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Abstract. A finite chain (string) is just a sequence of symbols from some finite
alphabet. We consider Markov chains with the state space equal to the set of all
finite strings. In the simplest situation left-sided evolution of the string is defined
by the following one-step transition probabilities: ¢;(z,0) is the probability
that the leftmost symbol of the string is erased, if this equals z; ¢q(x,y) is
the probability that the leftmost symbol « is substituted by y; ¢;(z,yz) is the
probability that the leftmost symbol z is substituted by yz.

Right-sided evolution is defined similarly. We consider the case when left
and right evolution occur simultaneously and independently. In the generic
situation we obtain a complete classification of such Markov chains.

KEYWORDS: Markov chain, string, invariant measure, stabilisation law

AMS SUBJECT CLASSIFICATION: 60J05, 60K35

1. Introduction

This paper continues the study of Markov chains that govern the evolution
of finite and semi-infinite sequences of symbols (see [2-5]), but it can be read
independently.

Here we would like to explain the main result without being completely
rigorous. More precise definitions and technical conditions will be given in the
next section and the reader can consult it while reading this introduction.

*Research supported in part by RFFI grant No. 95-01-00018 and by the French-Russian
Institute at Moscow State University
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A finite chain (string) is just a sequence of symbols from a finite alphabet
S =1{1,2,...,r}. We consider Markov chains with the state space equal to the
set of all finite strings. We consider three different types of evolution: one-sided
(left and right) and two-sided. Left-sided evolution of the string is defined by
the following one-step transition probabilities:

e ¢ (z,0) denotes the probability that the leftmost symbol of the string is erased,
if it is equal to x;

e ¢(x,y) is the probability that the leftmost symbol x is substituted by y;
e ¢(x,yz) is the probability that the leftmost symbol x is substituted by yz.

Of course we assume for all x that

a(@,0) + > ale,y) + Y ale,yz) =1.

The transitions given here depend only on the last symbol. Moreover the lengths
of the string at subsequent moments of time cannot differ by more than 1, but
in the paper we will study a more general evolution. The above parameters do
not define the evolution when the string is empty (otherwise speaking, when its
length equals zero), but we simply assume that the jumps from the empty string
are somehow defined and can only occur to strings of length one (non-degeneracy
conditions are important here).

The evolution is called transient if the length n(t) of the string tends to
infinity a.s. One can then show the following:

e if t — oo then

for some constant v;;

e when n(t) becomes large, the distribution of the symbols inside the string,
but not too close to its ends, tends to those of some stationary random
process with the exponential mixing property. Denote by p; this limiting
distribution.

We consider also left-semi-infinite strings, i.e. sequences o = 2o ... with
values in the same alphabet. Left-hand evolution is defined similarly by the
same parameters gj.

It is more convenient however to view the semi-infinite string as a function
x(i,t) on Z with values in Z U {0}, where 0 corresponds to the “vacuum”. At
time ¢ this function is not equal to 0 on some interval [a;, 0] and it is equal
to 0 outside this interval. Here a; denotes the position of the leftmost symbol
of the string. At time 0 the string o = z1x5 ... is identified with the function
equal to x; for ¢ > 0, and to the vacuum for ¢ < 0. If z(as,t) = z then, for
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example, with probability ¢(z,yz) the next state will be given by z(as, t+1) = z,
xz(as —1,t+ 1) = y and all other values remain the same. Thus a;y; = a; — 1
in this case.

We always take the initial distribution p of semi-infinite strings as the re-
striction to Z4 of some stationary random process on Z. If the corresponding
Markov chain on finite strings is ergodic then a; — oo a.s., so that

at
? — Vl,erg (,U)

In a similar way we can define right evolution and we denote the correspond-
ing parameters by

dr, Ur, fr, Ur,erg(:u)

b
- — —Urerg (,u),

where b; is the coordinate of the right end.

Two-sided evolution of finite strings is defined by independent evolution of
the left and right ends with corresponding parameters ¢;,q,. The three pa-
rameters vy, (i, Urerg(f1) plus their couterparts play a fundamental role in the
classification of two-sided evolution. The most difficult case is when one string,
the left one say, is transient and the right string is ergodic. Our main result is
that in the two-sided evolution the length of the string tends to infinity a.s. if

v > 'Ur,erg(,ul)
and its mean length stays bounded if
O < Vperg (p1)-

In the next section we will formulate all these and a number of other definitions
and results in a precise way. The other sections contain the proofs of these
results. In the last section we will give an example.

2. Definitions and Main Results

2.1. Two-sided finite strings
Fix a finite set (an alphabet)

S={1,...,r}
consisting of r symbols. A finite string is a finite sequence of symbols from S:
a=x1...Ty, T; €S.

We denote by |a| = n the length of the sequence o, and by ) the empty string
of length 0.



284 A.S. Gajrat, V.A. Malyshev and A.A. Zamyatin

For two arbitrary sequences o = x1...%, and 8 = y; ... Y, we define their
concatenation (of length m + n) by

al=x1...TpY1---Ym-

Let -
A={]Js"
n=0

be the set of all finite sequences. For any finite sequence v let A (7) be the set
of all sequences o = yp,p € A, and Aj, the set of all sequences of length less
than k.

Consider a discrete time homogeneous countable Markov chain £y on the
set A. Let £(t) be the state of the Markov chain £y at time ¢.

We assume that the one-step transition probabilities p, 4 satisfy the follow-
ing conditions. Fix some natural number d.

Condition 2.1. (Spatial homogeneity). For |a| > 2d, the transition probabil-
ities pa,a # 0 only if o = v pyr, & = 01p0, for some v;,7,, 0,0, p with |y| =
|y | = d, 161],16r| < 2d. Moreover, the transition probabilities pa.,a = P~,pv, 6106,
do not depend on p but only on 7,7y, 01, 0,. By definition we put

Q(’Yla‘gla'%aer) = Pvipvr,01p,0r (2-1)

Condition 2.2. (Independence). For |a| > 2d,

a(vi, 0, v, 0r) = @u(1, 00) g (v, 0r)
for some parameters q;(v,0), ¢-(y,0) > 0 such, that for all v with |y| =d
Z ql(’}/?o) = 15 Z %“(759) =1
0:|6)<2d 0:|6)<2d

So the ends are independent of each other. We delete the substring v, from
the left, and instead we append the substring 6; with probability ¢ (v, 6;). We
change the right end with probability q.(7yr,0,) in an analogous manner.

Condition 2.3. (Non-degeneracy). Suppose that all probabilities

ql(’%e) 7é 0, qr(’%e) 7& 0

for all strings 7,60 such that |y| = d,|0] < 2d. Assume also positivity of all
transition probabilities p.a for |a| < 2d, |&| = 2d and assume py.q = 0 for
la| < 2d, |&| — |a] > d.

These conditions imply that all states are essential and that the Markov
chain Ly is irreducible and aperiodic. The central assumptions are homogeneity
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of the transition probabilities for all strings of length greater than 2d and inde-
pendence of the ends. Condition 2.3 is assumed only to simplify formulation.

Together with the above defined countable Markov chain Ly, the states of
which are finite strings, we consider a Markov process on marked strings. Define
a marked string as a triplet (a, a,b), where a < b, a,b € Z and o = x,, ..., zp is
a finite sequence of symbols from S. Denote by C the set of all marked strings.
By ajc,q) we denote the substring aj. 4 = T¢...%Tg, a < c < d < b.

