider the integrand in the neigh-
bourhood of s(v) and its projection onto the complex plane C,. It can be split
into two terms:

g(s)m"90 (s) + 2 (s)y7 (s)
(o )
— gz, Y1 (2)z Y (z) + q(z, Yo (z))a™ Y{° (x)]

1
ZEiylj (m)Q(x7 Yb(ﬂ?))
resz(j) qil(ﬁvyo(ﬁ)) f(f,lo,]o)
Y{ (z)(z —z(y))  2Y](2)

—

= [—al@m),y()z(y) Ey())"]

)



Aracui vaLL sty st waddp VA AL v A s

where the branches Yy (z) and Y7 (z) are such that Yi(z(vy)) = y(v), Yo(z(v)) =
&y(y) and the function f(z,49,jo) has no pole at z(y). Then the asymptotics
of the integral (3.47) is determined by the asymptotics of the integral over the
first term. The result comes from the definition of the Martin kernel. |

Proof of Theorem 2.2. We rely on the definition of the Martin kernel and all
previous lemmas and propositions.

L. 1If q(s1) = q(x3,v/po-1/po1) < 0 and q(s3) = q(22,/po-1/po1) < 0,
then by Lemma 3.11 the function 7%07°(s) has no poles on the segment (s1, s3).
Hence, inequality (3.50) holds for all v € (0, 7) and Lemma 3.9 applies. Thus,

. . ) . 7Tl C(’yaiOJjO)
TlLr&kij(loaJO) = lim JOO - C(v,0,0)

q(z(y), y(y))m" % (s(7)) + 2 (v)y”° (v)
q(x(7), y(v)m(s(7)) + 1

Next, recall the definition (3.38) of the function 7%70(s) in s(7) € (s1,83) C Da.
Then (2.21) is fulfilled. For v = 0,7 Proposition 3.5 is applicable.

2. If q(s1) = q(w3, \/po-1/po1) > 0 and q(s3) = q(v2, /po-1/po1) < 0, then
by Lemma 3.11 there is exactly one pole s’ on (s1,55), q(£s’) = 0, and no poles
on (sg, s3). In accordance with notations of Subsection 2.3 we have z’ = z(&s’),
y' = y(&s’) and the angle 4" € (0,7z) such that s(v') = ¢/, ie. z(y) = 2/,
y(v") = po—1/po1y’. For v € [0,7") Lemma 3.10 is applicable. Therefore, by the
definition of 770 (z) on the complex plane we have

“0jo i0Jo
. e o . 5 _ resw(s,)ﬂ- (33)
A Ko Jo) =l oo = g o)
(') (')’ reser g~ (z, Y (x))

- res, ¢~ (z,Y (1)) = (@) @W)"

To find the asymptotics of the Martin kernel when v =+', v € (y/,7) or v =,
we use Proposition 3.6, Lemma 3.9 and Proposition 3.5 respectively.

3. If q(s1) = q(w3, v/Po—1/po1) < 0 and q(s3) = q(x2, \/po—1/po1) > 0, then
by Lemma 3.11 there is exactly one pole on s’ on (sg, s3), ¢(£s”) = 0, and no
poles on (s1,$z). Define the angle v such that s(7”) = s”, as in the above
case. For 7 € [0,7”) Lemma 3.10 and Proposition 3.5 apply and for v € [v"; 7]
Lemma 3.9 and Proposition 3.6.

4. If q(s1) = q(x3, \/po—1/po1) > 0 and q(s3) = q(x2, \/po—1/po1) > 0, then
by Lemma 3.11 there is exactly one pole s’ on (s1, s;;) and exactly one pole s on
(sz, s3). Define the angles 7', 7" as in the previous cases. Then for v € (v/,v")
Lemma 3.9 and for v € [0,7'), v € (7", 7] Lemma 3.10 apply. For v =~',~"” we
use Proposition 3.6.

To show that the Martin boundary is minimal, the arguments are the same
as in the case of the plane. (The necessary remarks on the asymptotics of the
harmonic functions obtained, have already been made in the proof of Proposi-
tion 3.4.) |
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3.4. Random walk in Z x Z, E; <0, E, < 0: proofs

Proof of Lemma 2.6. One can rephrase this lemma as follows: The function q(s)
has a zero on the interval (ss, (1,1)) if and only if ¢(s3) > 0. This zero is unique.
Moreover, this zero is of the first order.

First of all, we show that the zero of the function ¢(s) on the interval
(s3,(1,1)), if it exists at all, should be of the first order for all parameters
{pi;}. One can do this by proceeding along the same lines as in the proof of
Lemma 2.5.

Note that ¢(1,1) =0, ¢,(1,1) = E, ' (E, E}, — E E;) > 0. Then the number
of zeros of ¢(s) on the interval in question should be the same for all param-
eters from the set {p;; : >, ;pi; = 1,q(s3) > 0} and for all parameters from
{pij © 22i;p; = Lia(ss) < 0}. (Otherwise, for some {p;;} there is a zero of
multiplicity more than one.) Checking some simple case (e.g. when only two
parameters pj; are non-zero), we have the lemma. O

Proposition 3.2 remains valid in this case.

Proof of Proposition 3.2. We show again (3.32) to get (3.31). Let Ny := 0,
Ni = min{n > Ni_1 : Y, = 0}. The well-known estimates of sums of i.i.d.
random variables with exponentional tails yield that N, < oo a.s. Moreover,
Nit1 — Ni, k > 1, are i.i.d. random variables with mean — E;/ / E, and

P{Ny — N1 > n} <exp(—din) for some d; > 0. (3.57)

Then by the general Kolmogorov inequality
k ’
P{ U |N:+I(E, /Ey)| > ks} < exp(—dqzk) for some b2 > 0. (3.58)
1=0

The sequence Xy, consists again of sums of i.i.d. random variables X n, —Xn,_,
with exponentional tails. Then

P{|Xn, — (E, —E.(E, /E,))| > ke} < exp(—dsk) for some d3 > 0. (3.59)

For a fixed n, let us define 7, = max{Ny : N < n}, ie. 7, = Ny if
Ni <n < Nggi. Let ko = [n/(— E, /Ey—¢) —1]. Then for i <0

P{X, =i} < P{r, =Ny fork<ko}
+ Z P{(Tn = Nk) N (XNk > Ck) N (n —Tn > Ck)}
k=ko

+ Z P{(Th = Ni) N (Xn, < ck)}
k—Fo

< P{Ngt1 > n for some k < ko} (3.60)
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+ Z P{Nk_H — N > Ck} + Z P{XNk < C](Z}7
k=ko k=ko

where ¢ = E; -E; E;J / Ey —e > 0. We estimate the first term in (3.60) by (3.58)
the second one by (3.57) and the third one by (3.59). Whence (3.32) holds. O

Lemma 3.7 is true as well. Its proof is completely the same as in the previous
subsection, provided by Proposition 3.2. Then equation (3.35) holds.
On the Riemann surface Q(z(s), y(s)) = 0. Thus

q(x(s),y(s))m(x(s)) +z* (s)y™ (s) = 0 (3.61)
in the domain A = {s:e™" < |2(s)| < 1,|y(s)| < 1}. Let us put
srtodo (5) := srtodo (x(s))

at the points s € S, where exp(—h) < |z(s)| < 1.

