A OKAAA bl

AKAAEMUUN HAYK CCCP

1975

T, 224, Ne 1



Nokanagn Axkagemnu gayk CCCP
1975. Tom 224, N 1

YK 519.214 MATEMATHRA

B. A. MAJIBIIITEB

IIEHTPAJIBHAA NNIPENEIIBHAS TEOPEMA JIJIfl THBBCOBCKAX
CIIYYANHBIX IIOJIEHN

(ITpedcragaeno arademuron A. H. Koamezoposuin 5 V 1975)

Myers Z'={t=(t',..., t')} — mexounCIeHEAs PeMeETKA B V-MEPHOM 3BKIH-

posom mpocrpancrse R®, X*' — muomecTBo Qynknmit (koEdurypanmk) ma Z'
co spaseHEamu B X={—1, 1}. Mu 6ygeM paccmMaTpmBaTh TPAHCAANNONHO-HH-
papmaHTHEIe caydaitnsle moas §(t) =a, t€Z", co snavennamu B X, T. e. HHBa-
PHAHTHEIE OTHOCHTEIBHO C/[BEIOB BEDOATHOCTHEIC MEPHl Ha X* ¢ obpramoit
Z-anre6poi.

Jls mo6oro komeuroro T'={t,,. .., t,} =Z’ momommm
Sv—<Sy>
Cr=04" ... 0t , Sv= ZO:, Sv= _V M
" tov VD (20’:)

u nycerh {0r> — cpefHee 3HA4eHHE Or.

VenoBuAM acHMOTOTHYECKON HOPMAIbHOCTA A Sy B OHOMEDHOM CIydae
[OCBSIMEHO NOBONBHO MHOTO paGor (cM., mampmmep, ('')). Ilpm v=2 pag pe-
3YILTATOB IOMYYeH NPEMEHHUTEILHO K 3a/a9aM CTATHCTHYECKOR (H3mKA s
HOCTATOYHO HA3KUX W JOCTATOYHO BEICOKAX TE€MIEPATyP METOJaMH TeOPHA BO3-
mymenmit (4,2 °). 3meck MH [oKassBaeM ORWH oOmMui Pe3yNbTAT TAKOTo pona
¥ OpEMeHSeM ero K sagadam crarmcrmueckoil gusmrnm. Ilogobman e Texmmka
HO3BONAET HAM TaKKe HAATH OpejelbHHe TOYKA B HEKPATHIECKOH obractm
IS PasHEIX BADHAHTOB PEHOPMANHA3ANAOEHKX FPYI.

Mu1 6yieM TOBODHTH, 4TO A CIYYailHOrO HOJNA O, EMeeT MecTo ciaaboe
DKCOOHEHNEATbHOe YORBaHMe Koppensanuil (¢.5.y.K.), eciad Aus JIo0HX KoHed-
mux Ty, T.=Z° cymecTBYIOT KOHCTAHTH C¢; W C2, KOTOPHE IPE JAHHOM IIOJe
moryrt aaBucers jqums ot | T,UT:|, rarae, uTo

| <Oriyray — <0707, | <cie™? T T ¢,>0,

rae d(T,, T:) — paccrosmme meskpy Ty u T, T. e. min |¢,—t.].
HheT

Teopema 1. Ecau evinoansercs yeaogue c.2.y.k. u D= 3, <0,0:>70, ro Sv
IEZV
acumnroruuecky nopmasvha npu |V]—oo.

IIycre Teneps das atobozo yeaozo N

N
St = 5?’7

t=(@Y...,t), T=(",..., ).
NIl (v it

Toeda cayuaiinvie seaununvt Ey(t) = (SN—<S>)/YDSX o6pasyior Tpanc-
AAYUOHHO-UHBAPUAHTHOE CAYUAIHOE NOAE C BEUECTEEHHBIMY SHAYEHUAMU.

Teopewma 2. llocaedosareavHocTs cayuatinviz noseii Ex(t) caabo cxodur-
ca k cayuatinomy noao E(1); npu arom cayuatinsle seaununst t(t) aeaarwrcs
83QUMHO HE3ABUCUMBIMY 2AYCCOEBCKUMU ¢ HYAeeblM cpedHUM U edunuunol Ou-
cnepcuei.