Next define the following countable Markov chain £ on the set C. Let £(¢) be
the state of Ly at time ¢. Then the state of £ at time ¢ is the triplet (£(¢), at, bt),
where a, by are defined in the following way. Let ag € Z, by = ag + |£(0)]. If
[E(@®)| > 2d, £(t) = yipyr, where |y = |7 = d and £(t + 1) = 0;p0,., then define

a1 = a+ |l — 0],
biyr = b+ 100 — el

If |€(t)| < 2d, then (somewhat arbitrarily) put

at41 = Qg,
b1 = ap + €+ 1)

Definition 2.1. We say that £ is ergodic if £y is ergodic.

2.2. Semi-infinite strings

Together with the above defined countable Markov chain £, the states of
which are finite strings, we will consider a Markov chain on semi-infinite strings.
Define a semi-infinite string as a pair («,a), where a € Z and « is an infinite
sequence of symbols from S

a=r1To...Tk..., T €ES.

Let
Slaeo] — {a:a=24Tq41%aq2 ..., T € S}

Define the Markov chain Lo on the set |J, ., (S1¢°), {a}) with the following
dynamics. If at time ¢ the state of the chain Lo is (n(¢),a:) and n(t) = ~vp,
|v| = d, then with probability ¢;(v, #) the state at time ¢ + 1 will be n(t + 1) =
0p, arr1 = ar + |y| = [6].
We shall denote by
Boo — S[l,oo)

the set of all semi-infinite sequences. We suppose By, to be equipped with the
product topology. So B, is a compact, metrisable space.

Let Po be the set of all probability measures on Bo.. We denote by p,(7),
v € A, the correlation functions (or the finite-dimensional distributions) corre-
sponding to the measure ¢:

Pe(7) = p({er € Beo = a1 5] = 7)), (2.2)
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for all v € A, where ay; | is the sequence z1 ...z, if a = 21,22 ..
Let

(n(t), az) = (m(O)n2(t) - (8) - -y ar), () €S,

be the state of Lo, at time ¢ and pP(t) € Pos be the distribution of n(t) under
the condition that the initial state has distribution (¢, d0), € Poo, i6. a is
fixed to 0 (ap = 0). We denote by p:(y | ) the correlation functions of n(t),
given that the initial state has distribution (¢, dp).

Definition 2.2. We say that a measure ¢ € Py, is invariant with respect to
Markov chain L if @ P(t) = .

Let us denote by 7 the set of all translation invariant measures on By, in
other words a measure belongs to 7 if it is the restriction of some translation
invariant measure on S%. Furthermore, denote by £ C 7 the subset of all
ergodic measures on B, amongst these.

We can define a process £L_, on the set J,c, S with left end a = —o0
and the corresponding sets B_o, and P_, in the same way as before.

(700,17]

2.3. Omne-sided strings

Suppose that ¢,(v,7) = 1. Then only the left end of the marked string can
change. Let the initial position of the right end be —1; this does not change
over time. The state of the process at time ¢ is hence (£(t), —|£(t)]), because the
position of the left end is defined by the length of £(¢).

This Markov chain will be denoted by £;. In the same way we can assume
that only the right end can change. Denote this Markov chain by L.

In the sequel we will also say that the state of Markov chain £; is £(t), since
the other parameters of the string are determined by &(t).

Remark 2.1. For the Markov chain £; (£,) we assume the following condition
to hold.

Condition 2.4. (Non-degeneracy). qi(7,0) # 0, (g-(7,0) # 0) for all strings
7, 0 such that || = d, |0] < 2d.
2.4. Transient strings
2.4.1. Stabilisation laws for finite strings
Let the Markov chain £; be transient. For all « € A, # (), define the

following correlation functions:

pela | B) =Y PL(t) = ap | £(0) = ). (2.3)

peA
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It is the probability that the left end of string £(¢) is equal to «v at time ¢ under
the condition that the initial state is 8. Our aim is to study the long-time
behaviour of these correlation functions.

The following theorem has been proved in [3].

Theorem 2.1. Let Conditions 2.1, 2.4 hold and let L; be transient. Then the
following assertions hold:
(i) For all a€ A, o # () and for all initial states 3 € A

Jim pi(or| B) = pu(e), (2.4

where p,(a), a€ A, are the correlation functions of some measure (i € Po.
Moreover, the convergence in (2.4) is exponentially fast, that is, there is some
x > 0 such that

pe(a| B) = pula)] < C(laf)e™, (2.5)

for some constant C(|a|) depending only on |«
(ii) For any initial state

lim 130 =u(u) >0 (2.6)

t—o0 f

in probability, where the “velocity” v;(u) is given by the formula

u) = > pu(r) Y. (16— d)a(r,6). (2.7)

yilvl=d 0:16/<2d

Next we give a formula for the correlation functions p,(c) of the measure y;
another formula was given in [2]. Introduce the following notation. For all 6,~
and 6y such that |y| =d, 2d > |0| > d and 2d > |0;| > d we define

def

9e(07,01) = P{&(t) = 07, |£(s)| = 2d for all s with ¢ > s> 1]£(0) =6, }.

The probability g:(67,61) is a taboo probability and the following series is
finite

9(07,60) = > gu(07,61). (2.8)

Theorem 2.2. For all a« =07y ...7v,, with 2d > |0| > d and |y1| = -+ = || =
d,

Pu(@) = pu(@y ) = > 9(071,01)9(6172,02) - - g(Bn—1Vn )y (0)-
2d>10;|>d

(2.9)
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This theorem will be proved in Section 3. Formula (2.9) yields a set of
equations for p, (), 2d > |§] > d. Define the positive matrix

H={h(61,62) = 3" 9(617,62) }o, 2050154, (2.10)
|'y\:d 2d>‘92‘2d

Corollary 2.1. The vector p, = {p.(6),0 : 2d > |0| > d} is a right eigenvector
of H with eigenvalue 1:
pp = Hpy.

To see this, we use (2.9) for n =1 to write
pu(0) = > pu@y) = D 967,00 pu(01) = > h(0,61) pu(6h).

[v|=d [v|=d, 2d>10,|>d
2d>10,|>d

Remark 2.2. In the transient case the spectral radius of H is equal to 1.

Next we formulate a new stabilisation law for transient strings. Denote by
Em,y (t), where m < [, the subsequence &, (t)...&(t) of the sequence &(t) =
€at, (t) s 6-1(t), where a; = — | f(f) |

Theorem 2.3. For all a € A, « # (), and for all initial states 8€ A, the limit
lim lim P{{_n—|a),-n(t) = @ [ £(0) = B} = pu()

N —o0 t—00

exists, where p, (a), a€ A, are the correlation functions of some measure v€ Py,
different from u. These correlation functions p,(a) can be determined in the

following way. For all a € A such that a= 7y ...y, and |y1| =+ = |ym| =4,
pu(a) = pu('}/l cee ’Yn) = Z ]3(91)9(9171; 92) cee g(en'}/nv 9n+1)f(9n+1)7
2d>0;1>d
(2.11)

where p = {p(0),0 : 2d > |0| > d} and f = {f(0),0 : 2d > |0| > d} are left and
right eigenvectors of H
p=pH, [f=HJ,
such that
> B(0)f(0) =1.
|0]=d
This theorem will be proved in Section 4.

Remark 2.3. Tt is evident that from expression (2.11) one can derive the corre-
lation functions p, («) for strings of arbitrary length.

Corollary 2.2. The measure v is a translation invariant measure with the ex-
ponentially strong mixing property.