Definition of w%Jo(s) on S.

This procedure is the same as in the case E; > 0,E, > 0. Let us divide the
Riemann surface by the curves {s: z1 < x(s) < z2} and {s: x5 < 2(s) < 24}
into two domains Dy and D, such that A C D;. We have again D1 = £Ds,
where ¢ is the Galois automorphism (3.6). Let us put

i0J0 s - _xio (S)yjo (8) or s Y
)= ey TPy
w(s) = w(&s) for s € Ds. (3.62)

This means that

() (po—1/(Pory(s)) )"

00 (s) = — a(z(s), po—1/(pory(s)))

for s € Ds. (3.63)

The function ml0do(s) is meromorphic in Dy and Dy. Equation (3.61) holds
in Dy but generally does not hold in Ds.

Meromorphic continuation of 77 (z) on C,.

The function 77 (z) is defined and holomorphic on the domain exp(—h) <
|z] < 1. Setting

7090 (g) := 7’090 (5), where s € S is such that x(s) = =,

we meromorphically continue it on the whole complex plane cut along the seg-
ments [r1, T2], (€3, T4].

Remark 3.5. Tt is important to emphasize that the function 7?7 (s) has a pole
at the point s* = (1,po—1/po1) = I'1 N Fy. In fact, st € Da, then miodo(s%) =
—q71(1,1) = oo, since ¢(1,1) = 0. Consequently, on the complex plane C, the
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function 7770 () has a pole in z = 1, i.e. 3.0° _ m'9% = co. This is a crucial
difference from the case E;, E, > 0.
One can get this last fact by purely probabilistic techniques. Moreover, there

exists a constant C' such that 73’ — C, as i — +o0.

Our next step is to represent wj?jo as an integral on the Riemann surface
along a curve, which we denote by I';_.. Let us define it.

The algebraic function Y (x) has two branches Yy(z) and Yi(x), Yp(1) <
Y1(1), on the circle || = 1 —¢, ¢ > 0. For all z, such that |z|] = 1 — ¢,
|Y1(z)| > 1 since this holds for |z| = 1. However, if E; < 0,E, < 0, (3.43) is not
true: |Yy(z)| may be both greater and less than 1 on |z| = 1 —e. Nevertheless,
there exists 0 > 0 such that |Yp(z)] < 146, [Yi(z)| > 1+0if |z =1 —¢ for
all sufficiently small . (This is a corollary of Lemma 3.1 and simple continuity

arguments.) Let us define
Lioe = by {Je] = 1=} 0 {s: ly(s)| > 1+ ).
Lemma 3.12. For all j > jo and alli € Z
iodo _ 1 / 7q(s)wiojo (5) dw + L z" (s)y” (s) dw.

i T 2w ) wo(syyo(s) YT 2mi ) ai(s)yi(s)
T

1—e¢ 1—e¢

(3.64)

If j < jo, (3.64) holds with 61 the contour in the second integral whenever
1 > 1g, and Gy whenever i < ig.

Proof. 1t is similar to the proof of Lemma 3.8. We will emphasize the details,
that are different. o

Let j > jo. Equation (3.35) allows to represent m;%’° as the double inte-
gral (3.40). Our goal is to find the inner integral (3.41) as a sum of the residues
of the integrand (3.42) at the poles outside the circle |y| = 1 — e with “~” sign.
The poles in question can occur at Yy(x), Yi(x). (The residue at infinity is
zero.) If x with |z| = 1—e¢, is such that |Yy(z)| < 1—¢, we have only the residue
at Y7 (x).

Let us fix now z with |z| = 1 — ¢, such that |Yp(z)| > 1 —e. The numerator
of (3.42) in a neighbourhood of Yy(x) is a holomorphic function of y, more-
over q(z, Yo(z))mdo(z) + 2°Y{°(x) = 0. In fact, the point s € S, such that
x(s) = z, y(s) = Yy(x), belongs to the domain D; on S, where (3.61) holds and
ml0do(z(s)) = w'0Jo(s). Then the residue at Yy(x) is always zero.

Therefore the inner integral (3.41) equals the residue at Y7 (z) with “—” sign
for all  with |z| = 1—e¢. Hence, we get (3.44) and recall the definitions of I';_,
and dw. a

Lemma 3.13. Let ¢ = rcos(y(r)), j = sin(y(r)) and let y(r) — ~, as r — oo,
where v € [0,~%). Then

igjo , 4(L Po-1/por) resp=1 4~ (z, Yo () ( Po1 )J’

3.65
" Po—-1 — Po1 Po-1 ( )
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Proof. 1t is carried out analogously to the proof of Lemma 3.10. First, we state
that the integral

7W%__Lt/QSWWW$+ﬁW$MW)

w, (3.66)

K 27riF1_€ (xctgv(s)y(s))-]

equals the integral along the shifted contour I', summed over the residues of
the integrand at the poles in E, as in (3.48).

Let us choose £ > 0, such that there are no poles of 7% (z) in 1—¢ < |z| < 1.
Next, Proposition 3.3 is proved in this case exactly as in Lemma 3.9. (The
domain h, E, being outside |z| = 1 —¢ on C,, the poles of h, 7 (s) are at the
poles of 370 w870 z%. We show that the images of the level curves h,T'(v, s*)
are outside the circles |z| = x(s*) for s* € [s1, s%, —¢] and apply the Hadamard —
Pringsheim theorem.) This implies that the asymptotics of (3.48) is determined
by the “lowest” pole on (s(7), sk — ¢), whenever it exists, and by the saddle-
point (3.49) otherwise.

