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Abstract. A finite string a = ajas...a, is a sequence of symbols from
some alphabet R = {1,2,...,r}. We define its Markovian evolution by some
transition probabilities, dependent only on the right-most symbol, of erasing
this symbol or of substituting it by two other symbols. In the case that such
chains are null recurrent, we get limit laws for the distribution of the length of
the string, of its right-most symbol and of the number of symbols 7 in the string
in the large time limit. Applications of these results are random walks on some
non-commutative groups and queues with several customer types.
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1. Main Results

A finite string o = aqas...a, is a sequence of symbols from an alphabet
R ={1,2,...,r}. We shall always enumerate finite strings from left to right,
starting with 1; then n = n(a) = |a] is called the length of the string and a,, its
right-most symbol. The set of all finite strings, including the empty one 0, is
denoted by A. Concatenation of two strings & = ay...a, and 8 = by ...b,, is

defined by aff = ¢y ... Cppm, Where ¢c; = a1,...,Cp = Ay, Cnp1 = b1, -0 oy Cpmn =
bim-

It is useful to consider also semi-infinite strings. A semi-infinite string is an
infinite sequence o = ...yn_1y, of symbols from the alphabet with a specified

enumeration. More exactly, semi-infinite strings are defined by pairs (n, @),
where n € Z is called the position of the particle (or the right-most end of the
string) and « is the environment on the left of the particle (which is changed
by the particle), i.e. a function « : (—oo,n] — R, for any n < oco. The set of all
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semi-infinite strings is denoted by A... The concatenation pd of the semi-infinite
string p and the finite string ¢ is defined similarly.

The evolution of semi-infinite strings is defined by the following transition
probabilities

q(7,0) = P{&11=pd | & = pv},

where p is a semi-infinite string, and v and § are finite with n(y) = d,n(0) < 2d.
Note that they do not depend on p. The parameter d characterises the “depth”
of the interaction.

For finite strings, one should also specify the transition probabilities pq g
from strings « of length less or equal to d.

Throughout the paper we shall assume that d = 1. Generalisation to the
case d > 1 seems straightforward, but demands a lot of technical work. Then
q(a, ) is the probability of erasing the last symbol x of the environment and
of subsequently moving to the left, g(a,b) is the probability that the particle
does not move but substitutes the right-most symbol of the environment by a,
and ¢(a,bc) is the probability of a jump to the right whilst substituting a by
the two symbols be. By £ we denote the Markov chain on the state space A
with transition probabilities {¢(a, ), ¢(a,b), q(a,bc),q(0,a), q(0,0)}a.p,ccr, With
q(0,a),q(0,0) the transition probabilities for the empty string to jump to a or
to 0 respectively. By & we denote the state of the Markov chain £ at time t.

To avoid notational complications, we will always assume that all ¢(-,-) are
positive. Let us remind (see [5]) that a necessary and sufficient condition for
null-recurrence of L is

A =1, (1.1)

where )\ is the maximal eigenvalue of the r x r-matrix A defined by

Aab = q(a,b) + Z(q(a, be) + q(a, cb)).

Let e = (eq,...,e,) be the eigenvector corresponding to A. Define a Lyapunov
function

f(a) = Zeanaa (12)
a=1
where n, is the number of symbols « in the string . One can easily check that

(f(&q1) | &) = f(&), if & # 0.

To avoid unnecessary complications we consider an even simpler model de-
fined by

Ppa,pab = P{§t+l = Pab | gt = Pa} = qab,
Ppa,p = P{§t+1 =p | & = pa} = {a-
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We use the special symbol * to denote an empty left end of the string or simply
the empty string. Put ¢. = 0.

It is interesting to remark, that the null-recurrence condition can also be
written in the following form. Consider two matrices Q = {qqp} and Q = {ga0ap}
(a diagonal matrix). Then (1.1) becomes the condition that there exists a
positive vector m = {m,}, such that

7Q = Q. (1.3)

This can be interpreted in the following way. For some distribution of the
last (right-most) symbol of the string, the mean drift of the particle (i.e. of n(t),
the length of the string at time t) is zero.

Hereafter in this section we will formulate our main results and we will prove
these in the following sections. Our proofs are a mixture of purely probabilistic
methods and complex variable methods.

Many authors considered random walks on free and similar groups. In the
cases considered, only transient chains appeared (see [12] and references therein).
Transient cases were covered in our previous papers in a more general situation
(see [3], [5], see also review [4]). However, for the null recurrent case, no results
existed in the literature until now.

Other applications are queueing models with several customer types.

1.1. Stabilisation law

Let n(t) = || be the length of the string at time ¢ and & = a1 (t) ... an)(t)
the string itself at time ¢. Let
Lasti (&) = ant)—k+1(1) - .- anwy (1), k< n(?),
be the right-most substring of & of length k at time ¢t. By &(k),k < n(t) we
denote ak(t).

Theorem 1.1. Let § be a string of length k = |0|. Then there exists a “lim-
iting” probability prast(0), such that for any initial state § € A of the Markov
chain £

P{n(t) = k, Lasty (&) = 6 | o = B} = prast (),

as t — oo. This convergence is uniform in the set of all initial strings 8 € A,
i.e. there exists 14(0) — 0 as t — oo, such that for any € A

P{n(t) > k,Lasti(&) = 6 [ €0 = B} — Prast (6)] < 4:(9).

1.2. Mixing property
Theorem 1.2. Let pi(ay...a,) =P{& =a1...a, | & = *} and

1

Ten(ar...an) = Z—pt(al ce ),
t,n
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where Z;,, = P{|&| =n | & = *}. Let {o01,...,0,} be random variables with
values in R and with distribution P{o1 = a1,...,06 = an} = mpn(a1...an).
Let Fy be the o-algebra on our probability space generated by the random
variables {o1,...,01} and F* be the o-algebra generated by the random vari-
ables {ok,...,on}. Then there exist C1 > 0,0 < Cy < 1, such that for any
0<k<m<nandanyevents A € Fy, B € F™

IP(B|A) = P(B)| < C:C5* ",
with the constants C1,Cs not depending on t,n.
1.3. Law of Large Numbers
Let n,(t) be the number of symbols a in the current string £(¢).