M= mokaskem Teopemy 1, Teopema 2 moxasmiBaercHa amamormumo. J{ocraTod-
HO [IOKa3aTh, 9To n-it cemumuBapmaBT M,(Sv) caysaiinoir seamummmnt Sy cxo-
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aurcsa npu [V| - x cemumnBapmanTy HOPDMHEPOBaHHO# rayccoBOH CIyuaiHOM
BEeJIMYUEHEL, T. €. K HYJIO IpH n=>3.
Jlemma 1. Jas ecex n=1

M (S)= Y <ou...0)",

b, eV

ede (0> — yceuennvle KoppesAyUOHHblE dynryuu (truncated correlation
functions), odrosnauno onpedeasiemsie coornowenuen

(o= Y o). <o, 0", (1)
B

cymmuposanle no ecex pasbuenusm § nabopa T'=(t,,..., t,) na e(p) uwacrei
Ti,...,Tc(p).

AoxasarenscTBo aemmu 1 ciegyer no HEAYKIEE @3 (1) = ma3BectHO-
I0 COOTHOIHEHMA

<(Sv)n>=Z M (Sv) ... My oy (Sy), 2)
o
CyMMHpOBAHHUE IO BCeM pasbmenumam o muOKecTBa {1,..., n} mHa I(a) wacrei
ii(a),..., k(o) — MOIMHOCTH DIEMEHTOR pasbuenns. '

O6osmaumm dr=max d(T,, 7:), rme Makcumym GepeTcA mo Bcem mapaw.
(Ti, Tz), T1UT2=T.

HTemua 2. Jua 4106020 koneunozo T cywecrseyior Takue KoHCTARTOL C; U
¢, sasucawue pasge yro or |T|, uro

<0'T>h‘<03 e‘Xp(—Cz,dT), ¢.>>0.
dror darr ormeven pamee (cm. (7), crp. 193), om OYeBHAHLIM 06pa3oM BEI-
TeKaeT M3 TOTro, YTO0 AJA moboro pasémenma AUB=T, ANB=g¢, {6:>" — mpen-
CTAaBJIACTCA B BE/(e CYMMBI KOHEYHOI'O IHCIIA WICHOB BHAA
C((GA'UB'>"‘<0'A'><O'B’>) H<6T5>1
rae A'’<A, B’cB, A'UB’ UT=T (cm. (*), cTp. 315).

MauosectBo Bcex HaGoOpoB R*={(¢,,..., t,), t:=V} pasobrem Ha MmHO-
mecTBa Ry"={(¢y,...,t,): dy,.. y=d}.
Jemma 3.

|RM<| V] (2d+1)""n!

HdoxasaTeascTBO 9TOM eMMBL COBEPIICHAO AHAJOTHIHO JOKA3ATeIb-
CTBY QHANOTHYHHX YTBeD)K/eHUM, IPEMeHsaeMEX B aprymente Iakepaca (oM.,
HampuMep, IOKa3aTeabeTBo JemMul 2 B (°)).

Teopema 1 mokaseiBaercs TeueTL coBceM mpocto. Moskuo cumtats {6,>=0.

Torpa =3 c.5.y.x. cnegyer, aro npm | V|—+co
D(Sv) 1
li =li {64,0,y=D= {6,6¢,
m VI 1m IVIt; 6:,01,) 2 0,0¢
Lhs tezV
0=(0,0,...,0).

Taxam obpasom, D(Sy)~D|V|. Ilpn n=3, mecmonnsysa memmsr 1, 2, 3, mMmeem

1 t

ty,..., eV

1

d=20
rae u(d) =csexp(—c.d). Oreiona u caegyer Teopema 1.
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Teopemn 1 m 2 HO3BOAAKT /I0KA3aTh ACHAMOTOTHYIECKYH HOPMATLHOCTH
CpeJiHer0 COMHA H CXOANMOCTH PeHOPMATH3ANMOHHOM HOXYTPYONH B CMEICIE
Rapamosa (cm. (%,'°)) mia pasaMvHEIX pelneTIaTHIX MOJENeH CTATHCTHIECKOM
¢usukn. M mpuBeseM 3ech CIeyOMMis pesyabTarT.

Canepgcraue 1. Jas deymeproii cnunoeoii modeau Haunza ¢ snewnum no-
saem h u 0bparnoti Temneparypoti B acuMnTOTUHECKAR HOPMAALHOCTL cpednezo
CRUHA UMeeT MecTo 0as ecex 3naqenull h u B, kKpome Kpuruueckol rouru h=0,
Bp=DBc:. Tounee, aTo umeer mecro 0aa KPAUHUL TOUEK TPAHCASYUOHHO-UHEADU-
AHTHBLZ 2U66CO8CKUT COCTOANUL, HUCAO KOTOPWIX, Kak udsecTHo (cm. (°)), pas-
1o 1 0as h#0 u h=0, B<<Be: u pasno 2 das h=0, p>>B...

