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Abstract. Here we consider system of infinite number of particles where any
particle cannot escape to infinity. We define what means escape of energy to
infinity and apply this notion to the case when constant force provides energy
to one of the particles.
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1. The Model

Consider the set X, of infinite sequences of point particle coordinates on
the real axis

<z <z < T <. < X1 < TR < ..., (1.1)

We assume that the dynamics is defined by Newton’s equations (masses are
assumed to be 1)

i = w?(Tpy1 — 20k + Tp_1) — Wi (21 — ka) + fOr, (1.2)

where 0 = 1 for £k = 0 and J; = 0 for £ # 0. That is the dynamics is defined
by the formal potential energy

2

v a2 X0 —ka)? —

U= 5 Z(ka Tk —a)* + 5 Z(xk ka) fxo.
kez keZ

Here we assume that constants a,w,wy are strictly positive and external

force f is constant.
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It will be convenient to put gx(t) := xk(t) — ka. Then the total energy at
time ¢t can be rewritten as

H(t) =Tt +U(t), Ut)=Wrt)+WO(t)

where 2(4 d
WOESY UkT() w(t) = =,
keZ
Wmt(t):%z Z(qk+1(t) —qr(t)? + %8 Z ai(t), WO(t) = —fqo(t). (1.3)
keZ kez

That is the potential energy U is the sum of the interaction energy Wi and
the energy of particle 0 in the external field. Then the equations (1.2) become
Gr = w?(qr1 — 2ak + Qr—1) — W gk + fOk (1.4)
Define a matrix V' = {v;;} with elements
2wr+ws, i=]j
vij = —w, li—jl=1
0, li —j| > 1
The matrix V defines a positive definite operator V : [5(Z) — 12(2).
We have )
W ()= (Va(t), 4()

U(t) = 5 (Va(t),a(t)) — faolt)
where q(t) = {qx(t), k € Z}. Equations (1.4) take the form
§=-Vq+feo

where ¢ is the vector with coordinates {0y, k € Z}.

We asssume that the initial vector ¢(0) = {(qx(0),v(0)),k € Z} € 12(Z?).
Then H(0) is finite and it is known (see [2,3]), that, for constant f, the solution
¢(t) of the system of equations (1.4) exists in l3(Z2) for 0 < t < oo, and is
unique. Then for any ¢ the energy H(t) = H(0).

Define the energy of particle k as

Hy(t) = Tp(t) + Ur(t),

where
71y = 0.
Ut) = 2 (g (®) — 060 + (@6lt) ~ 2 0)) + L) — Fao)0
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Denote H,4(t) the energy of particles k for all k € A, that is
HA(t) = TA(t) +Ua(t),
Ualt) = 37 Uk, Talt) = 3 Talt).

keA keA
We shall say that all energy escapes to infinity if for any N > 0

We shall say that no energy escapes to infinity if for any N > 0 there is a bound
uniform in ¢

H( oo, n)(t) + Hn,o0) (1) < Cn (1.6)
and such that Cny — 0 when N — oo.
If for any k
Hk(t) — hy

for some fixed hj then only the part

H(0) =Y hy

keZ
of energy escapes to infinity.
2. Constant external force
Results Here we always consider initial conditions in l3(Z).
Lemma 1. Let f = 0. Then, for any initial conditions we have: for any k
Jm gy (t) =0, lim g (t) =0
and all energy escapes to infinity in the sense of formula (1.5).
If f # 0, consider particular solution {qx(t) = &} € 12(Z),v(t) = 0 of

nonhomogeneous system, which does not depend on time. Here &, are constants
satisfying the following system of equations

W (Epy1 — 26 +E1) — wiky + fOr, = 0. (2.1)

In the matrix form we have
VE = feo
where vector £ = {&, k € Z}.
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Lemma 2. System (2.1) has unique solution ¢ = fV~'eg € lo(Z with coordi-

nates /2
1 [ cos(2k
e (2:2)
T J _xy2 dw?sin® o + wp

Moreover, for any p > 0 there exists constant C(p) such that for any k
&kl < C(p)k™7.

Denote

w

2
w
Ue=> Uk, U = Z(ﬁkﬂ —&)° + 75;% — &0k

keZ

the potential energy of this solution. We have

U = 3 (VE &)~ féo = 5(fe0. ) ~ € = —3 € = ~Cf* <0

where
1

S —
2wp/4w? + wi

Equations (1.4) with initial conditions g (0), v (0) have unique solution gy (t)
= & + (i (t), where the vector ((t) = {Ck(¢)} is the solution of homogeneous
equation

C:

¢=-V¢
with initial conditions
Ck(O) = qk(O) — &, Uk(O). (2.3)
Note that for solution (x(t) the potential energy is equal to

1

Wit (t) = %(VC(t% (1) =5 (V(a(t) = &),q(t) = ) =

~ L (Valt).6) ~ (e VE) + S(vEVE) =

= S (Valt).alt)) — (a(0), VE) + 5(VE,VE) =

= S (Va(t),4(t)

= S (Valt),a(t)) — faolt) + 5760 = U(t) + C*.
In particular, it follows, that
Us +Cf? = 0.
The total energy H"*™(t) of homogeneous system is
Hem () = Wl (t) + T(t) = U(t) + T(t) + Cf? = H(t) + Cf> (2.4)
as H(t) =U(t) + T(t).
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Theorem 1. Let f # 0. Then for all k we have
gy (t) = &, lim gg(t) =0
and the amount of energy that escapes to infinity is

lim 1im (H(_o,—n)(t) + H(n,00)(t)) = H(0) + Cf*=H""(0).