Theorem 1.3. There exist positive n, such that for any initial condition

na(t) L N, ast — oo.
n(t)

1.4. Central Limit Theorem

Theorem 1.4. For some o > 0

n(t
LE>|w|,ewt—>oo,
oVt

in distribution, where w is a normally distributed random variable with param-
eters (0,1).

The next theorem follows as a corollary.

Theorem 1.5. Let 7i(t) = (n1(t),...,n.(t)). Then the following limit exists,

(t
it) o |wle, as t — oo,

Vit

where w is normally distributed and the vector € is a constant vector.

This result follows easily from the two previous theorems. But we will also
give an independent analytic proof, which is of independent interest.

2. Proofs

First we will prove some auxiliary results.
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Lemma 2.1. Let

Day...an (2) = Z Z'pi(ay ... an).
t=0
Then for all n > 0 and all a4, ...,a,, we have

Pay...an (2) = 2"0x(2) Geay Pas (2) Qaras Pas(2) - - - Qap_vay Pa, (2),

where
Ca(z) = Zzt(pz, ot =P{& =a,|é| >1fork <t|& =a}, fora€ R,
>0
pulz) = Y ZP{& =& =}
>0

The functions {¢4(2)}acru{«} satisfy the following system of equations
pa(2) = 14223 Gusapn(2)2a(2). (2.1)
bER
Proof. From the Markov property of the process &; we have

pe(ar...an) = Z pe, (a1 ... an-1)qa,_1a, (2.2)
t1>0

xP{& =ay...an, || >nforkwitht >k >t1+1|& 41 =a1...an}.

The third term in the right-hand side of (2.2) does not depend on aj ...an,_1.
So we can put
et = P{g=ar...an,[&] > nfork
Witht2k2t1+1|ft1+1 :al...an}
P{gt—tl—l = Qp, |§k| Z 1 for k S t— tl — 1, | fo = an}.

We have
pe(ar...an) = Z pe(ar ... an—l)Qan_mn‘PZi- (2.3)
t1+ta+1=t
Hence,
pe(ar...an) = Z P{&o = * [ €0 = *}qua1 05, -+ dan— 10095, -

tot+ti+-tnt+n=t
It is easy to derive the following equations for ¢!,
e = 1, (2.4)

o= > dagaw?, t>0.
bt1+ta42=t
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The lemma is proved. 0O

Remark. We have ¢, = >, ¢l = 1/¢q. Indeed, by the recurrence of the
process & we have that

Z@an = P{gt = x for some ¢ ‘ & = a} =1.
t>0

It is useful to use a more compact notation. Define for ¢ > 0, a € {*x} UR,
beR,

hiy = davpl 'y hap(2) = ) 2 hy,
t>0

From the previous remark, we have

hab(l) - Qab/qw

By null-recurrence, the maximum eigenvalue of the matrix H = {has(1)}aber
equals 1. In terms of hq,(z) we get

Pay...an = PxhxarParas - Rapn_yan- (2.5)

The following more general recurrent formula can be derived similarly to the
proof of (2.3).

Lemma 2.2. Let a € R,3 =bgby...bg, @ € agay ...an, bg = ag = *, k,n >0
and n = |a|. Then

P{ft = xa | ﬂ} = 1aa(b0 e bmin(n+17k))P{mt =n-+ 1} (26)
+ Z P{ftl =« | ﬂ}h?nav
t1+ta=t

where m; = ming<; |&s].

In the following subsections we will prove the main theorems.

2.1. Stabilisation law

Here we will give the proof of Theorem 1.1.

To simplify formulae, let us consider the case that § = ¢ € R. To demon-
strate the main ideas, we will start with the case £y = *.

Let pt . (a) = P{Lasto(&) = a | & = *}. Then

piast (a’) = Z Z pt(aoal e CLn,]_CL).

n>0ai,....an—1€R,
ag=x
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From (2.6) we get

piast (Cl) = Z pilast (b) hzfz
be RU{x},
t1+ta=t
= Pla=al&=+1+ ) pla®)hi (2.7)
beR,
t1+ta=t

The first term tends to zero by non-ergodicity of the Markov chain. Since
Zpiast(a) =1- P{Et =* | 50 = *}7
a€ER
we similarly obtain
lim Zpiast(a’) =1

t—o0o

a€R

Hence, for any subsequence t; such that ptL’”‘aSt(a) tends to some limit, {0 say, for
all a € R, we have
=1

acER
We want to prove that [ = I,, where | = {l,}acr is the left eigenvector of H
([H=1

with ) 1, =1.
Indeed, by diagonalisation we can find a subsequence {pi"ast(a)}ae R,I>0 such
that for all @ € R and k > 0 there exist constants [, k with

lim pin o (a) = 1"

a
n—oo

k=1

Passing to the limit in (2.7) along the subsequence t,,, we get for all a, k that

=3

b,t>0

and

Let {e(t)}tzo be a sequence with
nt, > €e® >0,

for all a,b € {1,...,r},t >0 and

el =e>o0. (2.8)

t>0
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Then for any k£ < 0 we have

e —lal = | D (5" —l)hi,
b,t>0
= | Yt - w) (bl — )+ Y e Zlk*f—zb)‘
b,t>0 t>0
= | YU = )ty — )
b,t>0
< YT = 1ls(h, — €9)
b,t>0
< lo(1—7e/ly) sup |IE70/1, —1].

+>0,bER
So for ¢ = max,er(l —re/l,) <1 and all k < 0 we have

15 /la =1 <c sup |ih/l,—1]. (2.9)
t<k,bER

Using this inequality for each term in the right-hand side of (2.9) we get

¥/l —1] < sup  |IE/1p — 1.
t<k—1,bER

And after n such steps we have

¥/l — 1] <™ sup |11, — 1),
t<k—n,bER

It follows that ¥ =1, for all k, a.

This kind of argument is typical also for the more difficult cases that we will
consider later on.