Remark 3.5 ensures that 7%07(s) has a pole at s* = (1,po_1/po1). By
structural stability and Proposition 3.3, it is the “lowest” one for all given
v € [0,~%). Therefore, the asymptotics of the integral (3.66) is determined by

it and is uniform in a neighbourhood of . Thus by Lemma 3.12, we have

7Ti0jo ~ q(lv pOfl/pOI) resg=1 mriodo (:E) ( Po1 )j

Y 2a(1)po-1/po1 + b(1) Po-1
It remains to notice that 707 (z) = —z°YJ° (2)q~*(x, Yo(z)) in a neighourhood
of x =1, where Yp(1) = 1. m|

Lemma 3.14. Let i = rcos((r)), 7 = sin(y(r)), and let v(r) — -, as r — o0,
where v € (v, 7.

(a) Assume that the function 7% (s) has no poles on the interval (s%,s(7)),
~v # w. Then

iojo C (7,170, jo)

Y VR (v ()Y (v(r))

as r — o0, (3.67)
where

C,i0y jo) = [a@(7), y(1))m 0% (@(7)) + 2% (3)y7° (7)] [« (v ()|

2$Ct ¥ x _
X [Za(a:(v))y(’y)+b(x(fy))]_1‘d ¢ fgc)?Y( (7))‘ 12

(3.68)

If y = m, q(s3) # 0 and the function 770 (s) has no poles on the interval
(s%,s3), then
jo ., __ 1 _ (5(’}/(7”),2'0,]'0)
Y2 (y(n)y (v(r)

(7(7“) Zo]o)
T ) 69
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and

Jim ki (io, jo) = lim, %

(b) Assume that the function 709 (s) has exactly one pole s' on (s%,s(7)),
L](S/) 7é 0, TeSg(s7) mriodo (37) 7é 0. Then

i0Jjo q(2(s"),y(s")) resy sy w070 (x)

T () () Rala(s)y(s) + ba(s )]

Proof. As usual we begin by finding the asymptotics of the integral (3.66). To
get (3.48), we shift the contour to the saddle-point s(7y), as in Lemma 3.9. Next,
one can prove Proposition 3.3. (The domain h,E., lies inside |z| = 1 — ¢, the
poles of h, 7% (s)z" are at the poles of 320 __ ;Bjoa:i. One can show that the
level curves h,I'(v, s*) are outside the circle |z| = z(s*).)

It follows from this proposition that in case (a) of the theorem there are no
poles of w0 (s) in E, “lower” than the saddle-point or at its level. Then the
asymptotics of (3.66) is determined by the contribution of the saddle-point. If
(40, jo) is such that C(v, i, jo) # 0, then similarly to Lemma 3.9 we have (3.68).
As in Proposition 3.4 one can get that in fact C(v, ¢, jo) # 0 for all pairs (i, jo),
~v # w. The case 7 = 7 is treated analogously to Proposition 3.5.

In case (b), the pole s’ is the “lowest” pole in E, and the asymptotics
of (3.48) is determined by it. Similarly to Lemma 3.10 we obtain (3.71). |

(3.71)

Lemma 3.15. The function 7%07(s) has a pole in s’ € (s%,s3) if and only if
q(&s’) = 0. This holds if and only if q(33) > 0. This pole on the interval (s%, s3)
is unique. Moreover q(s') # 0, res, sy 79 () # 0.

Proof. In accordance with the definition of the function 7%/ (s) on the interval
(s%,s3) belonging to Da, we have

' (s)y” (€3)

q(&s) ‘

5)(1?0 1/ p01y( ))) °
( (s), p0—1/(p01y(3))) .

Thus s’ € (s%,s3) is a pole of w%J0(s) if and only if £s € (s3, (1,1)) is a zero
of q(s). Then the result follows from Lemma 2.6. It is shown in the proof of this
lemma that the zero is of the first order and so res,(y) 7% () # 0. Moreover
if q(&s) = 0, s # s1,53, p'_11 + Doy + P11 # 0, then g(s) # 0 as in Lemma 3.11.

O

oo (s) = m(€s)

Proposition 3.7. Let i = rcos(y(r)), j = rsin(y(r)), v(r) — v as r — 0.
Assume that the function 770 (s) has a pole in s(v) € (s%, s3) and no poles
on (s%,s(vy)). Then
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dim ki;(io, jo) = 2"°(7) (po-1/pory (7)) (3.72)

If vy =~3, then

Proof. 1t is similar to the proof of Proposition 3.6. a

Proof of Theorem 2.3. If v € [0,~%), Lemma 3.13 applies. By the definition of
the Martin kernel (2.28) holds.

Assume that ¢(s3) < 0. By Lemma 3.15 709 (s) has no poles on (s}, s3).
Then for all v € (y%, 7] we can substitute the asymptotics of w;;?” found in case
(a) of Lemma 3.14 into the definition of the Martin kernel. The definition (3.63)
of the function 7% (s) entails (2.29).

Assume that ¢(s3) > 0. By Lemma 3.15 there is exactly one pole s’ on
(s%,s3), q(&s ) =0. According to the notations of Subsection 2.4 the angle v/
is such that s’ = s(7'); 2’ = z(s'), ¥ = y(£s') = po-1/(pnry(s')), a(z’,y") = 0.
To find the asymptotics of the Martin kernel we are entitled to use the case (a)
of Lemma 3.14 for v € (v%,7') and case (b) for v € (v, 7). This gives (2.29)
and (2.30) respectively. For v = ~%,+" we apply Proposition 3.7. The proof of
the theorem is established. O

3.5. Random walk in Z2, E, > 0, E, > 0: proofs

Proof of Lemma 2.7. This lemma is equivalent to the following statement: The
function q(s) [resp. q(s)] has a zero on the interval ((1,po—1/po1) 1) [resp.
(s2, (p—10/p01,1))] if and only if q(s1) > 0 [resp. g(s2) > 0]. This zero on the
corresponding segment is unique. Moreover we show that this zero is of the first
order.