Thus we have defined two measures u = pu(Q;),v = v(Q;), where Q; is the
matrix (g;(y,9)), as well as velocity v;(u). We say that the measure p = pu(Q;)
is generated by the left end of the string £(¢).
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2.4.2. Stabilisation law for semi-infinite strings

The results of the previous section can be reformulated for semi-infinite
strings. Consider the Markov process Lo, on the set of all semi-infinite strings.
Suppose that the corresponding Markov chain £; on the set of all finite strings
is transient. Then there exists a unique invariant measure for L, (see Defini-
tion 2.2) and it coincides with the above measure u defined by Theorem 2.1.

The following theorem has been proved in [3].

Theorem 2.4. Assume Conditions 2.1, 2.4 and assume that the Markov chain
L; transient. Then the following statements hold.

(i) The Markov chain L., has a unique invariant measure that coincides with
the measure p defined by formula (2.9).

(ii) For any initial distribution ¢

@P(t) — p, t— oo, (2.12)

in the sense of weak convergence on B.
(iii) For any initial distribution ¢, convergence of the correlation functions
in (2.12) is exponentially quickly, i.e.

Ipe(a | @) —pu(a)] < C(la))e (2.13)

for some x > 0 not depending on |a| and some constant C(|a|) depending only
on |al.

2.4.3. Stabilisation law for semi-infinite strings

Consider the Markov chain L., corresponding to the ergodic Markov chain
L;. Recall that (n(t),a;) denotes the state of Lo, at time ¢. Denote by (v, o)
the initial distribution of L., where ) € Po. Note that in the ergodic case
a; — oo a.s. for any initial distribution.

For any measure ¢ € Py, and for all natural numbers n we define the shifted
measure 0,1 with the following correlation functions

pou(y) = Y pu(07).
0:10|=n
Define an infinite, strictly increasing sequence of random moments
0:0-(0) <0-(1) <0-(2) < e <0'(n) < e
such that
o™ =min(t > o™V a; > aym-1).

We will call the moments o(™ renewal times. If n(c»1) = ap, for some
|a| = d, then for all n the distribution of o(™ — ¢(®~1 depends only on a. By
definition, put

ea = E(@™ — o™V [ n(a"7V) = ap).
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By ergodicity the above expectation is finite.
Consider the imbedded Markov chain £/ defined by

i(n) = n(@™).
We will see that the following result holds.

Lemma 2.1. The Markov process L, has a continuum of extremal invariant
measures, which can be obtained as follows. Let the initial distribution v satisfy
the condition

an - SD) n— Oo’

where ¢ is an ergodic measure on B.,. Then
1
% 2 WPn) =, (2.14)
n=1

in the sense of weak convergence on B, where P(n) is the Markov semigroup
on Ps corresponding to L.

Remark 2.4. In case d = 1, the distribution of 7j(n) coincides with ¢ for all n
and thus m, = . In case d > 1, this distribution will be obtained below in the
proof of this lemma.

For all o, 8 and p, with |a] = d,|8] > d and p € By, define
wy (B, ) = P{n(t) = Bp,as < —d, 1 < s <t|n(0) = ap,ap = —d}.  (2.15)

The probability w; (3, ) is well-defined, since by condition 2.1 the probability
on the right-hand side of (2.15) does not depend on p. Define also

w(f,a) = Zwt(ﬁ, a) < oo. (2.16)
=0

Let us write

Go= > To(a)ea. (2.17)

a: |al=d

Then the following result on invariant measures of the Markov process Lo
holds.

Theorem 2.5. Assume that Conditions 2.1, 2.4 hold and that the Markov
chain L; is ergodic. Then the following assertions hold.
(i) For any initial distribution v such that

O — p, n— o0, (2.18)
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with ¢ an ergodic measure on B.,, we have

% > YP(t) = Ky (2.19)

as T — oo, in the sense of weak convergence on Bys.
The Markov process Lo, has a continuum of extremal invariant measures.
The correlation functions of k., are given by the following formula: for |y| > d

== X m@Y vt Y Y mler )l a),

® a: |al=d BeA v A y=y'y" o |al=d
|7/ |>d, v #0
(2.20)
where 7, is defined by formula (2.14).
(ii) For any initial distribution v satisfying condition (2.18)

E
% — v(ky) >0, T — oo,

where

'Ul("ﬁl,a): Z pnv(’y) Z (|9|_d)ql(’7a9)' (2'21)

yilyl=d 0:0|<2d

This theorem will be proved in Section 5.

2.5. Strings with independent evolution of both ends

Ergodicity and transience conditions for the Markov chain £ can be obtained
from the foregoing results. The above stated stabilisation laws play a main role
in this classification. For example, if the right string is ergodic and the left
string is transient then we need

e the invariant measure p of the left end and the speed v;(p) at which the left
string drifts off to infinity;

e the “induced tail measure” k,, defined by the initial distribution v, which the
left string leaves behind itself (to the right of its left end);

e the speed v, (k,) of the right string in the environment (initial condition) of
this “induced tail process” k,,.

Theorem 2.6. The following classification holds.

(i) If both left and right strings are ergodic then L is ergodic.

(ii) If both left and right strings are transient then L is transient.

(iii) Assume that the left string is transient and the right string is ergodic. The
parameters of the left string are p, vi(u), the parameters of the right string are
Ky, Up(Ky). Then L is ergodic if

u(p) < or(n)
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and transient if
v(p) > vp(ky) -

(iv) The case when the left string is ergodic and the right one is transient is
symmetric to the previous one.

This theorem will be proved in Section 6. The intuition behind the theorem
is the following. Suppose that the left end of the string is transient and the right
one is ergodic. Then by Theorem 1 the transient end will move with velocity
vy(p) and by Theorem 3 it will generate a stationary medium with distribution
v in the middle of the string. The ergodic end will move in this stationary
medium and by Theorem 6 its velocity will be equal to v,.(k,). So we only have
to compare the velocities of the left and right ends. If v;(u) < v.(k,), the right
end will overtake the left one and hence the string is ergodic. If v;(u) > v, (k,),
the left end will escape from the right one and so the string is transient.

3. Proof of Theorem 2.2
For P{¢(t) = a | ap} = P{&(t) = a | £(0) = ap} we have the following result.

Lemma 3.1. For all 0,v, p and oo with |y| = d, 2d > |0| > d and |p| > |ao| ,

P =0vp aot = D g1,(07,01)P{E(tr) = O1p | o} (3.1)
to+t1=t
2d>01|>d
Proof. We denote by I' a trajectory of the Markov chain £,
I'= a(o), .. .,oz(t)

and by P(T") probability of this trajectory

P(F) = pOéoOél . 'paf,flat)

where p. . are the transition probabilities of £;. In terms of trajectories we have

PL(t) = 0vp | ag} = 3 P(D),

where the summation is over all trajectories T = o(? ..., a® with

O =ag, o =6y

ol
With each trajectory I' we can uniquely associate a moment o(I") such that
™) = @,p for some 6; with 2d > 01| > d and |a'®)| > 2d + |p|, for all
s> o(T).
So the trajectory I' can be decomposed into two sub-trajectories I' = I'gI'y,
where Ty = oM+ a® and Ty =a®, ..., al@@),
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This implies that
’ (0) (1)
RS DRCHIGIES D) DA ELh) Savau]
F:F()Fl 91
where Z(O) is the sum over all Ty = o(?, ..., a(®) such that
a® =61p, ") =6y,

and
(9| > 2d + |p|, for all s > 0,

and Z(l) is the sum over all I'; = a® . o) such that
al® = g, at) = 01p.
It is clear that
S P(T) = Plé() = 61 ao).