Next we consider the general case. Let § = bgb; ... b, be the initial state of
&, ie. & = (. Define pt (a) = P{Lasto(&) = a | & = 3}. Then from (2.6)

we have

piast(a’) = Z P{|§t| =my = k | §O - 6}1 bk Z pLast h?a
k=0 be RU{x},
t1+ta=t

= Y P{l&l =mi =k | & = B}La(br) + P{& = a,&-1 = x| & = B}
k=0

E t1 to E t1 to
+ Prast (b)hba + PLast (b)hba’
beR,t1<t/2 bER,t1>t/2
t1+to=t by tto=t
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where m; = ming<; |¢s|. Define

A(B,a) = Y P& =mi =k | & = BHLa(br)
k=0
+P{G =a =+ S%=8+ D Pl

Py

The next inequality is derived similarly to (2.9)

la bER,

4 t/2 s b
pLast(a’) _ 1‘ < (1 o izg(s)) max ‘pLalsZ( ) -1
s=1 t/2<s<t

1 1 .
+EAt(6,a)+l— > b, (2.10)

% beR,s>t/2

Remark that e*) can be chosen positive, since héa = qpq > 0 for all b,a € R.

Hence,
U2
(1- - ;E(S)) <, forall a € R,

for some ¢ < 1. Suppose that there exists a non increasing function B; with
By —0,ast— oo, and for all 6 € A,a € R

1 1 .
EAt(ﬂ, CL) + E Z lbhba < Bt.
bER,s>t/2

Define

}P{Lasto(ft) =alé =08}
la

C; = sup max 1f.

Je] a€ER

From (2.10) we get

Cy < B;+c¢ max C,.
t/2<s<t

Hence

IN

lim sup Cy climsup max C
t—o00 t—oo t/2<s<t

¢ lim sup Cy
t—o0 SZt/Q

IN

climsup C;.
t—o00
Therefore,
limsup C; = 0.

t—o0
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We should prove therefore that such B; exists. For some terms this follows
from convergence of >, hi, and the inequality

1
D S (LY o > bhi, <C > hj,, for some C > 0.
bER,t1<t/2 bER,s>t/2 bER,s>t/2
t1+ta=t

For other terms this follows from the following lemma.
Lemma 2.3. We have
P{|&| =m: | & = B} — 0, ast — oo uniformly in 8 € A.

Proof. Let 8 = bgb1bs...b,, by = *. Let further 71, 79,...,7, be the random
moments defined by

T = min{t 2 & = bobirba .. b1 | & = bobibs . .. bk_lbk}.

In other words, 71 is the time that symbol by is deleted. It is clear that
Ty, To, ..., Ty are independent and have distribution

P{r, =t} = qb,cgozgl, fort > 1,
P{r, =0} = 0.

Note also, that
P{m, =2t} =0, for t > 0. (2.11)
Let o be the random time defined by
o=min{t > 0:& = x| & = *}.

So o is the first time (after 0) of hitting *, when starting at *. Let 01,09,... bea
sequence of identically distributed random moments with the same distribution
as 0. Then

Ploy =0} = 0,
Plo,=1} = 0

P{Uk = t} = Z Q*aQa‘PZ_Qv for t > 2.
a€ER
Remark that
P{or=2t+1} =0, for t > 0. (2.12)

We can write now

P{l&l =m:i [ & =8} = P{&|=m:, |8 >m:>0]|& =06}
+ P{|&] =m; =0 & = 5} (2.13)
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Let us show that the first term in the right-hand side tends to 0, uniformly in 3.
P{l&] =me > 0] & = B}

n

= 2. 2 Plmtdme=tiler
k=2 t1+to=t
n

= > ! Y P{mat At mr=t+1}

hm2 Pn1 4 =
< rgla}%({l/qb}P{Tn +---+ 1 =t+1, for some k>1}. (2.14)
€

Corollary 3.1 implies that the distributions of 7,,..., 7 satisfy the conditions
of Theorem 4.1 in the Appendix. This theorem immediately implies that (2.14)
converges uniformly in 3.

The second term in (2.13) can be bounded similarly. Rewrite

P{I&] = my = 0] & = 5}
= P{thereexists k>0:7,+ - +71 +01+ - +o0p =1} (2.15)

The conditions of Theorem 4.1 do not hold because of (2.11) and (2.12). There-
fore, we can not use this theorem directly and we should rewrite (2.15) in the
following way

P{l&l = m: =01 & = B}
= P{(mn+1)+--+(m+1)+01+ -+ 0k =1+n, for some k > 0}.

Again Corollary 3.1 implies that the random variables 7,,+1, ..., 71+1,01,09,...
satisfy the conditions of Theorem 4.1. Hence, there exist functions v; with
lim;_, ¥y = 0 and for any 3

P{l&] =me =01 & =B} < Yupip) = Sup1) = Py

Obviously lim;_, s 1;:5 = 0. This proves Lemma 2.3 and hence also Theorem 1.1.

O
2.2. Mixing property
Next we prove Theorem 1.2.
By definition
1
Ten(a1...an) = ——piar...an)
Zt,n
1
T R B,
Bttty =t
1 1
= Z Zt07t17... Qoiohilal httflag et hfl’,:lflan’

t
sbn
t,n Zto,tl ~~~~~ tn

totHtn=t
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where
topt1 to t
E Py h*a1 ha1a2 ce haj;,lan'

ag,---,an

Ztotl...tn

So it is sufficient to prove that the correlations (defined similarly to Theorem
1.2) of the measures

1
Mo t1,enstn (01 - ) = — PO heay - P
t0,t1,--5tn
decay exponentially quickly, uniformly in to, 1, ...,t,. Let {o1,...,0,} be ran-

dom variables with values in R and with distribution 7, ... +,. This sequence
can be interpreted as an inhomogeneous Markov chain on the state space R
evolving till time n. Its transition probabilities at time £ > 1 can be easily
calculated: for a,b € R, k> 1, we have
D DR Hias S 120
ab bag4+1 " an—1an
Aft15:-+,0n

ty trt1 t ’
E ha’zlk Z haktllﬁ»l te ha?z—ﬂln
ag

Ak41,y-++50n

P{Jk=b|0'k,1 :a}: (2.16)

In Section 3 we will derive the existence of € > 0, such that for all a,b,c,d € R,
k=1,...,n,
hk IR > €. (2.17)

Then (2.17) and (2.16) imply the following estimates for these transition prob-
abilities: for any k > 1,a,b € R,

P{or =b| o)1 =a} >e*/r. (2.18)

So this chain has the exponential mixing property as defined in the statement
of Theorem 1.2.
Recall the notation of this theorem. Then by virtue of (2.18) there exist
C1 > 0,0 < Cy < 1, such that for any 0 < k < m < n and any events A € F,
BeFm
|P(A| B) — P(4)| < C1C5 .