This statement for the function ¢(s) has already been proved in Lemma 2.5.
The proof is completely the same for the function g(s) if one exchanges the roles
of z and y. a

Lemma 3.16. If |z| < 1, |y| < 1, |2| < 1, the following equation holds

Q(z,y, 2 Z WWO yi ! (3.74)
1,5=1

= q(z,y,2)m"% (x,2) + Gz, y, 2)T(y, 2) + qo (2, y, 2) 77 (2) + 20y,

where
Q(z,y,2) = zy(1 — z(prox + pory +p_r0z +p0—1yfl)),

q(z,y,2) = ff(z > ety — 1), q(z,y,2) = y( mex y’ )
ij
CE yY,2) = Zzpzj y - 1
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(2 K2
lojo § 7.‘.OJO , lojo § 7.‘.010

Proof. We have

0]
PO (1 4 1)

oo oo
= Z pi*kj*lP]z(l)Jo (t) + Zpg—kjplzgjo + pr IPS?JO +p1]Ploj0( )
k,=1 k=1

This equation together with the definition of 0jo( ) implies

mi(2) = T 0)

o0
0]0 Z0]0
Z( g Pi—kj—1T )+ g Pi kﬂko

k,l=1

+me T (2) + Y P (2 )) for all 4,5 > 0,

where |z| < 1. Let us multiply this equation by z'y?, |y| < 1, |#| < 1. Taking
the summation over i, j, and changing the order of the summation, we have

E 71'””0 Yyl + E 71'””0 2)xt + g 77“”0 Yy 4 wiodo (z) — glogydo

3,j=1

= ZZpux Y Z i (2)a'y’ +zzpmx Y ZW“”D

711

—l—zZp nyZW“”D J—l—zZp wlydmiodo (7).,

5,

By simple probabilistic arguments WZ;’JO( ) < C, then the sums in the last
equation are finite and we get (3.74). O

Corollary 3.3. If |z| < 1, |y| < 1 the following equation holds

(z,y) Z 71'””0 it (3.75)

7,j=1
= q($7y)7ri0jo( )—I—q(m y) ojo(y)_’_qo(x y) 10]0 _'_xloyjo’

where

o0
lojo E ﬂ_lojo i— 1 %Zo]o(y) ZE :Wé(;joxj—l
Jj=1
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Proof. This is equation (3.74) with z = 1. In agreement with the notations (2.1)
and (2.31) we have Q(z,y,1) = Q(z,y), q(z,y,1) = q(z,y), ¢(z,y,1) = q(z,y),
0(,y,1) = o(, y)- H

In the domain Ag = {s: |z(s)| < 1,|y(s)| < 1} of the Riemann surface S we
have

q(s)m9 (x(s)) + (s)T% (y(s)) + a0 (s)mee™ + 2™ (s)y” (s) = 0. (3.76)

We will define now the functions 77 (s) and 7%/ (s) on S relying using this
equation.
Definition of the functions 7?09 (s) and 7%J°(s) on S.

Let us divide the Riemann surface into four domains: Ag, Ay, Aa, Az. The
domain A; [resp. As] is bounded by I’y [resp. T'g] and the curve {s : 5 < x(s) <
x4} [resp. {s:ys < y(s) < ys}] and it contains the interval ((1,po—1/po1), 1)
[resp. (s2, (p—10/po1,1))] of Fy. The domain Ajz is bounded by the curves
{s : x5 < x(s) < x4}, {s : y3s < y(s) < ys} and it contains the interval

(81, 52) C Fp.
On Aj we put:
T (s) = mP(a(s) =) mg et (s), s € Ao,
e (3.77)
R (s) = () = Y s),
j=1
In the domain A; we have |y(s)| < 1 and we put
To(s) = TR (y(s) =Y my "y’ N (s), s €A,
R = (3.78)
7rioj0(8) — _q(s)wlwo (8) + qo(s)moe”® + 2™ (s)y° (s) )
q(s)
In the domain Ay we have |z(s)| < 1 and we put
Roo(s) = mob(a(s) = Y wehai M), se B
i=0 (3.79)

g ()73 (5) + go (s)mas™ + 2™ (s)y” (s)
q(s) '
In order to define these functions in Ajs, we find for all s € Ag the points

s € AgUA; and ns € Ag U Ay, where £ and 7 are the Galois automorphisms
(3.6). Let us put

7i0d0 (5) 1= giodo(¢s), 70J0 (5) 1= 7i0do(ps), s € As. (3.80)

qodo(s) = —

Thus the functions 707 (s) and 707 (s) are defined on all of S. Equa-
tion (3.76) holds in Ay U A; U Ay, but generally does not hold in As.
It is worthwhile to make some remarks.
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Remark 3.6. The function 7iJo(s) is meromorphic on S cut along {s : x3
x(s) < 24}. The function 709 (s) is meromorphic on S cut along {s : y3
y(s) < ya}.

Remark 3.7. For all s € S, '0do(s) = riojo(£s) and 7iodo(s) = 700 (ns).

INIA

Remark 3.8. Consider the subdomain of Az, where [y(s)| < 1. It is bounded by
{s: 23 <x(s) < x4} and I';. Namely, it contains the interval (sq, sz). For all s
of this subdomain, ns € Ag and £s € Ay, thus

T (5) = 709 (ns) = 70 (y(ns)) = Y iy’ (s), (3.81)
§=0

piois (5) = oo g5) = d(Es)T 00 (£5) + g, (qé(?;;é%“ 2% (s)y” (§)

where y(£s) = po—1/(po1y(s)) < 1.
Consider the subdomain of As, where |z(s)| < 1. It is bounded by {s: y3 <

x(s) < ya4} and T'y. In particular, it contains the interval (sg, s2). For all s of
this subdomain, £s € Ay and ns € Ay, thus

i (5) = 0 (g8) = w0 (a(gs)) = 3 g1 (o), (3.82)
1=0

q(ns)m09 (ns) + go(ns)mes”® + 2% (ns)y°(s)

rtoJjo (S) — 7rtoJo (T]S) [ q(ns)

3

where z(ns) = p_10/(p1ox(s)) < 1.

Remark 3.9. The functions 770 (s) and 7% (s) have no pole in sp = (1,1),
since g(1,po-1/po1) < o0, ¢(pP-10/po1,1) < 0.

Meromorphic continuation of the functions %% (z) and 77 (y) on C.

The functions 7% (z) and 7%J0(y) are defined and holomorphic in the do-
mains |z| < 1 of C, and |y| < 1 of C,, respectively. Setting

7o (g) := w'0do(s),  where s is such that z(s) = x,
700 () := 71090 (5),  where s is such that y(s) =y, (3.83)

we obtain their meromorphic continuation on C, cut along [z3,z4] and on C,
cut along [ys, y4] respectively. Since the functions 7% (s) and 7/ (s) have no
pole in s, = (1,1), the functions %70 (x) and 7% (y) have no pole in x = 1
and y = 1 respectively. Proposition 2.1 is thus proved. (It can be also proved
by purely probabilistic arguments.)
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Lemma 3.17. For all j > jo and all ig > 0

riodo — L/Q(s)ﬂ—i“o(s) dw—i—i/ QO(S)T"ggjO dw
' 27i '

i 2m'F z'(s)yi(s) F z'(s)yi(s)
L faE)Ferts) o 1 fat(s)y(s)
+ 2mi ) @'(s)yi(s) dw+ 2772'1/ xt(s)yI(s) dio- (3:84)
T 1

For all i > iy and jo > 0 (3.84) holds as well with (~¥1 the contour in the last
integral.