As the length of strings in trajectory T'g is not less than 2d + |p| then the

probability P(T'g) does not depend on p. Hence the sum Z(O) does not depend
on p and

S P(To) = g1, (07.01):

O
This lemma has the following consequence.
Corollary 3.1. Let |p| > |ag| ,2d > |0] > d and |y1| = ... = |yn] = d. Then
P{(t) =0n...omp | a0} (3.2)
= > 900(071,01)96, (0172,62) - gt (On—1¥ns 0 )PLE(En) = Onp | 0}
to+-+tn=t,
2d>16;|>d

Using this corollary we obtain the following relation
pe(0v1 ... Yn | @0)
= > P =0m...mploo}+ D P{Et) =0m...ympl a0}

pilpl>laol pilpl<lao]
= > P{E) =0m...mpl a0} + OP{IE()] < |ao| + d(n +2) | ao})
p:lp|>]aol
= Z Gto (071, 01)9¢, (0172, 02) . .. gt,_ (On—17Vn, 0n) X

tottin=t,
2d>6;|>d

XY PLE(tn) = Onpl oo} + OP{IE(®)] < |aol + d(n + 2)|ag}).

p:lpl>]ao]

(3.3)
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It is clear that

Y P{&(tn) = up | ao} = pr, (6 | o) + OP{IE(t)] < lao] | ao}).

p:lp>]aol

By virtue of Theorem 2.1, the following limit exists for any «
pu(@) = lim pi(a | ao)

and this limit does not depend on ag. Taking the limit in (3.3) yields (2.9). O

4. Proof of Theorem 2.3

We can use (3.2) to determine the probability

. def
Pe(p | ao) = P{E(t) = Pp, for some & = ao}.
Let |y] = d and let |p| > |ag|. Then

pr(vplae) = > plfn. el o)+ D pi(0p] ao)
2d>0|>d, |6]<d
n>0,|v;|=d

= D 201 mypla0) + O(P{IE(D)] < 2d + |l | £(0) = ao})
2d>0|>d,
n>0,|vi|=d

= E DPto (0)gt, (0, 01)P{E(t2) = O1p| a0}
10],161]>d,
to+t1+ta=t

+O(P{IE®)] < 2d + o] [£(0) = ao}), (4.1)

where

=
=
—
>
=
Il

S 916(00m,601) - gr,, (Bn1yn,0)

n>0 tottin=t,
2d>10;1>d,
[vil=d

(4.2)
= P{foralll:t>1>1,]61)| > 2d | £(0) = 6}.

In the transient case the limit exists and is positive:
P6) = lim ,(6) = Pfor all 1 > 1,]¢(1)| = 2d | £(0) = 0).
In this case (4.2) implies that p(6) satisfies the equation

PO = Y B(61)g(617,0). (4.3)
2d>101|>d,
lv|=d
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In the transient case clearly the sum
F(p | ao) = ZP{S =plao}
is finite. It follows from (3.1) that

F(byp|ao)= > g(07,01) F(61p ] ao). (4.4)
2d>10,|>d

Taking the limit in (4.1), we obtain

plyplao)= lim p(yp | o) = > 5(0)> 91, (B0, 61) ZP{E(t2 =01p|ao}

2d>10;|>d  t
= > #(00)g(00,01)F(01p] ).
2d>|0;|>d
Using this fact and formula (4.4), we find for |p| >|ag| and |y1| =+ = || =d
that
PO mplao) = D B(01)g(6171,602) - - 9(On Y, Ong1) F (01 plo)-
2d>0,]>d

Choose m > |ag|. Let N =dn +m and |y| = d. Then

i PLE v - (1) = 7[€(0) = ao} = > (- Amp | o)

lvi|=d,
lpl=m
= Y 5(00)9(007,01)9(0171,02) - - g(Onns Ong1) Y FOns1p | o).
2d>0;]>d, o=

[vil=d
The last summation can be expressed in terms of the matrix H and so written
by means

}320 P{&—ly|-n,—n)(t) =7 | £(0) = ao}
= Z ]5(90) (907591) 9 92 Z F(Ggp | ao).

2d>|0;|>d, lp|l=m
|vil=d

We already saw that pH = p (cf. (4.3)), i.e. the spectral radius of H is equal
to 1. Hence, by Perron-Frobenius’ theorem the following limit exists and does
not depend on ag

i lim PLE v (1) = 7 [ €(0) = ao} = > B(00) 9(0o,01) £(61),

N —o0 t—00
2d>00;|>d,

where f = {f(0),0 : 2d > |0| > d} is the eigenvector of H that satisfies the

normalisation condition
> p0) f(0) = 1.
10]=d
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5. Proof of Theorem 2.5

Let us prove assertion (i). First we will discuss the issue of invariant measures

of the imbedded Markov chain £/ . Suppose that 7(0) has distribution ¢ € P
such, that

O — p, n— o0, (5.1)

where ¢ is some ergodic measure on Bo,. We denote by P{C | ¢} the probability
of event C related to the process L. , if the initial state has distribution .

Proof of Lemma 2.1. Consider the Markov chain £/_. This Markov chain jumps
in one step from state yp to state 0p, for some 7, p, 0 with |y| = d, |0| < d and
p € By . The probability of the transition vp — €p does not depend on p and
depends only on 7 and 6. Denote this probability by p(v,6). By Condition 2.3
all probabilities p(y,0) are non-zero. Consider the random moments for the
process L

0:5-(0) <5-(1) <5-(2) < e <5-(k) < e

at which transitions of the type vp — @p occur. The transition vp — @p occurs
with a probability not less than ¢ = minj,|—g p(7,0) > 0 and the conditional

expectation
ép= E(g(k-i-l) ) | ﬁ(&(k)) =p)<e!

uniformly over p € Buo. By (5.1) the distribution of 7(6(®)) tends to ¢ as
k — o0, in the sense of weak convergence.
Let

Ky =3 lipwen
k=0

be the number of moments &*) during the segment [0, N] and let

En() =) Lt <niet)eam)-
k=0

We will show that with probability 1

Kn(v) ¢()

N — S , N — oo, (5.2)
where
5= /w(dp)ép
Boo

Let us write
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First we will prove that with probability 1

K 1
N o N

Put
7B = k) k=1 >,

Then we have

N F) 72 Lo FEN) L N - 5(KN)
Ky Ky '

Since Ky — oo almost surely, it follows from the ergodic theorem that

7 L 7@) L. F(Kw)
—5
Ky ’

a.s.

because we can consider 7(*) as a function of some ergodic process with distri-
bution ¢. Hence,

K 1
£l e
since N — §EN) « #(En+1) and so
N — 5(EN)
2T o

Ky

Furthermore, the distribution of ﬁ(&(k)) tends to ¢ as k — oo, where ¢ is ergodic
by assumption. By virtue of the ergodic theorem we have

Kn(v)
Ky

— o(y), N — oc.

Write ~
hn(y [ v) =EKN(7).