The coefficients C,Cs depend on ¢ but do not depend on tg, t1, ..., t,. O

2.3. Law of Large Numbers

This subsection will prove Theorem 1.3.

First we will prove convergence of the expectation of n.(t)/n(t) to some
limit. Then we will show that the variance of n,(t)/n(t) tends to 0. We use
the same method as in the proof of Theorem 1.1: we will derive some equations
for the limit points of the sequence E(n,(t)/n(t)), and then we will check that
these equations have a unique solution.
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Lemma 2.4.

ne(t)
tlirf}oE n(t) = lam,

where I = {la}acr, ¥ = {ra}tacr are left and right eigenvectors of the matrix
H = {hab(l)}a7b€R

lH =1,
Hr =r,
with " lgrq = 1.
Proof. Let us write

n(t)
na(t) = > 1{&(k) = a}.

k=1

Define
n(t)—1

nap(t) = Y {&(k) = a,&(k +1) = b},

k=1
then

ng(t) :Z Nap () —|—O(%).

It is therefore sufficient to prove that

Jim E_er(®)
t—oo n(t) —1

= laT'b.

From the definition of n4,(t) we have

nap(t)
Bt Z

2

ZP{& ) =a,&(k+1) =b,[&] =n}

_ tont1 to t tht1p tht2 tn
- Z _12 Z P h*a1ha1a2 hak 1ahab hbak+2"'han—lan'

k=1 a1,
to+-- +tn7t
Define
_ tort t t tht2 t
gab(t) = E E E Oh*lalha21a2, ha’; 1ahbak+2 "'hal_mn’
n= 2 ai
to+ +tn7t
(2.19)
and so

nab(t)
E 1= > gan(t)h,

t1+ta=t
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We want to prove the existence of the following limit
lim gap(t) = la7.
t—o0

To this end, we use the same idea as in proof of Theorem 1.1. This means that

we will construct a sequence of limit points satisfying some linear equations.

We will prove subsequently that the solution of these equations is unique.
Remark that

nab(t)
D D gwlt)hg = Eooss =1
ab ti+ta=t ab n(t) -1

Let tx be a subsequence, such that

gab(tk) - ggba

gab(tkfl) - g;z;l?

gab(tk—n) — gy » forn >0,

as k — oo. From the last remark, we have for any ¢t < 0 that
t1pte
S ghniE =1 (2.20)
ab ti+ta=t
But by the definition of g, (t) we have for any ¢t < 0
ghh= D gLy,
c,d,
t1+tot+ts=t

Using
t t t
hcabd = Z hc%lhbfi’
t1+ta=t
we can rewrite this as
t t t
Gab = Z Yealcava:
c,d,
t1+ta=t
Let us now prove that g¢, = l,r. To this end, write
t t
‘gfw - laTb| = Z (Geq = lerd) Pcgpal-
c,d,
t1+ta=t
Using (2.20) we get

S gk = > lerahl? =1,

t1+ta=t t1+to=t
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and subsequently using Corollary 3.1, we can show the existence of € > 0, such
that for all a,b,c,d € R,t > 0,

t t
hcabd > Ehcd'

Therefore,

\ S (gl — lera)h2,,

_ \ S (g8 — Lera) (2 — ehiz)

c,d, c,d,
tit+ta=t t1+to=t
3 g
cd to to
< I ry -1 lcrd(hcabd - Ehcd)
c7 k) ¢
t1+ta=t
G
< (lolp — €) max | 24 — 1‘.
c,d, crd

t1<t

In other words, we get for some constant ¢ < 1 and any ¢ < 0 that

gt t1

Lb—l’gcmax Ld—l’.

larb c,d, cTd

t1<t
Hence, g%, = l,m, for all ¢ < 0. O
Lemma 2.5.
t
lim pe®) _ ¢

e (1)

Proof. We have to prove that

Jim, E(%ft)))g = (larn)”

With some small modifications this can be derived in the same way as calculating
the expectation of ny(t)/n(t). First write

(Tffé:?)z - (n(t)l— e %;"‘“’(t)n"bl o O(%)'

It is convenient to consider a more general case and prove that

Nab (t)nth b1 (t)

(n(t) —1)?

— lgTpla, Ty, ast — oo.

From

Nab (t)nth b1 (t)
n(t)—1n(t)—1

= Y > UHak) =a,&k+1) =b}1{&(m) = a1, &(m+1) = by},
k=1

m=1
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we get

nab(t)na b (t)
B T =, 2 S (ARG,
t1+to+tz=t

where gqupa,p, 18 defined similarly to (2.19). Now we can construct a sequence of
limit points g}y, 4 , t < 0, satisfying the equations

t _ § : t1 to pta pta pts
Yabarby = gcdc1d1 hcahbdhca1hb1d'
c,d,c1,dy
t1+to+tst+tat+ts=t
In the same way as we did in the above, it is easy to prove that these equations
have a unique solution, which is given by

t _
Yabar1by = larblal Tby -

2.4. Central Limit Theorem

Next we prove Theorem 1.4.

The main idea is to prove central limit theorem first for some linear combi-
nation of n,(t), where n,(t) is the number of symbols a at time ¢. This can be
achieved using a general form of the central limit theorem for martingales. All
such general theorems have rather restrictive conditions and in order to check
them, we shall essentially use Theorem 1.1. After this, we can easily derive
Theorem 1.4 from Theorem 1.3.

In a null recurrent case (which we consider), there is a positive vector
{ea}acr (see (1.2)), such that for the function

f(&) = Z €ama(t)

the following identity holds
E(f(§11) [ &) = f(&), i & #0.