JT0 cIeACTBHE BEHITEKAeT M3 CBOECTBA €.0.y.K., HJOKa3aHHOTO B DTOM CJIydae
(em. (3, 4°%°)). B kpuTHuecKoii TOUKe, IO-BHAEMOMY, IIeHTPANLHAS OpPCHENb-
Hasg TeopeMa He WMeeT MecTa, HO CTPOroe JOKA3aTeJbCTBO 9TOTO aBTOPY HEH3-
BECTHO.

Crnenmcreme 1 mMeeT MecTO TaKiKe JJIA Psjja APYTEX COMHOBHIX MOJENei, Iie
MOKAa3aHO CBOMCTBO ¢.9.V.K. (cm. (°-%)).

3ameuvanue 1. Teopemsr 1 nm 2 ¢ HeGoxbmuM usMeHeHTeM (HopMyIHpPO-
BOK 0000maoTcsa, HaOpuUMep, Ha caydai, korga &(f) — orpammueHHEe Bemiect-
BeHHBle caydaiinbie Benmamnsl. [Ipm sTom ycioBme c.0.y.K. MoKeT 6HITH cdhop-
MYJHPORAHO B BHJE YCJOBHH PeryIapHOCTH H IIePEeMEIIHBANMA, IPETOAKEHHBIX
B padore {'%).

Mer onpemennmM Temeph pasNMYHEIE DPEHOPMANM3ANEOHHEIE TOTYTPYIIIHL.
ITycrs 3ajaHo BeposTHOCTHOE mpocTparEcTBo (R, =, p) m myeth M — MuOKeCT-
BO BCEX TPAHCIANWOHHO WHBADMAHTHLIX BEMIECTBEHMUBIX CHYYaiflHHIX IOJIeil
2 (t) rakmx, aro E(t)=L.(Q, I, u) maa seex t=Z". Iycts M — MHOMKECTBO Beex
CTOXACTHIECKHX OPTOTOHANLEHX Mep Ha S, rae S=[—mn, n], cuMverpranmx
ornocurensro Hyad. Ussectao (*?), uro memmy M u M umeercs B3amMuo oj-
HO3HAYHOE COOTBETCTBHE, 3AIIICHIBAEMOE B CJIeYIOIEM BHJe:

8)= [e“ o), pem,

sv

1. Penmopmanmsanmonras monyrpynna B cmpicie Hamamosa (*°) A4, k=
=1,2,...; —oolq<Too;

@O =g Y, O

the<Tictitnk

. KK

Ipu arom A4 =A. . Teopema 2 yrBepmpmaer mo cymecTBy, 4To B yCiIO-
Busax Teopemnr 1 A 'E crabo cxomgures Toabko npm a=1 mw mpm dToM ero
HpefieIoM ABIAETCSH TayCCOBCKOE IOJE ¢ He3aBHCUMEIMA 3HAYCHAIMI.

2. PemopmanmsanuoHHAA NOJIYTpynna B cMecie Bmancoma R,*: MM,
s§=21, —oco<Ty<Too;

Bem) ()= (= 4), 4=s.

Ilpm s1om R,,’-B,f'=B§,S'. OrmernM, 49To B u3mueckmx paborax Takas momxy-
rpynna BBOgETCeA oOLYHO B KoHeuHOM o6beme (14).

R, me copmamaer ¢ 4.%, HO mMeeT mecTo

Teopema 3. B ycaosuax reopemsr 1 R, [i umeer caaboiii npedes Toab-
K0 O0as Y=v/2 u npu IToM ITOT npedes ABALETCA 2aYCCOBCKUM NOJEM C HE3A-
SUCUMBIMY 3HAYEHUSIMU.

3. Mu Gynem temeps paccMarpmBaTh 0000UIeHEEe caydYaifiHEIe OIS HAJ
HEKOTOPHIM IPOCTPAHCTBOM OCHOBHHIX (ymkunmit ma R", mampmmep, mag mpo-
crpaBcrBoM D(R") Geckomewno mu@depenumpyemerx PURATHEIX (yHKOREEA.
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Hame mome 0; MOHO paccMaTpHBaTh Kak 0600MeHHOE CIyYaiHOe MOJe, eCIH
s moboi ¢ (z) =D (R™) momnomutsb

G(CP)=Z(P(t)0z.

tez

Honomum ¢ {z) =@ (Az), A=>0.
Penopmanmsanmmouuasg rpyuna. [Qaa mpomssoasHOro 0600IIeH-
HOTO CIy9aiiHOrO mond E ¢ HyieBHIM CPEIHHEM OIPefelnM

(RE) (@) =ME(qn), o@=D(R"), Ar>0.