It follows from (5.2) that

hv(v[¥) _EEN() _ #(1)
N N 57

N — o0, (5.3)

since Kn(v)/N < 1.
We can now prove the assertion of the lemma. To this end we introduce the
following notation:

w(dp | ) =Y P{e® =1,7(6"W) e dp | ¢}.

k=0
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By definition, put for all p € By, and v € A

@i(y, p) = P{i(l) € A(y), 7V > 1]4(0) = p}

and -
(v, p) =Y _Wi(v,p)- (5.4)
=0
Then we get
Bl | ) = Z/Uz dp | )Bai(3,p)-
=05
Consequently
1 N N n
=3 () = Z /u (dp | $)n—1(7,p).
n=0 n=0 =0

Changing the order of the summation in the last formula we have

1 N
TS il |9 = Z/uldmw an o)
n=0

=05
By the change of variables k = n — [ we obtain
zpnw N;/ul p | 0) zwk T
Boo

N

= —Z/uz dp | 4) (7, p) Z/m dp | ) wg(7,p). (5.5)
k=0

lOB lOB kNl

The first summation in the right-hand side of the last formula satisfies

—Z/Uzdplw Zwkvp N/hzvdplw szwp

ZOB

and by formulas (5.3) and (5.4) we have

1 [ - N 1
—~ [ hn(dp | ¥) Y Wk(y,p) — = (dp)w
NBZNP kzzozmp Sgéwp

Next we show for the second summation in (5.5) that

NZ/@z(dplw) (v, p) = 0, N — oo.
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To this end define

yeA
we find that
2 [atdelw) Y a1 > [ alde | 9)Wale) - Wa-ilp)
l:OBoo k=N-I l:OBoo
= [ 10w - 3 [ nldp | 0n-i(p)
Bo =05,

By virtue of (5.3)
1 [~ .
[ it |0 (p) — 1.
Boo

Choose € > 0 arbitrarily small. Then

1

>~ / hina—e(dp | ¥)Wing(p) — —1 +e.

Boo

Hence

N
timsup - 3" / (dp | )

l:OBoc k

N
Z wk(’yap) S €
—N—

l

uniformly in . This completes the proof of the lemma. O

Remark 5.1. The correlation functions of 7, can be written as follows:

pe. (1) = 3 [ ldo)itr.p), (56)

where
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We will say that a renewal occurs at time s if ¢(") = s for some n. Let us define
the following function:

us(y | ¥) = zﬁwwfmm A(y) |9}, (5.7)

where A(y) = {8 : 8 = vp} is the set of strings with left end equal to v. It
is the probability that a renewal occurs at time s and that simultaneously the
process Lo hits the set A(y).

Let us also introduce the following function:

he(y [9) =D us(y | ¥). (5.8)
s=0

This represents the mean number of renewals before time ¢ starting with initial
distribution .
In the sequel we need the following lemma.

Lemma 5.1. If the initial state of the Markov chain L., has distribution
satisfying the condition
an - SD) n— Oo’

in the sense of weak convergence, then

i O 19) _ e ()

t—oo t e

, (5.9)

where

e= Z mo(a)eq, eq=ET,.

a: |a|=d

Proof. The proof of the lemma is the same as the proof of (5.2) and (5.3).
Details are omitted. ]

Next we can prove

T
% > P{n(t) € A®) | ¥} = pr, (),
t=0

where py (7) is defined in (2.20). The correlation functions at time ¢ are given
by the formula

|6 =Pl € AR [ =3 Y wla] ) Zwtsw,

s=0a: |a|=d

+ ) w(@y [wes(v, ), (5.10)

I~

VA =Yy
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where w;_; (0, ) is defined by formula (2.15). Using formula (5.10) we find

MH

T
p(r¥) = %Zp{nu)emmw

T t
SN (usla ) > weslrp,0)

d t=0 s=0 p

+ Z us(ay” [ P)wr—s(, a))-

VA =y

Changing the order of the summation we find

1 & ) T .,
Tl = 1 3 3 (uel 0T e

a: |al=d s=0 p t=s
T
> us(@r" [ 9) 3w o7, a)).
YA =Yy t=s

Use the change of variables y =t — s to obtain

T
%;pmw = 711 > Z(usalw Zzwyw,

a: |a|=d s=0 p y=0
T—s
+ Y us(av”lw)ZWy(Wl’O‘))
y A =y y=0
T T
Z Z (us(a | lﬂ)zzwy(VPaa)
a:|a|=d s=0 p y=0
T
+ Z Zwy )
YA =y y=0
T
,T 3 Z(usaHb )> Y wy(vp,a
a: |a|=d s=0 p y=T—s
T
+ Y us @ W) Y wyly )
z A =y y=T~s

= Il(Tvly) + IQ(T/V)'

For the first summand we have the following expression

LTy = ), Mzzwy(ma

a: |a|=d p y=0



302 A.S. Gajrat, V.A. Malyshev and A.A. Zamyatin

oy Yy et zwﬂ,

YA =YY" ax |al|=d

By Lemma 5.1, I; (T, 7) tends to py,(7), which has been defined in (2.20). We
have to prove that I>(T,~) tends to 0. To this end we introduce

t
t)=> P{r. >s}.
s=0
Using the obvious estimate

wy(v, @) <P{ra >y},

we find
\I(T,~)| < % ST ) udaly) Y P{ra >y}
a:|a|=d s=0 y=T-—s
1 T
= LY e 6) (Gu() ~ Gul(T -~ )
a:|a|=d s=0
_ Ml G,y - L S S uala | 66T 9
a:|al=d ta|=d s=0

By virtue of Lemma 5.1

—
~—

nr - 3 %:1, T — .
a: |a|=d

Choose € > 0 arbitrarily small. Then

T(1—¢)

hpa—
LYY wlner-g<- Y M@
a:laj=d s=0 a:|a|=d
_ T(1-—e¢) hra-¢ (a)
=—— 2 T(—2) Go(Te) » —14¢, T — 0.

Thus we have proved that for arbitrarily small € > 0

limsup [I2(T,7v)| < e
T—o0

uniformly in . This proves the first assertion of the theorem.
The second assertion easily follows from the first. a
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6. Proof of Theorem 2.6

Let (&, at, b:) be the state of the process £ at time ¢, where & is finite string,
& € A, aq is the leftmost coordinate of the string, a; € Z, and b; is rightmost
coordinate, b; € Z. It is clear that b;—a; = |£;|. Note that we use the notation &;
instead of £(t); this is done with the purpose of making formulas more compact.
To prove that process is transient it is sufficient to show that

P{as < Ot — d, by > Vergt + dfor all t > 0|&o = y—v4,a0 = —d, by = d} >0,
(6.1)
where —uvy(p) <Oty < Derg < Vr(ky) and |y_| = |y4+| = d. Denote by (¢;,1;) the
state of the Markov chain £; at time ¢ and by (1, 7¢) the state of the process
L_ . at time ¢.
First we note that for any 7" > 0 and p € B_

P{at < Uyt — d, by > ﬁergt+ d,for all t, T >t > 0|§0 =7-7+,a0 = —d,by = d}
= Y P{lr=oa,l; <byut—d forallt, T >t>0[¢ =7}

[e3

x P{r; > Uergt + d, for all ¢, T>t>0|n = pays,ro=d}
= P{ly <Oyt —d, forallt, T >t>0|¢=7-}

3 P{(r =, Iy <Tut—d, forallt, T>t>0[¢ =7}
- P{l <tut—d, forallt, T>t>0[¢ =~}

X P{rs > ergt +d, for all t, T >t > 0|no = pays,ro = d}.
Define the measure v by the following correlation functions