So f(&) is a martingale “up to” jumps from the empty string. To obtain a
martingale, we can do a symmetrisation by, for example, assigning the sign “—”
or “+” with equal probabilities to the string, each time that & jumps from the
empty string. Let v; be the number of times that &, = @) before time ¢, i.e.

v =#{k: & =0,k <t}

Let {01} be a sequence of independent random variables with values in {—1, 1},
such that
o = 1 with probability 1/2.
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Then the sequence of random variables

r
M = Oy, Z eana(t)
a=1

is a martingale. We shall use now the central limit theorem for martingales
(see [10] Chapter 7, Section 8, Theorem 1). The first two conditions of this
theorem follow from the boundedness of jumps for the function f(&;). The
third follows from the stabilisation law (Theorem 1.1) and from the law of large
numbers for weakly dependent random variables (see [9]). Let us consider this
condition in detail. We should check (see [10] Chapter 7, Section 8, Theorem 1,
condition C) that for any 0 < z < 1

[tz]

ZD[M ‘]—'k,l} P2 ast— oo, (2.21)
pust Vi

where ¢2 > 0 and F}, is the o-algebra generated by {&o,...,&}. The random
variable D [y — ng—1 | Fr—1] is a positive function of the last symbol of the
string:

Dk —ne—1 | Fro1] = F(L(&-1)),

where L(§x—1) = ay, if &—1 = a1 ...a,. So condition (2.21) can be written as

F(L(&k=1)) L 2, ast — 00.

M~

1
t

~
Il

1

For this, it is sufficient to prove that for any a € R

t

%Z La(L(E)) B ca, as t — o0, (2.22)
k=1

This is just the law of large numbers applied to the sequence of random variables

{¢k = 1a(L(&k)) }k>1. Hence we should prove that this sequence indeed obeys

the law of large numbers.

By virtue of Theorem 1.1, the sequence (i has the *-mixing property (here
we follow the terminology of [9] ). Denoting by Fy; ) the o-algebra generated
by {Ck,...,C(n}, this means that there exists a non-increasing function ¢ — 0
as t — oo, such that for any A € F|1 ), B € Flnqt,n4s and any n,t

|P(B) — P(B)| < ¥+P(A)P(B). (2.23)

But Theorem 8.2.1 of [9] states that the law of large numbers holds for a sequence
with the #-mixing property under some additional moment conditions (which
are trivial in our case due to (i < 1).
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As a consequence we obtain (2.22) and so condition (2.21) holds.
Thus, lim;_.., 7;:/v/t has the normal distribution. Write

U i i

VE Il VE _wﬁ'

By our law of large numbers Theorem 1.3

z

XT: €ana(t)
a=1

— const,

and so our central limit theorem follows, since

lim —= = const lim |77_t|

n
t—o0 \/E t—o0 \/E ’

3. Generating functions

In this section we consider some analyticity properties of the functions ¢, (z)
and we will also give another proof of Theorem 1.4 using complex variable
techniques.

By their definition, the functions ¢,(z) are analytical on {z : |z| < 1}.
Equations (2.1) therefore imply the following expansion for ¢, (z)

pal(z) = ) ¢iz".

s>0

All odd coefficients ©2**! are equal to 0.

a

It is simpler to work with the functions {u,(2)}.cr defined by

wa() = 00 3202

s>0

Let 7, = min{t : & = * | & = a}. Then u,(2%) = Ez"*~!. The generating
functions u,(z) satisfy the equations

Uq(2) = qo + 2 Z Gabup(2)ua(2). (3.1)

b

Introduce the following notation. For a given sequence {x,}q,cr we denote by
Z the vector with components x, and by X the diagonal matrix with diagonal
clements z,. By I we denote the unit matrix and by 1 the vector with all
components equal to 1.
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Equation (3.1) can thus be rewritten as
i(2) = ¢+ 20 ()Qi(2).

We know (1) = 1 and @(z) to be analytic on {z : |2| < 1} and continuous on
{2z :|z| £ 1}. But 4(1) has a singularity at point 1, since from null recurrence
we have

ul, (1) = E(r, — 1)/2 = o0.

Since the u,(z) satisy a system of algebraic equations, these functions have only
algebraic singularities. Hence, it follows that the singularity at 1 is an algebraic
singularity.

Let us recall one useful theorem (a special case of the Darboux theorem,
see [7], [8]) and some related necessary definitions.

Suppose that the function f(z) has a singularity at zo. This singularity is
called algebraic if f(z) can be written as a function that is analytic near zg, plus
a finite sum of terms of the form

(2 = 20)"9(2), (3:2)

where ¢ is a function that is analytic and non-zero near zyp and w is a com-
plex number not equal 0, —1,—2,... Call the real part of w the weight of the
term (3.2).

Theorem 3.1. Suppose that A(z) = ) . anz" is analytic near 0 and has
only algebraic singularities on its circle of convergence. Let w be maximum of
the weights at these singularities. Denote by zy,wy and gi the values of zy,w
and g for the terms of the form (3.2) having weight w. Then

1 gk(zk) _ —r, w—1
n =~ ; Tlon)ef o(r~"n""),
where r = |zi| is the radius of convergence of A(z), and T'(s) is the gamma-

function.

As we mentioned in the above, the functions u,(z) have only algebraic sin-
gularities, because they solve a system of algebraic equations. The latter also
implies that the ws in the terms of the form (3.2) are rational.

Lemma 3.1. For each a € R, the point 1 is the only singular point of the
function uq(z), a € R, on the unit circle.

Proof. Let zg, |20] = 1, be a singular point of one of the functions u,(z). For z,
|z| <1, we have

1= qaz) + zanbub(Z)
b

Uq(
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or, in vector form, .
1= F(u(z)).

By taking the derivative in the above equality, we get

3 darun(z) = el (2) — 23 qapup(2).
b b

uz(2)

d -
If zp is a singular point, then det (FF li(z0) ) = 0. Hence the matrix
U

QU™(20) — 20Q
is not invertible. This means that there exists a vector ¥ = {v, }aer, such that

I va =20 qavs
ug(z0) " —~

Taking into account that |uq(20)| < 1, |20] = 1, we get

|va] < |uq(20)] Z %|vb| for all @ € R.
b a

The matrix {%} , is positive with maximal eigenvalue 1 (see (1.3)). Hence
a,beR

Qa
|ua(z0)] 2 1,

for some a € R. This can only be at the point zg = 1, since u,4(z0) is a generating
function. ad

We will prove that the functions u,(z) have weight (—1/2) at point 1. The
proof of this fact is not straightforward, but a weaker assertion can be proved
easily.

Lemma 3.2. All functions u.(z),a € R, have the same weight at the point 1.