Proof. The proof is similar to the proof of Lemma 3.8 taking into account equa-
tion (3.75). To get the integral along I'1, one should exchange the roles of x
and y. O

Lemma 3.18. Let i = rcos(y(r)), j = rsin(y(r)) and let y(r) — v as r — o0,
where v € (0,7/2) and
a(@(7), y(V )T (s(7)) + @2 (7), y ()T (5(7))
+a(@(7), y ()T + 2 (Y () # 0.

e If0 < v < g, ie s(v) € (s1,55], assume that the function 770 (s) has no
poles on the segment [s(7y), sx]. Then

7_(_1"9]'0 -~ C(’}/, iOij)
Y VR (y(r)y? (v (7))

asr — 0o, (3.85)
where

C(v,i0,J0) = [a(@(3), y(3)7 (x(v)) + G(=(7), y(3)) 7% (y(v))
+ @o(@(7), y())Ts? + o (v)y7 (v)] (3.86)

< e ()] 72 [2ala()y) + blat))] | S D)

o If T > > 7y, i.e. s(7) € [sp, $2), assume that the function 709 (s) has no
poles on the segment [sz, s(7)]. Then the asymptotics of WZ;?JO is given by (3.85)
with the constant (3.86).

Proof. The function 7% (s) [resp. w70 (s)] has no poles on [s(v),s] [resp.
[s5,s(7)]] if v < g [resp. v > 5| by its definition (3.81) [resp. (3.82)]. Thus,
under the assumptions of the theorem, all integrands in (3.84) have no poles on
[s(7), s&] [resp. [sg,s(7)]]. Taking into account the previous lemma, this proof
can be carried out via the saddle-point method. It is quite similar to the one of
Lemma 3.9 and details are omitted. O
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Proposition 3.8. If0 < v < v, ie. s(y) € (s1,5z], assume that the function
wi0Jo(s) has no poles on the segment [s(7), sg). IfT >y > g, i.e. s(7) € [sg, 83),
assume that the function 770 (s) has no poles on the segment (s, s(7)]. Then
for all pairs (io, jo)

a(z(7), y(1)7'°% (s(7)) + @@ (7), y ()T (s(7))
+ (@ (y), y())me™ +a (N (y) # 0. (3.87)

Proof. Let us find a pair (i, jo) satisfying (3.87). Let e.g. 0 < v < 7z, then
z(y) > 1, y(v) < 1. Substitute into the left-hand side of (3.87) definition (3.81)
of wi0Jo(s). Tt appears in this formula that the term

io. Jo (z()y(7)) 1\
Y (l_q?w(v;éyzv)) (po]f(;?(v)) )

where y(v) > \/Po—1/po1, can be made infinitely large by the choice of (i, jo),

while the other terms are bounded, when g, jo — o0o. Thus the required in-
equality holds.

To show (3.87) for all pairs (i, jo), one proceeds exactly as in Proposition 3.1.

O

Proposition 3.9. Let i = rcos(y(r)), j = rsin(y(r)), v(r) — v as r — 0.
e Assume that v = 0. If q(s1) # 0 and the function 77 (s) has no poles on
the interval (s1, $z), then

o) 1 C(y(r),i0,jo)  Ca(¥(r),injo)
w00 ~ : . + 3.88
/ x(w(r))ly(v(r))J( |1 |/ ) (359
and Crio, jo)
. (s . 1 Y, %0, J0
rlinolo kz] (ZO;]O) %li% 70(770’0) .

o Assume that v = 7/2. If q(s2) # 0 and the functzon 7%0Jo(s) has no poles
on the interval (sg, s2). Then the asymptotics of T, loo js (3.88) and

. . . . 0(771'0).]'0)
lim kij(io,jo) = lim —2d9
i kis (o, jo) = 1m =250

The constant C(, i, jo) is defined by Lemma 3.18.

Proof. All the arguments are analogous to Proposition 3.5 and we skip them.
O

Lemma 3.19. Let i = rcos(y(r)), j = rsin(y(r)) and let v(r) — v asr — oo;
where v € [0,7/2].

e Assume that v < 7y, i.e. s(7) € [s1, 85), and the function w7 (s) has ex-
actly one pole s’ on the interval (s(7), sz) C Fo, q(s') # 0 and res, () w07 (x) #
0. Then
indo . ___4@(s"),y(s")) resy () 7070 (2)

!

ij (s )yd (s")[2a(z(s)y(s") + b(z(s"))]

w (3.89)
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e Assume that v > vy, i.e. s(y) € (sg,s2], and the function 709 (s) has
exactly one pole s” on the interval (s, s(v)) C Fo, q(s") # 0, res, sy 7090 (y) #
0. Then

iodo ., A@(8"), y(s")) resyn TN (y)
T (2l als”) + bl (s")

Proof. Let v < 75 [resp. ¥ > vz]. The function 7% (s) [resp. w07 (s)] has
no poles in [s(v),sg] [resp. [sg,s(7)]] by its definition (3.81) [resp. (3.82)].
Then the asymptotics of all integrals in (3.84) except for the one of g(s)r?0% (s)
[resp. q(s)wdo(s)] is determined by the contribution of the saddle-point. The
asymptotics of the integral of g(s)mi7(s) [resp. ¢(s)m*(s)] is determined by
the “lowest” pole. This pole is s’ [resp. s”]. Hence, proceeding along the same
lines as in Lemma 3.10 we get the result. a

(3.90)

Lemma 3.20. The function 7% (s) has a pole in s’ € (s1, sg) if and only if
q(&s’) = 0. This holds if and only if q(s1) > 0. This pole on the interval (s1, Sg)
is unique.
The function 77 (s) has a pole in s € (sp,s2) if and only if g(ns') = 0.
This holds if and only if (s2) > 0. This pole on the interval (sg, $2) is unique.
Moreover q(s") # 0, q(s") # 0, res, (o) 7090 (x) # 0, res, sy 709 (y) # 0.