Py(a[N,N + 7] =7)
= PNV, N+ ]| =7l < 0t —d, for all ¢ >0,( =7},
for any v € A and N < 0, where ([N, N + |v]] = lim— o0 ([N, N + |7v|]. Here
Ct[N, N + |v|] is the restriction of ¢; to the coordinates NN +1,..., N + |v[;
a[N, N + |v|] is defined analogously.
Passing to the limit we get
P{ats < Oyt — d, by > Dergt +d, for all t > 0]& = y—v4+,a0 = —d, by = d}
= P{l; <tyt—d,forall t >0 =7}
x P{re > Tergt +d, for all £, t > 0| (7,84)}.
If for any ~y (6.2) (it will be proved later) holds,
Jim po(Qn, Nt =) = Pu(7) (6.2)

—

then the following result is valid.
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Lemma 6.1. Suppose that (6.2) holds, then
P{ry > Vergt +d, forallt,t>0]|(7,0q4) } > 0.
Proof. Define random moments of time 7,,,n =1,2,... by
71 = min{t : 1y < d},

T =min{t:ry < —d(k —2)} — -1, k=2,3...
By virtue of

P{rs > Dergt +d, for all t, ¢ > 0| (7,d4)}

d
> P{Tl—l—---—l—Tn > n— for all n} (6.3)
erg
It is sufficient to show that
d
P{rn+-+m=>n—foraln}>0 (6.4)
Verg
is true.
By condition (6.2) we have
lim ETn=i> Nd .
n—oo Ve Verg

Note, that the following lemma holds.

Lemma 6.2. Denote by F,, the o-algebra generated by {rg,...,7,}. Then
E(Thts | Fr) — E(hys) = O(e™7)

for some c¢; > 0.

Hence Lemma 6.1 follows from Theorem 2.1.9 (see [1]). O

Proof of Lemma 6.2. Let a € S[=°%4 denote the initial state of 7,. We will
prove that E(7i4s | Fi) — E(Thts) = O(e~°®) uniformly in a. Let us rewrite
o = pYn-..7, where |v;| = d. The state of the process at moment 7, can be
written in the form py, ... vk4+1Xx+1,Wwhere xg41 is a random string such that
[Xk+1] < d. We put x1 = . The distribution of 7, and xx+1 depends only on
YeXk- Hence,

[E(Thss | Fr) = E(Thts)|
<Y E(Thps | Xers = 0kp o) |POxs = Okts | Fid — P{Xkrs = Orys}]

Okts

Z E(Tk-i-s | Xk+s = Okts)

Ok+s
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X’ D P{tts = Okrslxirt = Skr1 }P{xk1 = S| Fi} — P{xkrs = s}

Spy1

S Z E(TkJrs | Xk+s = 5k+s>

6k+s
X [Z IP{Xk+s = OhsIXbt1 = Ok} —P{Xbts = Ohrs }[P{xk+1 = 5k+1|‘7:k}:|
Okt1

< maxE(Thts | Xkts = Okts)
§k+s

X max |P{Xk+s = Okts | Xk+1 = Ok41} — P{Xk+s = 5k+s}|-
Okt s50k+1

So it is sufficient to prove that

max [P{Xk+s = Okss | Xk = 0k} — P{Xkrs = Gpss}| = O(e™").

Ok+s,0k

One can show the following relation

P{xk+1 = 41} = Z P{xr = 0k} Py, (Oks Ort1), (6.5)
Su:lon|<d

where p,, (0k, 6x4+1) = P{Xk+1 = Or+1|xx = 0r}. By virtue of (6.5) we have

P{Xkts =0Okrs} = D P{xk = 0k}Dy Oy Okr1) - Py (Fhps—1, Onss).

5k+i:‘6k+i|<d

Note that there exists € > 0, such that p-(d, 5) > ¢ for all v, 6 and 6 and
> py(6,0) =1.
5

We can hence interpret x; as the state of a non-homogeneous Markov chain.
Consequently,

IP{Xkss = 6 | xi} = P{xkes = 6 | xa}| = O(e™*),

because all transition probabilities of this chain are uniformly bounded away 0.
Theorem 2.1 implies that

P{l; <Oyt—d, forall t>0]¢ =~-}>0,

and so inequality (6.1) holds.
It remains to check (6.2). To this end we will use the coupling method.
Introduce new random processes (; such that

P{gtl = xl,étz =T2,---, 57571, = ‘rN}
= P{gtl :‘rLCtz ::L'Qa---actn :xn|At}7
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for all t,...,t, < t,1,...,2,, where A; is the event {l; < 05 — d, for all
t > s > 0}. Obviously this process generates the measure 7. Denote by l; the
leftmost coordinate of the string G

Let us note that |yp| > ¥yt + 2d, if & = vyp and |y| = d. Then

P{(i+1=0p,G =0}

P{§t+1 =0p | ét = ’YP} =

P{ét = ’YP}
_ P{G+1=0p,G =vp| Ar+1}
P{G =p | As}

P{¢=p|A
= P{G+1=0p| G =p} F‘E?@ :’sz| | ZS}

P{G =7p| Ars1}
P{Ct =P | At}

= Q(’y’ 9)

= Q(’Yae)'

The last equality is true, since Iy < ¥yt — 2d implies [(;41] < Tt — d.
As a consequence, the transition probabilities of the processes (; and (; are
equal if I; < Uyt — 2d. We can prove he following relation.

P{there exists T : for all ¢t > T, Iy > bt — 2d | éT = q, Ir < o1 — 2d}
= P{there exists T : for allt > T : l; > vt — 2d|{r = o, Iy < O, T — 2d}
> £>0. (6.6)
We construct a coupled process ((t, Et) as follows:

0) (CO)&O) = (7*77*);

1) for 5 o
lp > Ot — 2d, 1 > Vet — 2d, Ce[ly, iy + d) = Ge[ly, Iy + d] (6.7)

the processes ft and (; move together according to the transition law of
(¢, this means that

P{Cr41 = 0p,Cop1 = 0p| & = 75, & = vp} = q(7.0),
if ¢, = ~p and ¢ = yp for |y| = d, then for any 0 with 0] < 2d;
2) otherwise ¢ and ¢ move independently:

P{Cis1 =P, Cer1 = p|Ct. G} = P{Ga1 = 5| }P{Gar = p| (e}

So the lemma is proved, if we can prove that with probability 1 there exists
a moment 7', such that (; = (3, for all ¢ > T'. Let us define coupling time 7 in
the following way

7=min{T : for all ¢t > T,
Colle b+ d) = Gl by + d, 1y < Dot — 2d, 1y < Byt — 2d}
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Transience of the process (; together with (6.6) imply that
P{r < 0} =1.

This easily implies (6.2). O

6.1. Proof of Theorem 2.6 (ergodicity)

Denote by &, the process with two evolving ends, and by a; and b, the
leftmost and rightmost coordinates respectively. The initial state of the process
is 0 = (o, 0, |]), i.e. ag =0,& = a, by = |a|. Write

Utr = U (,LL),
Ve = Ur ("iu)a
def

E.{-} = E{|(&;a0,b0) =7}

Define the following random variables

ola) = min{t:|§| < K},
7(a) = min{t: b < d},
Tw(a) = min{t:forall s >t as < —K},
tl@) = 7(a)+ & ()l ¢ , where 0 < ¢ < 1.
Ve — Utr

Let
Ay ={|¢&] > K, for all s <t}.