Proof. Let the weight of the function wu,(z) be w,. Then, near 1, uy(z) can be
written as
Ug(2) =1+ (1 —2)"Yege(2) + o((1 — 2)~ "),

where gq(%) is analytical near 1 and g, (1) # 0. Moreover,
ga(1) <0,

for all a € R, because the functions u,(z) are monotone increasing on {z €
R,z < 1}. From the equations (3.1) we get

ga(z) = Z qabgb(z)(]- - Z)_(wb_wa) + Z qabga(z) + 0(1)
b b
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The functions g,(z) have the same sign near 1 (z € R), so they cannot be
reduced one to another. On the other hand, the right side should be finite at
the point 1. Hence wp < wy, for any a,b € R, so that wy = wy. O

Theorem 3.1 and Lemmas 3.1 and 3.2 have the following corollary.

Corollary 3.1. There exists € > 0, such that for any a,b € R and s > 0

Pas > EPbhs -

Remark. It would be interesting to prove this corollary directly from equa-
tions (2.4). In this case we prove all main theorems without using analyticity
properties of u,(z).

3.1. Analyticity properties

Here we prove some analyticity properties of the generating functions and
give another proof of Theorem 1.4.
First of all, we need more information on the singularity at the point 1.

Theorem 3.2. In some neighbourhood of 1, the functions u,(z) can be written
as
Ua(2) =D tas(l = 2)"? = ia(VI—2),
s>0

where 1,(z) is analytic near 0 and uq1 # 0.

Proof. Near 1, the functions u,(z) can be written in the form
Ug(z) = Zuas(l —2)%/m,
s>0

for some n > 1.
Let t = (1 — 2)*/™. Then we get the following equations for u,(t)

~

a(t) =g+ (1 —t™MU)Qu(t),

(1 (1) ZtSﬁsQ) 3 i, = .

s>0 s>0

or

Also we get equations for u,s, namely

Ua) = ua(z) |z:1: 1a

and
s A~
iy —» UQis = 0, 1<s<n,
1=0
S . sSs—n .
ﬂ:s - UlQa’sfl + Z UlQa’sflfn = 67 s Zmn.

1=0 =0
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Rewrite these equations as follows

s—1
Qi,—Qi, = Y UQi,y, 1<s<mn, (3.3)
=1

sS—n

s—1
Qs — Qi, = Y UQis—i+ Y UiQily—tn, s=n. (34

=1 1=0

Lemma 3.3. Let k=min{s > 0 : @5 # 6} Then n = 2k and @, = 0, if s is not
an integer multiple of k.

Proof. From (3.3) we have
Quy — Quy = 0.
Hence 1y = uic, where € is the right eigenvector of the positive matrix Q\’lQ

-~

QlQe=¢

By Perron - Frobenius’ theorem, &is positive. Let us choose &, such that (¢, 1) =
1 (only for uniqueness). If n > 2k, we put s = 2k in (3.3). We get

Quia, — Qg = UpQ1ik.
This equation has no solutions because
UrQily, = uiCQE > 0.

Indeed, for some positive 7 > 0 we have 77(62 — @) =0, see (1.3). We choose 7
such that w1 = 1. Hence the equation

Q@-Q7=7 (3.5)

is solvable only if 7 L 7. But 7QT > 0. Therefore, @'(1) does not exist. We will
often refer to equation (3.5). Let us remark that (@ — Q)71 is well defined on
the subspace 7+ = {i: 4 L 7}.

In the same way, if n < 2k, then we put s = n in (3.3). We obtain

Qiin — Qitp, = 1QT > 0.

Next let us show that @ # 0 if and only if s = km. The only non-trivial case is
for k > 1. Let k < s < 2k. Then (3.3) implies that @; = usc, for some u, € R.
Letting n < s < 2n, then

s—n

UlQa’sflfn = 6

-~
Il
o
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Hence (3.4) is solvable if

s—1 s—k
T E UQis_;=m 1QUs—; =0
=1 =k

For s = 2k + 1 we get
U1 (upmCQE + upmCQE) = 0 = upyy = 0.

In the same way, the equations for s = 2k 4+ 1,2k +2,...,2k + k — 1, yield that
us = 0 for k < s < 2k. B
Let is # 0 for s < mk only, if s =k, l =1,...,m. We will show that s = 0
ifm+k<s<(m+1)k. From (3.4), it follows that for such s
Qi — Qiiy = 0.
Hence, is = us€ for some ugs € R. Equation (3.4) is solvable for

(m+1Dk<s<(m+2)k

if and only if

sS—n

s—1
™ UiQis1+7 Y UiQiy—1-n = 0.

=1 =0
But
s—n
™ Z UlQﬁs—l—n =0.
1=0
So
s—1 s—1
™ Z UlQﬁS,l = US,;C(WU;@QE-F ﬂ'CQﬁk) + Z UlQﬂS,l =0.
=1 =1
From this equation one can get subsequently that wmk+1,-- ., Umk+x—1 = 0. O

By virtue of this lemma we obtain

ug(z) = Zuus(l —2)%/2,

s>0

We will show that equations (3.3), (3.4) uniquely define ;.
As we know, @; = u1é. From (3.3) we have

(U1Qi, — Q1) = 0.

Hence
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which corresponds to different branches of the function u,(z). We should choose
“—" Dbecause u,(z) is increasing in a neighbourhood of 1. Assume that we have
determined s, s < m, then we can write @, as Uy = usC+ Us, where vs L .
For s > 1, equation (3.4) is solvable if and only if

s—1 s—2
(Z ﬁlQﬁs_l + Z ﬁlQﬂ:s_l_Q) 1 . (3.6)
=1 =0

Hence by (3.4)

Um = (Q (mz: UiQis— Z+ZUlQus - 2)

By plugging s = m + 1 into (3.6), we get the relation

m—1
7TUmQu1 + 7Tl]lcgurn =TT Z UlQum—i-l [+ Z UlQum -1,
1=0
thus yielding w,,. The theorem is proved. O

Now all ingredients for the analytical proof of Theorem 1.4 are available.
Let z€ C,|z| <1, Z= (21,...,2) EC",a € R, |z,] < 1.
Denote by F'(z, Z) the doubly generating function