Hdus samamsoro z aro ompefenser (peHOPMAJM3aNEOHHY0) IPYIIY mpeobpa-
30BaHAMH.

Teopema 4. Hycre {o,>=0 u svinoanenst ycaosus reopemst 1.

Tozda nocaedosareavrocts R g das z=n/2 npu A—0 caabo crodurcs &
CTAYUOHAPHOMY 2AYCCOBOMY 060GUEHHOMY CAYHAUHOMY NOLI C HE3ABUCUMbL-
Mu snauenusmu (Geaomy wymy).

MockoBcKEl rOCyIapCTBEHHBIH YHEBEDCHTET Hoctynmiao
uM. M. B. Jlomorecosa 15 1V 1975
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THE CENTRAL LIMIT THEOREM FOR GIBBSIAN RANDOM FIELDS
UDC 519.214
V. A. MALYSEV

Suppose Z” =1{r= (!, ..., )} is the set of lattice points in v-dimensional
Euclidean space RY, X% the set of functions (configurations) on Z" with values
in X = {~1, 1}. We consider translation-invariant random fields &) = g, te 77, with
values in X, i.e. probability measures on X2"” invariant with respect to shift, with
the usual o-algebra,

For every finite T = {tl, el tn}C 7V we set

Sv—<(Sy»
Cr=0y" ... 'Utn, Sv—_- 201, SV= ;(2 ;
o1}

tev

and let (0.;) be the mean value of Op. -

Conditions of asymptotic normality for S, in the one-dimensional case have been
dealt with in many papers (see, for example, [11]). For v > 2 a series of results have
been obtained in connection with problems in low and high temperature statistical
physics by the methods of perturbation theory [1], [2], [5]. Here we shall prove one
general result of this type and apply it to problems in statistical physics. A similar
technique also lets us find limiting points in a noncritical region for different variants
of renormalized groups.

We say that there is weak exponential decrease of correlations (w.e.d.c.) for the
random field o, if for all finite T, T,C Z"” there exist constants ¢; and c,, which

for the given field may depend only on IT1 U T2|, such that
I <0T1UT:>—<O’T|><GTZ> I <Cie_czd(Tl’ Tz), Cg>0’

where a’(Tl, Tz) is the distance between T, and T,, ie. min, 1. |t1 - 12|.

Theorem 1. If the w.e.d.c. condition is satisfied and D = EtezV<000t) £ 0, then

S is asymptotically normal as |V| » oo.

Now suppose that for every integer N

S}vz 6

NEF (vt

T =040, T=@,.... D).

Then the random variables ch(t) = (S?’ - (Sltv))/\/DS]t] form a translation-invariant
random [ield with real values.

Theorem 2. The sequence of random fields En(D converges weakly to the random
field &t); here the random variables &i) are mutually independent Gaussian with zero
mean and unit variance.

AMS (MOS) subject classifications (1970), Primary 60G20, GOFO05; Secondary 82A30,

Copyright © 1976. American Mathematical Society
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We shall prove Theorem 1; Theorem 2 can be proved analogously It is sufficient
to show that the nth semi-invariant M_ (S ) of the random variable S converges as
|V] » o to the semi-invariants of a normahzed Gaussian random var1ab1e, i.e., to zero
for n > 3.

Lemma 1. Forall n>1

Mn(SV)= Z <O'“.-.Otn>tr,

where (0,.)'"" are the truncated correlation functions uniquely determined by the rela-
tion

(o= Y on) .. Cor, 0", (1)

with summation over all partitions B of the collection T =(t,, ..., 1) into eB) parts

Tysooes Togye

The proof of Lemma 1 follows by induction from (1) and the well-known relation
((Sv)ﬂ>=2 M,',(a_)(Sv)...Mil(a)(q,)(Sy), (2)

with summation over all partitions a of the set {1, ..., n} into /(a) parts; il(a), cee,
Iy a)(a) are the cardinalities of the elements of the partition.

We let d = max d(Tl, Tz), where the maximum is taken over all pairs (Tl’ Tz)
with T, UT,=T.

Lemma 2. For every finite T there exist constants cy and c, possibly depending
on |T|, such that

{oro¥<<es exp(—cidr), ¢.>0.