Proof. If s' € (s1,55) [resp. s” € (sg,$2)] is a pole of wJ0(s) [resp. w090 (s)] it
follows from definition (3.81) [resp. (3.82)] that ¢(£s’) = 0, [resp. g(ns2) = 0] and
by Lemma 2.7 ¢(s1) > 0 [resp. ¢(s2) > 0]. To get the inverse, one should show
that in definition (3.81) [resp. (3.82)] the numerator is non-zero in s’ [resp. s”]
for all pairs (g, jo). This is true with (¢, jo) sufficiently large in view of the term
xio(s")yo(&s). If for some pair (if, () it is not true, the function w07 (s) has
no poles on (s1, $5) and the asymptotics of the mean number of visits to (i, 7)
starting from (i, ji) is determined by the saddle-point as in Lemma 3.18. The
same arguments as in Proposition 3.1 make this impossible. All other details of
the proof are similar to Lemma 3.11 and we omit them. O

Proposition 3.10. Let i = rcos(y(r)), j = rsin(y(r)), v(r) — v as r — oo.
Assume that the function 7% (s) has a pole in s(v) € (s1, sg) and no poles
on (s(v),sg). Then

Thj{)lo kij (G0, Jo) = 2 (7) (Pofl/pmy(w)jo' (3.91)

The same is true if s(y) € (sg, s2) and the function 709 (s) has no poles on
(s, 5(7))-

Proof. 1t is similar to Proposition 3.6. O

Proof of Theorem 2.4. 1. If q(s1) < 0 and ¢(s2) < 0, then by Lemma 3.20 there
are no poles of 7907 (s) on (s1, sz] and of 740 (s) on [sy, s2). For ally € (0,7/2)



S~ Aed Ae ALV EL ALV oL e VALY AN

Lemma 3.18 applies. Then
Thj{)lO kij (70, jo)
= [g(z(9), y(M)7°(s(7)) + Gz (7), y ()7 (s(v))
+ @o(2(7), y(N))mes? + 2 (1) (7)]
x[q(z(7), y(7)7 (s(7)) + @l (), y(7) 7 (s(7))
+ qo(@(7), y())mls +1]

If v < 75 one should substitute here definition (3.81) of 7 (s) on (s1,sg); if
v > 7 one should substitute here definition (3.82) of 7% (s) on [sy, s2). Then
(2.39) and (2.40) hold. For v = 0,7/2 Proposition 3.9 applies.

2. If g(s1) > 0 and ¢(s2) < 0, by Lemma 3.20 there is exactly one pole s’ of
the function 77 (s) on (s1,55), q(€s’) = 0. The angle 4 is such that s(y') =
s’. Then for v € [0,s(7')) Lemma 3.19 applies. In view of definition (3.83),
miodo (g) = qiodo(s) = riodo(¢s), where z(s) = x. If s’ € (s1,55), then wi0Jo(£s")
can be found by (3.81). Hence

=

. . . resz(s,) 7'('in0 (x)

lim k;; (o, ==/ 7

roo 3io, Jo) resy(s) ()

(x/)io (y/)jo + qo(x/7y )ml)gjo + q(:E y ) 00 (y )
1+ qo(2’,y") w0 + q(2', y" )7 (y')

)

where 2’ = 2(s"), ¥’ = y(£s') = po—1/(Po1y(s)).
The other details of the proof are similar to Theorem 2.2 taking into account

the lemmas and propositions just proved. O

3.6. Random walk in Zi, E. <0, E, <0, escape to infinity along one
axis: proofs

Let us mark some points on the Riemann surface. We have already in-
troduced s = (1,1) = T'o N Ty and st = (1,po—1/po1) = I'1 N Fy. Let also
sy = (p-10/p10,1) = T'1 N Fy and s; = (p-10/p10,po—1/Po1) C (s1,52) € Fo.
Proof of Lemma 2.8. Tt can be reformulated as follows: the function g(s) has a
zero on the interval (s%,sg) C Fy if and only if ¢(s%) > 0. Note that gy (sg) =
E,'(E.Ej —E,EJ) < 0. The other details are similar to Lemmas 2.5 or 2.6.
One shows in the proof that this zero is of the first order. o

Equation (3.75) remains valid, provided that |z, |y| < 1.
We also need the following proposition.

Proposition 3.11. We have

E 7.(.10]0
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Proof. We should prove the fact that the mean number of visits to the y-axis S”
is finite.

First, we show that the probability of reaching the z-axis S’ starting from S”
is 1. For this purpose, we construct the Lyapounov function as in case (ai)
of Theorem 3.3.1 in [3] given by fi(z,y) = ua? + vy + wzy, i.e. satisfying
Theorem 2.2.3 (Foster’s criterion) in [3] but where the set A = S’ is not finite
(see also Figure 3.3.1 in [3]). Proceeding along the same lines as in the proof
of this theorem, we derive the finiteness of the mean time to reach S’, starting
from SU S”.

The next step is to show that the probability to never reach S” starting
from any point of S’ is greater than some § > 0. This is done by means of a
Lyapounov function as in the case a(i) of Theorem 3.3.2 in [3], that is f2(x,y) =
x —y/e, where E, /E; < e < E;//E; (see also Figure 3.3.3 in [3]). Thus we
have the assumptions of Theorem 2.1.9 in [3] with N; = i, S, = f(Xn,Yn),
So > 1. In view of this theorem the probability to never reach the set of states
{(i,7) : f(i,j) < 1}, which contains S”, is strictly positive.

These two steps give the result. |

Definition of the functions n"(s) and 7' (s) on S.

Let us divide the Riemann surface into five domains: A, = {s: |z(s)| < 1},
Ay ={s:|y(s)| <1}, A1, Az, Az. The domain A, is bounded by I'y and the
curve {s: y3 < y(s) < ys} and contains the interval (s9, s%); the domain Ay is
bounded by I'; and the curve {s : 23 < x(s) < z4} and contains the interval
(5%, s1). The domain Aj is bounded by {s: x3 < x(s) < a4}, {s:y3 < y(s) <
ya} and contains (s1, s2). Only Ay, NA, # () and in A, NA, the equation (3.76)
holds. Let us put for s € A,

sriodo (s) = Z 7TZgjoxi—l (),

=0 . i , , (3.92)
%iojo(s) — _(I(s)ﬂmo (5) 4 qo($)m97° 4 20 (5)ydo (s)

q(s) ’
and for s € Zy

%mjo(s) — Zwé‘}j(’yj‘l(s),

=i i (3.93)
7T%’ojo(s) — _Q(S)T" 070 (s) + qo(s) oo™ + ' (8)y”° (5)

q(s)