= Z 2'E, H zg“(t)
t a

where

E*Hz;“(t)zz Z pe(ar...an)zay - - Za, -

n ai,...,an

By Lemma 2.1 we have

Z Z 2" 0u(2)xar Par (2)darazPaz (2) - - - dan 10, Pan (2)Za; - - Zans

n o ai,.
(3.7)

or in matrix notation

F(z,2) = p.(z (1 + Zq*azza (I — H(z, z))abl)

a,b
where
H(z,2)ab = 226qabpp(2) = 226Gabus(2)/ Q-
So we can write F'(z, Z) in the form
T
F(z,2) = (2, 2) (3.8)

(1 =223, qrata(2?))det(I — H(z,2))’
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where T'(z, Z) is some polynomial in z, 21, ..., 2,.
We will use the following notation: if f(z,Z) is some function of z, Z, then
for any y € C, we define f(z,y) = f(z,2) |7=(y,....y)- We have

. _n®)z . 1 1 _ =z
lim E.ew V¢ = lim — F(z,e Vi)dz
00 oo o | ZtH1

|z=1

limi/ ! T(27§ ) —dz.

t—00 2m'| |7ft+1 (1— 22 Za Gratia(22)) det(I — H(z,e_7?))

Sk

This integral can be split into two parts: one over
L={zeC,|z|=1,largz| < e}

and the other one over {z € C, |z| = 1}\ L. By the Riemann — Lebesgue theorem,
the integral over {z € C, |z| = 1}\ L tends to 0 as t — oo, because we can write
it in the form

e ™ (f(y) +O(1/Vt)dy,
=\ (—e.c)

where f(y) € L' ([-7,7]\(—¢,¢)).
Therefore, it is sufficient to consider only the integral over L. Define s =

v1—z and let

Sk

T(s,e vt) = T(z,e Vi),
VvV1i—2z

(1= 2232, qratia(2?))’
h(s,e” Vi) = det(I — H(z,e V7))

The function T(s,y) is holomorphic in s in a neighbourhood of s = 0 and it is
a polynomial in y. The function wu(s) is holomorphic in a neighbourhood of 0.
Moreover,

h0,1) = 0,
oh
500 # o

So there is a unique function f of the variable 1—y solving the equation A(f,y) =
0 in a neighbourhood of (0, 1).

We want to use s as the integration variable for the above integral. Hence,
we integrate over the path s(L). But instead of this path, we can consider the
simpler one [—¢i, E’L] This is because the integral over L’'UL"” in Figure 3.1 tends
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Figure 3.1

to 0, since |z| > 1 on L’ U L”. So it is sufficient to calculate

el

g L[ L e T(se )
t1—>oo7ri;{i(l—82) h(s,e” V) ds.

s|~

Define the function

w(sjy):u(s)T(s,y)_ u(f(1 y))T(J:L( Y),y)

h(s,y) (s = fA—y)Zr(f(1—y),y)

for s in a neighbourhood of 0 and y € (1 —¢’,1 + €’). Because 9(-,y) is holo-
morphic in a neighbourhood of 0,

’ / u_ilszw(&y) < Ce.

—€i
Since € can be arbitrary small, we can neglect this integral. So it is sufficient to
consider

u(f(1— e F)T(f(L— e‘%),e‘%>(_ 1 / %ds)
s—f(l—e V)

lim S Ee— -
=T BN e e ) i

—€i
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1 1
= lim — (1—&—52)*’5( — — )ds
tHOOWO (1—e Vi)—si f(l—e Vi)+si
€ x
1—¢e vt
= lim —/(1+52)_t N fi ) ds
t—oo T g f2(l—e vi)+ 2
4&'/]“(176 Vi) )
= lim = 1+ 82f2(1—e Vi)t
oo 1 (1457 f 1 —e ) 1+s2d8
0
/2
.4 2 f2 -5\t
= _ €T —_ \/Z
tllgloﬂ' / 1[07arctana/f(176772)](9)(1+tan ef (1 € )) do.
0

For any 6 € [0,7),
0< (1+tan®0f2(1—e V7)) " <1,

and
exp { — tan’ 9tlim tf2(1— e_%)} = exp{—tan? 8]z f'(0)]*}.

By virtue of Lebesgue’s theorem, the last expression equals

o " 5 O e=2les O
_/e*tan29[wf/(0)]2d9 _ _/eidz
T T 1422
0 0
17 e—zz[zf’(O)Vd
- ;/ 1+22 &
The function
o= (e (02
1+ 22

is the characteristic function of the sum of two independent random variables
w+ 1 , where w is normally N (0, 2[zf’(0)]?) distributed and 7 has the Laplace
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distribution with density e~/?|. By the inverse Fourier transformation

N O °l 1 .
/ o itz - dy = / eyt - Timsone dy.
1+2 2m2[z f'(0)]?

Putting ¢t = 0 and y = zv we get

ROk 7 1 2
/ 7d2 = 671‘1}'76 4[£7(0)]2 dU.
122 2m2[f'(0)]2

— 0o —00

For any x € R, we then get

n(t v?
lim E.e V% = Eevlvl = e—flv\;awcxv,
e 2m2(f'(0)]?
where w is normally N (0, 2[f(0)]?) distributed. O

A stronger version of the central limit theorem can be proved similarly.

Proof of Theorem 1.5. From (3.7) we have

lim E.e- @i _ o L[ Fleexp=F/VE) o
t—o0 * t—o0 27‘['7, Zt+1
|z|=1

where & = (21,...,2,) € C", exp(—Z/Vt) = (e_%,...,e_%). By (3.8) it is
equal to

L / 7z, exp(~#/VD)
{00 271'2 21— 223 quata(22)) det(I — H(z, exp(—7/V1)))
The function det(I—H(z7 Z)) is a polynomial in (21, . .., z,) and it is holomorphic

on zin {z € C:|z| < 1} UV, where V; is a neighbourhood of 1 not containing
the segment [1,1+¢],ie. Vo={z€ C:|z—1| <e}\[1,1+¢].
As in the above, we define s = /1 — z for z € V.. Then h(s,2) = det(I —
H(z(s ),z)) is holomorphic in s near 0 and holomorphic in s,z21,...,2, near
(0,1,...,1). As we know,

h(0,1) = 0,
oh -
;0D # 0

So there is a unique function f(Z) satisfying the equation h(s, Z) = 0 near (0, 1).
The same computation as in the above can be used to obtain