In order to prove that
Ezyo(a) < o0,

we use Foster’s criterion (see [1]). Let & = £o(a)nt- We prove that there exist
e > 0, N and a random variable k(«) such that

E(k(ay o] — 1| | & = @) < —cEk()

for all t > 0 and all o with |a| > N. To simplify our formulae we assume that
t =0, ap =0 and by = |a|. Then we can rewrite the previous inequality as

Euo ([€k(ay| — |€0]) < —€Ek(a), where k() = t(a)1qa,,,}-
This inequality follows from the fact that
EIol{At(a)}At(a) < *EEIUt(Q)l{At(Q)},

With At(a) = |§t(a)| — |§0|
The following lemma will be proved in the next section.
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Lemma 6.1. There exist ¢ > 0,0 < ¢ < 1, N and K, such that for all o« with
lal > N

i)

c
Euoi(a)1{a, )} =~V (1 + U“vi) EeoT(@) 14, )y +O);
e — Utr
ii)
c
Baobr(a)1qa,m}y = _UCU“HEEOT(Q)]‘{AT@V)} +0(1),
Exol{At(a)}At(a) = (1 - c)vtrExoT(a)l{AT(a)} - |Oé| + O(l),

iii)
c
EZot(a)l{At(a)} = EmOT(CY) + ’UtrmEon(Q) + 0(1)
So we need to prove
(1- C)UtrEIUT(Q)l{A,(Q)} —lal+0(1) < fEEzOt(a)l{At(a)},
or

((1 — vy +e(1 + vy ———

Ve — Utr

))E%T(an{AT(Q)} +0(1) < |al.

For ergodicity of the process it is hence sufficient to show the following
lemma.

Lemma 6.2. There exists N such that E;,7(a)1{4, .} < Nlal, for all a.
Proof. Define a new process §~t in the following way:

1) (5,:,&,5,?),5) = (&, at, by), till the moment that |&] > K;

2) if |&| > K and |£,41| < K, then we put &1 = 0 and b,y = —K.

It is clear that
EIUT(a)l{AT(a)} =E,,7(),

where 7(a) = min{t : by < d}. Define also random moments
o =min{t:t > 0,b; > by + K/2 or by < by— K/2},
Tiyr = min{t : t > 73, by > by, + K/2 or by < by, — K/2}.
Using the Lyapounov function from [4], we can show that
PI{BHl > Bn +K/2} < cre” K for some ¢1, ¢, > 0 uniformly in z

and
E,7i+1 < 00, uniformly in z.
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So there exists K such that

Euzo (b7, — br) < —e, for some € > 0 uniformly in x.

Hence, there exists IV such that
E.,7(a) < N|al.

This completes the proof of the lemma. O

6.2. Proof of Lemma 6.1

Let us prove assertion i), the other assertions can be proved in the same way.
One can write the following expression

Evor(a)l{a,m) = S (Pao{rula) =t,& =08, A}
t,0,3:
2d+K>\BG\2K

X Bug(@t(a) LA, o) | Tee(@) =1,& = 08, Ay)).

Rewrite the conditional expectation in the last formula

Eao(@t(a)ia, )y | Ter(@) = 1,6 = 083, Ar)
= Ex{atop)1{a, sy | for all s > 0,0, < —K),

where x = (08, —|0|,|8|). We use the following notation

E(-) = Eo(- | for all s > 0,a, < —K),
F~’{} =P,{ |forall s >0,as < —K}.

The proposition below immediately implies assertion i).

Proposition 6.1.

Eatos)1{a,4p)}) = _““(1 +

— )E(T(95)1{AT(%)}) +O(1).
Proof of Proposition 6.1.  Split the left-hand side of the above equality into
two parts

Elaros) La,0m1) = Ear08) 11405} Larom €U (—0nr(85))})
+ E(ar(08) LAy} Lar op) €U (—0ner(09)})5
def

where Uc(t) = {n € Z : |n—t| < et}, e > 0. It is not difficult to prove that
the second term in the right-hand side of the above equality is bounded. Let us
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estimate the first term. We need some notation

vo= (vet+v)/2,
Lt = UE(_’UtrT(Gﬁ))/Q - U(t - T(eﬁ))a
oo = min{t>7(00): b € L},
oy = min{t > 7(006) : ar € L},
T(t) dﬁf cwt,
Ve — Utr
Bt = {at S UE(—’Utrt)}.

This first term reduces to

E(at(08)1{Au05) 1 1{Bros)}) = E(@08)1{Ay00} LB 05y} Lowno. >T(+(08)})
+ E(at(08) L1 Au09)} 1B 05} How<ow 0u<T(r(68)})
+ E(at(08) L1 Au09) ) 1B (o5} Moo <o 0o <T(r(08))})-

First we will show that

E(at(eﬁ)l{At(eﬁ)}l{BT(SB)}l{Utr<Ue7Utr<T(T(95))}) < 00, (6.8)
E(at(08) 111005} 1Bo o)} How<ommoe<T(r(68)}) < 09 '
uniformly in 60.
Note that
ag(6p3) < ET(@ﬁ),
for some constant é.
Then for (6.8) it is sufficient to show the following bounds.
E(T(08)1{ A, (B, 105} Low <oeou<t(z08))) < 09 (6.9)
E(T(eﬂ)l{fhwm}l{BT<em}l{ae<amae<T(T(9ﬁ))}) < 0. (6.10)

The first inequality follows directly from the existence of constants c;, ca, such
that ~
Plow < 0c,00 < T(t)| B, 7(08) =t} < cre” 2.

Let us prove that inequality (6.10). By Chebyshev’s inequality
E(T(eﬂ)l{AT(Gﬁ) }1{37(95)}1{0e<0tr»0e<T(T(95))})

< E((08)1¢-(0p)>1082})
+1081°P{Ar(9p), Br(08) 0c < Otx, 00 < T(7(63))}.
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One can prove that B
E(T(08)1(+(9p)>(0512}) < 00

uniformly in 85. A uniform bound for the second expression in the right-hand
side of the above inequality is obtained from the following lemma.

Lemma 6.3. There exist c1,co such that
P{A;(0p): Br9p) 0c < Or, 00 < T(t) | T(08) =t} < cre™2".
Clearly this lemma implies that
108°P{A+(65): Br(65): 0c < 0tr,0e < T(1(05))} < c1]08]*Ee™"99) < 0
uniformly in 63, since 7(03) > |68|/d.
Proof of Lemma 6.3. We will use the following estimate

P{Ay, B, 0c < 0w, 00 < T(t) | 7(08) =t} < > P{oe = to, 00 > to| 7(03) = t}.
to<T'(t)

Note that
P{o. = to, 00 > to | T(08) =t}

= Z I59{Ct0 [—vt(1 —e)/2 —v(t — to)d,d] = p}P{oe. =to | n: = p},

where the processes (;,n: have been defined in the proof of the transient case.
Let us estimate the above probability:

Pe{Cto —vt(1 =€) /2 —v(t — to)d, d] = p}
= Po{Ciol-vuut(1 —)/2 = v(t —to) — d,d] = p,
for all t1 > to,l;, < —vit(1 —€)/2 —v(t —to) — 2d}
+ Po{Go [~ vut(1 —€)/2 — v(t — to) — d,d] = p,
there exists t1 > to : Iy, > —vt(1 —€)/2 —v(t — tg) — Qd}

ISO{Coo[f'Utrt(l - 5)/2 - ’U(t - tO) - da d] = p}

— Po{Cio[—vut(1 —€)/2 = v(t —to) —d,d] = p
there exists t1 > tg : Iy, > —vit(1 —€)/2 —v(t — tg) — 2d,
there exists to > tg : (g [—vect(l — €)/2 — v(t — tg) — d,d] = p,
for all t3 > t2; ltg < _’Utrt(l — E)/2 — ’U(t — to) — 2d}
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+Po{Geo[~vest(1 = €)/2 = v(t — to) — d,d] = p,
there exists t1 > to : Iy, > —vet(1 —€)/2 — v(t —to) — 2d}
= Po{Co[~vut(l —€)/2 —v(t — to) — d,d] = p}
+ O(f’g{there exists ty > to : by, > —vpt(l —€)/2 —v(t — to) — d) }.
So

P{oe = to, 00 > to | T(08) =t}

= Z f’g{(tx[—vtrt(l —€)/2—v(t —to)d,d] = p}P{oc =to | n: = p}

+ O(Pg{there exists t; > to : Iy, > —vi,t(1 —€)/2 —v(t —tg) — d)}.
The second term in the last formula is easily estimated as follows:
Po{there exists t; > to : Iy, > —vit(1 —€)/2 — v(t —tg) — d} < cre” 2,

for some c1,co > 0.
We will derive a similar estimate for the first term.