N —oot—o0

So the amount of energy that escapes to infinity is equal to the initial energy of
the homogeneous system with initial conditions (2.3).

In particular, for zero initial conditions gx(0) = 0,v; = 0 this energy is
Cf?, that is equal to minus potential energy of the ¢ configuration. For initial
conditions gx(0) = &k, v, = 0, no energy escapes to infinity.

Proofs The proof of theorem 1 is based on lemmas 1 and 2.

Proof of lemma 2. To get formula (2.2) we define Fourier transform

X(p) =) &re'*?

keZ

and come to Fourier transform in equations (2.1). Then we find

; /
X(p) = 3 gpethe =
ke Ple)
where
Q2(p) = 2w (1 — cos ) + wi = 4w? sin* % + w?.
So

1 [T fe ik 1 /" fe ke
T on _x 22(p) L _x 4w?sin? 2+ wi

1 w/2 —i2ke
_1 / et

T ) _r/2 4w? sin? o + wd

&k

dp =

One can write also

w/2
£ = l/ f cos(2ky) dy.

T J _ns2 4w? sin® ¢ + wd

Integrating by parts the required number of times and using the periodicity
of the integrand one can get £ = O(k™P),p > 0. Lemma is proved.
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Proof of lemma 1. Define Fourier transforms

Q) = > ar(®)e™, Q(t,0) = Y qr(t)e™®, ¢ € [, .

kez kezZ

We denote by @, Q time derivatives. Coming to Fourier transform in (1.4) with
f =0 we get the following differential equation

with initial conditions
Q(Oa QD) = Z qk(o)e’”ﬂpv Q(Ov 90) = Z (jk(o)eikw'
keZ keZ

The solution of equation (2.5) is

QL. 9) = Q0.9) cos(2) + (0, 9) ), (2.6

Q(t, ) = —Q(0, )Q2sin(Qt) + Q(0, ¢) cos(t),

Q= Q(p) = 4 /4w? sin® g + w3,

Inverting Fourier transform (2.6) we get

where

qr(t) 1 /7’ (Q(0, ) cos(Qt) + Q(07 @)M)e—ikwd%

:% -

or after the change of variable we have

e - sin
Ce(t) = %/_ /Q(Q(O,Zp) cos(Q(2¢)t) + Q(og@éﬁéi‘s)t)

To finish the proof we need the following result.

Lemma 3. The following asymptotic formula holds

Cr(t) = %(C’l cos(two + %) + (_1)k02 COS(t\/m_ Z))—i—
+%(Sl sin(two + %) + (—1)"S, Sin(t\/m _ g)) Lo

4 2+ 2
01 =1/ 5-55Q0,0), o= ¥2"—20Q(0,7)

2mw?

1 . 1 .
S =/ 0,0), Sp=,/]— =00,
! 27rwon( ) ? 2w~/ dw? + ng( ™)

where

ast — oo.
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Proof. It was proved in [1]. We will give the proof for completeness.
We will use the stationary phase method. (See Fedoruk, p.102). In our case
phase function is

S(p) = Q2p) = 42 sin’ o + B, p € [-5, 7]
wo < S(p) < \/4w? + wd.

We have stationary points 0, +75 and

where

4w?

SWP(O) - 70,

™ 4w
Spp(=) = ———.
o) = s
For
1 7T/2 .Zk‘
)= [ QO.2p)cos(S(eMe " dp
—7/2

due to periodicity of the integrand (with period 7) we get

1 m/2+4€ i
a(t) = / Q(0,20) cos(tS5())e 2 dp.

T J—n/24€

So we have two stationary points 0, 7 inside the segment [—F +4-¢, T +¢|. Further
on, we write

1 7/2+4e€ . . '

ak(t) = 27/ Q(0,2<p)(e”s(“") + e—ztS(#’))e—ﬂk@d@’
7T —m/2+€

and apply formula from Fedoruk (p. 102). This gives

an(t) = %(c1 cos(two + 1) + (~1)*Cy cos(ty/4? + w — 1)) + 0(7H).

Similar for

bk(t) = ; )t Q(O7290) S(QD

we have asymptotic formula

1/7r/2+6 . SiIl(S(Q;)t)e—ingang

b(t) = %(Sl sin(twgy + %) + (—=1)*S, sin(t\/m — %)) + o(t—%).

The lemma is proved. O
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So lemma 1 follows from lemma 3.
To finish the proof of the theorem note that by lemma 1

Jim Hoy (0 =Ug v = Y Uk
k€E[—N,N]

As H(t) = H(0), then

Jm (H( oo, -3y (1) + H(n,00) (1)) = H(0) = U, [-n.N] =
H(0) = Ug + Ug (—oo,-N) + Us,(N,00) = H(0) + Cf? + Ug (o0, + Us,(N,00)
and
m (Ug,(—o0,-n) + Ug,(N,00)) = 0.

N—00

By (2.4),
' H(0) 4+ Cf* = H"™(0).
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