If s € Ay, then £s € Zy, where ¢ is the Galois (3.6) automorphism. The function
mi0Jo(s) has already been defined on A, by (3.93). Then let us put for s € Ay

R (s) = OI(Es), o
iodo () o q(s)m"070 () + qo(s)mo0”" + 2% (5)y?°(s) (3.94)
q(s) '
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If s € Ay, then ns € A,, where 7 is the Galois (3.6) automorphism. The
function 7070 (s) has already been defined on A, by (3.92). Then let us put for
S € Zg

ad(s) = TN (ns), . ,
dioio(s) = q(s)m0I0 () + qo(s)mes”® + z% (8)y?° (s) (3.95)
' q(s) '

If s € Ag, then s € Ay U Ay, ns € A, U Ay, where 709 (s) and 709 (s) have
already been defined. Let us put for s € Ag

slodo (s) .— 7iodo (58)7

Fiodo(s) = Fodo(ps). (3.96)

It is worthwhile to make some remarks.

e The function 7% (s) is meromorphic on S cut along {s : 23 < 2(s) < x4}.
The function 7% (s) is meromorphic on S cut along {s: y3 < y(s) < y4}.

e For all s € S 7i0Jo(s) = 7i0Jo(£s) and 7iodo (s) = Flodo(ns).

e Equation (3.76) holds on A, UA, UA; UAs, but generally does not hold
on As.

o If s € (5%,s,) C Fp, then ns € A, and by the definition of 7/07(s)
Tiodo(5) = Fiodo(ns) (3.97)

~gq(ps)m'o (ns) + Qo(n8)Tes" + ' (ns)yio (s)
q(ns) '

e By Proposition 3.11 and definition (3.93), the function 77 (s) has no
pole at the point s = (1, 1). Consequently, in view of equation (3.76) the
function 7% (s) has a pole in s, since ¢(1,1) = 0. Thus 7% (s) has no
pole at 5% and 7’07 (s) has a pole in s*.

Meromorphic continuation of the functions %% (z) and 77 (y) on C.

The functions 7?07 (x) and 77 (y) are defined and holomorphic in the do-
mains |z| < 1 of C, and |y| < 1 of C,, respectively. Setting

700 (1) ;= 7090 (s),  where s is such that z(s) = x,
700 () := 1090 (5),  where s is such that y(s) =y, (3.98)

we obtain their meromorphic continuation on the complex plane C, cut along
[x3,74] and on C,, cut along [ys, y4] respectively. Since the function 7% (s) has
a pole in s, = (1,1), the function 7% (z) has a pole in x = 1. (Clearly, the
function 7?70 (y) is holomorphic in |y| < 1+¢, ¢ > 0, in view of Proposition 3.11.)
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Lemma 3.21. For all j > jo and all i > 0

10]0 _ L q(s)ﬂ—iojo (8) dw L qo(s)ﬂ_ggjo W
K 27 2t (s)y?(s) 2wt ) x(s)yI(s)
Iic Ty
1 210 (5)y70 (s) . 1 G(s)7odo (s) .
2 / 7oy T o f v @ B9
1 W

Ifi > o, j > 0, then (3.99) holds as well, where the integral of x*(s)y’(s) is
along I';.

The contour I'; _. has been already defined in Subsection 3.4.

Proof. The proof of this Lemma is similar to the proofs of Lemmas 3.5, 3.8 and
3.12. Let us outline the differences.

Equation (3.75) implies
“0jo __ q7Ti0j0 + gﬂino + QDﬂ—g?)jD + xiOij d
070 = —— ydz. 3.100
I / / atyl Q(z, y) (3.100)

|z|=1—¢1 |y|=1—¢e2

T,

Whenever z, |x|] = 1 — e1, is fixed, the integrand of (3.100) is holomorphic in
1—e3 < |yl <1+ 2. In fact, 7090 (y) is holomorphic by Proposition 3.11 and
a zero of Q(z,y) in this domain, if it exsits, can not be a pole of the integrand
due to equation (3.76) in A, U A,. Thus one can shift the contour in (3.100)
to |y| = 1 + e2. Next, we split this integral into the sum of integrals of gméJo,
gmiodo ete. To consider the first term, e; is taken such that the zeros of Q(x,y),
where |z| = 1 — ¢, satisfy the inequalities |Yo(z)| < 1+ &2 and |Y1(z)| > 1+ e2.
To treat the second one, we show that for all fixed y, |y| = 1 + €2, Q(z,y) has
two zeros | Xo(y)] < 1 and |X1(y)| > 1+ e2. (This is done in the same way
as (3.43) in Lemma 3.8.) The other details of the proof come from Lemmas 3.5,
3.8 or 3.12. O

Lemma 3.22. Let i = rcos(v(r)), 7 = rsin(y(r)) and v(r) — v as r — o0,
where v € [0,7/2]. _

Assume that the function 777 (s) has no poles on the interval (3%, s ). Then
for v # 7/2

igio , 4L Po-1/por) rese—1 ¢~ (, Yo (x)) ( Po1 )J’
Y Po-1 —Po1 Po-1

If q(p—10/p10,Po—1/p01) # 0, v = 7/2, then
Liodo q(1,po—1/po1) resy=1 ¢~ (z, Yo(z)) ( Po1 )j +O( D10 )1( Do1 )j

" Po—-1 — Po1 Po-1 P-10 Po-1
(3.102)

(3.101)

where

C— q(p—10/P10,P0—1/P01)4(1, Po~1/P01) feSy:iqfl(X(y%y)'
q(1,po—1/po1)[2a(po—1/Po1)P—10/P10 + b(Po—1/P01)]




bl Aed Ae ALV EL ALV oL e VALY AN

Proof. Let 0 < v < /2. The asymptotics of the integral of griJo along I'y
in (3.100) is exactly (3.101). This is proved by means of the saddle-point method
and taking into account the fact that s% = (1,po_1/po1) is a pole of 7o (s).
Let us show that we can neglect the other terms of (3.100). The asymptotics
of the integral of gwiod along I'; is determined by the saddle-point or by the
“lowest” pole of this function on (5%, 32), if it exists. By assumption, this pole
can only lie on [sg, 32). Being on this interval, it is “higher” than s%: since
2(s) > 1, y(s) = po—1/po1, then x°#7(s)y(s) > po—1/po1 for all 0 < y < m/2.
Obviously, the asymptotics of the integrals of g,(s) and z%(s)y’°(s) in (3.100)
is determined by the saddle-point, which is always “higher” than s}, as well.