This fact was noted earlier (see {71, p. 193); it follows in an obvious way from
the fact that for every partition A UB =T, A NB =4, (0,)'" can be represented in

the form of a sum of a finite number of terms of the form

¢(€oarys>—<04r><0s>) [I<0z,>,

where A'CA, B'CB, A'UB'U, T, = T (see 6], p. 315).

We divide the set of all collections R" = {(¢;,..., ¢,), ¢, €V} into sets R =
ey, .vn, 2 d{tl,___'tn}= dl.
Lemma 3.

IR | <| V] (2d+1)""n!

The proof of this lemma is exactly analogous to the proof of the analogous asser-
tions presented in an argument by Peierls (see, for example, the proof of Lemma 2 in
[9D.

Theorem 1 can now be proved quite simply. We can assume (o) = 0. Then from
the w.e.d.c. it follows that, as |V| » =,
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DSy .1 e
lim — =lim—— ¥ @i09=D= Y a0,

t, eV tezv

0=(0,0,..., 0).
Thus D(SV) ~ D|V|. For n> 3, using Lemmas 1, 2, 3, we have

1
S~ G| <o 3v]
v

1 «©
< T ; V1 (2d+1)"*nl u(d),

where u(d) = ¢, exp(-c ,d). Theorem 1 now follows.
Theorems 1 and 2 allow us to prove the asymptotic normality of the mean spin and
the convergence of the renormalized semigroup in the sense of Kadanov (see [1], [10]) for

various lattice models of statistical physics. Here we present the following result.

Corollary 1. For a two-dimensional Ising spin model with external field b and
inverse temperature [3, asymptotic normality of the mean spin holds for all values b
and B except the critical point h =0, B = B.; More precisely, this holds for extreme
points of translation-invariant Gibbsian states of which there are, as is known (see
(3], exactly 1 for b £#0 and h =0, B<B_, and exactly 2 for b =0, B>B..

cr’

This corollary follows from the w.e.d.c. property proved in this case (see [3], [4],
[6], [8]). At the critical point the central limit theorem apparently does not hold, but a
rigorous proof of this is not known to the author.

Corollary 1 also holds for a number of other spin models where the w.e.d.c. property
has been proved (see [6]-[8]).

Remark 1. With minor modifications, Theorems 1 and 2 can be generalized to the
case where &(¢) are bounded real random variables. Here the w.e.d.c. condition can be
stated in the form of the regularity and intermixing conditions proposed in [12].

Ve now define various renormalized semigroups. Suppose we are given a probability
space «Q, =, [,L) and suppose M is the set of all translation-invariant real random fields
&) such that &) ¢ Lz(Q, S, forall t€7Z. Let N be the set of all stochastic or-
thogonal measures on §” symmetric with respect to zero, where § = [:‘17, al. It is
known [13] that there is a one-to-one correspondence between M and M which can be

described in the following form:
g@®)= [e“In(do), pemd,
sV

1. The renormalized semigroup in the sense of Kadanov [10] Ai, k=1 2...;
—o0 < < o0

@O =—r Y @

te<Tic(tirnk
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ks k' kk!
Here A Ay =A% . Theorem 2 asserts essentially that under the conditions of

Theorem 1, A* rf converges weakly only when @ =1 and then its limit is a2 Gaussian
field with independent values.

n, o4
2., The renormalized semigroup in the sense of Wilson R;: MM s >1, —0<y
< ool

(R/p) (A)=s"ii ( %A) , AcS.

L
Here R; . R; = R;S - We note that in the physics literature such a semigroup is usually
introduced in a finite volume [14].

Ri does not coincide with Alg_, but we have

Theorem 3. Under the conditions of Theorem 1, RS ,u has a weak limit only for

=v/2 and then this limit is a Gaussian [ield with zndepena’ent values.

3. We now consider generalized random fields over a space of basis functions on
R™, for example, over the space D(R™) of infinitely differentiable functions with com-

pact support. Our field 0, can be considered a generalized random field if for all ¢(x)

€ D(R™) we set
o)=Y eo.

tez™

We set d))‘(x) = ¢(/\x), A> 0,

Renormalized group. For an arbitrary generalized random field ¢ with zero mean
we define

(RE) (@) =AE(@), o@=D(R"), 1>0.
For given z this determines a (renormalized) group of transformations.

Theorem 4. Suppose (a Y =0 and the: conditions of Theorem 1 are satisfied.
Then the sequence R 20 for z=n/2 as A0, converges weakly to a stationary

Gaussian generalized random field with independent values (white noise).
Moscow State University Received 15/APR/75
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