Z Z Po{C [—vut(1 —€)/2 — v(t — to)d, d] = p}P{oe =to | 7 = p}

tU<T(t) P
= Z P{o. =to | v(t)} = P{o. < T(t) | v(¢)},
tg<T(t)
where v(t) is the measure generated by the process (;. Theorem 2.4 together
with Corollary 6.1 below imply that we have that
P{o. <T(t) | v(t)} < cre™ "

This proves Lemma 6.3 and thus (6.8). |
We have obtained the following result

E(at(%)1{At<e@)}1{37(95)})

= E(at(08) 11,05} 1B o5y} Howno.>T(r(08)))) + O(1).

In the second expectation in the above relation the left and right ends of a string
do not interact. Therefore, the evolution of the left end of the string after time
7(05) reduces to the evolution of a string with one end only. It is not difficult
to show that then

Eat08) 114,051 LB (05} Howno.>T(r(08))}) T O(1)
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C
= *Utr(l + vtrT)Eon(a)l{A

e tr

S o(1).

(a
This completes the proof of Theorem 2.6. o
To prove Corollary 6.1 we need lemma:
Lemma 6.3. Let v be a measure on the set of semi-infinite strings SI=°°9 Let
(e, ¢) be an ergodic string with initial distribution (v, dg) such that
lim E(rip1 — re) = —ve.
t—o0

Then for any 0 < ¢ < 1 there exist constants ¢; and ¢y such that

N
P{there existst : t <c—,r < —N} < cre N for all N.
v

€

Corollary 6.1. Suppose that the assumptions of Lemma 6.3 holds. Let 0 <
v < ve. Then for any 0 < ¢ < 1 there exist constants ¢y and co, such that

P{there exists t : t < ¢ e < —N —wt} < c1e” N for all N > 0.

Ve — U

Proof. Letting 7 = min{t : n» < —N — vt}, we have

P{there exists t : t < ¢ ,re < —N — ot} = Z P{r =t}
t:t<cN/(ve—v)
< Z P{there exists t : t < t,7; < —N — vt}
t:t<cN/(ve—w)

Ve

- t N t
= E P{there exists t : t < Ue tv t,r; < —N — vt}.
N +vt v,
t:t<cN/(ve—w)
N

Fort <c ,

Ve — V

tve VeC VeC -

< = =c< 1.
N4ovt ~ve+ve—v  vec+ (1 —c)(ve —v) ¢

Hence, by Lemma 6.3

> Plr=t}

t:t<cN/(ve—v)

. -~ -~ N+t
< Z P{there exists t : t < ¢ t,ry < —N — vt}
t:t<cN/(ve—w) ¢
< Z cle—CQ(NJrUt) < éle—CZN’

t:it<cN/(ve—v)
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for some constants ¢1,co > 0. This proves the corollary. O

Proof of Lemma 6.3. Let N +d = dn+ m,n = [N/d] + 1. Define random
moments
To = min{t : ry < —m},

T =min{t:ry < —=dk —m} — 711, k=1,...,n.

In terms of these moments we can rewrite the assertion of the lemma as follows

N
P{there exists t : t < ¢—,r < —N}
Ve

N d
=P{ro+ 4+ <c—}<P{ro+--+7 <cn—} (6.11)
Ve Ve
By assumption
lim E7, = —.
n—oo Ve

Denote by F, o-algebra generated by {79,...,7, }. Lemma 6.2 implies
E(Tits | Fr) — E(Trts) = O(e™ %) and so the assertion of Lemma 6.3 follows
from Theorems 2.1.7 and 2.1.8 (see [1]). |

7. Examples

7.1. FIFO queues with several customer types

The queue with FIFO (First-In-First-Out) service discipline is a special case
of strings with two ends. Let us consider the following discrete time example.
Suppose that customers of type a, a € {1,...,r}, arrive at the left end of the
queue with probability A, >~ Aq < 1. If there is a pair ab of custmomers at the
right end of the queue, this means that the queue can be presented as a string
of the form pab. Then either this couple is served with probability g2(ab), or
customer b is served with probability ¢;(ab), where

g2(ab) + g1 (ab) < 1.

It follows that
qr(ab,0) = qa(ab), g-(ab,a) = qi(ab)
and et
qo(ab) = qr (ab,ab) =1 — ga(ab) — ¢1(ab).

The objective is to determine ergodicity conditions for this system. First of all,
we have to find the measure v on the set of semi-infinite strings {1,...,7}(=0]
generated by the transient end of the string. In this case it is a Bernoulli measure
v= ®(loo m, where 7 is the measure on the finite set {1,...,r} defined by

Aa
Za Aa -

Tgqg =
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To compute the “velocity of serving” (it is velocity of the ergodic end) we
determine the distribution of the last two symbols by using formula (2.20). We
have

1
p(ab) = Emﬂrbw(ab, ab),

Z = Zﬂaﬂbw(ab, ab),
ab

1
(ab, ab) (a) = —————
a a Z‘JO a ab) +q1(ab)

It follows that ) 1
— M Tp—————————.
Z """ qa(ab) + q1(ab)

Hence, the velocity of the ergodic end is equal to

2q2(ab) + g1 (ad)
. = (2g2(ab) b)) Moy ———— 2
v %: q2(ab) + q1(ab)) =7 Z b 2(ab) T qi(ab)

p(ab) =

The velocity of the transient end is equal to
Vtr — Z )\a-
a

We have obtained that the Markov chain is ergodic, if
2q2(ab) b
S < g S mm
- qg (ab) + q1(ab)

In the special case that ¢1 (ab) = g(a)(1—q(b)), g2(ab) = q(a) q(b), this ergodicity
condition has a simpler form:

S a1+ g(a))
P
: 2w

a

We cannot explain this formula in terms of “standard laws” of queueing theory
that state that the “load” should be less than 1.

7.2. Communication network with fixed routing

Let the network consist of two lines I and II. Calls arrive and are subsequently
served at these lines. Each line has capacity 1, which means that two different
calls can not use the same line at the same time. There are three types of calls
in the network:
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1) type a calls occupy line I;
2) type b calls occupy line IT;

3) type c calls occupy lines I and II simultaneously.

All arriving calls are routed to the same queue and they are served at rates
ta, tp and pe in FIFO order. If at the beginning of the queue type a and b
calls are present, then each of them is served independently at rates p, and g
respectively. Otherwise only the call at the head of the queue is served.

It follows that the network can be interpreteted as a two-sided string. As
in the previous example it is not difficult to obtain sufficient conditions for
ergodicity.
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