If v = n/2 and q(p—10/p10,Po—1/P01) # 0, we should take into account the
pole of the function 770 (s) at s . O

Lemma 3.23. Let i = rcos(y(r)), 7 = rsin(y(r)) and y(r) — v as r — o0,
where v € [0,7/2].

Assume that the function 707 (s) has exactly one pole s’ on the interval
(550 55), a(s") # 0, resy (s T (y) # 0. Let an angle o be such that

a(s") ey (s') = pgo_ll- (3.103)

Then for v < o

ﬁ;;jg 4, po—1/por) resa=1 q " (x,Yo(x)) ( Po1 )j; (3.104)
Po-1 — Po1 Po-1
for v > g o
pioio L),y res,= TOG) (3.105)
[2a(y(s")z’ + b(y(s))]z(s")y? (')
for v =9
L q(Lpo_l/pm)resz:lq‘l(x,Yo(x)(po_l)j
" Po-1 — Po1 Po1
q(x(s"),y(s")) resy=1 7% () (3.106)

[2a(y(s")a’ + bly(s'))]a* (' )y (s')

Proof. The asymptotics of the integral of gm®0Jo in (3.99) is determined by the
pole at s% asin (3.101). The asymptotics of the integral of g7 is determined
either by the saddle-point s(7) or by the pole s’. The angle vy is such that s%
and s’ are at the same level, i.e. these poles both contribute to the asymptotics
of 727°. Whenever v < o [resp. v > 7ol, s% is “lower” [resp. “higher”] than s'.
The result follows. |

Lemma 3.24. The function 707 (s) has a pole s’ on the interval (5%,s;) if
and only if q(ns) = 0. This holds if and only if ¢(1,po—1/po1) > 0. This pole is
unique and q(s') # 0, res, sy 707 (y) # 0.



Aracui vaLL sty st waddp VA AL v A

Proof. The statement of the lemma follows from the definition (3.97) of 7' (s)
on the corresponding interval and Lemma 2.8. a

Proof of Theorem 2.5. 1. If ¢(1,po—1/po1) < 0, then by Lemma 3.24 there are
no poles of 7070 (s) on the interval (5%, s, ). Lemma 3.22 applies.

2. If q(1,po—1/po1) > 0O, then there is exactly one pole s’ on (5%,sy).
In accordance with notation of Lemma 2.8 z(ns’) = ', y(ns’) = ¢’ and by
Lemma 3.24 ¢(a',y') = 0. Lemma 3.23 applies. For v < 7o the asymptotics
of %7 is given by (3.104), which entails (2.46). For v = 7o, 7 > 7o we
have (3.106) and (3.105) respectively with z(s’) = p_10/(p102’), y(s') = '
By (3.97) and (3.98) the asymptotics of the Martin kernel is given by (2.47)
and (2.48).

Whenever ctg~p is irrational, for all p € {—oco} UR U {400} we can find
sequences of integers i,, j,, such that: i,,j, — +oo and i, — j, ctgyg — p.
Whenever ctgyo = q1/¢2 is rational, (¢1,¢q2 € N), the same is true for p €
{—o0} UZ U {+00}, where Z = {m/qy : m € Z}. Taking different p we will get
different harmonic functions in the right-hand side of (2.48). In particular, in
the cases p = —oo and p = +oco the result is the same as in (2.46) and (2.47)
respectively.

If p # 400, the harmonic functions in the right-hand side of (2.48) are linear
combinations of harmonic functions in the right-hand side of (2.46) and (2.47).
Thus, all of them should be excluded from the minimal Martin boundary. O

3.7. Random walk in Zi, E; <0, E, <0, escape to infinity along two
axes: proofs

Proof of Lemma 2.9. It is left to the reader. a
Equation (3.75) holds, provided that |z| < 1, |y| < 1. The definition of the

functions WZ;JO (s) and %f;?”(s) on the Riemann surface are the same as in the
previous subsection. The crucial difference is that these functions both have a
pole at the point sy = (1,1). Then 7o (s) [resp. 7'070(s)] has a pole at s%
[resp. 5%]. The function 70 (z) [resp. w070 (y)] is meromorphic on the complex

plane cut along [x3, z4] [resp. [ys, y4]] and has a pole at x =1 [resp. y = 1].

Lemma 3.25. For all j > jg and all i > 0

oo _ L[ g (s) o L[ a(eme”
R 2mi x(s)yi(s) 2mi ) xi(s)yi(s)
F175 Fl
20 Jo ~( )70 Jo
1 [z (8)y™(s) 1 qls)m*(s)
27 x'(s)yi(s) 271 z'(s)yd(s)
N1 ’I:/l-f—s
i(p_ 1)C(ig, j i
. 4(—10/p10, 1)C i, jo) ( P1o ) . (3.107)
P—-10 — P10 P-10

For all i > ig and j > 0 (3.107) holds, where the integral of z% (s)y’°(s) is along
I'y. The constant C/(ig, jo) is defined by Lemma 2.9.
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Proof. The proof is almost the same as of Lemma 3.21. The difference is that
upon shifting the contour from |y| =1 —¢ to |y| =1 + ¢ in (3.100), one should
take into account the pole of the function 7% (y) in y = 1. The residue at this

pole equals —C'(ig, jo). Thus we will have

_ C(io, jo) / q(z,1) de — G(p—10/p10, 1)C (io, jo) ( P10 )l
2mi p-10/

r'Q(x,1) P—10 — P10

|z|=1—¢
The other details are similar to Lemma 3.21. O

Lemma 3.26. Let i = rcos(y(r)), j = rsin(y(r)) and y(r) — v as r — o0,
where v € [0,7/2]. Let us define an angle ~o such that

(Po—1/p01)*"®" = (po—1/po1)-

Then for v < v

piodo q(po—1/po1,1)C(io, jo) ( Po1 )j.

9 Po—-1 — Po1 Po-1

for v =1
oo q(p—10/p10,1)C i, jo) ( P1o )i n q(po—1/po1, 1)C (i, jo) ( Po1 )j'
" P—10 — P10 P-10 Po—-1 — Po1 Po-1 ’

and for v > 7y

injo q(p-10/p10,1)C (io, jo) ( P1o )1
" P—-10 — P10 P-10

Yy

Proof. The proof is as usual carried out via the saddle-point metho_d in view of
Lemma 3.25. Details are skipped. Note that only the pole s% of 77 (s) and the
last term in (3.107) have a significant contribution to the asymptotics of WZ?JO.

O
Proof of Theorem 2.6. It follows from Lemma 3.26 and the definition of the
Martin kernel. a
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