1
Vi

(@, 71(t)) — |wal,
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df =12\ ;... .
where wz normally N (0, 2 {—_,(1)} ) distributed. Indeed, write
dx
df - a . - 1 0 -
—(1) = E Tam—h(D)ze = 35— E xqa=—nh(0,1).
dz a€ER 0za 3510, 1) a€R 0za

From the definition of H(z, Z) and Theorem 3.2 we have

0

—h T = a aas
P (0,1) aezRu m
9] -
1 = aas
82:@ h(O? ) m

where mqq is the minor of the matrix (I — H(1,1)) corresponding to the (a, a)-th
element. So,

> TaMaa
AT
dz > Ua1Maa
acER
Hence wz = (&, W), where & is normally distributed with covariance matrix
C= {cab}a7b€Ra given by
MaaMbb
Cap = 2——5.
( Z U/almaa)
acER
In other words, @ = wy¢ with ¢ €R". O

4. Appendix

Here we a consider general “inhomogeneous” renewal equation.
Let f = {fn}n>1 be a fixed probability distribution on N, i.e.

fn > 0 foralln>1,

Z.fn = 1.

n>1
Define supp(f) = {n: fn > 0}. For each n € supp(f), define d,, = min{d > 0 :

frnta >0} and

d(f)= sup dn.
nesupp(f)

Let F = {f*}1>1 be a sequence of probability distributions on N. So for
& ={fF},>1 we have

fE > 0 foralln>1,

D=L

n>1
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We will call F' a renewal distribution. Let ¢; > 0, ¢co > 1 be fixed. Denote by C
the set of all renewal distributions F = {f*}>1 such that for all k,n > 1

crfn < fE<cafn. (4.1)

Let {7x}r>1 be independent random variables with values in N “having
renewal distribution” F = {f*};>1, i.e.

P{m, =n} = fF
For n > 1 define
pn(F)=P{r +- -+ 1, =n, for some k > 1}.
Theorem 4.1. Assume that

d(f)
ann = 0.

n

A
3

Then there exists 1, — 0 as n — oo, such that for all F € C'
pn(F) < thn.
In other words, p,(F') tends to 0 uniformly on C.

Proof. Let a = {an}n>0, b = {bn }n>0 be two sequences. By (a,b) = {(a,b)n }n>1
we denote the convolution of a, b, i.e.

(Cl, b)n = Z akbn—k-
k=0

Let F = {f*};>1 € C. It will be convenient to define f¥ = 0 for all k > 1. By
the definition of p,(F') we can write

Pa(F) =Y (s = Fa DD (s (4.2)
k>1 k>1t=0

For k > 1 define 7* = {r¥},~_; with

I>n+1

Define r = {7y, }n>—1 similarly, but using the distribution f. Remark that

an = ZT‘k = Z dire < d(f) Z Tk.

n>1 k>0 kesupp(f) kesupp(f)
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Hence
Z TR = 00. (4.3)
kesupp(f)
For all £ > 1, 7, > 0. Hence for any n > 0

1 = P{rn+---+7 >n, for some k >1}

= P{T1+"'+Tn+1>n}

n k k+1
= P{n >n}+ZP{ZTi gn,ZTi >n}
k=1 i=1 i=1

n k

= r}Z+ZiP{ZT¢=L‘}P{Tk+1 >n—t}

t=0 i=

=

= T}Z+Z

>

—

(flv RS fk)n—trfzir%'

T

v

~
HM:
[}

Condition (4.1) implies that 7; < 7 /c;. So we get for any F' € C that

an—t(F)Tt < l (4.4)

C1

Next we will show that p,(F') tends to 0 uniformly on C. The idea is the same
as in homogeneous case (see for example Chapter 1.6 of [11]). We show that
the convergence not being uniform on C contradicts (4.4). To this end, define
the shift operator © on renewal distributions F as follows: if F' = {f*};>1 € C
then OF = {fk*1},51. It is clear, that OF € C and that

pn(F) = Z f]%pnfk(@F)
k=0

Let
A (F) = suppp(F),
k>n
An = sup A\, (F).
FeC

It is clear that A\,+1(F) < A\, (F), for any F, and hence A,11 < A,. So the
sequence A, has a limit,
lim A, = A\

We should prove that A = 0. Assume that A # 0. We can choose a sequence
E, ={f™(n),m e N} € C, n > 1 such that
lim A\, (F,) = A\

n—oo
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Let us choose a sequence {my}»>0, such that
DPm,, (Fn) — A, as n — oo.
By definition
P, (Fn) ka )P, —k(OFy,).

Remark that for any & > 0,

limsup py,,, — 1 (OF,) < lim Ay, —k = A

n—oo

Let us show that for k € supp(f)

liminf p,,, _k(OF,) = A. (4.5)

n—oo

For € > 0, there exists N such that

an<a.

n>N

From (4.1) we have for any n > 1 that

Z fE ()P, —k(OF,) < coe

and

2

pmn n _625§ pmnfk @F)

Let ko < N, ko € supp(f). Then

Pm, (Fn) —c2e < flio( )pmnfko(@F)

+ Z fk )Pm,—k(OF,).

k=0,k+ko
If
Aint (k) = lim inf p,,,, (O F,),
then

N
liminf (£, (0)pm, ko (OF) + > fi(n)pm, -1(OF))

k=0 k;ﬁko

< limsup(f,ig( Aint (ko) + Z fr(n )

nee k=0,k+#kq
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< limsup (fi, (n) At (ko) + A(1 — fi, ()

n—oo

< A+ (Aint(Ro) — Ae fro -

We get

A — coe = liminf py,, (F),) — cae < A+ (Aint(ko) — A)ex fr, -

n—oo

The constant € can be chosen arbitrarily small in this inequality. Since the
right-hand side does not depend on ¢ and since fx, > 0, this implies

A < Aint (ko).

Consequently (4.5) holds. From (4.4) we have

o 1
> Pk (OF)rk <3 pm, - k(OF)re < —. (4.6)
kesupp(f)N[0,m,] k=0 1

If A\ 0, then (4.5) implies that

Z P, —k(OF,)ry — 00, asn — oo,
kesupp(f)N[0,mn]
thus contradicting (4.6). Hence, A = 0 and so the theorem is proved. O
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